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Abstract 
The technological challenge lies in developing new processes that allow for more 
efficient heat transfer management in industrial operations. It is with this in 
mind that the present work focuses on the thermoconvection of a (magnetite-
copper)/water saturating a rotating porous channel. To this end, we used the 
Darcy-Bénard convection model to model the equations of motion, the Fourier 
law for the heat transfer and concentration equations. The minimum-order dou-
ble Fourier series method is used to transform it into a system of six nonlinear 
equations. The regular and chaotic motion of the nonlinear system is studied 
using the Runge-Kutta algorithm. The effects of various dimensionless param-
eters and the physicochemical properties of nanoparticles on the dynamic sys-
tem are analyzed using bifurcation diagrams, Lyapunov diagrams, phase spaces 
and time evolution. Numerical results obtained confirm that the system can 
shift between regular and chaotic behavior, or vice versa, alternating with pe-
riod-splitting phenomena. 
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1. Introduction 

Over the past few decades, the study of thermal convection of fluids in porous media 
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has attracted growing interest due to the many applications in the fields of energy 
engineering, heat storage, cooling systems, and industrial processes [1] [2]. In fluid-
saturated porous media, convective motions can develop, giving rise to a variety of 
dynamic behaviors ranging from simple steady states to highly complex states, in-
cluding oscillations, periodicity, and chaos. The aluminatantalum nanofragments, 
adding a magnetic field and/or a rotational force, have the stabilising and control-
ling effects on the onset of thermal instability and chaotic convection in engine oil 
[3]. In this context, chaotic convection becomes a priority in scientific research be-
cause it is associated with enhanced heat transfer, dynamical effects sensitive to ini-
tial conditions, and coexistence of attractors. The initial work on simple or hybrid 
nanofluids and on chaotic convection in porous media was based respectively on 
the importance of this new category of fluids in dynamic systems and on reduced 
Lorenz-type models to describe the transition between stationary convection and 
complex regimes, particularly for low Prandtl numbers. The concept of nanofluids, 
introduced by Choi and Eastman [4], is based on the dispersion of solid nanoparti-
cles of nanometric size in a base fluid such as water, oil, or ethylene glycol, in order 
to improve thermal conductivity and, consequently, heat transfer performance. Since 
then, nanofluids have been the subject of numerous theoretical, numerical, and ex-
perimental investigations [5] [6]. The convection of nanofluids has been widely 
studied in several geometric configurations. These studies have shown that nano-
particles affect thermal stability, flow structures, and average Nusselt number [7] 
[8]. Furthermore, the introduction of an external magnetic field has opened the way 
for magnetohydrodynamic (MHD) analysis of nanofluids, revealing that the mag-
netic field can dampen or control the convective flow depending on the field strength 
and the electrical properties of the fluid [8] [9]. 

However, it appears that simple nanofluids with a single species of nanoparti-
cles have limitations, such as unsatisfactory thermal enhancement, long-term sta-
bility issues, and limited flow control. To correct this phenomenon, the concept 
of hybrid nanofluid, based on the combination of two or more types of nanopar-
ticles, has been introduced. This approach allows taking into account the com-
bined effects of the different nanoparticles to simultaneously improve the thermal, 
dynamic, and electromagnetic properties of the fluid [5] [10]. In this framework, 
we have chosen the hybrid nanofluids (Fe3O4-Cu)/water for our study. Copper 
(Cu), known for its very high electrical and thermal conductivity, combined with 
magnetite Fe3O4 for its remarkable magnetic properties, gives the hybrid fluid 
(Fe3O4-Cu)/water thermophysical and dynamic characteristics superior to those 
of simple nanofluids. Several studies have shown that the introduction of Fe3O4 
allows more effective control of flow under a magnetic field, while the presence of 
Cu significantly improves overall heat transfer [11] [12]. Abedini et al. [10] in par-
ticular analyzed the MHD flow and heat transfer of a (Cu-Fe3O4)/water hybrid 
nanofluid near a moving surface, highlighting superior performance to conven-
tional nanofluids. The influence of control parameters such as the Rayleigh num-
ber, the Hartmann number, the Prandtl number, and the volume fraction of na-

https://doi.org/10.4236/ojfd.2026.162003


Z. R. Alligbe et al. 
 

 

DOI: 10.4236/ojfd.2026.162003 31 Open Journal of Fluid Dynamics 
 

noparticles on the convection of the particules/water or oil hybrid nanofluid has 
been highlighted in several recent studies [3] [10] [13] [14]. It has been shown that 
increasing the Hartmann number generally tends to stabilize the flow by attenu-
ating the convective motions, while high Rayleigh number values favor the inten-
sification of convection and heat transfer. These coupled effects attest to the in-
fluence of the magnetic character of iron oxide (Fe3O4) on the dynamics of the 
hybrid fluid. But the effect of the Solutal Rayleigh number has been little studied 
in the literature. Beyond steady state regimes, the study of unsteady and chaotic 
convection in hybrid nanofluids is very important due to their high-performance 
industrial applications. Previous work on thermosoluble and double diffusive con-
vection has shown that convective systems sometimes undergo complex transi-
tions from steady regimes to periodic, then chaotic regimes, via successive bifur-
cations [15] [16]. These transitions are manifested by the appearance of bifurca-
tions, period doublings, and positive Lyapunov exponents, characteristics of chaos. 
Furthermore, in order to better describe the propagation of heat in complex fluids, 
non-classical models of thermal conduction have been proposed. The Maxwell-
Cattaneo model, developed to remedy the paradox of the instantaneous propaga-
tion of heat induced by Fourier’s law, introduces a thermal relaxation time in the 
heat flux equation [17] [18]. The integration of this model in the study of the ther-
mal convection of nanofluids and hybrid nanofluids has shown that thermal re-
laxation can delay the appearance of convective instability and modify the nature 
of the bifurcations leading to chaos. Motivated by all these works, the present pa-
per aims to analyze the chaotic double-diffuse Darcy-Bénard convection [19] in a 
hybrid nanofluid (Fe3O4-Cu)/water saturating a rotating porous medium. The study 
will combine theoretical and numerical approaches in order to better understand 
the complex thermal dynamics of the system, incorporating double thermal dif-
fusion. Specifically, it will involve mathematically formalizing the model; deter-
mining the fixed points of the resulting modified Lorenz system; studying the ef-
fects of nanoparticle volume fractions on the convection of the hybrid nanofluid 
and analyzing the influence of Thermal Rayleigh, Solutal Rayleigh, Darcy and 
Taylor numbers on the convection. To achieve this, we used the double Fourier 
series to find the modified Lorenz system corresponding to our model. We used 
the fourth-order Runge-Kutta method in Fortran to simulate and construct bifur-
cation diagrams for different values of the parameters characterizing the system. 
To confirm the dynamics highlighted by the bifurcation diagrams, we plotted the 
associated Lyapunov exponent for each case and then plotted some phase spaces 
and time evolutions. To this end, in the following section, we will model the flow 
of the (magnetite-copper)/water hybrid nanofluid using partial differential equa-
tions of mass, momentum, energy and concentration conservation, which will be 
transformed into ordinary differential equations using the truncated Galerkin 
method. In the third section, the resulting system of nonlinear equations will be 
analyzed according to the theory of dynamical systems. The fourth section will be 
dedicated to the results and their discussion, and the conclusion to the fifth and 
final section. 
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2. Mathematical Modeling 

Consider a porous medium saturated with a (Cu-Fe3O4)/water hybrid nanofluid, 
incompressible and rotating at a constant speed Ω  around a vertical axis. This 
medium, within which there is uniform gravity g  field, is bounded by two in-
finitely long horizontal plates subjected to a vertical temperature and concentra-
tion gradient through the hybrid nanofluid. The upper plate is at temperature 

H cT T=  and concentration H CS S= , while the lower plate is at temperature 
Δl CT T T= +  and concentration Δl CS S S= + . An orthonormal Cartesian coor-

dinate system is adopted with unit vectors xe , ye  and ze  where the origin co-
incides with the lower boundary of the channel and the z-axis is vertical. The ther-
mal, mechanical and solubility properties in the x  and y  directions are assumed 
to be identical. The flow obeys Darcy-Bénard convection’s law and, taking into ac-
count the Boussinesq approximations, the density can be described by  

 ( ) ( )1 ,hnf hnf c S cT T S Sρ ρ β β = − − + −   (1) 

where hnfβ  and Sβ  are volume dilatation coefficients due to variations in tem-
perature, nanoparticles concentration, hnfρ  is the density of the hybrid nanofluid 
and S  is the concentration of solution. 

The geometry of this considered problem is presented in Figure 1.  
 

 
Figure 1. Physical model of our problem. 

 
The upper and lower walls are subject to the following temperature and solute 

concentration conditions: 
Δl cT T T= +  at 0z =  and H CT T=  at z H= , 
Δl cS S S= +  at 0z =  and H CS S=  at z H= . 

Therefore, fluid flow in the horizontal, infinite porous cavity supported by dou-
ble diffusion convection is governed by the set of equations governing the conser-
vation of mass, momentum, energy, and concentration, given by: 
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where: hnfµ , ( )p hnf
Cρ , hnfk , ( )p s

Cρ , ε , sk  are respectively dynamic viscos-
ity of the hybrid nanofluid, heat capacity of the hybrid nanofluid, thermal con-
ductivity of the hybrid nanofluid, heat capacity of the nanoparticle, porosity of the 
cavity, nanoparticle diffusivity; ( ), ,u v w=V  is the velocity component. The sub-
scripts: , , , , ,0c f hnf s∗  are respectively for dimensionless critical, base fluid,  

hybrid nanofluid, nanoparticles and reference state; x y zx y z
∂ ∂ ∂

= + +
∂ ∂ ∂

e e e∇  is 

the gradient vector and 
2 2 2

2
2 2 2x y z

∂ ∂ ∂
= + +
∂ ∂ ∂

∇ . 

The velocity component along the x-axis is zero. Thus, the equations governing 
the hybrid nanofluid flow are reduced to 2-D, then there exists a current function  

( ), ,t y zϕ  such that y z y zv w
z y
ϕ ϕ∂ ∂

= + = −
∂ ∂

V e e e e . The boundary conditions are 

described as follows:  
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 (3) 

By non-dimensionalizing the transport, concentration and heat transfer equations 
using the following quantities: 

*y Hy= , *Z hz= , 
2
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where ( )* * *0, ,v w=V  is the velocity component, *p  is the pressure, ( )* CT T−  
and ( )* CS S−  are the temperature and solute concentration variations, fα  is the 
thermal diffusivity of the base fluid, and by replacing the variables defined above 
in the system Equations (2), we obtained after omitting (*) and neglecting the vor-
ticity term ( )⋅V V∇  and the viscous force term 2V∇  according to Darcy-Bénard 
convection [19], the following dimensionless equations: 
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2
a

f a

KT
Dν
Ω

=  are respectively: Prandtl, Vadasz, Thermal Rayleigh, Solutal Rayleigh, 

Darcy and Taylor numbers. The parameter iγ , iM  and other parameters are 
expressed as:  
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The heat is transported only by conduction in the basic state, and the physical 
quantities depend only of variable z , as follows:  

 ( )
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= = − 
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 (6) 

The density, the thermal expansion coefficient, the heat capacitance, the dynamic 
viscosity and the thermal conductivity of the hybrid nanofluid are defined respec-
tively as [3] [20] [21] by:  

 ( ) ( )( )2 1 1 1 2 21 1hnf f S Sρ φ φ ρ φ φ= − − + +  
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where 1φ  and 2φ  are respectively the volume fractions of the magnetite and 
copper in the hybrid nanoliquid, 1S  and 2S  their solution. The constants hnfk  
and fk  are the thermal conductivity of the hybrid nanofluid and the base fluid, 
while 

1s
k  and 

2sk  are the thermal conductivity of nanoparticle solutions. 
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3. Nonlinear Stability Analysis 
3.1. Lorenz Modified System 

To find the Lorenz modified system corresponding to our problem, after eliminat-
ing the pressure in momentum equation of system (4) (By applying the curl), we 
use the following double Fourier series representation (7) - (9) into the system (4)  

 ( ) 11, , sin sin ,t y z A ky zϕ π=  (7) 

 ( ) ( ) 11 02, , cos sin sin 2 ,bT t y z T z B ky z B zπ π= + +  (8) 

 ( ) ( ) 11 02, , cos sin sin 2 ,bS t y z S z C ky z C zπ π= + +  (9) 

where ( )bT z  and ( )bS z  are defined in the system (6). 
After a few operations, we find the following system of equations: 
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And by noting d
dt
θ θ=  , we find the following expression:  
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The system (10) is our Lorenz modified system, which models (magnetite-cop-
per)/water hybrid nanoliquid. To test our model, we compared it to models avail-
able in the literature. So, in the absence of the rotational force and the viscous force 

5 1 eLγ =  and 1 4 1 2 1M Mγ γ= = = = , 1 2 0φ φ= = ), our system (10) is equivalent 
to Idris’s model [22]. 

Similarly, in the absence of the rotational force and the viscous force, our sys-
tem (10) reduces to that of Dèdèwanou et al. [3] without a magnetic field. When 
the porosity is considered equal to 1 and the rotation and solute concentration 
parameters are considered zero and 1 2 0φ φ= =  (ordinary fluid, water), the classi-
cal Lorenz model is recovered [13]. 

3.2. Dissipation and Fixed Points 

The system of Equation (10) is dissipative since its trace is negative.  

 ( )4 4 5 5 1
X Y Z U W Q
X Y Z U W Q

γ λγ γ λγ δ∂ ∂ ∂ ∂ ∂ ∂
∇⋅ = + + + + + = − + + + +

∂ ∂ ∂ ∂ ∂ ∂

    

  (10) 

Equation (10) is negative because 4 5, ,γ λ γ  and 1δ  are non-zero positive con-
stants. The system of equations is therefore dissipative. Thus, if the set of initial 
points in phase portrait occupies the region ( )0  at 0τ = , then, after a certain 
time τ , the endpoints of the corresponding trajectories will fill a volume ( )τ  
such that:  

 ( ) ( ) ( )4 4 5 5 10 exp .τ γ λγ γ λγ δ= − + + + +     (11) 

The expression (11) indicates that the volume decreases monotonically with 
time. The fixed points of the system (10) can be obtained by setting the derivatives 
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to zero.  

 

( )
( )

( )
( )

( ) ( )

1

4

*
5

5

1 2 3 4 5 6

0 ,
0 1 ,

0 ,

0 1

0

0 1 1 .

s

Q
Y RX R XZ

Z XY

U R X R XW

W XU

Q X R XZ R XW Y U

γ

λ γ

γ

λ γ

δ δ δ δ δ δ

=
 = − + − −
 = − +
 = − + − −
 = − +
 = − + − − + − + −

 

The system (10) has one trivial solution that corresponds to motionless solution, 
that is, the origin  

 ( )0 0 0 0 0 0, , , , , .X Y Z U W Q  

With the assumption X Y= , we obtain two other non-trivial fixed points given 
by: 

 
( ) 1 2

4 4 4
1,2 1,2 1.2;

1 1
R RX Y i Z

R R
γ γ γ−  − = = ± =   − −  

 

 

( )

( )

( )

( )

1 2 1 2
4 4 4 4

5

1,2 1,2 1,22 2
5 4 4 5 4 4

1 1
; ; 0.s s

R R
R R

U iR W R Q
R R

γ γ γ γ
γ

γ γ γ γ γ γ

− −   
   − −   = ± = =

   − − − −   
 

4. Results and Discussion 

In order to examine and study the chaotic convection and the various transitions 
in our nanoliquid hybrid (magnetite-copper)/water, numerical simulations were 
performed using the fourth-order Runge-Kutta method to numerically solve the 
nonlinear system (10). We searched for and obtained three fixed points for the 
system: a trivial fixed point linked to the origin, corresponding to the conducting 
state of the system, and two other complex conjugate fixed points corresponding 
to convection states. Due to the size (6 × 6) of the matrix associated with our mod-
ified Lorenz system, we were unable to analytically determine the explicit expres-
sion for the Hopf-Rayleigh bifurcation. We therefore moved on to numerical sim-
ulation using the values of thermophysical properties in Table 1 below.  

 
Table 1. Thermophysical properties of nanofragments and base liquid [23]. 

 ( )3kg mρ  ( )W m Kk ⋅  ( )J kg KpC ⋅  ( )1Kβ −  ( )S mσ  

Watter 9971 0.613 4179 21 25 10−×  

Magnetite 5180 9.7 670 1.3 42.5 10×  

Copper 8933 401 385 1.37 75.901 10×  
 

Thus, the system 10) is solved using these fourth-order Runge-Kutta algorithms 
in Fortran language, and the bifurcation diagrams, Lyapunov exponent, phase por-
traits, and time histories are plotted. According to the work of Elsaid et al. in [24], 
the chaos and regularity of a system (10) can be determined by the Lyapunov ex-
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ponent defined by:  

 
( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 2 2ln

lim
d d d d d d

Lya
τ τ→∞

+ + + + +
=

     
 (12) 

with d , d , d , d , d  and d  are the variation of  ,  ,  , 
 ,   and   respectively. The system is chaotic when the largest Lyapunov ex-
ponent is positive, periodic when it is negative and quasi-periodic when it is zero. 

Table 2 gives the reference values of the dimensionless parameters used for our 
simulations, except for cases where the effects are sought in a figure. 

 
Table 2. Value of the reference parameter used. 

Parameter rP  eL  aV  aT  λ  aD  ε  

Value 10 0.1 100 0.1 2 0.001 0.88 

 
We plotted bifurcation diagrams. To confirm the dynamics presented by the 

bifurcation diagrams, we plotted the associated Lyapunov exponent each time. To 
further verify the results obtained from the previous diagrams, we performed a check 
using phase spaces and the evolution of the amplitude as a function of time. 

Figures 2-5 show the Bifurcation diagram and the corresponding Lyapunov ex-
ponent for respectively ( 1 2 0φ φ= = ) (pure water), ( 1 2 0.01φ φ= = ), ( 1 2 0.02φ φ= = ), 
and ( 1 2 0.03φ φ= = ) (the hybrids nanoliquid) for the other parameter values in 
Table 1 and Table 2. 

From the four bifurcation diagrams in Figures 2-5, we observe that from the base 
fluid ( 1 2 0φ φ= = )) to the hybrid nanofluids ( 1 2 0φ φ= ≠ ) in the vicinity of 75R = , 
specifically ] [70,80R∈ , the chaotic dynamics gradually disappear as the volume 
fraction increases, giving way to regular behaviors: oscillations of period one (1) fol-
lowed by period two (2), i.e., period doubling for ] [0,123R∈ . This disappearance 
of chaotic behavior is noted from 1 2 0.02φ φ= =  at the level of Figure 6, where the 
bifurcation diagrams display regular behaviors for all ] [0,123R∈ . For the same 
Figures 2-5, we note chaotic behaviors for ] [ ] [123,160 165,200R∈ ∪  and a win-
dow of regular dynamics for ] [160,165R∈ . 
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Figure 2. Bifurcation diagram and its corresponding Lyapunov exponent for pure water 
( 1 0φ = , 2 0φ = ), with the parameter values in Table 1 and Table 2. 

 

 

 

Figure 3. Bifurcation diagram and its corresponding Lyapunov exponent for (magnetite-
copper)/water hybrid nanofluid ( 1 0.01φ = , 2 0.01φ = ) with the parameter values in Table 
1 and Table 2. 
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Figure 4. Bifurcation diagram and its corresponding Lyapunov exponent for (magnetite-
copper)/water hybrid nanofluid ( 1 0.02φ = , 2 0.02φ = ), with the parameter values in Table 
1 and Table 2. 
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Figure 5. Bifurcation diagram and its corresponding Lyapunov exponent for (magnetite-
copper)/water hybrid nanofluid ( 1 0.03φ = , 2 0.03φ = ) with the parameter values in Table 
1 and Table 2. 

 
Figure 6 and Figure 7 show the Bifurcation diagram and the corresponding 

Lyapunov exponent for the mono-nanofluids ( 1 0φ = , 2 0.02φ = ) and ( 1 0.02φ = ,

2 0φ = ) respectively for (Copper-Water) and (Magnetite-Water) for the other pa-
rameter values in Table 1 and Table 2. The observed dynamics are similar to those 
of the hybrid nanoliquid 1 2 0.01φ φ= =  in Figure 3. This observation could be jus-
tified by the fact that the total volume fraction φ  is the same for the mono-nanofluid 
and the hybrid nanofluid ( 1 2 0.02φ φ φ= + = ). 

These different dynamics, observed through the bifurcation diagrams in Figures 
2-5, were confirmed by their Lyapunov exponents and reconfirmed by the phase 
spaces and time evolutions for specific parameter values chosen within targeted 
intervals of the control parameter R  in Figure 2, Figure 3 and Figure 5. Thus, 
the volume fractions have a stabilizing effect on the hybrid nanofluids of (mag-
netite-copper)/water. 
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Figure 6. Bifurcation diagram and its corresponding Lyapunov exponent for copper-nanofluid 
( 1 0φ = , 2 0.02φ = ), with the parameter values in Table 1 and Table 2. 

 

 

 

Figure 7. Bifurcation diagram and its corresponding Lyapunov exponent for magnetite 
nanofluid ( 1 0.02φ = , 2 0φ = ), with the parameter values in Table 1 and Table 2. 

 
Figure 8 presents phase portrait in plane ( ),Z X  and its corresponding time 
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histories ( )z t  respectively for ( 1 2 0φ φ= = ), ( 1 2 0.01φ φ= = ) and ( 1 2 0.03φ φ= = ); 
77R =  and parameter values of Figure 2, Figure 3 and Figure 5. She shows, for 
] [65,80R∈ , the interval in which the behavior gradually changes from chaotic to 

regular when going from the base fluid 1 0φ = , 2 0φ =  (water) to the hybrid 
nanofluids 1 2 0φ φ= ≠ , the phase portraits and the time histories indeed showed 
a transition from chaos (pure water) to an oscillation 1 0.02φ = , 2 0.03φ =  passing 
through a periodic motion with period 2. 

 

 
Figure 8. Phase space in plane ( ),Z X  and its corresponding time histories ( 1 20 0φ φ= = = ), 

( 1 2 0.01φ φ= = ) ( 1 2 0.03φ φ= = ), 77R =  and parameters values of Figure 2, Figure 5 and 
Figure 7.  

 
Figure 9 presents phase portrait in plane ( ),Q X  and the corresponding time 

histories ( ),Q t  for water ( 1 2 0φ φ= = ) for the parameter values in Figure 9 for 
three different values of the control parameter 90,124,141R = . This figure shows 
the transitions from periodic, with periods of 1 and 2 to chaotic. 

 

 

Figure 9. Phase space in plane ( ),Q X  and its corresponding time histories for ( 1 2 0φ φ= = ) 

and parameters values of Figure 2 respectively for 90R = , 124R =  and 141R = , with 
the parameter values in Table 2 and in Figure 3. 
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Figure 10 is plotted for two different values of the Solutal Rayleigh number 
20,30SR = , we note a reduction in the chaoticity domain of the hybrid nanofluid 

when the value SR  increases. We deduce that the Solutal Rayleigh number also 
has a stabilizing effect. 

 

 

Figure 10. Bifurcation diagram and its corresponding Lyapunov exponent for (magnetite-copper)/water hybrid nanofluid ( 1 2 0.01φ φ= = ) 
respectively for 20SR =  and 30SR = , with the parameter values in Table 1 and Table 2. 
 

Figure 11 shows the effect of Taylor number aT  on the bifurcation diagram 
and its corresponding Lyapunov exponent for hybrid nanoliquid ( 1 2 0.01φ φ= = ) 
of Figure 3, for the parameter values in Table 1 and Table 2, respectively for 

0.3aT =  and 0.5aT = . We observe a rightward shift of the chaotic domain as 
the Taylor number increases. The Taylor number stabilizes hybrid nanoliquid reg-
ular convection by delaying the onset of chaotic convection. 

To confirm the dynamics observed in the bifurcation diagrams of Figure 11, 
we constructed in Figure 12 the phase portraits for 102R =  and 125R =  for 

0.3aT =  and 0.5aT = . At 102R = , the phase portraits show chaotic dynamics 
for 0.3aT =  and regular dynamics for 0.5aT = . On the other hand, at 125R = , 
the phase portraits show regular dynamics for 0.3aT =  and chaotic dynamics for 

0.5aT = . 
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Figure 11. Bifurcation diagram and its corresponding Lyapunov exponent for water 
( 1 2 0.01φ φ= = ); effects of Taylor number: 0.3aT =  and 0.5aT =  with the parameter val-
ues in Table 2 and Figure 3. 

 

 

Figure 12. Phase space in plane ( ),W X  with ( 1 2 0.01φ φ= = ), 20sR = ; effects of Taylor number: top left 

( 0.3aT = , 102R = ); top right ( 0.5aT = , 102R = ); bottom left ( 0.3aT = , 125R = ); and bottom right 
( 0.5aT = , 125R = ) with the parameter values in Table 2 and in Figure 11. 
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Figure 13 shows effect of Darcy number aD  on the bifurcation diagram and 
its corresponding Lyapunov exponent for hybrid nanoliquid ( 1 2 0.01φ φ= = ) of 
Figure 3 for the parameter values in Table 1 respectively for 0.005aD =  and 

0.05aD = . 
 

 

Figure 13. Bifurcation diagram and its corresponding Lyapunov exponent for hybrid nanoliquid ( 1 2 0.01φ φ= = ); effects of Darcy 
number: 0.005aD =  and 0.05aD =  with the parameter values in Table 2 and in Figure 6. 

5. Conclusion and Suggestions 

The chaotic convection of a hybrid (magnetite-copper)/water nanoliquid saturat-
ing a rotating porous channel was investigated. We used the Darcy-Bénard model 
with the Boussinesq approximation to model the thermosolutal convection of the 
hybrid nanofluid using partial differential equations. These equations were trans-
formed using the minimum order double Fourier series method, based on the 
truncated Galerkin approximation. After this transformation, we obtained a mod-
ified Lorenz system of order six. We obtained a negative value for the trace of the 
Jacobian matrix associated with this system, which characterizes its dissipative na-
ture. We were able to identify three fixed points for the system: one trivial, which 
is the origin, and two non-trivial ones. We performed numerical simulations us-
ing Fortran and a fourth-order Rung-Kutta algorithm to plot bifurcation diagrams, 
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Lyapunov exponents, phase portraits, and amplitude evolutions over time. Anal-
ysis of the bifurcation diagrams shows that the system can transition from regular 
(periodic or quasi-periodic) to chaotic behavior, and vice versa, depending on the 
parameter values. These dynamics observed in the bifurcation diagrams were con-
firmed by the Lyapunov exponents, as well as by the phase portraits and amplitude 
evolutions over time. We observed that increasing the volume fraction stabilizes 
the convection of the hybrid nanofluid by reducing or even eliminating the initial 
chaotic domain. We also found that increasing the Solutal Rayleigh number has a 
stabilizing effect on the convection of the water hybride nanofluid. The Taylor num-
ber, on the other hand, stabilizes the convection of this nanofluid by delaying its 
chaotic behavior. Increasing the Darcy parameter, on the other hand, considerably 
reduces the chaotic convection domain in favor of regular behavior. We can con-
clude that concentration, porosity, and nanoparticles (Fe3O4-Cu) can serve as param-
eters to control the convection of the hybrid nanoliquid (Fe3O4-Cu)/water. The re-
sults obtained will serve as a basis in process engineering for the synthesis of new 
heat transfer fluids to regulate energy transfer in industrial facilities. A thorough 
study of this modified Lorenz system, focusing on the stability of its fixed points, 
will allow us to investigate its Hopf bifurcation. 
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