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Abstract 
In this note, we first derive an exponential generating function of the alter-
nating run polynomials. We then deduce an explicit formula of the alternat-
ing run polynomials in terms of the partial Bell polynomials. 
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1. Introduction 

Let nS  be the symmetric group of all permutations of [ ]n , where [ ]n  = {1, 
2, … , n }. An alternating run of a permutation ( ) ( ) ( )1 2σ σ σ σ= ∈� nn S  is 
a continuous maximal monotone increasing or decreasing sequence. For exam-
ple, the permutation 3175246 has four alternating runs 31, 17, 752 and 246. Let 
( ),R n k  denote the number of permutations in nS  with k alternating runs. 

The study of alternating runs of permutations was initiated by André [1], who 
found that the numbers ( ),R n k  satisfy the recurrence relation 

( ) ( ) ( ) ( ) ( ), 1, 2 1, 1 1, 2= − + − − + − − −R n k kR n k R n k n k R n k       (1) 

for , 1≥n k , where ( )1,0 1=R  and ( )1, 0=R k  for 1≥k . The reader is re-
ferred to [2] [3] [4] for the recent studies on this topic. For 1≥n , we define 

( ) ( )1
1 ,−

=
= ∑n k

n kR x R n k x . Then by using (1), one can deduce the following re-
currence relation 

( ) ( ) ( ) ( ) ( )2
2 1 12 1 ,+ + +′= + + −n n nR x x nx R x x x R x             (2) 

with initial value ( )1 1=R x . The first few terms of ( )nR x ’s are given as follows: 
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( )2 2 ,=R x x  

( ) 2
3 2 4 ,= +R x x x  

( ) 2 3
4 2 12 10 ,= + +R x x x x  

( ) 2 3 4
5 2 28 58 32 .= + + +R x x x x x  

In a series of papers [5] [6] [7], Carlitz studied the generating functions for the 
numbers ( ),R n k . In particular, Carlitz [5] proved that 

( )
( )

( )

2
2 2

20 0

1 sin 111, .
! 1 cos 1

∞
−

= =

 − + −−  + =  + − − 
 

∑ ∑
n n

n k

n k

x z xz xR n k x
n x x z x

      (3) 

As a dual of (3), the first result of this note is the following. 

Theorem 1. Let ( ) ( )10,
!

∞
+=

= ∑
n

nn

tR x t R x
n

, we have 

( ) ( )( )
( )( )

1 1 cosh
, ,

1 1 cosh
x z

R x t
x z
− +

=
+ −

 

where 21arccosh 1 = − − 
 

z t x
x

. 

Let { } 1≥i n
x  be a sequence of variables. The partial Bell polynomials , :n kB =

( ), 1 2 1, , ,n k n kB x x x − +�  are defined by the generating function 

,
1

1 ,
! ! !≥ ≥

 
=  

 
∑ ∑

kn i

n k i
n k i

t tB x
n k i

 

or equivalently defined by the series expansion 

( ), 1 2 1
1 1 1

exp 1 , , , ,
! !

j n n
k

j n k n k
j n k

t tu x u B x x x
j n − +

≥ ≥ =

 
= + 

 
∑ ∑ ∑ �  

with 0,0 1=B  and ,0 0=nB  for 0>n . We refer the reader to [8] [9] [10] for 
some applications of the partial Bell polynomials. 

Corollary 1. Let ,n kB  be the partial Bell polynomials. When ( ) ( )1 221
−  = −

i

ix x  
for each 1i ≥ , we have 

( ) ( ) ( ) 1
1 ,

1
2 1 ! 1 .− −

+
=

= − +∑
n n k k

n n k
k

R x x k x B  

Proof. Let ( ) 2arccosh 1 1= − −z x t x . By Theorem 1, we get 

( )cosh 1x z −  

( ) ( ) ( )( )

( ) ( )
( )

2 2 2 2

2 2

2
1 1 1 1

1

cosh 1 sinh 1 sinh arccosh 1

1 1e e e e
2 2

1 1 ,
!

t x t x t x t x

i
i

i
i

t x x t x x x

x x

tx y
i

− − − − − −

∞

=

= − − + − − −

−
= + + − −

= − + −∑
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where ( ) ( )1 221 .
i

iy x
+  = −  Therefore, 

( ) ( )( )
( )( ) ( )

( )

( ) ( ) ( )

1

0 1

1 1 cosh 1 2, 1
1 1 cosh 1 cosh 1

1 21
1 1 1

!

1 2 1 1 1 ,
1 1 !

i
i

i
i

ki
k k i

i
k i

x z x xR x t
x z x x z

x x
x tx y

i

x x tx x
x x i

∞

=

∞

= ≥

 − + −
= = +  + − + − 

 
 −  = +
 +

− + − 
 

 −
= + − + − + +  

∑

∑ ∑

 

where ( ) ( )1 221
−  = −

i

ix x , and the desired result follows immediately. 

In the next section, we first prove Theorem 1 and then give an explicit formu-
la of ( )nR x .   

2. The Proof of Theorem 1 and an Explicit Formula of ( )nR x  

A proof Theorem 1: 

Proof. Multiplying both sides of (2) by 
!

nt
n

 and summing over all 0≥n , we 

get 

( ) ( ) ( ) ( ) ( )2 3, , ,
2 , .

∂ ∂ ∂
= + + −

∂ ∂ ∂
R x t R x t R x t

tx xR x t x x
t t x

 

Hence 

( ) ( ) ( ) ( ) ( )3 2, ,
1 2 , .

∂ ∂
− + − = −

∂ ∂
R x t R x t

x x tx xR x t
x t

 

This is a non-homogeneous linear partial differential equation, and the corres-
ponding characteristic equation is 

( )
( )3 2

d ,d d .
2 ,1

= =
−− −

R x tx t
xR x tx x tx

 

It is easy to find that its two independent initial integrals are 

( )2
1 2

1 1arccosh 1 , , .
1

xt x c R x t c
x x

+  − − = =  − 
 

Since ( ) ( )1,0 1= =R x R x , we have 

1
2

1

1 cosh
,

1 cosh
+

=
−

cc
c

 

which yields the desired formula. 

Theorem 2. Let 0> >b a  be two constants. When 
( )1 2−   =  

 

i

i
ax
b

 for each 

1≥i , we have 
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2

, 1,1, , , ,
n k

n k
a a aB
b b b

− 
  

 
  
    

 

�  

( ) ( )
2

2

0 0

1
2 .

! 2

n l q lk k k l n

l q

k la b a b aq l
l qk b b b a

−−

= =

   −    − + = − −           −        
∑ ∑     (4) 

Proof. By the definition of partial bell polynomial, let 
( )1 2−   =  

 

i

i
ax
b

 have 

2

, 1,1, , , ,
!

n k
n

n k
n k

a a a tB
b b b n

− 
  

≥

 
  
    

 
∑ �  

1
2

1

sinh cosh
1 1
! ! !

sinh cosh
!

cosh ln
!

( 1)

k

ki
i

i

kk

k

kk

k

k

a ab t b t
b ba t b

k b i k a aa

b a aa t b t b
k a b b

b a a bb a t b
k a b b a

− 
  

≥

    
                = = + −         
  

    
= + −            

  +
= − + −   −   

−
=

∑

( )
0

1 cosh ln .
!

lk k l l

l

kb b a a a bt
lk a b b b a=

     − +  − +         −      
∑

 

Note that 

( ) ( ) ( )( ) ( ) ( )( )

0

1 1cosh e e e e .
2 2

α β α β α β α βα β + + + − − +

=

 
+ = + =  

 
∑

llt t q t l q tl
l l

q

l
t

q
 

So we get 

( ) ( )( )2

0

1cosh e .
2

α βα β − +

=

 
+ =  

 
∑

l
q l tl

l
q

l
t

q
 

It is clear that 

( ) ( ) ( )( )2

0

d cosh 1 2 e .
d 2

α βα β
α − +

=

+  
= − 

 
∑

m l l m q l tm
m l

q

t l
q l

qt
 

Differentiating the both sides of the following expression with respect to t, 

2

, 1,1, , , ,
!

n k
n

n k
n k

a a a tB
b b b n

− 
  

≥

 
  
    

 
∑ �  

( ) ( )
0

1
1 cosh ln ,

!

lk k k l l

l

kb b a a a bt
lk a b b b a=

   −   − + = − +         −      
∑  

we arrive at 
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( )
2

, 1,1, , , ,
!

n k
n m

n k
n k

a a a tB
b b b n m

− 
−  

≥

 
  
   −  

 
∑ �  

( ) ( )

( ) ( ) ( )

( )

0

0 0

cosh ln
1

1
!

1 11 2
! 2

exp 2 ln .

m l
lk k k k l

m
l

l mk k k lk l m
l

l q

a a bd t
k b b ab b a
lk a dtb

k lb b a aq l
l qk a b b

a a bq l t
b b a

=

= =

 +
+   − −  −   = −         

   −    − = − −                   
  +

⋅ − +   −   

∑

∑ ∑  

Taking the limit 0→t , we get the desired result. 
According to Corollary 1, we know that the coefficients of the corresponding 

Bell polynomials should be real numbers, so if formula (4) satisfies the condi-
tions and is meaningful, we need to make 0>a , 0>b  and 0− >b a . 
Therefore, we can obtain 0> >b a . 

Set 21= −
a x
b

. Then 

1 1 ,
2 22

−
− = − − = −

b a a x
bb

 

21 1 1 .
1

−
+ + −

= =
−

−

a
b a xb

xb a a
b

 

Combining Corollary 1 and Theorem 2, we get the following result. 
Corollary 2. We have 

( ) ( ) ( )

( )

21
1 2

1 0

2
2

0

12 1 1
21

1 12 .

−
−

+
= =

−

=

    = − + −    −    

   + −
 × −      

∑ ∑

∑

nkn kn k
n

k l

q l
l n

q

k xR x x x
lx

l xq l
q x

         (5) 

We note that the explicit formula of ( )1+nR x  given by Corollary 2 is very 
useful. With the use of formula (5), we can directly calculate the value of 
( ),R n k  for any given n and k, rather than relying on the recurrence relation. 

Here we provide an example to illustrate the application of Corollary 2, where all 
calculations are obtained using Mathematica 12.1. 

Example 3. Let 

( )
2

2

,
0 0

1 12 .
2

−

= =

     + −   = − −            
∑ ∑

q llk l n
n k

l q

k lx xW q l
l q x

 

Consider the case 1 4≤ ≤n , we have 
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( )
( ) ( )

2
1,1

2
2,1 2,2

2 2 2
3,1 3,2 3,3

22 2 2
4,1 4,2 4,

2

3 4

3

,4

1 ;

1, 2 2 ;

1 , 6 1 , 6 1 ;

1, 14 8 , 36 1 , 24 1 .

W x

W W x

W x W x W x

W W x W x W x

= − −

= − = −

= − − = − = − −

= − = − = − + = − +

 

Thus 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

1
1 21

2 1,2
1

12 1 2
3 2,2

1

3
3 21 2 3

4 3,2
1

24 1 2 3 4
5 4,2

1

12 1 2 ;
1

12 1 2 4 ;
1

12 1 2 12 10 ;
1

12 1 2 28 58 32 .
1

k
k

k
k

k
k

k
k

k
k

k
k

k
k

k
k

R x x x W x
x

R x x x W x x
x

R x x x W x x x
x

R x x x W x x x x
x

−
−

=

−
−

=

−
−

=

−
−

=

 = − + = − 

 = + = + − 

 = − + = + + − 

 = + = + + + − 

∑

∑

∑

∑
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