4

Open Journal of Discrete Mathematics, 2021, 11, 114-132

"“ Scientific https://www.scirp.org/journal/ojdm
0 " Research :
94% Publishing ISSN Online: 2161-7643

@,

ISSN Print: 2161-7635

The Generalization of Signed Domination
Number of Two Classes of Graphs

Xia Hong?, Guoyan Ao?, Feng Gao?

1Department of Mathematics, Luoyang Normal University, Luoyang, China
2School of Mathematics and Statistics, Hulunbuir University, Inner Mongolia, China
Email: 05shumenghongxia@163.com, aoguoyan@163.com, gaofengl350@163.com

How to cite this paper: Hong, X., Ao, G.Y. Abstract
and Gao, F. (2021) The Generalization of
Signed Domination Number of Two Classes ~ Let G = (V1 E) be a graph. A function f:V — {

-1
of Gm‘?hs' Open Journal of Discrete Ma- Dominating Function (SDF) if f [V] = Z f (V) >1 holds for all ueV .
thematics, 11, 114-132. veN[u]

https://doi.org/10.4236/0jdm.2021.114009 The signed domination number y, (G) =min {ZVEV f (V) | f is an SDF of G} .

Received: August 22, 2021 In this paper, we determine the exact value of the Signed Domination Num-

Accepted: October 24, 2021 ber of graphs Cr:(
Published: October 27, 2021

1} s said to be a Signed

and I:’nk for k>1, which is generalized the known results,

respectively, where C* and P¥ are denotes the &-th power graphs of cycle

Copyright © 2021 by author(s) and C, andpath P,.
Scientific Research Publishing Inc.
This work is licensed under the Creative Keywords

Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

Signed Domination Function, Signed Domination Numbers, Graphs Cr‘f R

1. Introduction

The graphs considered in this paper are finite, undirected, and simple (no loops
or multiple edges). For notation and graph theory terminology, please refer to
the reference [1]. Let G be a simple undirected graph. The vertex set and the
edge set of Gare denoted by V (G) and E(G), respectively. For a vertex

veV (G), the neighbor set Ny (V) is the set of vertices adjacent to v, the de-
gree of vis the number of adjacent vertices of vand denoted by dg (V).
§(G)=min{ds(v):veV(G)} and A(G)=max{ds(v):veV(G)} is the mi-
nimum degree and maximum degree of G. When no confusion can occur, we
shall write N (V), N [V],A,5 , instead of Ng (V), Ng [V],A(G),é‘(G). For a sub-
set U cV(G), the subgraph induced by Uis denoted by G[U ], which is the
graph on Uwhose edges are precisely the edges of Gwith both ends in U.
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For ueV(G) and U cV(G), the distance between zand U, denoted by
dg (u,U), is the length of a shortest path from u to a vertex in U. When U con-
sists of a single vertex v, we write dg (u,v) , instead of dg (u,{v}). For a posi-
tive integer &, the k-th power G* of a graph G'is the graph G* whose vertex
setis V(G), two distinct vertices being adjacent in G* if and only if their dis-
tance in Gis at most & If k=1, G'=G. In particular, the graph G* and the
graph G° are as the square of Gand the cube of G. A cycle on n(n>3) ver-
tices is a graph whose vertices can be arranged in a cyclic sequence in such a way
that two vertices are adjacent if they are consecutive in the sequence, and are
nonadjacent otherwise, denoted by C_ . A path P, isa simple graph whose ver-
tices can be arranged in a linear sequence in such a way that two vertices are ad-
jacent if they are consecutive in the sequence, and are nonadjacent otherwise.

In recent years, several kinds of signed domination problems in graphs have
been investigated [2] [3] [4] [5]. Most of those belong to the vertex domination
(or edge domination) of graphs, such as signed (edge) domination [6] [7], minus
domination [8], cycle domination [9], signed roman (total) domination [10], weak
roman domination [11], inverse signed total domination [12], etc. The signed
domination number of cycles C_, paths P,, the square C> of C. and the
square P’ of P, were given in [13] [14] [15], respectively. In the present paper,
we compute the exact values of signed domination number of C* and P for
k>1.

Let G=(V,E) beagraphand R be areal set. For a real function f:V - R
and a nonempty subset S =V (G), we may assume that f(S)=>" _f(v).In
the following, for the sake of simplicity, simply write f (N [V]) as f[v], de-
notes f(V)=f(V(G)). In addition, [x] and | x| denotes the smallest in-

teger not less than xand the largest integer not greater than x.

vesS

2. Preliminaries

Definition 1. [4] Let G = (V, E) be a graph, a function f:V — {—1,1} is said
to be a Signed Dominating Function (SDF) if f [V] = ZVEN[U] f(v)>1 holds for
all ueV, the signed domination number:
7,(G)=min{Y . f(v)| f is an SED of G}.

By Definition 1, it is easy to see the following a conclusion.

Lemma 1. For any vertex veV (G) and an SED fof G, if dg(v) is even,
then f [V] >1.If dg (V) is odd, then f [v] >2.

For some vertex V,, it is called a optimalif f[v;] isreach it’s lower bound.
n-2
Lemma 2. [8] Let P, beapath. For n>2, wehave y,(P,)=n- ZLTJ .

-2
Lemma 3. [13] Let C, beacycle. For N>3,wehave 7,(C,)= n—Z{nTw .
Lemma 4. [13] If K, isacomplete graph, then:
1, n=1(mod 2
75(Ky) = _ (mod 2)
2, n=0(mod 2)
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Lemma 5. [14] If Cf is a square of C, , then:

PW, n=0,1,3(mod 5)
ACHE N
[g}l, n=2,4(mod 5)
Lemma 6. [15] For a square Pn2 of P,,if N=3,then p, (P32):1. If n>4,
then:
0.2(n+12), n=5k+3
0.2(n+4), n=5k+1
7,(P?)=40.2(n+6), n=5k+4 keN
0.2n, n =5k
0.2(n+8), n=>5k+2
Lemma 7. [13] If Gis a r-regular graph on n order, then ,(G)> ﬁ
In this paper, we give an exact value of signed domination number of CK
and P* for k>1 as follows.
Theorem 1. Let C! be a k-th power graph of cycle C,.For n>3,k>1, we

have:

{ n w if 1=0,1,3,--,2k ~1(mod 2k +1)
)_ 2k +1

7.(Ch

{ —‘-i-l, if n=2,4,---,2k(mod 2k +1)
2k +1

If k=1 in Theorem 1, then it is equal to Lemma 3. If k=2 in theorem 1,
then it is equal to Lemma 5.
Theorem 2. Let P* be a k-th power graph of path P,.For n>2,

1<k <£n-1, we have the following results.

If 1<k sEJ—l and kis odd, then:

{ n 1+2, if n=0,1,---,2k ~1(mod 2k +1)
2k +1

7:(R)=

[ n 1+1, if n=2,4,,2k (mod 2k +1)
2k +1

If 1<k< \‘EJ —1 and kis even, then:

| if n=0.(mod 2k +1)
2k+1

7 (P)= Zk”ﬂll, if n=2,4,-,2k(mod 2k+1)
" |2, it n=35,--,21(mod 2k +1)
2k+1

If {EJSK <n-1(n#3k #1), then:
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) 1, if n=1(mod 2)
7S(P ):{2, if n=0(mod 2)

If n=3k=1, then y,(P,)=3.
In fact, if k=1 in Theorem 2, then it is equal to Lemma 2. If k=2 in
theorem 2, then it is equal to Lemma 6.

3. Proof of Theorems

3.1. Proof of Theorem 1

Proof. Let CX be a k-th power graph of cycle C, . By definition of &-th power
graph, it is easy to see that C¥ is a 2&-regular graph. By symmetry of cycle, it is

n n
enough to show that k < 7 It remains to show that it is true for 1<k < 7 By

n
Lemma 1, we have (C,‘f ) 2 {m—‘ We may assume that G has ¢ vertices
+

with —1 label and s vertices with +1 label, then s+t=n, y,(G)=n-2t. Let
n=(2k+1)q+r, 0<r<2k.

If r=0,then 75((:::)2(

n
2k+1|"

If r=13-,2k-1, then 7S(C”k)42k J'
+

If r=2,4,--,2k, then 7, (C;)Z[%—l=q+l. If nis odd, then ¢ is odd,
+

and Q+1 iseven. But 7, (C: ) =n-2t is odd and therefore:

Vs (C:)Z’V n -‘+1:q+2. If nis even, then gis even, and (+1 is odd. But
2k +1

Vs (C:)z Nn—2t iseven and therefore y, (an)z[ —|+1= q+2.

n
2k +1

In summary, we have:

{ n W n=01,,2k—1(mod 2k +1)
‘ 2k +1
7i(Cr)=

|41, n=2,4,,2k(mod 2k +1)
2k +1

By definition of singed domination number, we only need to give a singed
domination function fof C¥.Let C, bea cycle on nvertices V,,V,,--,V
If n=0(mod 2k +1), then let:
f(v_):{ﬂ, if i=1,3,+,2k +1(mod 2k +1)
-1, ifn=2,4,-,2k(mod 2k +1)

n-

It is easy to see that C¥ hasa t=k- vertices with —1 label and n-t

n
2k +1

vertices with +1 label. It is follows that:
F(V)=n-2[k =" |=n-2k. = 1|,
2k +1 2k+1 | 2k+1
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2k +1
If n=1,3,---,2k—1(mod 2k +1), then let:
f(v_):{ﬂ, if i=1,3,4,6,--,2k(mod 2k +1)
' -1, ifn=25.7,,2k+1(mod 2k +1)

So, we have yS(C,‘f)z[ n —l

By the definition of £ for every 2k +1 consecutive vertices on the CF, there

r
are k vertices that can be signed as -1, and {EJ of the remaining n—r ver-

tices can be signed as —1. So, it is easy to see that C¥ hasa

n—(2k+1)[ "
L n J 2k +1
t=k- +
2k +1

2

vertices with —1 label and n—t vertices

with +1 label. It is follows that:

n—(2k+1)bk”ﬂJ

f(V)=n-2 k-{ n J+
2k +1 2

[ 2k 1J .
=L2kn+1J LkJ

So, we have }/S(C,'f) [ n —l

2k+1
If n52,4,---,2k(mod 2k+1),thenlet:
f(v):{ﬂ, ifi=1,2,4,6,--,2k (mod 2k +1)
Y- ifn=3,57,,2k +1(mod 2k +1)

Same as above, it is easy to see that C* hasa

vertices with —1 label and n-t ver-

n— (2 +1)L2k 1J
t=k- n +
2k +1 2
tices with +1 label. It is follows that:

(2k+1){2k 1J

f(V)=n-2 k-{ n J+
2k +1 2

=n—2k-LLJ n+(2k+l)[ J +2
2k +1 2k +1

_| +2= n +1
2k +1 2k +1

So, we have y, (C: ) = [ﬁ—l +1

As mentioned above, we have:
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{ n w n=01,,2k—1(mod 2k +1)
2k +1

(Ch)=

{ n }1, n=2,4,2k(mod 2k +1)
2k +1

3.2. Proof of Theorem 2

Proof. Let P* be a i-th power graph of P,, denoted by G By definition of &-th
power graph, we may assume that the vertex set of Gare {Vl,v2 e -,vn} , its edge
set are {El, E,,--, En_l} , where:

Ej={vivi+j|1sisn—j},1§jsn—1.
It is follows that:
do (Vj)=dg (Vo 1) =K+ j=1 j =1k
e (V) == o (V) = 26
If n=2,then k=1.S0, 7,(P,)=2.
If N=3,then k=1 (or k=2).50, »,(P,)=3 (or1).

It remains to show that it is true for Nn>4.
n
Case 1. LEJSkSn_l'

We first prove that it is true for the lower bound of signed domination num-

n
2

ber of Pnk If k> {EJ ,then dg [v{ W] =n-1.1If nis odd, then:

f(V)=f(v)+F(v)++f(v,)= f[vm}zl. So, 7,(G)=1. If n is even,

2

then f(V)=f(vl)+f(vz)+~~+f(vn)=f{vn}Zl. In such a case, since

i 2

We only need to give a singed domination function fand prove that it is true

ds (Vn J =n-1 is odd and is even. By Lemma 1, we have f(V)>2.

2

So, 7,(G)>2.

for the upper bound of signed domination number of P¥.
Subcase 1.1. n=1(mod 4).

Dueto 6 =dg (vl):kZ{gJ, |f[vl]|:k+12L%J+l and LEJ is even. It fo-

n
llows that we are labeled —1 at t= {ZJ vertices in f[v;] and in f[v,], and

other vertices is label to +1. Namely, let:
f( )_ -1, ifi=1---,t,n-t+Ln-t+2,---,n
"7 1+1, otherwise

It is easy to show that f[vjjzl, f [me}zl for j=1,..-,[%J and
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n

f [V[ d =1. In fact, under this function £ we have:
2

(V)= fhnd: F() £ (44t 1 (vn):n—4t:n—4(HD:l.So,

2
7, (G)<1.

In summary, we have y,(G)=1.
Subcase 1.2. n=2(mod 4).

Because of & =d (vJ:szJ, |f[v1]|=k+1ZLgJ+l and LEJ is odd. Tt

follows that we are labeled —1 at t= [EJ verticesin f[v,] andin f[v,], and

other vertices is label to +1. Namely, let:
F(v)= -1, ifi=1---t,n-t+ln-t+2,---,n
Y7 |+1, otherwise

It is easy to show that f[vj]zl,f[vmm]zl for j:1,~--,2—1 and

f {Vn } =f {Vn 1} = 2. In fact, under this function £ we have:

2 2

(V)= f{vg}: F(w)+ f (V)4 (vy)

e

In summary, we have y,(G)=2.
Subcase 1.3. n=3(mod 4).

Thanks to & =dg (V1)=k2{2J, |f[v1]|=k+12LgJ+l and LEJ is odd. It

o 7,(G)<2.

follows that we are labeled -1 at t, = ’V%—‘ ~1 verticesin f[v,] and labeled -1

n
at t, = LZJ —1 verticesin f[v, ], and other vertices is label to +1. Namely, let:

f(vi)=

-1, ifi=1---t,n-t,+Ln-t,+2,---,n
+1, otherwise

It is easy to show that f[VJZL f [Vn—j+lJ21 for j:Lm'LgJ and

n
2

f [V[ d =1. In fact, under this function 7 we have:

2

f(V)= f{vm}: f(v)+ f(vy)+-+F(v,)

=n—2(g+t2)=n—2{%—‘—2LZJ=n—T—Tzl
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In summary, we have ,(G)=1.
Subcase 1.4. n=0(mod 4).

Since §=dg(v,)=k=> [%J , |f [V1]| =k+1> L%J+l and [EJ is even. It fol-
lows that we are labeled -1 at t, :% vertices in f[v;] and labeled -1 at

n
t, = " —1 verticesin f[v,],and other vertices is label to +1. Namely, let:

F(v)= -1, ifi=1---,t,n-t,+Ln-t,+2,---,n
V7141, otherwise

It is easy to show that f[vj]zl,f[vnfm]zl for jzl,---,g—l and

f {Vn } =f {Vn 1} = 2. In fact, under this function £ we have:
E+

2

F(V)= f{vn}z £ () F (V) £ (vy)

2

.So, 7,(G)<2.
:n—2(t1+t2)=n—2[2~%—1):n—4-2+2:2

In summary, we have 7, (G)=2.
Case2. 1<k< {g-‘—l.

Subcase 2.1. n=1(mod 2k +1).
We first prove that it is true for the lower bound of signed domination num-

ber of P¥.
If kis odd, then | f [V1]| =k +1 iseven. By Lemma 1, we have:
flu]=X"f(v)22, f[v,]=2" ()22 Itis follows that:

i=1 i=n—k
. n—(2k+2)
f (V): Zi:l f (Vi )+Zi:12k+1 f |:V(2k+1)i+l:|+2i:n—k f (Vi)
n—(2k+2) n—(2k+2)
>24——2+2=44+— = . So, we have:
2k +1 2k +1
n-1 6k+3 { n w
= + = +2
2k+1 2k+1 |2k+1
n
G)> 2.
7:(6) {2k+1—l+

If kis even, then | f [v1]| =k+1 is odd. By Lemma 1, we have:
flu]=300f ()21, fv,]=3" | f(v)21.Itis follows that:

i=n—k
n—(2k+2)

f(V)= Z:tll f (Vi)+zi:12k+1 f |:V(2k+1)i+1:|+2in:n—k f(v) S .
. So, we have:
1+M+1_2+n—(2k+2)_ n-1 +1:[ n —l

2k +1 B 2k+1  2k+1 2k +1

yS(G)Z[Zktl—"
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On the other hand, we only need to give a signed domination function £
If kis odd, then let:

-1, ifi :l,--{gJ,k+2+q(2k+1),k+4+q(2k+1),~--,

3k+q(2k+1),n—EJ+l,~--,n

f(v)=
+1, ifi=LEJ+1,---,k+1,k+3+q(2k+1),k+5+q(2k+1),---,
3k+1+q(2k+1),3k+2+q(2k+1),n—k,-~-,n—L%J
n-2(k+1)
where =0,---,—————=—1. It is easy to see that Ghasa
2k +1
Kk n-2(k+1) ) ) .
t=2-]| — |+k-————2 vertices with —1 label and other vertex is label to +1.
2 2k +1
n-2(k+1
7.(G)< f(v):n_z{z.mm.%}
It is follows that *
=n-2k+2-2k-

n-2k-2 n+2k n
= +2= +
2k +1 2k +1 2k +1

So, we have (G) = {2kn+1-|+ 2.

If kis even, then let:

-1, ifi :1,~~~,g,k+3+q(2k+1),k+5+q(2k+1),~--,

3k+1+q(2k+1),n—%+1,-~-,n

f(v)=
+1, ifi =§+1,~--,k+1,k+2+q(2k+1),k+4+q(2k+1),-~-,
3k+2+q(2k+1),n—k,-~-,n—%
n—-2(k+1) )
where =0,.--,—————=—1.Itis easy to see that Ghas a
2k +1
k ~ n-2(k+1) . . .
t=2-—+k.-—————= vertices with —1 label and other vertex is label to +1. It
2 2k +1
n-2(k+1
7.(G)< f(V)=n—2{2-g+k-%}
is follows that * . So, we have:
:n—2k—2k-n_2k_2: n+2k _|_n
2k +1 2k +1 2k +1

7:(6) :[anu] '

Subcase 2.2. n=0(mod 2k +1).

We first prove that it is true for the lower bound of signed domination num-
ber of P¥.

If kis odd, then | f [V1]| =k+1 iseven. By Lemma 1, we have:
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fu]=X0 f(w)=z2, flv]=X"  f(v)22, X5, f(%)20 (other-
wise, we have f [Vn—zk] <0, this is a contradiction to Definition 1). It is follows

that
n—(2k+2+2k)

FV) =20 )+ 50 Ve |+ X f (V) + 20 T (%)

n—(2k +2+2k — 4k —
_2+M+0+2:4+n 4K 2: n +2= n +2
2k +1 2k +1 2k +1 2k +1

n
So, we have G)=> +2.
we have 7, (G) {2k+1—l

If kis even, then | f [v1]| =k+1 is odd. By Lemma 1, we have
ful=250 f(v)21, flv]=X0  f(w)=1, X0, f(v)20 (other-
wise, we have f [Vn_Zk] <0, this is a contradiction to Definition 1). It is follows

that
n—(2k+2+2k)

FV) = )+ 2 % [V |+ Do f (W) + 20 £ (%)

n—(2k +2+2k _ Ak —
21+¥+0+1:2+n 4K 2: n
2k +1 2k +1 2k +1

. So,

h G)> .
we have 7, (G) {2k+1—‘

On the other hand, we only need to give a signed domination function £
If kis odd, then let

-1, ifi :l,---,[gJ,k+2+q(2k+1),k+4+q(2k+1),--~,
k
3k+q(2k+1),n—bJ+l,~--,n

+1, ifi :LEJ+L---,k+1,k+3+q(2k+1),k+5+q(2k+1),---,

3k+1+q(2k+1),3k+2+q(2k+1),n—k,---,n—L%J
n—2(k+l)—2k ) ) n—2(k+1)—2k
where q=0,---,——————— . Specially, if q=————+——, then

2k +1 2k +1
f (Vq ) = f (v, ) and all such vertices are label to +1. Then Ghas a

k n— 2(k +1) -2k . ) )
t=2- E +k+k T vertices with —1 label and other vertex is la-
+

bel to +1. It is follows that:

n(G)sf<v>=n—z{z-[gj+k+k.

=n—2(k—1)—2k—2k.% . So, we have:
+

Cn_dki2_ok NTH-=2_ N 2:{ n }rz

= +
2k +1 2k +1 2k +1
n
75(6):[2k+11+2
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If kis even, then:

-1, ifi =1,---,g,k+3+q(2k+1),k+5+q(2k+1),---,
2k +1+q(2k +1),2k +2+q(2k +1),---,

2k+2+g—1+q(2k+l),n—§+1,---,n
+1, ifi =§+1,---,k+1,k+2+q(2k+1),k+4+q(2k+1),---,

2k+q(2k+1),2k+2+g+q(2k+1),~--,3k+1+q(2k+1),

3k+2+q(2k+1),n—k,---,n—%
n-2(k+1)-2k S n—-2(k+1)-2k
where q=0,.--,——————— . Specially, if q=———————, then
2k +1 2k +1
f(vq): f (v,_,) and all such vertices are label to +1. Then Ghas a
k n—2(k+1)—2k ] ) ]
t=2-—+k+k-———~—— vertices with —1 and other vertex is label to +1.
2 2k +1
n-2(k+1)-2k
7.(G)< f(v)zn—z{z-g+k+k.%}
It is follows that * . So, we
Cn-2k-2k—gk.N=#k=2_ n ) n
2k +1 2k +1 | 2k+1

n
have y,(G) :[Zk +1—l .

Subcase 2.3. n=2(mod 2k +1).
We first prove that it is true for the lower bound of signed domination num-
ber of P¥.
If kis odd, then | f [V1]| =k +1 iseven. By Lemma 1, we have:
flv]= Zlk:ll f(v)=2, flv,]= zrzn—k f(v)=2, f(v,,)=-1.1Itis follows
n—(2k+2+1)
f(V)= Z:l Fv)+ 2o, f [V(2k+1)i+1:| +F (Vo) + 2 F (W)

n—(2k+2+1 —_ 2k — _ :
22+¥—1+2=3+n 2 3: n-2 +2= n +1
2k +1 2k +1 2k +1 2k +1

that

So, we h G)> +1.
0, we have 7,(G) {2k+1—‘

If kis even, then | f [V2]| is even. By Lemma 1, we have:

f [VZ] = Z:::LZ f (Vi)Z 2, f [Vn] = Zin:n—k f (Vi ) 21, zrgnkjljfzkf1 f (Vi ) 1. It is

n—(2k+4+2k)

f (V ) = Z::LZ f (Vi )+ Zizl 2t f |:V(2k+1)i+2:|
+ Z?;nk:lf—ZK—l f (Vi )+ Zin:n—k—l f (Vi )

follows that N n—(2k +4+2k) n— 4k — 4 - S0, we have:

+1+1=4+—-
2k +1 2k +1

L DL
2k +1 2k +1
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7.(6)> {an+l—‘+1.

On the other hand, we only need to give a signed domination function £
If kis odd, then let:

-1, ifi =1,~--,[§J,k+2+q(2k+1),k+4+q(2k+1),---,
2k —1+q(2k +1),2k +1+q(2k +1), 2k + 2+q(2k +1),---,

3k—l+q(2k+1),n—k—1,n—[gJ+l,---,n

f(v)=
+1, ifi :[2J+1,~-,k+1,k+3+q(2k+1),k+5+q(2k+l),--~,
2k +q(2k +1),2k +3+q(2k +1),---,3k +q(2k +1),
3k+1+q(2k+1),3k+2+q(2k+1),n—k,---,n—EJ
n-2(k+1)-1
where =0,---,——————-1.Itis easy to see that Ghas a
2k +1

k n-2(k+1)-1 ] ) .
t=2- E +1+k T vertices with —1 label and other vertex is label
+

7,(6)< f(V):n—2{2~EJ+1+k-%}

n-2k-3 n+4k | n 1
2k +1 2k +1 | 2k+1

to +1. It is follows that
=n-2k-2k-

So, we have ¥, (G) = ’72kn+1-‘ +1.

If kis even, then let:
-1, ifi :1,~--,§,k+3+q(2k+1),k+5+q(2k+1),~--,
2k +1+q(2k +1),2k +3+q(2k +1),---,

2k+g+2+q(2k+1),n—g+1,-~,n

Fw)=y &
+1, |f|=E+1,-~-,k+2,k+4+q(2k+1),k+6+q(2k+1),~-,
2k+2+q(2k+1),2k+§+3+q(2k+1),---,3k+2+q(2k+1),
3k+3+q(2k+1),n—k—1,~--,n—g
n—-2(k+2)-2k ) ) n-2(k+2)-2k
where =0,---,———————_ Specially, if ( =———————, then
2k +1 2k +1
f(vq): f (V,.1) and all such vertices are label to +1. It is easy to see that G
k n—-2(k+2)-2k

hasa t=2 -E+ k+k vertices with —1 label and other vertex

2k +1
is label to +1. It is follows that:
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n-2(k+2)-2k
yJG)Sf(V)zn—Z2~5+k+k~——i—i—1——
2 2k +1
. So, we have:
=n—2k—2k—2kn_4k_4:n+4k=[ n 1+
2k +1 2k +1 2k +1

%(G):[2;L1W+L

Subcase 2.4. n=r(mod 2k +1),r =3,5,7,---,2k -1.
We first prove that it is true for the lower bound of signed domination num-
ber of PX.
Claim. Let P, =V,v,---v, be a path and fbe an SED of P¥. If every vertex
n-r
2k +1°

Proof: If k is odd, then |f [Vl]|=k+l is even. Since every vertex V. is

V;(1<i<n-r) isoptimal, then f(v =-1, where q=1--

(2k+1)q )

k
optimal, by Lemma 1, we have f [Vl] =2. It is follows that f [Vl] has LEJ
. . k . .
vertices with -1 label, f[v,] has > +1 vertices with 1 label, ---, f[v,] has

[§J+[EJ vertices with —1 label. Because of f[v,]=f[v, ]+ f(Vy.),

and V,,, isoptimal and therefore f[v,,,] has kvertices with —1 label. So, we
have f(Vy,,)=-1.

If kis even, then | f [V1]| =Kk +2 is even. Since every vertex V, is optimal, by
Lemma 1, we have f[v,]=2.Itis follows that f[v,]| has g vertices with —1

label, f[v,] has g+1 vertices with —1 label, ---, f[v,] has %+g—l ver-

tices with —1 label. Due to  f [v,,;]= f [V ]+ f (Vy,1),and V,,, is optimal and

therefore f[v,,,] has kvertices with —1 label. So, we have f (v,,,)=—1.

We consider that every vertex Vv, is optimal and the following facts.
vl =20 (v)
f |:Vk+2+(2k+1)«j J =f |:Vk+1+(2k+1)-j:|_ f (V1+(2k+1)~j )+ f (V2k+2+(2k+1)»j)

f |:Vk+3+(2k+l)-j ] =f |:vk+2+(2k+l)-j:|_ f (v2+(2k+l)»j )+ f (V2k+3+(2k+l)-j)

f |:V3k+2+(2k+1)-j ] = f |:V3k+1+(2k+1)-j:|_ f <V2k+1+(2k+1)~j )+ f (V4k+2+(2k+l)»j)

n-r—2k-1
where j=0,--,———
2k +1
It is follows that:
f (Vl) =f (V2k+2) =f (V4k+3) == (V1+(2k+1)(q—1))
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f (Vz): f (V2k+3) =f (V4k+4) =--=f <V2+(2k+1)(q—1))
f(Vaa) = F (Voo ) = T (Voos) == (Vzkm(zku)(qq))
Where q :1]...]&
2k +1
So, we have:

f (V(2k+l)q ) =-1.

Subsubcase 2.4.1. If r<k+1,then k+r<2k+1.
If kis odd, then |f[vn] =k+1 is even and f[v,] =zin:n7k f(v)=2. So,
ZKH f(v;)=f[v,]>2.1tis follows that:

i=1

n—(k+1+k+r)
f (V ) = Z:(:l f (Vi )+ ZH aot f |:V(2k+1)i+rJ+ Zi:n—k f (Vi )
+n—(k+1+k+r)+2 n—2k-r—

=44 — . Hence,
2k +1 2k +1

n—r n
= +3= +
2k +1 (2k+1—}
n
G)> +2
7:(6) [2k+11

If k is even, then |f nl|—|(+?_ is even and f[v,,]|= zlnkl (vi)=2.
So, Zk+rlf( V;) > 2. Itis follows that:

i=1
n—(k+2+k+r-1)
f (V): z:(:l 1f (Vi )+Zi:1 2t f |:v(2k+1)i+r—1:|+2i:n—k—l f (Vi)
+n—(k+1+k+r)+2_ n—2k-r-—

=44+ — . Hence,
2k +1 2k +1

=n—r+3= n 42
2k +1 2k +1

s (G)Z[an+l-|+2

Subsubcase 2.4.2. If r >k +1,then k+r>2k+1.

It is follows that f (V)= ZZM f [ 2K :|+Zin:n7r+l f(v;). Owing to
> F(v)=3 (Otherwise, since ris odd and therefore . f(v)<L.

In order to obtain the p, (Pnk ) , we have to consider that all vertices are as op-

n-r+l

timal as possible. By Claim, we have f ( (2k+1)q ) =-1, namely, f (v, )=-1.So,
[ e k+1]— f (v, r)"’Z. el f(v;)<-1+1=0, this is a contradiction to Defi-

nition 1).

. " n-r . [ n
Hence, f (V)= ZZklf[(zkﬂ)ik:|+2inr+1f(vi)22k+1+3_[2k+1-‘+2‘

On the other hand, we only need to give a signed domination function £

If kis odd, then we give a signed domination function fby the following rules.
If 1<i<k+1 and n-k<i<n, thenlet:
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1, ifi:1,...,H,n_EJ+1,...,n

+1, ifi :[KJ+1,---,k+1,n—k,---,n—[£J
2 2

f(v)=

If k+2<i<n-k-1, thenlet:

-1, ifi=k+2+q(2k+1),k+4+0q(2k+1),---,3k +q(2k +1)
f(v,)=1+L ifi=k+3+0q(2k+1),k+5+q(2k+1),---,3k +1+q(2k +1),
3k+2+q(2k+1)

n—-2(k+1)—(r-1)

. It is trivial to see that Ghas a
2k +1

where =0,

-2(k+1)—(r-1
t=2- 5 + I +k~n ( - ) (r ) vertices with —1 label and other vertex
2 2 2k +1

is label to +1. It is follows that:

7,(G)< f(V)=n—2{2-EJ+ r—1+k.n—2(k+1)—(r—1)}

2 2k +1
no2k=(r=d) oy
2k +1

L S P8 DL L P
2k +1 2k +1

ys(G)z[ﬁ}z

If kis even, then we give a signed domination function by the following

=n-2k+2-2k- . So, we have:

rules.
If 1<i<k+2 and n—-k-1<i<n, thenlet:
-1, ifi:l’...,hln_5+1’...'n
f(v,)= 2 2 )

+1, ifi :£+l,--~,k+2,n—k—1,---,n——
2 2

If k+3<i<n-k-2,thenlet:

-1, ifi=k+3+q(2k+1),k+5+q(2k+1),---,3k +1+q(2k +1)
f(v,)=1+1 ifi=k+4+q(2k+1),k+6+0q(2k+1),---,3k+2+q(2k+1),
3k+3+q(2k+1)

n—-2(k+2)—(r-3)
2k +1
k r-3 'n—2(k+2)—(r—3)

t=2-—+ +k
2 2 2k +1

is label to +1. It is follows that:
k r-3 n—2(k+2)—(r—3)}

where q=0,---, . It is trivial to see that Ghas a

vertices with —1 label and other vertex

G)<f(V)=n-2[2.X K-
7:(G)=f(v)=n 2 2 " 2k+1

n-2k-r-1 n-r n
= +3= +
2k +1 2k +1 2k +1

. So, we have:

=n-2k—(r-3)-2k- 2
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}/S(G)z[anﬂ}L

Subcase 2.5. n=r(mod 2k +1),r =2,4,6,---,2k .

We first prove that it is true for the lower bound of signed domination num-
ber of PY.

Subsubcase 2.5.1 If r<k+1,then k+r<2k+1.

If kis odd, then |f . 2]|—k+3 is even and f[v,,]= Z. e, fv)=2.
Hence, Zk T (v (v;) =1. It is follows that:

i=1
n—(k+3+k+r-2)

f (V ) = Zik:1r72 f (Vi )+ Zi:l 2t f |:V(2k+1)i+r—2 :| + Zin:n—k—z f (Vi )

n—(2k+r+1 —2k—-r-— -
21+M+2:3+n 2k=r 1:n r+2= n +1
2k +1 2k +1 2k +1 2k +1

. So,

we have 7,(G)=> {%—‘ +1

If kis even, then |f nl|—k+2 isevenand f(v,__,)>-1,
flv]=>" . f(%)=2. Hence, z:{:r 1 (v,)>2.Ttis follows that:

kl ﬂzk h n—(k+2+k+r-2+1) '
fV)=2 fv)+x, ** f |:V(2k+1)i+r—2J
(Vo) + 2 T (V)
n_(2k+1+ I’) . So, we have:
_— 2142
2k +1
:3+n—2k—r—1: n-r +2:[ n ]+1
2k +1 2k +1 2k +1

yS(G)Z[anH—lH.

Subsubcase 2.5.2. If r >k +1,then k+r>2k+1.

>2+

n

It is follows that f (V)= ZZM f [ 2K :|+Zi=n—r+l f (v,). Because of
> f(v,)=2 (Otherwise, we have Y ' f(v)<1.In order to obtain

i=n-r+l
the y, (Pnk ), we have to consider that all vertices are as optimal as possible. By
Claim, we have f (V(2k+1)q ) =-1, namely, f (v, ,)=-1.Itfollows that:
f Vo] =T (anr)-i-zin:nfm f(v;)<—-1+1=0, this is a contradiction to Defi-

nition 1).

! n n—r _|_n
Hence, f (V)= zz“f[ 2K-+1)i k}rzinr+1f(vi)22k+1+2_[2k+1—‘+1.

On the other hand, we only need to give a signed domination function £
If kis odd, then we give a signed domination function £by the following rules.

If 1<i<k+1 and n-k<i<n,thenlet:

TR

f(v,)= " ifi:EJH,,..,k+1,n—|<,...,n_FJ
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If k+2<i<n-k-1, thenlet:

-1, ifi=k+2+0q(2k+1),k+4+q(2k+1),---,3k +q(2k +1)
f(v)=4+1 ifi=k+3+q(2k+1),k+5+q(2k+1),---,3k +1+q(2k +1),
3k+2+q(2k+1)

n-2(k+1)—(r-1)
2k +1

k| [r-1 n—-2(k+1)—(r-1) _ .
t=2-|—|+ +k- vertices with —1 label and other ver-
2 2 2k +1

tex is label to +1. It is follows that:
k|l r n—2(k+1)—(r-1)
G)<f(V)=n-2[2:|=|+—=+k-
7,(6)< f{v)=n { L2J+2+ 2k+1
n-2k-r-1 n-r +1=[

where q=0,---, . It is trivial to see that Ghas a

. So, we have
=n-2k+2-r-2k-

s (G)z{anJrl}l'

If k is even, then we give a a signed domination function £by the following

n
= +1
2k +1 2k +1 2k+1—‘

rules.
If 1<i<k+2 and n-k-1<i<n, thenlet:

1 ifier KoKy
f(v)= 2 2

+1, ifi:£+1,-~,k+2,n—k—1,---,n—5
2 2

If k+3<i<n-k-2,thenlet:

-1, ifi=k+3+0q(2k+1),k+5+q(2k+1),---,3k +1+q(2k +1)
f(v,)=9+1L ifi=k+4+q(2k+1),k+6+0q(2k+1),---,3k +2+q(2k +1),
3k+3+q(2k+1)

n—-2(k+2)—(r-3)

where q=0,---, . It is trivial to see that Ghas a
2k +1
— -2(k+2)—(r-3
t= 2-E+ r-3 +k- n ( hl ) (r ) vertices with —1 label and other ver-
2 2 2k +1

tex is label to +1. It is follows that:

75(G)S f(V):n_zliz.%_i_r—2+k.n_2k_r_l:|

2 2k +1
c . So, we have
Cn—2k—r42_ok. z2Ker=l e 2% n }1

= +
2k +1 2k +1 2k +1
n
7S(G)={2k+1}rl

As mentioned above, we have:

If 1<k sEJ—l and kis odd, then:
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[ n 1+2, if n=0,1,-,2k ~1(mod 2k +1)
2k +1

7:(R)=

N |41, ifn=2,4,,2k(mod 2k +1)
2k +1

If 1<k< [EJ —1 and kis even, then:

" | if n=0,1(mod 2k +1)
2k+1
7 (R)= 2kn+1w+1’ if n=2,4,--, 2k (mod 2k +1)
" 1.2, if =35, 2k-1(mod 2k +1)
2k +1

If {EJSkSn—l(ni&k;ﬁl),then:

(P")— 1, if n=1(mod 2)
P\ )= 2, if n=0(mod 2)

If n=3,k=1, then y,(R,)=3. d

4. Concluding Remarks

As the dominance theory of graphs becomes more and more diversified, the do-
minance problem of graphs is NP-complete. Therefore, studying the upper and low-
er bounds of domination numbers of graphs and even accurate estimation and mu-

tual relations are the main aspects of current research. In this paper, we determine

k

. and

the exact value of the Signed Domination Number of &-th power graphs C
P¥ for k>1, these conclusions are the basis for the study of the bounds of the
signed domination number of the A-th power graphs of generally connected graphs,
which have important meanings in the structural theory of graph theory. From the
signed domination number of the 4-th power graph, other types of domination

numbers can be further studied, which will be the key research object in the future.
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