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ABSTRACT

A formal-linguistic approach for solving an entertaining task is offered in this paper. The well-known task of the Hanoi
towers is discussed in relation to some concepts of formal languages and grammars. A context-free grammar which
generates an algorithm for solving this task is described. A deterministic pushdown automation which in its work imi-
tates the work of monks in solving the task of the Hanoi towers is built.
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1. Introduction

Task 1 (The Task of the Hanoi Towers[1]). The Hanoi
Towers are made up of three vertical pins. A series of N
discs is hung on the first pin. The discs are all different,
but ordered by size with the largest being on the bottom
and the smallest on top. The task is to move the discs
from the first to the third pin, using the second pin as an
assistant. There are several conditions to completing this
exercise: only one disc may be moved at one time and
while one disc is being moved, all other discs must be on
one of the pins and also, during this time, it is pro-
hibited for a larger disc to be placed on a smaller one.

The task of the Hanoi Towers is a classic example
used to teach recursion in programming [1-4]. In this
paper, we will look at this Task from the standpoint of
mathematical linguistics, i.€. as a part of the discipline of
“discrete mathematics” and “mathematical linguistics” stu-
dies by students in Informatics and Computer courses at
university [2,5-9].

There are three interesting approaches associated with
the task of Hanoi towers in terms of mathematical lin-
guistics:

1) To generate the Hanoi moves using a finite auto-
maton;

2) To generate the Hanoi moves using a context-free
grammar;

3) To generate the Hanoi moves using a pushdown
automation.

The first approach is described in [10] and an equiva-
lent version (with morphisms) in [11]. In this paper we
will consider the second and third tasks. These tasks have
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been formulated in a Bulgarian in the textbook [12].

The algebraic properties of context-free grammars and
languages are discussed in [5,8,13,14]. Several applica-
tions of formal grammars and languages and pushdown
automata are considered in [8,15].

2. Context-Free Grammars and L anguages

Let V be a finite and non-empty set. The elements of this
set are called letters, and the whole set V—al phabet.

We will call a word over the alphabet V each finite
string of letters from V. A word that does not contain any
letter is called an empty word, which we will mark with
&. V" denotes the set of all words over V, including
empty set. The term length of a word refers to the
number of letters in it. The length of the word o will
be expressed by |¢].

Let ¢ and S be two words over the Alphabet V.
By concatenation (multiplication) af of both words
we will mean the word obtained by successive comple-
tion of the letters of S after the last letter of o« .

Let V be an alphabet. Each subset L of V' is called
formal language (or only language) over alphabet V.

By generative grammar (or only grammar) T', we
will understand the four ordered tuples I' =(V,W,S,P),
where V is a finite set (Alphabet) of terminal symbols,
W—a set of nonterminal symbols, S—a start symbol of
the grammar, which is an element of W, and P is a set of
ordered pairs (a,f), where a,fe(V UW) , with at
least there one non-terminal symbol in ¢« . In a number
of sources (see references at the end), an additional
condition is placed for sets W and P to be finite. For our
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needs this condition is not necessary. It is enough that
these sets are countable. The elements of P are called
productions. If (a,s)e P, then it means a — S, as
the symbol “— ” does not belong to V UW .

Let 4 and v be two words from (Vv UwW) . We
will say that g is derived directly from v in the

r
grammar I =(V,W,S,P) and will write viu (or
only vk g, if T' is understandable), if there exists
words «,,a, €(V UW)* and a production @ — £ in
P sothat v=oaa, and u=apa,.

If w,,0,,w, is a word over VUW, for which
r r r
w,Fo, - -Fa,, we will say that the number of words is

the derivation of @, from @ in I', which we denote

r
by @,Fw, or only w,Fw,, if I' is default. The

r
count N of the immediate derivations @ Fa,, will be
called the length of derivation.

The Set L(r)={a)ev*|s,;w} is called formal lan-

guage over V, generated by the grammar TI'. The Gram-
mars ', and T, are equivalentif L(T,)=L(T,).

A grammar T =(V,W,S,P) is context-free, if all the
productions are of the type

Ao, AcV, we(VuUW),

where V and W are alphabets, respectively with ter-
minal and nonterminal symbols.

Task 2. For a given positive integer N a context-free
grammar T', should be built with a terminal alphabet
encoding possible displacements and if @ e L(T'y), then
w describes the algorithm that solves the Task 1. Prove
that for each positive integer N language L (T ) isnot
empty, i.e. for each positive integer N there is an algo-
rithm that solves the task of the Hanoi towers'.

Solution. Let’s consider context-free grammar
Ty =(V,W,S,P) where V ={pyi,je{1,2,3},i#j}.
The meaning of p,; is “Move top disk from the i-th pin
of the j-th pin”. In this way, if ®=mnmn, - n,, where
m eV, i=1,2,---,k, then @ describes the algorithm
for the consecutive moving of k discs in the three pins.

W = {hj(n) ije{1,2,3}, i#j, n=1,2,--, N}, the
start symbol S=h,(N), P consists of productions
h (D)= p; and h(n)—h,(n-1)p;h,(n~1) for
n=273,--,N, where i,j,ke{l,2,3}, i#]j, ik,
k= j . Apparently, the grammar I',, constructed in this
manner is context-free.

Let we L(I'y), i.e we assume that the derivation
r

N
h;(N) E @ exists and let the length of the derivation is

"It is not necessary L(I'y) to describe all solutions of Task 1. Some of
them may be ineffective, for instance if they involve the useless reloca-
tion of disk as soon as moving the same disk to another pin.
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equal to S. If s=1, then obviously this is possible if

and only if the number of discs N =1 and there is a
I'n
direct derivation h;(1) - p, and in the presence of a

single disc, p;; describes an algorithm for solving

In
Task 1. Similarly h;(1) - p; is a derivation with length

1 with start symbol h;(1) and p; describes the al-
gorithm for moving a single disc from pin i to pin j,
where i,je€{1,2,3} and i#j.Let s>1. We assume
that if a derivation exists with length less than S of type

Iy .
I’\j(n) Fa, where aeV , n<N then a describes
the moving of n discs from pin i to pin |, using pin k
as assistant according to the constraints in Task 1, where
i,j.ke{1,2,3}, i#], j#k k#i. When s < 1 obvi-

I'n
ously derivation h;(N) F @ with length s (if existing)

'n I'n
will be of the type h;(N) - h,(N-1) p;h;(N-1) F @
r
then the next derivations h, (N —1) IE @, and
r

hy (N-1) '2‘ w, exist with lengths less then S, where
w,w, €V’ and =@ p,o,. According to the induc-
tion assumption, @, describes the algorithm for moving
of N -1 discs from the first to the second pin, using the
third one as assistant, and @, describes the algorithm
for moving N —1 discs from the second to the third pin,
using thr first one as assistant. Then o= o, p @, de-
scribes the following algorithm: first under the con-
straints of Task 1 we move the top number t of discs
from the first pin to the second, then we move the largest
bottom disk from the first pin of the empty third and
finally, we move t number of discs from the second pin
to the third one. Therefore @ = @, p,;, (if existing) de-
scribes the solution of the task of the Hanoi towers.

Let’s prove for each positive integer N that language
L(F N ) is not empty. When N =1, the only production
of P which can be applied is h, — p,, and therefore
L(T,)={ps}, i.e. L(I'}) is not an empty language.
Let’s assume that for each positive integer t <N the
languages L(I,) are not empty and put N=t+1.
Let’s consider the context-free grammars
r,= (V,W, h, (t), P) and T, = (V,W, h,; (1), P) . Appa-
rently I, and I',, work by analogy of I', and ac-
cording to the above proven if @'eL(T,), then &'
describes the algorithm for moving 1 discs from the
first tos the second pin, using third one as assistant under
the constraints described in Task 1, and if ®" € L(Ft") ,
then ®" describes the algorithm for moving t discs
from the second pin to the third one using the first one as
assistant. According to the induction assumption «’

and @" there exists. Then in T, derivation exist
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Tin Tin

h,(t+1) F h,®)p;h, (1) F o'p,0", where
w'el(ly) and @"eL(T,). Therefore we (T, ),
i.e L(Fm) is a non empty language. O

When N =5 the following word is produced p;
pl 2 p32 p13 p21 p23 pl 3 pl 2 p32 p3 1 p21 p32
p13 p12 p32 p13 p21 p23 p13 p21 p32 p31 p21
Py Ps Po Pyu B Py Py B We can verify

the correctness of the algorithm using the example of the
five consecutive playing cards.
The following is easy to prove (e.g. using induction):
Proposition 1. Let N be a positive integer, and T’
be defined as the solution of Task 2 context-free gram-
mar, then

IL(ry)| =1
andif weL(Ty), then
|| =2" -1

In other words, for each positive integer N, grammar
I'y generates exactly one word that describes an al-
gorithm for solving the task of the Hanoi towers with
exactly 2" —1 displacements of the disks from one pin
to another.

3. Pushdown Automata

By nondeterministic pushdown automation one will un-
derstand each ordered septuple

M =(K,V,W,5,q,,2,F),

where:

- K is a finite set of states of automaton;

- V is a finite set of entry letters (entry alphabet);

- Wis a finite, non empty set of stack symbols (stack
alphabet);

- §:Kx(VU{g})xW = P(K xw") is a transition
function;?

- g, € K isastart state of automaton;

- Z, €W isastart stack symbol;

- F < K isa set of accepting states.

The ordered triple <q,a, 7) e KxV ' xW" will be
called configuration of nondeterministic pushdown auto-
maton M.

Let a=aa,--a, eV, y=22z--z €W". Then the
transition function 6 defines a transition configuration
(q, a, )/) to the next configuration in the following way:

1) For each pair <p, 7’) € 5(q, a, 21) the configura-
tion (q,a,y) passes in the configuration (p,c, 7/1> s
where o, =a,a,---a,, ¥, =y'2,2---Z, which we de-
note by (g, a,7)F(p,a;, 7).

2) For each pair (p,y’) € 5(q, g,zl) the configura-

’As usual with P(A) is denoted the set of all subsets of the set A, in-
cluding the empty.
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tion (g, y) passes in the configuration
( p,a,y'z2,z, - Zt> , which we denote by
(da.r)F(pa.y'zz 7).

If the nondeterministic pushdown automation is ini-
tially given the word ¢, =@&,8,---a,, then, according to
the start configuration (qo,a, ZO> , the following possible
configurations are obtained by using a function of transi-
tions o . For each new configuration using & all possi-
ble next configurations are obtained and so on.

The nondeterministic pushdown automation M re-
cognizestheword «, =a,8,---a,, by accepting state, if
its work at the beginning of given word « , it reaches a
configuration of type (q,g,7/> , for each y eW", when
qeF.

The nondeterministic pushdown automation M re-
cognizes theword «, =a,a,---a,, by empty stack, if its
work at the beginning of a given word « reaches a
configuration of type (q,g,g) .

The pushdown automation M = (K,V,W, 0,0y, 2, F>
is called deterministic, if for each qe K and zeW
exactly one of the following two conditions is valid:

1) 6(g,a, z) contains no more than one element for
each aeV and §(q,6,2)=0.

2) 6(g,a,z)=Q for each aeV and &(q,¢,2)
contains no more than one element.

A language which is recognized by some deterministic
pushdown automation is called a deterministic language.
As it is known the relationship between context-free lan-
guages and pushdown automation is given by the follow-
ing statements:

For each context-free language L a nondeterministic
pushdown automation M exists, such that L is recognized
by M through an accepting state.

Language L is recognized of a nondeterministic push-
down automation through an empty stack if and only if L
is recognized of a nondeterministic pushdown automa-
tion through an accepting state.

If L is a language which is recognized by a nondeter-
ministic pushdown automation, then L is a context-free
language.

Task 3. For each positiveinteger N >2 a determini-
stic pushdown automation My should be built, which in
its work should imitate the work of monks in solving the
task of the Hanoi towers (see Task 1).

Solution. The requested pushdown automation is the
following: M = (K,@,W,é‘, 0> ZO,®>, where K = {qo},
W:{pIj [ ],0,] :1,2,3}

u{hj(n)|i #J,1,j=1,2,3,n=1,2,---,N —l}u{zﬂ},

and & is the empty set. Let i,j,ke{1,2,3}, i#],
j #k, k=1 . Then the transition function ¢ is defined
in following way:

8(0h2.2) = (0. Ny (N=1) Pshy (N=D)) (1)

OJDM



108 K. YORDZHEV

5(q0,8,h,-(1))=<q0, p|j> (2)
5(qoagahj(n))=<%ahk(n—1) pith‘(n—l)>, 3)
n=2,3,N

5(%,5, plj)=<qoog>' “)

Immediately after the inclusion of My, before being
submitted as any input signal, the automation replaces
the start stack symbol z, with word
h,(N=1 p;h;(N—-1) according to (1) and after a
number of actions depending on the current stack symbol
(2), (3), or (4). Moreover, we assume that automation My
is designed so that after the reading of the stack symbol
of the type p; i,je{1,2,3}, i# |, simultaneously
with the action according to (4) another action is carried
out, namely the removal of top disk i-th pin on j-th.
Transient function is defined so that after a finite number
of beats the stack is empty and stops. This occurs
because if the current stack symbol of the kind p; , then
My deletes it, and if the current stack symbol is of the
type h;(n), then at the next beat of the parameter n
decreases by one unit, if n>1, or h;(n) passes into
the symbol p; at n=1, then that symbol is deleted.

We will prove that 1<s<N the stack My of con-
figuration <q0,8, h; (S))/) where i,je{1,2,3}, i#],
7 €W’ as a result of their work reaches a configuration
(qo,g, 7) and in the process it transfers, according to the
restrictions of Task 1, s discs from pin i to pin j. When

s=1we have<q0,8,hj(1)7>|—<q0,€, pij7> F(Qo:“’s?’), e

the assertion is met. Let’s assume that the assertion is
fulfilled for any t, such that 1<t<s<N andlet t=s.
Then in i, j,ke{1,2,3}, i#j, j#k, k=i we have
(0, &, hj O F <q0757hk (t-1 pith’ (t—1)7> . According
to the induction assumption, My reaches the configura-
tion<q0,g, pithyf) moving t — 1 discs from i-th pin of
k-th pin after which it passes in a configuration
<q0,g,h4- (t—l)]/) moving the next disc from pin i to
pin | and again according to the induction, it moves
t—1 discs (as all are obviously smaller size) on this disk
on pin j which are taken from pin K. Therefore the
assertion is true forany s=1,2,---,N—1.

According to the assertion that has just been just
proved, we have:

(6>2,2) F (G, &.h (N =1 s (N = 1)) -+
|_<q03‘9’ p13h23(N_1)> ’
F {0y, &, (N=D) ..+ (0, 6,€)

Copyright © 2012 SciRes.

while the stack moves to the upper N —1 discs from the
first to the second pin, then it moves the biggest at the
bottom from the first to the third pin and finally it moves
discs (N —1 numbers from the second to the third pin
observing the restrictions described in Task 1). Therefore
the pushdown automation My solves the task of the
Hanoi towers.
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