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Abstract

In this note, we first derive an exponential generating function of the alter-
nating run polynomials. We then deduce an explicit formula of the alternat-
ing run polynomials in terms of the partial Bell polynomials.
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1. Introduction

Let S, be the symmetric group of all permutations of [n], where [n] = {1,
2, ..., N}. An alternating run of a permutation o =0 (1)o(2)---0(n)e&, is
a continuous maximal monotone increasing or decreasing sequence. For exam-
ple, the permutation 3175246 has four alternating runs 31, 17, 752 and 246. Let
R(n,k) denote the number of permutations in &, with & alternating runs.
The study of alternating runs of permutations was initiated by André [1], who

found that the numbers R(n, k) satisfy the recurrence relation
R(nk)=kR(n-1k)+2R(n-Lk-1)+(n-k)R(n-1,k-2) (1)

for n,k >1, where R(l,O):l and R(l,k):O for k>1. The reader is re-

ferred to [2] [3] [4] for the recent studies on this topic. For n>1, we define

R, (x)= E:R(n,k)xk . Then by using (1), one can deduce the following re-

currence relation
RM(X):x(nx+2)Rn+l(x)+x(l—xz)R;H(x), (2)

with initial value R, (X)=1. The first few terms of R, (X)’s are given as follows:
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R, (x)=2x,
R; (X) = 2x+4x%’,
R, (x)=2x+12x* +10x°,
Ry (X) = 2x+28x° +58x> +32x".

In a series of papers [5] [6] [7], Carlitz studied the generating functions for the

numbers R (n, k) . In particular, Carlitz [5] proved that
2
Zn

" 1-x \/1—x2+sin(z\/1—x2)
— Y R(n+1Lk)x"™ =
0 'é ( )X 1+x x—cos(lel—xz)

(3)

M

=]
I

As a dual of (3), the first result of this note is the following.

Theorem 1. Let R(x,t)=3"" R, (x )n , we have

(x—1)(1+coshz)

R(xt)= (x+1)(1-coshz)’

where z =arccosh (lj —tJ1-x*.
X

Let {Xi}nZl be a sequence of variables. The partial Bell polynomials B, =
Boi (X, %+, Xy, ) are defined by the generating function

> B, L i[z X L]k :

n>k n ! k I i>1 I I

or equivalently defined by the series expansion

exp[uzx T] 1+ 3 LS B, (6 X ).

j>1 n>1 n! k=1

with Bjy=1 and B ;=0 for n>0. We refer the reader to [8] [9] [10] for
some applications of the partial Bell polynomials.

Corollary 1. Let B, be the partial Bell polynomials. When X, = (1—
for each i>1, we have

X2 )L(i—l)/zJ

Ry (%)= 2xi(—1)”‘k KI(1+%) 7 B,

Proof. Let 7 =arccosh(1/x)—tv1- x* . By Theorem 1, we get
x(coshz-1)
= cosh (—t 1-x2 )+ xsinh (—t 1-x? )sinh (arccosh (1/x)) -

2 2

zl(e" 4t )+—‘1_X2 (e’1 Lo _ gt )—x

=1-X+ igooll(—l)i Y, tlll
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2 )L(i+1)/2J

where 'y, :(1—X . Therefore,

o)L ool

(x+1)(1-cosh z)_1+x coshz-1)

_1-x 2X

=1 1+ .
+X > i
1—x+§(—1) Yis

X S ) e [z<—1>‘ t—] ,

1+x 1+Xk:0 i>1 i!

)L(ifl)/ZJ

where X = (1— X » and the desired result follows immediately.

In the next section, we first prove Theorem 1 and then give an explicit formu-
laof R (X).

2. The Proof of Theorem 1 and an Explicit Formula of R, (x)

A proof Theorem 1:
n

Proof. Multiplying both sides of (2) by t—l and summing over all n>0, we
n:
get

R(x,t)
ot

= tx? aR((31(’t)+2xR(x,t)+(x—x3)

AR (x,t)
ox

Hence

(x— x3) 6R(g:’t) +(tx2 —1)% =-2xR(x,t).

This is a non-homogeneous linear partial differential equation, and the corres-

ponding characteristic equation is

dx  dt  dR(xt)
x—x* -1 -2xR(xt)’

It is easy to find that its two independent initial integrals are

)—t 1-x* =¢, X—JriR(x,t)zcz.

arccosh (l
X
Since R(X,O) =R (X) =1, we have

1+coshc,
C, =",
1-coshc,
which yields the desired formula.
a (2
Theorem 2. Let b>a>0 be two constants. When X = [E) for each

i>1, we have
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b
R R A

L(-1)/2]
Proof. By the definition of partial bell polynomial, let x; = (Bj have

n!

an

. arﬂti k . \/Bsinh(\/\/gtj bcosh(
o I e e

\/7 l:\/ismh[\/i J+fcosh[\/7j \/B}k
7%

~ kla¥ Jb
f a,  Narb) |
l:\/F OSh(\/B +In s ]—\/B:l

B

Note that

cosh' (at+B)==-(e

So we get
I 21 l pl2a-N(at+p).
cosh' (at+ )= —IZ
2 %
It is clear that

d" cosh' (at+ B)

" :%g[;j(zq_')m“

me(Zq—I)(aHﬂ).
Differentiating the both sides of the following expression with respect to ¢,

ZB 1133...(3}FZ‘(J£
“TTh'b" b

n!

T 3B e o s B8

we arrive at

DOI: 10.4236/0jdm.2023.132005

52 Open Journal of Discrete Mathematics


https://doi.org/10.4236/ojdm.2023.132005

Y. N. Feng, Z. Wang

moosh! [ Y214 1 Yt Vb
g or T

(o) 4 8 o 25 (]

-expl:(2q—l)[%t+ln%ﬂ.

Taking the limit t — 0, we get the desired result.

According to Corollary 1, we know that the coefficients of the corresponding
Bell polynomials should be real numbers, so if formula (4) satisfies the condi-
tions and is meaningful, we need to make a>0, b>0 and Jb-a>0.

Therefore, we can obtain b>a>0.

Set %:1— x?. Then

_M__E\/l_z_ x

2b 2\ b 2

Jb++/a \/7 1+ 1 X2

Jb-a _1_ a X
b

Combining Corollary 1 and Theorem 2, we get the following result.

Corollary 2. We have
g (e 5
Sl

q=0

=
>
N

We note that the explicit formula of R ,;(X) given by Corollary 2 is very
useful. With the use of formula (5), we can directly calculate the value of
R(n,k) for any given n and 4, rather than relying on the recurrence relation.
Here we provide an example to illustrate the application of Corollary 2, where all
calculations are obtained using Mathematica 12.1.

Example 3. Let

Consider the case 1<n <4, we have
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Thus

Con

W, =—1-x%;
W,, = -LW,, = 2-2x%;
32

W,y = V1= %" Wy, = 631 %" Wy g = —6(1-x* ) ;

W,, =-1W,, =14-8x*,W,, =36(~1+x* )W, , = 24(-1+x* )2 .

1 k=2
R, (x) = —2x2(x+1)“(1 1X2j "W, = 2x;

k=1

5 k-1
Ra(x):ZXkZ‘I(x+1)k_l(1 lxzj W, = 2X+4x7;

K->
1 2
Zj W, = 2x+12x° +10x°;

R, (x) = —2x3 (x+1) (1—

k=1 —X

4 k-2
Rs(x)=2xk2‘1(x+l)k_l( L 2) W, , = 2x+28x? +58x° +32x".
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