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Abstract 
Climate change is a reality. The burning of fossil fuels from oil, natural gas 
and coal is responsible for much of the pollution and the increase in the plan-
et’s average temperature, which has raised discussions on the subject, given 
the emergencies related to climate. An energy transition to clean and renewa-
ble sources is necessary and urgent, but it will not be quick. In this sense, in-
creasing the efficiency of oil extraction from existing sources is crucial, to 
avoid waste and the drilling of new wells. The purpose of this work was to 
add diffusive and dispersive terms to the Buckley-Leverett equation in order 
to incorporate extra phenomena in the temporal evolution between the wa-
ter-oil and oil-water transitions in the pipeline. For this, the modified Buck-
ley-Leverett equation was discretized via essentially weighted non-oscillatory 
schemes, coupled with a three-stage Runge-Kutta and a fourth-order centered 
finite difference methods. Then, computational simulations were performed 
and the results showed that new features emerge in the transitions, when 
compared to classical simulations. For instance, the dispersive term inhibits 
the diffusive term, adding oscillations, which indicates that the absorption of 
the fluid by the porous medium occurs in a non-homogeneous manner. 
Therefore, based on research such as this, decisions can be made regarding 
the replacement of the porous medium or the insertion of new components 
to delay the replacement. 
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1. Introduction 

Technological advances achieved after the Industrial Revolution, followed by the 
development of equipment dependent on energy sources from fossil fuels, made 
the petroleum industry play a crucial role in the world economy. As it is a de-
pletable natural source and a potential pollutant, efficiency in the extraction 
process and a detailed understanding of the phenomena involved become indis-
pensable for the challenges of delivering a product inserted in a clean economy. 

This historical role of the use of oil, natural gas and coal as the main sources 
of the global energy system has resulted in the current climate problem, defining 
as urgent the need for an energy transition to a low-carbon future via renewable 
sources such as wind and solar. 

Although such sources are important in the energy transition, the change will 
not be immediate. In this way, creative and efficient uses of natural sources are 
essential for the transition of the energy system to a low-carbon one to be viable. 
Therefore, the need to maximize the efficiency of the use of these sources be-
comes urgent [1]. 

Fluid flows, including two-phase flows, represent a substantial issue in several 
technological applications and natural sciences. Analytical studies of mathemat-
ical models, such as those of [2], provide theoretical bases for the existence of 
solutions. At the same time, these topics also provide content for the areas of ap-
plied mathematics and engineering, with an emphasis on numerical analysis and 
scientific computing. A multidisciplinary approach, which takes into account 
porous media, is essential and aims to detail the dynamics of multiphase fluids, 
so that process efficiency results in fewer wells being drilled, both onshore and in 
deep water [3].  

A classic modeling in this area consists of analyzing the displacement of oil 
(or petroleum) and/or gases through pipes filled with a porous medium, charac-
terized by the injection of another fluid (saturated water) to help maintain the 
flow inside the pipe. In this sense, the mathematical model used to describe the 
flow of two-phase incompressible fluids is the classical Buckley-Leverett equa-
tion [4]. The nonlinearity characteristic of the partial differential equation re-
quires attention in the use of numerical methods and computational techniques, 
so that the approximate solutions obtained are not harmed by spurious oscilla-
tions (numerical dispersion) or excessive numerical dissipation (numerical dif-
fusion). 

In preliminary studies, [5] investigated an essentially non-oscillatory weighted 
fifth-order scheme, applied to the classical Buckley-Leverett equation, and addi-
tionally, a numerical study related to the order of precision and stability was car-
ried out. Furthermore, the authors evaluated the inclusion of a diffusive term. 

Laboratory experiments on two-phase flow in pipes filled with porous materi-
al revealed complex profiles that include fluid infiltrations modeled by diffusive 
and dispersive terms [6]. The authors of [7] studied two-phase fluid flow be-
tween air and water (via continuity and momentum equations) in cathode 
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channels and showed that different pore structures, which result in different in-
filtration profiles, significantly affect water dynamics. Findings such as these 
suggest that modifications to the classical Buckley-Leverett equation are neces-
sary for a more detailed understanding of the occurrences involved in these 
flows and in the infiltrations. 

Thus, the objective of this work was to add diffusive terms and dispersive 
terms to carry out a study on the impact that these have on numerical solutions, 
when compared with standard solutions of the classical Buckley-Leverett equa-
tion. For this purpose, an essentially non-oscillatory weighted scheme was used, 
coupled with a three-stage Runge-Kutta method and a finite difference scheme 
centered on the discretization of the modified Buckley-Leverett equation. Using 
proprietary codes developed in Octave, numerical solutions capable of repre-
senting the temporal evolution of different initial scenarios were performed, fo-
cusing on transitions between oil-water and water-oil, where the fluid dynamics 
undergo changes depending on the diffusive and dispersive parameters adopted. 
Finally, the implemented simulations showed the impacts generated by the vari-
ation of the dispersive term, producing more detailed results from the point of 
view of the solutions of the classical equation. 

2. Mathematical Modeling 

For centuries, a problem that has been of global interest is the extraction of pe-
troleum underground through a tube filled with a porous medium. After drilling 
the soil to the underground oil reservoir, a certain amount is drained due to the 
high pressure that the oil is found, but as the extraction progresses, there is a de-
crease in pressure with consequent interruption of the flow, still leaving a lot of 
petroleum in the subsoil. A standard method subsequent to the initial extraction 
is to pump water into rest oil reservoir to force the continuation of extraction. In 
this case, the fluid is two-phase, oil and water, and the flow is restarted in the 
porous medium consisting of rock or sand. 

The mathematical modeling that will be described consists of representing the 
oil one-dimensional flow through the tube filled with porous material, by water 
pumping [8]. Such a model was initially proposed by Buckley and Leverett (1942) 
[4], in researches on the flow of two-phase incompressible fluids in porous me-
dia. 

Let ( )0 , 1q x t≤ ≤  be the fraction of saturated water and ( )1 ,q x t−  the frac-
tion of oil contained in a pipe filled with a porous material. Such fluids are es-
sentially incompressible, which ensures that the total flow between the pipe ends 
is equal to any smaller portion of the pipe. 

In this way, in regions of the tube where 0q =  (pure oil) or 1q =  (pure 
water), the velocities are constant and distinct, but when 0 1q< < , the differ-
ence between the surface tensions of fluids causes them to move and mix. Buck-
ley and Leverett [4] proposed a model in which the rate of change of q over time 
( tq ) is described by the following conservation law, 
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 ( ) 0,t xq f q+ =  (1) 

in which ( )
( )

2

22 2 1
qf q

q a q
=

+ −
 is the water flux, 0 1a< <  represents the  

porosity of the medium and ( )1 f q−  is the oil flux, with ( ),q q x t= . Equation 
(1) models a flow from left to right, in which the tube thickness does not influ-
ence the dynamics in question. 

The reestablishment of the oil flow, from left to right, can be done by filling 
part of the pipe on the left with saturated water, allowing the resumption of oil 
extraction. An initial condition for modeling that procedure is 

 ( ) ( )0

0

1, if
,0 scenario1 .

0, if
x x

q x
x x
<

=  >
 (2) 

The initial condition, Equation (2), can be approximated by the following 
function: 

 ( )
( )( )01 tanh

,0 1 ,
2

x x
q x

α + −
= −  

  
 (3) 

in which 0x  is a parameter associated with the position of the function and α  
corresponds to how fast the function changes from zero to one. 

Another situation that can occur is, after an injection of water, the flow is re-
started and a second oil portion enters the pipeline, soon after the interruption 
in the supply of saturated water. This is the desired circumstance, when only an 
amount of water injected is enough for the continuity of the extraction. The 
condition to represent that scenario is the conservation law 

 ( ) ( )
1

1 2

2

0, if
,0 1, if scenario 2 .

0, if

x x
q x x x x

x x

<
= < <
 >

 (4) 

Equation (4) can also be approximated by an expression involving hyperbolic 
tangent functions: 

 ( )
( )( ) ( )( )1 1 2 21 tanh 1 tanh

,0 1,
2 2b

x x x x
q x

α α   + + − −
= + −   
      

 (5) 

where 1α  represents how fast the transition between oil and water is, in the 
neighborhood of 1x x=  and 2α  describes how fast the water-oil transition is 
in the neighborhood of 2x x= . 

The third situation considered arises when following the injection of water, a 
small amount of oil is extracted and then there is a new interruption of flow, 
making it necessary to inject more saturated water after a small amount of oil is 
extracted. So, 

 ( ) ( )
1

1 2

2

1, if
,0 0, if scenario 3 .

1, if

x x
q x x x x

x x

<
= < <
 >

 (6) 
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Equation (6) is rewritten as: 

 ( ) ( ),0 1 ,0 ,p bq x q x= −  (7) 

therefore, there is a water-oil transition in 1x x=  and the oil-water transition in 

2x x= . 
Considering the spatial domain ,i fx x   , the boundary condition on the left 

was of the Dirichlet type and on the right of the radiation type, that is, when the 
dynamics reach the boundary, the flow simply goes through the boundary, and 
is not being affected by the edge. 

Taking into account the effects of infiltration in porous media, van Duijin, 
Peletier and Pop (2007) [9] proposed the following modification to Equation (1): 

 ( ) 2 ,t xx xxtxq f q q qε ε κ+ = +  (8) 

in which ε  is a diffusibility coefficient and κ  is a dispersive coefficient. 
As one of the objectives of this work is to observe the effect of dispersion and 

diffusion in the Buckley-Leverett equation, we could not consider that 2ε ε κ , 
as in [5]. 

Thus, from the point of view of numerical methods, it is interesting to rewrite 
Equation (8) in the form, 

 ( ) ( )2
xx xxxt

q q f q qε κ ε− + =  (9) 

and then, 

 
( )

( )2 .
t xxx

xx

p f q q

p q q

ε

ε κ

+ =


= −
 (10) 

The choice of numerical methods to solve Equation (10) is essential, as a nu-
merical scheme that has a high degree of numerical dissipation can stand out 
and mask the real effect of the dispersive and diffusive terms of Equation (8), 
impairing the interpretation of the results. 

3. Numerical Methods 

Choosing a numerical method requires care that depends on the differential 
equation and the initial conditions imposed by the model under study. In prob-
lems containing hyperbolic partial differential equations, even initial conditions 
with smooth and sufficiently differentiable functions can evolve to discontinu-
ous solutions. Furthermore, an inappropriate choice of numerical methods may 
result in excessive numerical dissipation and dispersion (oscillation), harming 
the quality of the numerical solution. Thus, for this work, a weighted essentially 
non-oscillatory scheme (WENO-5 method) was chosen for spatial discretization 
and the third-order Runge-Kutta TVD method (Total Variation Diminishing) 
was chosen for temporal discretization. 

3.1. Weighted Non-Oscillatory Schemes (WENO-5) 

The essentially non-oscillatory (ENO) schemes proposed by Harten & Osher 

https://doi.org/10.4236/ojfd.2024.143009


R. de O. Garcia, G. P. Silveira 
 

 

DOI: 10.4236/ojfd.2024.143009 189 Open Journal of Fluid Dynamics 
 

(1987) [10] and Harten et al. (1987) [11] proved to be efficient in terms of de-
creasing numerical dissipation, in addition to avoiding oscillations in the dis-
continuity regions of the solutions. The main feature of these schemes is to 
choose the smoothest stencil among the candidates, in order to preserve high 
order of acurrate. 

In general, a rth-order ENO scheme chooses the smoothest stencil among r 
possibilities and uses only the chosen one to approximate the flow [12]. The idea 
of weighted essentially non-oscillatory (WENO) schemes is to find a convex 
combination of all candidate stencils, for the numerical flow approximation. A 
weight is assigned to each stencil, representing its contribution to the process. 

In smooth regions, the weights can be defined by certain optimal weights, 
while maintaining the high order of accuracy. In non-smooth regions, weights 
close to zero are assigned for stencils that contain discontinuities [12]. 

The WENO schemes technique is based on the flow version of the ENO 
schemes, considering a one-dimensional conservation law ( ) 0t xu f u+ = . The 
spatial operator that approximates ( )xf u−  in jx  is given by  

 ( )1 2 1 2
ˆ1 ,

Δ
ˆ

j jL f f
x + −= − −  (11) 

in which Δx  is the size of the spatial discretization and l̂f  is the numerical 
flux [12]. 

The r candidate stencils are denoted by kS , 0,1, , 1k r= − , of the form 

{ }1 2, , ,k j k r j k r j kS x x x+ − + + − + +=  , which defines the amount of points of kS , 
which will be used to approximate the value of 1 2

ˆ
jf + . Thus, a 3-order ENO 

scheme ( 3r = ) has three candidate stencils, kS , 0,1,2k = , given by  

{ }2 1, ,k j k j k jS x x x+ − + −= , which results in ( )0 2 1, ,j j jS x x x− −= , ( )1 1 1, ,j j jS x x x− +=  
and ( )2 1 2, ,j j jS x x x+ += . 

ENO schemes approximate 1 2
ˆ

jf +  through a polynomial interpolation at the 
points of each stencil [12] [13]. This approximation is given by  

 ( ) ( )
1

1 2 1 0 1 ,
0

, , with ,ˆ , .
r

r r r
j k j k r j k k r k l l

l
f q f f q g g a g

−

+ + − + + −
=

= =∑   (12) 

Let ( )g x  be a smooth function. The average approximation of ( )g x  in 
cell jI  is defined by  

 ( ) ( )1 2

1 2
1 2 1 2

1 d where , .
Δ

j

j

x
j j j jx

j

g g I x x
x

ξ ξ ξ+

−
− += ∈ =∫  (13) 

To obtain the constants ,
r
k la  in (12), consider the primitive function of ( )g x  

defined by ( ) ( )dx
G x g ξ ξ

−∞
= ∫ . The value of ( )1 2jG x +  can be written as  

 ( ) ( )1 2

1 2
1 2 d Δ .i

i

j jx
j i ix

i i
G x g g xξ ξ+

−
+

=−∞ =−∞

= =∑ ∑∫  (14) 

Equation (14) means that, once the average approximations of the cells ig  
are known, the values of ( )G x  at the boundary of cell iI  are also known. So, 
the constants ,

r
k la  are determined by interpolating ( )1 2jG x +  by a r degree 

polynomial ( )P x , at most. Therefore,  
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 ( ) ( )
1

1 2 1 2 1 2 ,
0

ˆ ,
r

r
j j j k l l

l
f p x P x a g

−

+ + +
=

′= = =∑  (15) 

in which ,
r
k la  are obtained from the Lagrange interpolating polynomial [13], 

with the data in Table 1. 
 

Table 1. ,
r
k la  coefficients. 

r k 0l =  1l =  2l =  

3 0 1/3 −7/6 11/6 

 1 −1/6 5/6 1/3 

 2 1/3 5/6 −1/6 

 
A rth-order ENO scheme implies to a (2r − 1)th-order WENO scheme, so a 

3rd-order ENO scheme leads to a 5th-order WENO scheme. In WENO schemes, 
for each candidate stencil kS , 0,1, , 1k r= − , a weight kω  is assigned and 
these are used to calculate the numerical flux  

 ( )
1

1 2 1
0

, , .ˆ
r

r
j k k j k r j k

k
f q f fω

−

+ + − + +
=

= ∑   (16) 

The weight kω  for the stencil kS  is defined by  

 
( )0 1

with , 0,1, , 1.
r

k k
k k p

r k

C k r
IS

α
ω α

α α ε−

= = = −
+ + +





 (17) 

Taking p r= , the coefficients r
kC  are optimal values to determine kω  [13]. 

The term kIS  is an indicator of smoothness and for 3r =  we have  

( ) ( )

( ) ( )

( ) ( )

2 2
0 2 1 2 1

2 2
1 1 1 1 1

2 2
2 1 2 1 2

13 12 4 3
12 4
13 12
12 4
13 12 3 4
12 4

j j j j j j

j j j j j

j j j j j j

IS f f f f f f

IS f f f f f

IS f f f f f f

− − − −

− + − +

+ + + +

= − + + − +

= − + + −

= − + + − +

 

This measure was introduced by Jiang and Shu (1996) [12], with the aim of 
achieving high accurate for the case where 3r = . Note that as kIS  increases, 
the smoothness decreases and, consequently, kα  becomes close to zero as does 

kω , meaning that a weight close to of zero will be assigned to non-smooth solu-
tions. 

3.2. Third-Order Runge-Kutta (RK3-TVD) 

Once the spatial discretization is concluded, a method for temporal discretiza-
tion that maintains the non-oscillatory characteristics achieved is necessary. 

Numerical methods belonging to the TVD class (Total Variation Diminishing) 
have the property of avoiding oscillations that are not typical of the phenome-
non under study [8]. A good alternative is the high-order Runge-Kutta TVD 
methods, which were developed by Shu and Osher (1988) [14] in research relat-
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ed to efficient implementations for ENO’s schemes. 
A method is called Total Variation Diminishing (TVD) if, for any data set 
nU , the values 1nU +  computed by the method satisfy ( ) ( )1n nTV U TV U+ ≤ , 

where  

 ( ) 1
1

N
n n n

i i
i

TV U U U −
=

= −∑  (18) 

is the total variation. In this work, the third-order Runge-Kutta TVD (RK3-TVD) 
method was chosen, whose expressions are given by  

 

( ) ( )
( ) ( ) ( )( )

( ) ( )( )

1

2 1 1

2 21

Δ

3 1 1Δ
4 4 4
1 2 2Δ
3 3 3

n n

n

n n

u u tL u

u u u tL u

u u u tL u+

= +

= + +

= + +

 (19) 

in which L is the spatial operador of differential equation. 
The WENO-5 and RK3-TVD methods numerically solve the classical Buck-

ley-Leverett equation. To discretize the diffusive and dispersive terms incorpo-
rated in the temporal part of the modified Buckley-Leverett equation, Equation 
(10), we use the fourth-order centered finite difference scheme. 

3.3. Fourth-Order Central Finite Difference Scheme (CFDS-4) 

There are at least two ways to numerically add the U term in the conservation 
law: one is to discretize the diffusive term in the flux context [15],  

( ) 3 2 1 2 1 2
1 2 2

2
, ,

Δ
i i i

xx i

q q q
q x t

x
+ + −

+

− +
≅  

and the other in the finite difference context [16],  

 ( ) ( )
2 1 1 2

2

16 30 16, ,
12 Δ

i i i i i
xx i

q q q q qq x t
x

− − + +− + − + −
≅  (20) 

In this work, both discretizations were performed, as for the interpretation of 
the results there were no significant differences between them, we chose to keep 
the fourth-order central finite difference scheme (CFDS-4) in our codes. 

This method was also used to discretize the second expression in Equation 
(10), differently of Wang’s work [16] that use a staggered mesh and numerical 
integration to incorporate such equation into WENO scheme. In this way, the 
dispersive term enters the temporal evolution by replacing the term nu  of the 
RK3-TVD method by ( )2 ,n n n

xx iv u q x tε κ= − , in which ( ), n
xx iq x t  is defined 

by Equation (20). Details about stability of those methods can be founded in a 
study of stability analysis presented in [5]. 

Figure 1 contains a schematic structure of the adopted methods.  

4. Simulations and Results 

The simulations were performed by initial conditions defined in Section 2. For all 
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scenarios, we have [ ]1,1x∈ −  with 128 subintervals, Δ 1 64x = , and Δ 0.1Δt x= . 
Furthermore, 0.5a =  was assigned to the constant that characterizes the po-
rous medium, Equation (1). All codes were written by the authors themselves in 
Octave, and the discretizations used satisfy the stability criteria described in [5]. 
 

 
Figure 1. Flowchart. Source: The authors. 

 
In all simulations, the fluids mix is representative when q assume values be-

tween 1q =  (pure water) and 0q =  (pure petroleum). While the fluid dynam-
ics develops to on the right, the time evolutions reveal the emergence of a region 
where the fluids mix, between water and oil. 

4.1. Initial Conditions 

In the simulations of this section the following initial conditions were adopted 

 ( )
( )( ) ( )( )1 tanh 50 0.5 1 tanh 50 0.0

,0 1,
2 2b

x x
q x

   + + − −
= + −   
      

 (21) 

for barrier (Figure 2(a)) and 

 ( ) ( ),0 1 ,0 ,p bq x q x= −  (22) 

(Figure 2(b)). 
In Figure 2(a) we have oil in the region [ )1, 0.5− − , water in the region 

( )0.5,0.0−  and oil in ( ]0.0,1 . Thus, from left to right, we have an oil-water 
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transition in the vicinity of 0.5x = −  and a water-oil transition close to 0.0x = . 
And, in Figure 2(b) the situation is reversed, we have a water-oil transition close 
to 0.5x = −  and an oil-water transition at 0.0x = . 
 

 
(a) 

 
(b) 

Figure 2. Initial Conditions. (a) scenario 2; (b) scenario 3. Source: The authors. 
 

The first two simulations consider the temporal evolution of the initial condi-
tions (Figure 2(a) and Figure 2(b)) via the classical Buckley-Leverett equation, 
that is, 0ε κ= = , which results in Equation (1). 
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4.2. Standard Simulation 1 

In this scenario, we started with the initial condition being a barrier function, 
Equation (21) and Figure 2(a). 

After 64n =  iterations, the emergence of two mixing profiles between the 
fluids is noted, one with linear behavior starting at 0.5x = −  and the other with 
non-linear behavior at 0.0x =  (Figure 3(a)). 
 

 
(a) 

 
(b) 

Figure 3. Numerical solution after 64 and 128 iterations. (a) n = 64; (a) n = 64. Source: 
The authors. 

 
Another interesting point to highlight is that these characteristics will remain 
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in simulations, that is, when we have a transition from left to right between oil 
and water, the mixture evolves with linear behavior and, when it is a transition 
between water and oil, the evolution of the mixture will have non-linear behavior. 

In Figure 3(b), simulation for 128n = , the mixing initiated at 0.5x = −  
reaches the vicinity of 0.0x = , leaving only a small region with only water. 
 

 
(a) 

 
(b) 

Figure 4. Numerical solution after 180 and 250 iterations. (a) n = 180; (b) n = 250. Source: 
The authors. 

 
With 180n = , Figure 4(a), there is no longer a region with 1q =  (only wa-

ter) and the transition that evolved from 0.0x =  reaches the neighborhood of 
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1.0x = . In Figure 4(b), the fluid dynamics crosses the boundary without adding 
errors to the solution. Note that this fact indicates that the computational pro-
gram and the method are adequate for the chosen boundary condition.  

4.3. Standard Simulation 2 

In this scenario, we started with the initial condition being a well function, 
Equation (22) and Figure 2(b). 
 

 
(a) 

 
(b) 

Figure 5. Numerical solution after 64 and 128 iterations. (a) n = 180; (b) n = 250. Source: 
The authors.  

https://doi.org/10.4236/ojfd.2024.143009


R. de O. Garcia, G. P. Silveira 
 

 

DOI: 10.4236/ojfd.2024.143009 197 Open Journal of Fluid Dynamics 
 

Similar to what occurred in Subsection 4.3, we obtained two mixing profiles 
between the fluids (Figure 5). However, in this scenario, the nonlinear profile is 
at 0.5x = −  and the linear one at 0.0x = . Also, the only region initially con-
taining oil is ( )0.5,0.0− . 

With 64n = , Figure 5(a), it is still possible to see a small region with only oil 
( 0q = ). However, in Figure 5(b), it can be seen that the non-linear transition 
reaches the linear transition and, then, we no longer have a region with only oil. 

The simulation continues for the values of 180n =  and 250n =  (Figure 
6(a) and Figure 6(b)), respectively. 
 

 
(a) 

 
(b) 

Figure 6. Numerical solution after 180 and 250 iterations. (a) n = 180; (b) n = 250. Source: 
The authors. 
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These standard simulations are similar to those presented in [5] and have 
served as references for the discussions in Subsections 4.4 and 4.5. 

4.4. New Simulations 1 

In this subsection, we consider again the initial condition, Equation (21), repre-
sented by Figure 2(a), but the numerical solutions obtained are for the modified 
Buckley-Leverett equation, Equation (8). 
 

 
(a) 

 
(b) 

Figure 7. Numerical solution after 64 and 128 iterations. (a) n = 64; (b) n = 128. Source: 
The authors. 
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The simulations in this section considered 0.04ε =  for the diffusive term, 
adopting the values of 0.00κ = , 0.50κ = , 0.70κ = , 0.90κ = , 0.95κ = , 

0.97κ =  and 0.99κ =  for the dispersive term. 
With 0.04ε =  and 0.00κ = , numerical solutions in blue in Figure 7 and 

Figure 8, the action of the diffusive term can be seen. The transitions between 
oil-water (proximities of 0.5x = − ) and water-oil (proximities of 0.0x = ) are 
smoothed, representing that the mixtures between the fluids are more spread out 
when compared to the standard simulations (Figure 3 and Figure 4). 
 

 
(a) 

 
(b) 

Figure 8. Numerical solution after 180 and 250 iterations. (a) n = 180; (b) n = 250. Source: 
The authors. 
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In Figure 7(a), by increasing the κ  value to 0.50 (red color) and 0.70 (yellow 
color), the dispersive term starts to inhibit the diffusive effect, leaving the transi-
tions less spread out. 

When the values of 0.90k =  (green color), 0.95k =  (magenta color), 
0.97k =  (cyan color) and 0.99k =  (black color) are adopted (Figure 7(a)), 

dispersion inhibits diffusion even more, making the solution closer to the classi-
cal solution (Figure 3(a)). However, new phenomena arise in the transitions 
between fluids, the dispersive term starts to add oscillatory effects in the transi-
tions between oil-water and water-oil. 

The continuation of these simulations, Figure 7(b), Figure 8(a) and Figure 
8(b), allows us to visualize the increase in the emergence of oscillations. 

For 0.99k =  the oscillations are more present, allowing us to state that the 
higher the value of k, the more intense the oscillatory behavior. 

Therefore, in these simulations we identified that the dispersive term is what 
actually aggregates oscillatory phenomena, in two-phase fluid dynamics via 
Buckley-Leverett equation, Equation (8). Such oscillations are in some ways sim-
ilar to those presented in [7], whose work had a different focus, but which took 
into account the issue of infiltration. On the other hand, [17] studied two-phase 
fluids incorporating several physical parameters (with the exception of infiltra-
tion) and the results did not present oscillations.  

4.5. New Simulations 2 

In this Subsection we consider again the initial condition, Equation (22), repre-
sented by Figure 2(b), but the numerical solutions obtained are for the modified 
Buckley-Leverett equation, Equation (8). 
 

 
(a) 
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(b) 

Figure 9. Numerical solution after 64 and 128 iterations. (a) n = 64; (b) n = 128. Source: 
The authors. 
 

The value for the diffusive term and the values for the dispersive term are the 
same as those defined in Subsection 4.4, that is, 0.04ε =  for the diffusive term, 
and 0.00κ = , 0.50κ = , 0.70κ = , 0.90κ = , 0.95κ = , 0.97κ =  and 

0.99κ =  for the dispersive term. 
The simulations for 0.04ε =  and 0.00κ =  highlight the diffusive character, 

smoothing the transitions between the fluids, Figure 9 and Figure 10, graphs in 
blue color. 
 

 
(a) 
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(b) 

Figure 10. Numerical solution after 180 and 250 iterations. (a) n = 180; (b) n = 250. 
Source: The authors. 

 
In this temporal evolution, the inhibition of the diffusive term by the disper-

sive term can also be seen, by increasing the value of κ , Figure 9 and Figure 10. 
In Figure 10(a) and Figure 10(b), two distinct oscillations can be seen, one 

with a larger amplitude appearing in the vicinity of 0.5x = −  and one with a 
smaller amplitude close to 0.0x = . Both oscillations propagate and spread along 
the pipe. 

It is important to highlight the performance of the combination between the 
WENO-5 and RK3-TVD methods, which during the temporal evolution of the 
transitions between oil-water and water-oil, remained stable, providing solutions 
sufficiently appropriate to represent the diffusive and dispersive (oscillatory) 
phenomena. 

5. Conclusions 

In this study, the WENO-5 and RK3-TVD methods were addressed, together 
with a central finite difference scheme. The methods were applied to the classical 
and modified Buckley-Leverett Equations, in order to investigate the temporal 
evolution of scenarios that present transitions between oil-water and water-oil 
under two different initial conditions. 

First at all, standard scenarios with the classical Buckley-Leverett Equations 
were developed, and then, compared with the solutions obtained via modified 
Buckley-Leverett Equations. 

By adopting the values of 0.04ε =  and 0.00κ = , the diffusion phenomenon 
becomes evident. As the value of k increases, the diffusive term is inhibited and 
the dispersive characteristics are visually evidenced by the oscillations. 
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Thus, the insertion of the diffusive term ( ε  parameter) to the classical equa-
tion adds the characteristic of smoothing the solutions, spreading the transitions 
between oil-water and water-oil. Finally, the dispersive term (k parameter) has 
the property of incorporating oscillations, representing the inhomogeneity in the 
absorption of fluids by the porous medium. 

In future work, we intend to carry out simulations in three-dimensional pipe-
lines, inserted in an environment that influences the dynamics of two-phase flu-
id flow.  
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