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Abstract

A mixed distribution of empirical variances, composed of two distributions
the basic and contaminating ones, and referred to as PERG mixed distribu-
tion of empirical variances, is considered. In the paper a robust inverse prob-
lem solution is given, namely a (new) robust method for estimation of va-
riances of both distributions—PEROBVC Method, as well as the estimates for
the numbers of observations for both distributions and, in this way also the
estimate of contamination degree.
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1. Introduction

A detailed presentation of Variance and Covariance Components Models can be
found in Rao and Kleffe [1], as well as in Krishnaiah [2].

However, in the applications deviations appear from the assumptions under
which these solutions are obtained, which also leads to negative estimates of
variance components. The main source of these deviations is the contaminating
distribution of observations (also presence of outliers), which, as a rule, always
appears. Therefore, Variance Components (VC) solutions are always studied,
which are less sensitive or insensitive to these deviations. Such properties are
characteristic for robust solutions, out of which the following ones are here pre-
sented:

Maximum Likelihood Approaches to Variance Component Estimation and to
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Related Problems [3]; Robust Estimation of Variance Components [4], Estima-
tion and Use of Variance Components [5], Robust Variance Estimation in Linear
Regression [6], Robust Variance Estimation for Random Effects Meta-analysis [7],
Robust Variance Estimation in Meta-regression with Dependent Effect Size Es-
timates [8], Robust Estimation of Linear Mixed Models [9].

Robust estimates of variances and of their components have been continually ap-
plied in various fields [10]-[21] (a more detailed presentation can be seen in [22]).

Regarding a GPS measurement error as a random process and modeling the
process realization structurally as a 2-way hierarchical classification with ran-
dom effects, Perovi¢ [23] studied a robust solution for variance components in
GPS measurements—PERG2FH method. Perovi¢ [22] also robustly estimated
the parameters for both distributions of normally distributed observations that
form Tukey’s mixed distribution.

From the said above it is seen that robust methods for estimation of Variance
Components are studied. However, studies of Variance Components estimates
on the basis of empirical variances distributions, except the standard procedure,
have not been undertaken. For this reason the present author has devoted him-
self to VC research on the basis of these distributions, so that the here presented
method was invented.

In the present paper a mixed distribution composed of two distributions of
empirical variances is considered, where one of them is basic and the other one
is contaminating, with an essential assumption that the variances of both distri-
butions are obtained on the basis of primary normal distributions, as well as that
they have the same degrees of freedom. The present author names this distribu-
tion PERG mixed-distribution of empirical variances (PERG—from initial let-
ters of the author’s names: Perovi¢ Gligorije), which is presented in Figure 1 and

described by means of the following model
F(SZ):(1_8)F1(SZ)+‘9F2(52), (O<€<O.5) (1)

where F, is the basic distribution, F, the contaminating distribution, both of em-
pirical variances s* with £d.f. and £ (0 < £< 0.5) the contaminating degree.

On the basis of such a composition of the mixed distribution of empirical va-
riances the author obtained a robust solution named Perovi¢’s Robust Variance
Components Estimation Model —PEROBVC' method for variances and for ob-
servation numbers for both distributions. In this way the method eliminates the
influences of gross errors and outliers on the estimates of distribution parameters.

The key difference between the PEROBVC method and the existing ones is
that distribution censoring is not used, but instead on the basis of structural de-
composition in two distributions, except obtaining parameter estimates of the
two distributions, the question of outliers is simultaneously solved.

Consequently, the PEROBVC method has the following properties:

1) Unbiased (exact) variance estimates for the basic distribution, as the most

'"PEROBVC is an abbreviation of the initial letters: Perovi¢’s Robust Variance Components Estima-
tion Model.
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important property,
2) Unbiased (exact) variance estimates for the contaminating distribution,

3) Estimates of observation numbers for both distributions and in this way
percentage estimates concerning fractions of basic and contaminating distribu-
tions in the mixed one.

The correctness of the PEROBVC method has been verified on exact (ex-
pected) values of some quantities from the mixed PERG distribution, as well as

on examples of measurements in 2D control geodetic networks.
The variance estimate for the basic distribution obtained by applying the

PEROBVC method is compared to its ML estimate.
The structure of the further presentation is the following: 1) establishing the

PEROBVC method, 2) way of solving the formulated problem, 3) presentation
of robust ML estimation method, 4) correctness verification for PEROBVC me-

thod by comparing its solution to the ML one and 5) verification on examples of

geodetic measurements in to 2D control networks.

2. Basis of PEROBVC Method
The idea of PEROBVC method has been presented in [24] (Section 32.14).
Consider a PERG mixed distribution (Figure 1) of empirical variances
s%,i=12,---,n" and Sj"z, j=12,---,n"
F(sz):(1—5)F(s’2)+eF(s”2), (0<&£<0.5) )
with n’+n"=n and with the same degrees of freedom, f'=f/=f. The va-
riances are obtained from primary normally distributed observations with ex-

pectations
Af(s)
N 1 Mixed
Y \ f=-eyit+¢h Distribution
/ Contamination:
=40%

/ / /-\\\ \< (1-e)fi Basic- =

Distribution Fraction

I
]
I
T \
| N gf, Contaminating-
! — I N Distribution Fraction
| T =l \
] ) ad R S ~— /
// B N~ e —- =
/ . S~—i__1" =__ §2
A -
L

Figure 1. Density plot for PERG mixed distribution £(s’) of empirical variances with 4 d.
£ (f=4); with f] (s’z) is the basic with o7 and f, (s"z) is the contaminating distri-

bution with &7 (here o} =20/ ) and contaminating degree &= 0.40.
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E[s?]=07,i=12,10, E[s*]|=03, j=120"; of > 07,

where F (5'2 ) and F (8”2 ) are the distribution functions of the empirical va-

"2 The task is to estimate the variances o/ and o7 of both

riances s> and S
distributions on the basis of the mixed distribution with fknown. In addition to
the solving of this task, the method also yields estimates of the numbers of ob-
servations N' and n" for both component distributions F (5'2 ) and F (S”2 ) ,
Le. the contaminating degree is estimated.

The point B divides the domain of s° into two sub-domains X and Y (Figure
1) and let be:

n' and n” —numbers of all observations, (s> and s"?), within Xand ¥

ny and n} —numbers of observations for s and s"° within X;

’

n, and n; —numbers of observations for s’ and s"* within ¥,
3)

’ "
n, +n, =n nx+nX:nX}
’ " ’ "
n+n"=n n,+n =n,

The point B will be chosen in such a way that within the interval (0, B) the
observations s> dominate, whereas within [B, o) the observations s"? do-

minate from where it follow that it must be B= B

ot (also see Figure 1).

Here the point Bis defined according as

B=s%  +d/2, (4)

nx

where dis the width of the rounding interval for observations s

For the sake of simplifying the following designations are introduced:

(@ w=s* with f d.f. = w=s?% w'=s"

SZ , S/Z ) 5"2 (5)
(b) yzf—zzlf :>y:f—2,y:f—2

o o, o,

Then the density of the random variable s” -distribution can be written as

f
— f(¥), K =2”2r(£j (©6)

f SZ :f W :kfl 7ff f/ZWf/z,le,M/zo_Z:
( ) ( ) t O .

where I'(f/2) isthe gamma function of #2. Then
F(sz)zF(w)zjgvf(w)dw=_[oyf(y)dy=F(y) )
o’ w o’y
wf (w)dw=Tyf (v)dy = [ wf(w)dw=—["yf(y)dy. (8)

From the equality condition for the ordinates of the two distribution densities,

Le. from the condition (1-¢&) f (W')=«f (W"), one obtains optimal point B (B,,)

, f
Eln 1 2
f {n{o
opt — i_i .
of o

(o8}
|

(9)
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3. PEROBVC Solution

The estimates of the variance components for both distributions are obtained

from the event-probability maximum

[Dfy A+ A Dy JA(s7 < B)A(s? > B) A Dy oy AvA Dy |

where D) = ()<s <s; +ds =Wy <W <wy +dw', e
D) = Sy <8 <5y +ds Wi <W'<W(. +dw", whose likelihood func-

tion, to the proportlonahty constant k; is
L=k-TT, f (W) p(w' <B)-p(w>B) [T, f(w)
where: [T, £ (wi)) =TT £ (wiy)o TT, #(w) =TT f (w5

In view of (5)-(8) one finds:
fBr — kf—lyéf/Z—le—yé /2 f k yﬂ f/2- le—yB /2
, f-B f
yB = 2 yB -

01 0'2
R=["f(y)dy  Fe=["f(y)dy"

’ él [/ !’ ! 14 él " ”n 14
A=[) yE(y)dy Ag=[7—yT(y)dy

(10)

Furthermore InZ will be used there is:
InL=c+Y Inf(w,)+In(F)™ +In(1-F5)™ + 3 Inf(wy), (D

where cis a constant.

According to the asymptotic theory it is:

> W .[OB w'f (w")dw”, (12a)
> W [P W (wW)dw =nyo? (- Ay) (12b)

Bearing in mind (10)-(12) and introducing the substitutions

(a) Zx |’2 Zx i % |”2’ Y |”2 ZY i |
(b) ZX "2 n/lJ' Squ ( n2)dSu2 -n'c 2
© Y, s*=n IY s'2f (s’z)ds’2 =n'c} (1- Ay)

from the necessary maximum condition: (a) JIn L/ 002=0 and (b)

dInL/dc? =0 we get the equations

§2 nx 0'2 Bny f5

a =

@ 3 20'1 2 42 af(l—FB')
-ny Bn” fa

(6) Soee T Y- 2T 0
20, 20,5 o, Fg

Their solution is given as simple iterations
Ol b St —Nyos, 3 K ZB Bk (13a)
’ i [ 1 FB K
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1 , , n"’ ”’
Gzz,k+1: p ZYSf—“kak (l_AB,k)_ZBw . (13b)
nY,k FB,k

where the numbers ny, ny, ny and ny are determined from the expres-

sions
a) n, =n'F, nj =n"-n]
( ) >’<! " BH Y” 4 XH (14)
(b) ng =n"F, ny =n"—ny

whereas n' and n” are determined as
Fgn'+Fgn"=ny (15)
(1-Fg)n"+(1-Fg)n"=ny

Note 1. The initial values for the variance components can be assumed, for

example, as:
ol =06- —1 En s?| and o%,=3 —1 En s?
1,0 : n4 i 2,0 n4 e

If the model assumptions are not satisfied, for example, if the distribution in-
stead of a long tail has a shortened tail (from the right), then for one of the va-
riances we obtain negative estimates. A

Note 2. Blunders in the observations (measurements with large gross errors)
must be rejected before applying the PEROBVC method. For example, first find

s* = %Z; s¢ and then g = %Z?;o.gggg 8%

Those s7 exceeding . are rejected, whereas this procedure is repeated
once more with non-rejected results. A

The advantages of the PEROBVC method are:

1) Unbiased estimators for o and o7, if Bare close to B,,, and

2) Minimal variances for o7 .

The disadvantages of the PEROBVC method are:

1) A sensitivity to the choice of the point B (point B must be close to B,,),
which can result in negative estimates for either of the variances o7 or o, or
for both, and

2) Sensitivity to the choice of the initial values for the variances, ¢} and o7,
which, also, can result in negative estimates for one or both variances.

The stopping criterion for the iterative process: Let XkT = [of ‘ O'ZZYk] be the
vector of parameter estimates in the &-th iteration and d the difference vector of
these estimates from the (k+ 1)-th and &-th iterations,

d" = [(ofk+1 — o}, ) (Gzz,m —07, )] , then the iterations should be stopped if

|d|<10°|x.]. a<{5.6,7,8,9}. (16)

4. Some Robust Estimation

In this case we shall use the method of Maximum Likelihood (ML).
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The Robust Maximum Likelihood (ML) Estimation

The ML method is based on the assumption that in the domain X there exists
only variances s'? (s =s?; with E[Sz] = 0'2) of the basic distribution, whe-
reas in the Yinterval in addition to basic variances exist the variances of conta-
minating distributions. Therefore the point B in Figure 1 will be the censoring
point.

The ML solution is obtained from the probability maximum for the event
2
[D(l) A A D(nx)}/\(s > B),

where D(i) :s(zi) <s?< S(Zi) +ds?, i =1---,n,, one obtains the likelihood func-

tion (with proportionality constant &)
L=k f(s7)[1-F(B)]"
Hence it follows
InLoc Y Inf(s’)+n, In[1-F(B)].

From the necessary condition dInL/dc2 =0 one obtains

fQy
Nyt +Y, si2+ZBnYﬁ= 0.

Their solution is given as simple iterations

2 _i 2 & f(vak)
Opu = s « S +2B n —1—F(yB,k)’ (17)

where

0

f-B _ a1
Ya k =7 Fs k :Im f(y)dy, [y= fs—2=}(f7f(y)=kf1yf/2 1o Y/Zj. (18)
k

The stopping criterion for the iterative process can be based on the parameter

. 2 2\ /-2 . .
difference I = (O'kJrl -0y ) / Oy,; between two iterations:

Ir,|<10°, ce{4,56,7,8}, (19)

5. Results and Discussion

Example 1. By using the functions F-RAN1 and F-RAN2 [25], one simulates
10,000, (22 = 10,000), samples (series) of size 4, = 3, with F-RAN1 5000 samples
are simulated (n'=5000), of =1 and the variance estimate (from these 5000
samples) s’ =0.9997, with F-RAN2 also 5000 samples (n"=5000), of the
same size, with 0-22 =2 and variance estimate (from these 5000 samples)
s> =1.9886 . Then a PERG mixed distribution (2), is formed (& =50% ).

Since the variances o-f and 022 are known then, according to (6), one can
o = 2.772589.
In Table 1, for 4 partitions (X, Y), we present the PEROBVC estimates of the

variances o and o7, as well as the contamination percentage &, (&=n"/n).

also find, B optimal, obtaining B,

From Table 1 it is easily noticed that the variance components, as well as the
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numbers of observations for both distributions, are well estimated, Ze. their val-
ues are very close to the real ones. It is also noticed that the values of the ML es-
timates for o’ are smaller than those of the PEROBVC ones for o/ (where it
is o?°=07). A

Example 2. In the 2D geodetic control network of object “TUZLA” [26] from
the measurements of 328 (1 = 328), horizontal angles, with a theodolite Wild T3,
in 6 quick locks, in stable and unstable conditions, a mixed distribution of em-
pirical variances (in ["?]), with £= 5 d.f,, is obtained (Table 2).

In Table 3, for 7 partitions (X, Y), we present the estimates of the variances

Table 1. Results of PEROBVC and ML estimations in simulated PERG mixed distribu-
tion of empirical variances & with n=10000, n'=5000, n"=5000 ( &=50% ),

ol =1, 0} =2,f=3df,and Y 's’=1494150.

ny % B Zx s? o} o} n' n" e[%] ML: g}

3990 40 1.3863 4002.870  1.0330  2.0326  5386.9 4613.1 46.1 0.8260

3000 30 1.7715 5557.883  0.9237 1.8834 40559 5944.1 59.4 0.8741

2500 25 1.9950 6494.014 1.0561 2.0624 5646.8  4353.2 43.5 0.9241

2000 20 2.2955 7562.874  1.0250  2.0138  5255.6 47444 47.4 0.9849

Mean: 1.0095 1.9981 5086.3 4913.7 49.1 0.9023

Table 2. Ordered grouped increasing sequence of 328 (12 = 328) empirical variances, with
=5 d.f, of horizontal angle measurements with a theodolite Wild T3 in the geodetic 2D
control network of object “TUZLA” in epochs 1979, 1981 and 1984.

s Freq. s Freq. & Freq. s Freq. & Freq.
0.05 0 1.65 3 3.25 4 4.95 5 7.75 1
0.15 1 1.75 8 3.35 1 5.05 1 7.95 1
0.25 4 1.85 10 3.45 3 5.15 1 8.05 1
0.35 6 1.95 10 3.55 3 5.35 1 8.35 1
0.45 6 2.05 11 3.65 2 5.45 1 8.55 1
0.55 8 2.15 5 3.75 6 5.55 2 9.05 1
0.65 7 2.25 12 3.85 3 5.65 1 9.35 1
0.75 15 2.35 6 3.95 2 5.75 1 9.65 1
0.85 8 2.45 7 4.05 0 5.85 3 10.45 1
0.95 16 2.55 6 4.15 2 6.05 1 11.25 1
1.05 12 2.65 4 4.25 1 6.25 3 11.45 1
1.15 11 2.75 1 4.35 1 6.75 1 12.75 1
1.25 17 2.85 7 4.45 2 7.15 1 13.75 1
1.35 15 2.95 4 4.55 1 7.35 1 16.85 1
1.45 11 3.05 5 4.65 2 7.45 2 z n
1.55 15 3.15 3 4.75 1 7.65 1 818.30 328
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Table 3. Results of PEROBVC and ML estimates of variances for PERG mixed distribu-
tion composed of 328 (1 = 328), empirical variances of horizontal angles in the 2D con-
trol network of object “TUZLA”, in epochs 1979, 1981 and 1984; f = 5 d.f, and

" §2=818.30.

=170

. % B .5 ot o} n n" e[%] ML &
165 50.3 1.8  173.05 1.8788  6.8348  287.2 40.8 12 1.9915
134 41 21 23360 19781 125460  312.0 16.0 5 1.4628
98 30 26 31790 19157 31517 2975 305 9 1.4930
82 25 30 36300 17716 55333 2649 63.1 19 1.5439
66 20 35 41440 16918 50078 2486 79.4 24 1.6216
50 15 40 47430 17902 56048  267.4 60.6 18 1.7304
33 10 53 553.65  1.6501  4.8954  242.6 85.4 26 1.8842

Mean: 1.8109 6.9391 2743 537 16 1.6753

o’ and o7, as well as the contamination percentage & (&=n"/n).

According to an a priori analysis for the horizontal-angle measurements in
stable conditions, following Cinklovi¢ [27], one obtains ol =1.848 ["], result-
ing in a very good agreement with 1.8109 ["?] obtained by using PEROBVC me-
thod based on the measurements.

Besides, on the basis of the results presented in Table 3 one concludes about a
very high stability of the estimator for the variance component o7 .

In Example 2 the average value from the ML estimates for o°, (% =6} ), is
also smaller than the average value of the PEROBVC estimates for o (1.6753
< 1.8109).

It should be noted that for the partition n, =165>n, =163 the numbers of
observations N’ and n” are well estimated, although B = 1.8 is significantly
smaller than B,, = 8.18. A

Note 3. In Examples 1-2 the ML estimates for ¢’ are smaller than the cor-
responding PEROBVC estimates for o}, (o =7 ), because higher values of
empirical variances are in the end of the distribution so that they do not enter
the ML estimate for o”. A

On the basis of applications of the PEROBVC method in the treatment of real
geodetic measurements, Example 2, the present author concludes that the va-
riance estimator of the basic distribution &7, has a good stability.

Generally, the PEROBVC method offers good estimates, especially for o/,
which is illustrated by Examples 1-2.

6. Conclusions

On the basis of the obtained results in Examples 1-2 we can conclude the fol-
lowing:
1) On the basis of exact (expected) values from Example 1 the validity of the

PEROBVC method in the variance estimation, as well as the estimates of num-
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bers of observations, for both distributions in the PERG mixed distribution of
empirical variances is confirmed. Here the variance estimates for both distribu-
tions, basic and contaminating ones, are correct; i.e. their values are exact.

2) On the basis of realistic measurements for the horizontal angles in the geo-
detic 2D control network from Examples 2 good (satisfactory) parameter esti-
mates for both distributions are also confirmed.

3) In Example 2 the variance estimate for the basic distribution is confirmed

through the result of the a priori analysis.
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