Open Journal of Discrete Mathematics, 2011, 1, 127-135
doi:10.4236/0jdm.2011.13016 Published Online October 2011 (http://www.SciRP.org/journal/ojdm)

o5 Scientific
(> )
+* Research

The Equilibrium Distribution of Counting
Random Variables

Shuanming Li
Centre for Actuarial Studies, Department of Economics, the University of Melbourne, Australia
E-mail: shli@unimelb.edu.au
Received July 1, 2011; revised August 3, 2011; accepted August 15, 2011

Abstract

We study the high order equilibrium distributions of a counting random variable. Properties such as moments,
the probability generating function, the stop—Iloss transform and the mean residual lifetime, are derived. Ex-
pressions are obtained for higher order equilibrium distribution functions under mixtures and convolutions of
a counting distribution. Recursive formulas for higher order equilibrium distribution functions of the

(a,b,0)-family of distributions are given.
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1. Introduction

Recently, there has been much attention given to higher
order equilibrium distributions associated with a given
distribution function (d.f.), see e.g., Fagiuoli and Pellerey
[1,2], Nanda, Jain and Singh [3], Hesselager, Wang and
Willmot [4] and the references therein. Equilibrium dis-
tributions arise naturally in ruin theory and play an im-
portant in various settings.

The first order equilibrium distribution of a claim size
d.f., in classical risk theory, can be interpreted as the
distribution of the amount of the first drop below the
initial reserve, given there is such a drop (see for instance
Bowers et al. [5], Chapter 12). Many results on the mo-
ments of the time to ruin, the surplus before ruin and the
deficit at ruin, heavily depend on the equilibrium distri-
bution of the claim size d.f. [see Lin and Willmot [6,7]
for details].

Some classifications of reliability distributions are
based on properties of higher order equilibrium distribu-
tions. Whence, bounds for the right tail of the total claims
distribution and ruin probabilities, can be obtained from
the properties of equilibrium distributions associated
with the single claim size d.f., see [7-9].

Although much attention has been paid to the equilib-
rium distributions associated with a given d.f., most re-
sults are for continuous random variables. Instead, we
discuss higher order equilibrium distributions associated
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with a discrete probability function (p.f.). Throughout the
paper, N={0,1,2,---} and N"={1,2,---}.

2. Notation and Definitions

Let X be a non-negative r.v. taking integer values, with
probability function (p.f) p(x)=P(X =x), survival
function P(x)=P(X>x)=3 _ p(y), xeN and
n -th moment x4, = E[X"]

Consider the equilibrium distribution of p, defined as

b (=)L s o) xen.

K My oy

Now, define By = E{X™ | to be the n-th factorial
moment of X, where X(")=X(X—1)~~(X—n+1) de-
notes the n-th factorial power of X and X =1, 1t is
well known in summation calculus (see e.g. Hamming

SRS S

10], p.182) that S kM=2"7 7  for
[10], p.182) o -

neN", x,yeN, and x<y. Hence the n-th factorial
moment 4, of p, isgiven by

iy = X () ==X Y p(y)

x>1 My x>l y>x+1
1 b

:—Zp(y)ZX(") , n>1,
ﬂl y>2 x=1
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yrl

n y>2 n+1 yl(n+1)
p 6]
(n+1)
=———— foru =pu,.
Hyy(n+1) L

Similarly, the probability generating function (p.g.f.)
of the equilibrium distribution p, is given by

h(5)=25"P (0= 10

with f,(1)=1 and its survival function is

()= X p(y)=— 3 X k)

y>x+1 My y>x+1k>y+1

:sz [k

,Lll k>x+1

—l1<s<l,

()
x+1]

Now define the equilibrium distribution of p,, or
equivalently, the second order equilibrium distribution

of p:
R(X)
/u]:]

=L > [y

Haa My yzx+

P, (x)=
x+1)]p(y),xeN,

where 4, is the first order moment of p,. The facto-
rial moments of p, are obtained as in (1) to be

ey Haney
My, (n + 1) lulz(l)(n + 1)

Then the p.g.f. of p,(x) is given by

b, (5)= X5'p, (x) - P

x>0 Hiy (l 5) ’

with f, (1) =1, and the corresponding survival function

PZ (X) - Zk2x+lp2 (k)

Define similarly the subsequent equilibrium distribu-
tions of p, from the third order ps (X ) 1/ 1, P, (X)
up to the n-th order p,(x)=1/(s_,)P,(x) for
xeN, where the following theorem glves an expres-
sion for P, (x) and p,,, (X). 3

Theorem 1 The survival function P,(x), of the n-th
order equilibrium distribution p, can be expressed as

Hony =

—-1<s<1,

P.(x)= ! ([y- x+1] , xeN, (3)
n'l_[,U|1Y>)<+1

X+1 4

ﬂ()yw Wy-(x+1]", @)

and accordingly
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Pnsi (X) =

where 4, is the mean of [ -th order equilibrium dis-
tribution and g, =z is the mean of p (or O-th order
equilibrium distribution).

Proof: (2) shows that (3) holds for n=1.
tion, assume that (3) holds for any n, then

P ()= X b ()= ¥ B (1)

t>x+1 t>x+1 Mg

- Zp(y)yf[y—(”l)](”)

y=X+2 t=x+1
n !H/ul:l

(n+1 (y)[y-(

X+1 ] (5)
:“(n+1) >

By induc-

n+1

S S (Y)[y- x+1] ,

(n+1)|H 1 y>x+1

verifies (3) also for n+1. Further, since P, (-1)=1,
we conclude from (3) that

n-1
n!Hﬂlzl = Hny o neN". ©)
1=0

P,(x) is also given by (4). To prove (5), use

X) = (X
pn+1() P

n:l

Hence

;0|

~—

and (6).[1

Example 1: If X is geometrically distributed with
p(x)=(1-0)0* and survival function P(x)=6"",
for xeN and #€(0,1) then

P, (x )——z (1-0)0'[y- x+1}
,u( )y>x+l
:L(l_e)exﬂzgyy(m) _ 9x+l ,
Him) y>0

where the last equality holds true as

Iu(m) Zy>0(1 Q)Hyy( )

by definition.

This shows that any order equilibrium distribution of
the geometric distribution is identical to the original dis-
tribution.

Example 2: Let X be a discrete uniform with

1
X)=——, x=0,1,2,---,m
P(x) m+1
X(n) (m+1)(n+1)

As ,u(n):ZTzo(m+1):(m+l)(n+1)’
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then for n<m,

while for n>m, p, (x
3. Properties of the Equilibrium Distribution

In deriving the properties of the higher order equilibrium
distributions of p, the following lemmas will be needed.
Lemma 1 The relationships between raw and factorial
moments are given by
n n
Hny = ZSE Uy » and u, = ZSI? Hyy > NE N, (7)
k=1 k=1
where S;,s;, k=1,2,---,n, called the first and the
second Stirling numbers respectively, are given recur-
sively by

Sil=sn=-.=8l =1, 8 =8 —nsy,
with S; =0

sil=s0 = —sl—l se =50, +ksj ,
with s; =0and1<k<n.

Proof: See p.160 in [10].[]
Lemma2For neN and yeN",

y-1 Sn l—Sy n n-k
x(Mgx = n,(_m)_ ”_’%y Us, (8)
x=0 (I—S) i k! (I—S)
Sn
n—-—, se(0,1). 9
ZO (1_ )n+1 ( ) ( )

Proof: Let 1, =" x"s".

y
I, = nil —Ly s, while I, =1_—S. Then
1-s 1-s 1-s
(8) is verified by mathematical induction. To prove (9),
simply let y — o in (8).
Lemma3For y,m and neN,

y n!
(m) _ (n) _ m!n!
XZ:(:)X (v=x) (m+n+1)!(er

It is easy to show that

1)(nerJrl) ) (10)

(y+1)m+1
:W, then (10) holds
+

when n=0 and meN. Assuming that it also holds

Proof: Since Y’ x™
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for an arbitrary n=k and meN, then for n=k+1
the left-hand-side (LHS) of (10) becomes

- (m) (k)
LHS = > x" (y—x)"" (y-x—k)

x=0

y

2

y
=y A (g1 -3 (-
0

x=0

" (y=x)"

B y(y+1)(m+k+1)m!k! (y+1) (mek+2) k'(m+1)
(m+k+1)! (m+k+2)!
(m+k)(y+1)"™* Y kim!
(m+k+1)!

(1) [y (m k)]
Ki(m+1)!
- (m+k+2)!(y

~omi(k+1)!
- (m+k+2)!(y

mlk!
(m+k+1)!

+ 1)(mﬁ-k+2)

)(m+k+2) .

O
Remark: (10) is a discrete version of the formula
Y m m+n+
jox (y=-x)"dx=y™™ B(m+1,n+1)
C(n+1)T(m+1)
r(n+m+2)

Let f)nﬂ(s):zxzosxpml(x) be the p.g.f. of p,,,.

The following theorem gives an expression for f, ., (s).
Theorem 2

__ n+m+l

( ): (_l)n (n+l)! [1_ ﬁ(sﬂ

r)n+ S n+
1 Howy — (1-5)"
(1)
Lente (0T A
,Ll(nH) = k' (1_5)n—k+1
Proof: Since
n+1
pn+l(x):_ y>x+1p |:y X+1 :|
(n+1)
pn+1 (S) = ZSX pn+l (X)
x=0
n+1 (n)
=——>s" 2 p(y)[y-(x+1)]
lu(n+l) x>0 y>x+l
n+1 = ()
=——>p(y) X" [y-(x+1)]
Hiniry y21 x=0
0OJDM
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-1
LS p(y)e T
x=0

Hiniy y21
n+l e (1-9) (1}”
= p(y sy~ nl—+ —
p il [( il
0 (-1 y® (1)“
+ — ,by Lemma 2,
kzz; k! (1 S)n k+1 y
(=)' (n+1)[1-p(s)]
oy (1-9)"
LD () Ay
Hinay k=1 k! (l—S)karl
U
Theorem 3
Hom) = o ',U(,Hm) , mneN, (12)
(m+n)! g,
nt & klsy .
o = ——— s MeN" neN, (13
Tt (k) -
where .. is the m-th moment of the distribution
P -
Proof:

tun:(m) = Zx(m) pn (X)

x=0

y-

Zp( Xt [y x+1](n

lu(n y=z1 x=0
(n—1)
(y ) (nem) mi(n 1).,byLernma3,
,u( o (n+m)!
_ n!m! /u(n+m)
(m+n)! gy

To prove (13), use .,
Lemma 1, and (12).[]

Consider now the stop-loss transform

n(x)=E(X -x), of the r.v. X (where the notation
(a), =al [a> O]) For neN* and xeN, denote by
E[X x]| the n-th stop-loss transform of X (with
probability function p) and by E[X — X] " its n-th fac-
torial stop- loss transform Theorem 1 and Lemma 1 show
that E[X—X] P (x—1) and

E[X - x] —Zk Hi) sg P (x-1).
Let X, be arandom variable following the probabil-

ity function p,. Define E[Xm—x]i") to be the n-th
factorial stop-loss transform of p, and E[X, -x]

m .
=D iS¢ Hagy» as stated in
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to be the n-th stop-loss transform of p,,. The following

theorem holds.
Theorem4 For neN* and m,xeN,

m!n! E[X X] (rem)

(n)
E|X —x['=
[Xn =], (m+n)! H (13)
m!n! /u(n+m)—
= P.m(x=1),
(m+n)! Him) (x=1)
m! & kls! (m+k)
E[X, —x =— k X —x
:l'n Kisi Poc (x=1)
ﬂ( )k 1(m+k) m+k) m+k

Proof: The argument is similar to that in the above
proof. []

Now define r, (x)=E[X,-x|X,>x], xeN,

meN"*, to be the mean residual lifetime (MRL) of
P(X, =X)

Pn. and h (x)=——"—-2 to be the hazard rate
P(X, =X)

function of p,,. Then the following result holds.
Theorem5For xeN and meN"*,

Hima P (X
SO X e 1] 1o
h, (x) = rm_ll(x). (17)
Proof
(k=x) Py (k)
r E[ X, —x|X,, >x] =¥ 0
> [k=(x+1)]py (K)+ X pn(k)
_ i 00 Koxtt
E[ X, - x+1)](1)

while
Pm (X 1
M)
ORI
Pr (%)
1 1
= = = ,by (16)
1 Hmn Pu(x) foa (X)
Himy Pooi (%)
This proves the conclusion. [J
0JDM
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4. Equilibrium Distribution and
Convolutions

This section studies the equilibrium distribution of the
n-th fold convolution of a counting distribution.
The following lemma shows that the usual formulas

(cey) = 20 gy

and

(X + %X+ + %, )

! RO
ZI]+ +1 —n|| ||1 Xm' s

for neN, also hold for factorial integer powers.
Lemma4 For neN

(N .
(x+y)()22[k]><<k)y( 9, (18)
k=0

(% +X, +~-~+xm)(")
_ Nl (19

- 1 2 m
b+l +-4lg =n |1'|2' . Im'

Proof: Clearly (18) holds for n=1.
for an arbitrary n, then

Assume it holds

(x+ y)("“) =(x+ y)(”) (x+y-n)

and (18) holds by induction. A similar argument proves
(19).4

Next we will discuss the high order equilibrium dis-
tributions of the convolution of p with itself.

Let p™(x)=> p(k)p™ 1(x—k) be the n-th fold
convolution of p, with p”'=p, and p, be the
m-th order equilibrium distribution of p™. Consider

*n

M) the k-th factorial moment of p", then

i =E[(x e %) |

_ KU ) ()
_EL ;zkl!--w zx‘l X
|+t 1 n

k!

Iy +ly oy =k |1'|2' . In'

H ) H,) " Hg) 2
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where X, X,,---, X, are iid. with common p.f. p,
which can be computed recursively by

R (k)

ﬂ(l?) - E{[(Xl +X, +"'+xn—1)+xn:| }
k
Z[ jE[x # X et Xy [V E[ X ]
1=0
k
-3V
1=0

The following Theorem gives an expression for

Pu (X)-

Theorem 6 For me N,
Hay
P (X) === p* Py (%)

1 &m (e
+_nZ( | Jﬂ(l)ﬂ(&;) P (x).
Him) 1-1

ne{2,3,} and xeN,

Proof
p;”(x)= [y x+1]ml)
,U(m) y>><+1
n (m-1)
T $00 5™ (y-Ly-(x+1)]
m) >X+
- ;)p( )len] y—K)[y-(x+1)]""
Him) yex+
n- -1)
#(*n)k;mp( )2y =KLy - (x+1)]"
*(n— (m-1)
DSp(6) 3 5 (0t (x-k 1]
(m) > >x—k+
m #(n— (m-1)
o 2 (k)2 (n)fy+[k-(x+1)]]
(m) k=x+ y>
u{&”{” x . m
=== p(k) P (x=k)+—= X p(K)
lu(m) k=0 ,U( )k2X+l
SR (y ( j[k (x+1)]" yi
y=0
Iu(*(n)fl)
m *(n—-1
=20 g (x)+ - X p(K)
Hm) Hiy km

-1

S e

*(n—1)
Hin *(n_ m =m-1) .,
=S (1) Z[ | j%‘(fnl%

H(m) H(m) 1-0
x > p(k)[k=(x+1) ]
k>x+1
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*(n-1)

H % =m-1
Ao ey 08
Him) H(m) 10

u
*(n-1) (1+1)
(m-) T (%)

*(n-1)

Him m(‘'m

U
”(m) Hm) 11
Xy By p|( )

This completes the proof. U

Remark: Theorem 6 gives a recursive formula for the
high order equilibrium distributions of the convolution
p.. First obtain p,(x) and ,u(*l';, for 1=0,1,---,m
and k=1,2,---,n. Then compute the starting p.f.
pm( ), followed by the convolutions p,’ (X)--- up to

Py (%).
Example 3 Consider X ~ negative binomial («,0),

for ¢>2 and 0€(0,1), thatis
X+a-—1 @
p(x)=( . j(l—&) 6", for xeN.

Since the NB(a,8) distribution can be viewed as the
a -th convolution of a geometric distribution
g(x)=(1-6)6", then p(x)=g“(x) and the above
theorem can be used to compute P, (X)= g, (X) re-
cursively.

Here the k-th factorial moment of g(x) is

0 k
ﬂ() (l 9) ><>0 k'|:1 9:|

by Lemma 1. Now B (x)=6"" and
k!

I+l +otl, =k |1'|2' . ‘Ia!

0 k
=kI| — 1
[1—6).ﬁ52;%k

:k( 0 jk (k+a—1)"

\1-0 (a-1)!
After some simplifications, we have
*(a-1)
*g H m *(g—
g (x)==5—9*a1" " (%)

*a

Hiy =

HH,) " Hay)

H é]__)]) P (%)

B m+a—1
m

—(1-6)6"
+m+a—1( )

Copyright © 2011 SciRes.

=2g%g, " (x)+(1-2)9(x),

where z= . This shows that the m-th order
m+oa-1
equilibrium distribution of a negatlve binomial is a mix-
ture of the distributions g*g, ) and g, where the
. a-1
mixing factor z=——.
m+o—1

5. Equilibrium Distribution of a Mixture

This section discusses the equilibrium distribution of a
mixed p.f.. For xeN. let p(X|9), be the conditional
distribution of X, given © = 4.

First assume that ® has a continuous distribution
function U with densuy u over (0,00). Then the p.f. of
X, given by p(x I p(x|0)dU (@), is a U-mixture
of distributions. The hlgh order equilibrium distributions
of p are given in the following theorem.

Theorem 7 The n-th order equilibrium distribution of
the mixed p.f.

- J.:D(X|t9)dU (6), is given by
= [, (x10)du, (0). 1)

E[x™]o]du (o)

E[x™]
Proof

P (X)=—— 3 p(y)[y~(

/l(n) y2x+1
E(X —(x+1))""

E|:x(”):|
"—Tl%ajﬁfE{[X-%X+1UT449}dU(9)

where dU, (6)=

x+1)]""

E| X

ef[x-(x+1)]"" e} [ x"|o]au (o)
“he E[x™o] E[x™]

=["p,(x]0)du, (6).

U

This theorem shows that the n-th order equilibrium
distribution of a mixed p.f. is the mixture of the n-th or-
der equilibrium distribution of the conditional p.f., mixed
by a new distribution U,.

An important special case is the mixture of geometric
p.f’s, where p(x)= Io(l 0)0*dU (). Geometric
mixtures benefit from an important property, is that they

0JDM
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are completely monotone distributions, in the sense that
(-1)"A"p(x)20, for all x,neN. Then p,(x|0)=
(1-0)6" and

E[x™]o]du ()
E |:X (”)]
Sx" (1-6)6*du (6)
_ x>0
E |:x (”)]
(1_9)dU (9) (n) px
=———— 2> X"
E[x™] 2
(1-6)du () no"
E[X(n)] (l_g)nﬂ >
9 n
— | dU (4
«[1% ) weo).
showing that the n-th order equilibrium distribution of a

geometric U-mixture is still a geometric, with same pa-
rameter. Here the new mixing density is proportional to

du,(6)=

by()

the original one, U, (6)« (%j u(o).
Example 4 (Waring Distribution)
If p(x|g)=(1-0)¢", for xeN, and
1
u(g)=
for 8e(0,1), then
» [[(1-6)0*="do
p{x)=
B(a,b)
B(x+a,b+1)
B(a,b)
_br(a+b) TI(x+a)
r(a) T(x+a+b+1)’

o '(1-0)",

which is called a Waring distribution.
It follows that

Py (x[0) = p(x[0)
=(1-6)6",u,(6) < 6> (1-6)""",

which is a g(a+n,b-n) distribution when b>n.
Then

b (x)= [ (1-0)6"dU, (8)
B(x+a+nb-n+1)
B(a+n,b—n)

Copyright © 2011 SciRes.

(b—n)C(a+b) I(x+a+n)
I'(a+n) T(x+a+b+1)

when b<n, then p,(X) does not exist.
If instead, the geometric p.f. is mixed over another

discrete p.f., that is p(X)=Z';:lf(j)(l—t9j)t9jx, for
XeN, where 0<g; <1, f(j)>0 and X' f(j)
=1, then

P, ()= 20, (1)(1-6, )65 . xeN,

=1

, for j=1,2,--- k.

51 o

The following theorem gives the aging properties of
the higher order equilibrium distributions of geometric
mixtures.

Theorem 8 The n-th order equilibrium distribution of
a geometric mixture is DFRy and IMRL,. Also P, (X)
<P, (x), for x>0, orequivalently, p, <y P,

Proof: Since p, is also a geometric mixture, it is
completely monotone. Then p, is DFR;, see [9].
Further, T, (X):l/(hn+1(x))» by (17), hence p, is

IMRL,. Lastly,
Pn(x) _rn(())_1<1
P r(x)-1

— 4

by (16). O

6. Equilibrium Distribution of the (a,b)
Family

We consider here the equilibrium distributions of the
(a,b) class of discrete distributions, or more precisely,
of the important subclass of the (a,b) family called the
(a,b,O) class, see [11,12]. This class of counting dis-
tributions has support on the non-negative integers on
which the recurrence relation p(x)= (a+(b/x)) p(x—1)

holds for x=1,2,---. The members of the this class are
binomial, Poisson and negative binomial distributions
(with their corresponding special cases). It is easily seen
that

ak +b
a+b w,forkzl

A T MM T T

Then we have the following recursive formula for p,.

Theorem 9 The n-th order equilibrium distribution
p, in the (a,b,0) class of distributions satisfies the
following recursion for ne N*:

0JDM
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pn+1(x+l)
_ _(n+1)(1—a)(x+n+1)
a'pn+l (X) n an+a+b pn(x+1) (22)
+(n+1)(1—a)(an+a+b+ax) 5.(x), xeN.
n an+a+b

The starting points of the recursion are

U p, m(0)-—L]i-
P (X)==P (0. 7(0) = [1-p(0)]

Ha)
and
n! o _1 n-1-k
Py (0):#_{(_1 [ O):|+Zk=]1( 3(, ﬂ(k)}’
(m) :
for n>2.

Proof: p(x)=[a+gjp(x—l), or equivalently,

(a+b) p(x)=(x+1) p(x+

1)-axp(x), for x=0,1,2,---

Then
(a+b) pn(x)
n
=— y x+1 , n>1
fu(n)( y2x+l I: :|
n (n-1)
=—{ > (y+1)p(y+1 [y (x+1)]
Hiny Lyzx+1

n
“ S my-c2))”
Hiny Lyzx+2
—ay [y-(x+n)]p(y)[y- x+1] B
y>x+1
—a(x+n) > p(y)[y- x+1} }
y>x+1
=— Y p(y [y x+2]
Hiny y=x+2
n(x+n+1
7 [y x+2]
,u(n) y>><+1
_a > op(y)[y—(x+1) ]
;U( y=x+1
_an(x+n [y x+1]
Hiny y>X+1
S ) P (X+1)=(x+n+1)p, (x+1)
,U(n) n+1 n+1 n
_a" Ao -
a,u(n) n+l pn+1(x) a(x+n) pn(x)’

Copyright © 2011 SciRes.

which in turns implies

Hny n+1
pn+1(X+1):apn+l(X)_L_pn(x+l)
lu(n+1) n
+&n—+l(an+a+b+ax)pn(x), n>1
lu(n+1) n
Hy -
Since m __1-3 , we get (22).
Hney @N+a+b
Finally, we have
n n—
P, (0) === p(y)[y-1]""
Hiny v21
n (n-1 (n-1-k) (k)
= pLy -1 y
Hiny y21 ( )kz[ k J( )
myyt i
nt o n-1 (_l)n—l—k
=—13(-1 1-p(0)[+1(n=>2 .
ﬂ(n)( )" [1=p(0)]+1( )k:I M

This completes the proof. [J

For another subclass of the (a,b) family, the
a,b,1) class of distributions, the relation p(x)=
a+(b/x)) p(x—1) holds for x>2, where p(0) is
an arbitrarily selected value in [0,1]. In this case, it is
alklek)y(kfl), for k>2. The
above recursive formula (22) and those for the starting
points still hold true here, the only change being that

_p()+(a+b)(1-p(0))

0 1-a

easy to see that Ky =

7. Conclusions

This paper investigates the higher order equilibrium dis-
tributions of counting random variables. The above re-
sults can be used in Risk Theory to derive bounds of ruin
probabilities in the discrete time risk model. They also
lead to the factorial moments of three related random
variables: the surplus before ruin, the deficit at ruin and
the time of ruin (see Li and Garrido [13] for details).
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