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Abstract 
 
We study the high order equilibrium distributions of a counting random variable. Properties such as moments, 
the probability generating function, the stop—loss transform and the mean residual lifetime, are derived. Ex-
pressions are obtained for higher order equilibrium distribution functions under mixtures and convolutions of 
a counting distribution. Recursive formulas for higher order equilibrium distribution functions of the 

-family of distributions are given.  , ,0a b 


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1. Introduction 
 
Recently, there has been much attention given to higher 
order equilibrium distributions associated with a given 
distribution function (d.f.), see e.g., Fagiuoli and Pellerey 
[1,2], Nanda, Jain and Singh [3], Hesselager, Wang and 
Willmot [4] and the references therein. Equilibrium dis-
tributions arise naturally in ruin theory and play an im-
portant in various settings. 

The first order equilibrium distribution of a claim size 
d.f., in classical risk theory, can be interpreted as the 
distribution of the amount of the first drop below the 
initial reserve, given there is such a drop (see for instance 
Bowers et al. [5], Chapter 12). Many results on the mo-
ments of the time to ruin, the surplus before ruin and the 
deficit at ruin, heavily depend on the equilibrium distri-
bution of the claim size d.f. [see Lin and Willmot [6,7] 
for details]. 

Some classifications of reliability distributions are 
based on properties of higher order equilibrium distribu-
tions. Whence, bounds for the right tail of the total claims 
distribution and ruin probabilities, can be obtained from 
the properties of equilibrium distributions associated 
with the single claim size d.f., see [7-9]. 

Although much attention has been paid to the equilib-
rium distributions associated with a given d.f., most re-
sults are for continuous random variables. Instead, we 
discuss higher order equilibrium distributions associated 

with a discrete probability function (p.f.). Throughout the 
paper,  = 0,1,2,   and   = 1,2, . 
 
2. Notation and Definitions 
 
Let X be a non-negative r.v. taking integer values, with 

probability function (p.f.)  survival 

function 

   = =p x P X x ,

     1
= ,

y x
P = >x P X x p y

  x   and 

-th moment n = .n
n E X   

Consider the equilibrium distribution of p, defined as 
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 to be the n-th factorial 
moment of X, where  de-
notes the n-th factorial power of x and  It is 
well known in summation calculus (see e.g. Hamming 
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Similarly, the probability generating function (p.g.f.) 
of the equilibrium distribution  is given by 1p
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with  and its survival function is  1ˆ 1 = 1p
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Now define the equilibrium distribution of 1  or 
equivalently, the second order equilibrium distribution 
of  

,p
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where 1:1  is the first order moment of 1 . The facto-
rial moments of  are obtained as in (1) to be 
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Then the p.g.f. of  is given by  2p x
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Define similarly the subsequent equilibrium distribu-
tions of  from the third order ,p    3 2:1 2= 1p x P x  
up to the n-th order      1:1 1= 1n n np x P x    for 

 where the following theorem gives an expres-
sion for 

,x
 nP x  and   1 .np x

Theorem 1 The survival function   ,nP x  of the n-th 
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where :1l  is the mean of -th order equilibrium dis-l
tribution and 0:1 1=   is the mean of p (or 0-th order 
equilibrium distribution). 

Proof: (2) shows that (3) holds for = 1.n  By induc-
tion, assume that (3) holds for any ,n  then 
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verifies (3) also for

= =P x p t P t 

 1.n   Further, since  1 = 1,nP   
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Hence  nP x  is also given by (4). To prove (5), use 
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Example 1: If etrically distributed with  X is geom
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where the last equality holds true as 

,
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This shows 
the geometric distribution is identical to the original dis-
tribution. 

Example 2: Let X be a discrete uniform with 
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while for 
 
3. Properties of the Equilibrium Distribution 

Lemma 1 The relationships between raw and factorial 

> ,n m    0.np x   

 
In deriving the properties of the higher order equilibrium 
distributions of p, the following lemmas will be needed. 
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This proves the conclusion.□  

Copyright © 2011 SciRes.                                                                                OJDM 



S. M. LI 131

4. Equilibrium Distribution and       
Convolutions 

 
 section studies the equilibrium distribution of t e 

n-th fold convolution of a counting distribution. 
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This completes the proof. 
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 This shows that the m-th order  

ution o nomial is a mix-
ture of the distributions  * 1* mg g 
equilibrium distrib f a negative bi

 and ,g  where the  

mixing factor 
1

= .
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 
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5. Equilibrium Distribution of a Mixture 
 

ses the equil  distribution of a This section discus ibrium
mixed p.f.. For  let   ,p x   .x be the conditional 
distribution of X, given = .  

First assume that   has a continuous distribution 
function U with dens  over Then the p.f. of 
X, given by

ity u  0, .  
      U

0
= d ,p x p x  

equilibriu




igh

 is a U ixture 
of distributions. The h  order m distributions 
of p are given in the following theorem. 

Theorem 7 The n-th order equilibrium distribution of 
the mixed p.f. 

-m

     = d ,p x p x U
0

 


  is given by 

     
0

= dn n np x p x U , 


          (21) 
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d =

n

n n

E X dU
U

E X
.

 


 
 

 
 

 

Proof 

 
 

   

   

 

      
   

 

 
 

   
 

        = d .n np x U

( 1)

1

1

1

0

0

= 1

1
        =

1 d

n

n
y xn

n

n

n n

n n

n
p x p y y x

E X x
n

E X

n

X x E X U

E X E X





1n

0
        = 1 d

n
E X x U

E X
 

        =
E

n

   

 





 











   

 

 
 

       
   
   



shows n-th
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 
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




    
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□
This theorem  that the  order equilibrium 

distribution of a mixed p.f
r equilibrium distribution of the conditional p.f., mixed 

by a new distribution .nU  
An import xture of geometric 

p.f.’s, where      1

0
= 1 d .xp x U

special case is the m
    Geometric 

mixtures benefit from an important property, is that they 
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at the n-th order equilibrium distribution of a 
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Example 4 (Waring Distribution) 
If    = 1 ,xp x     for ,x  and 
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Waring distribution. 
 

which is called a 
It follows that
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when ,b n  then    does not exist. np x
If instead, the geometric p.f. is mixed over another 

discrete p.f., that ,is   =1
= 1   k x

j jf j
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k
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,
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
 for = 1,2, , .j k  

The following theorem gives the aging properties of 
the higher order equilibrium distributions of geometric 
mixtures. 

um distribution of Theorem 8 The n-th order equilibri
a g ure is DFR  and eometric mixt d .dIMRL  Also  nP x  

  ,P x  for 1n equivalently, 0,x   or 1< .n st np p   
ixture, it isProof: Since ge  

completely monotone. Then  is  see [9]. 
Further, 

 p  n is also a ometric m

np dDFR ,
    1= 1 ,n nr x h x  by (1 nce  is 7), he np

.dIMRL  Lastly, 

 
 

 
 1

0 1
= 1

1
n n

n n

P x r

P x r x





,   

by (16). 
 
6. Equilibrium Distribution of the (a,b)  

Family 
 

nside tions of the 

□  

We co r here the equilibrium distribu
 ,b  class of discrete distributions, or more precisely, 

 the important subclass of the  ,a b  fam the 
a

of  ily called
 , ,0a b  class, see [11  dis-

the non-negative integers  
h the re

,12]. Th ounting
tributions has support on on
whic currence relation

is class of c

       = 1p x a b x p x    

holds for . The members of the this class are 
binomial, Poisson and negative binomial distributions 
(with their corresponding special cases). It is easily seen 
that 

= 1,2,x 

   
   1

1 = and = ,
k 

for 2 .
1 1k

ak ba b
k
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
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


 
 

Then we have the following recursive formula for .np  
Theorem 9 The n-th order equilibrium distribution 

np  in the  , ,0a b  class of distributions satisfies the 
following recursion for n  : 
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This completes the proof. 
For another subclass of the  family, the 

□  
 ,a b

 , ,1a b  class of distributions, t tion he rela   =p x  
    1a b x p x   holds for ere  x  2,  wh  0p  is 

an arbitrarily selected value in  0,1 .  In this  
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7. Conclusions 
 
This paper investigates the higher order equilibrium dis-
tributions of counting random variables. The above re-
sults can be used in Risk Theory to derive bounds of ruin 
probabilities in the discrete time risk model. They also 
lead e factorial moment ated random 
va  the surplus before t at ruin and 
the ti  Garrido [13] for details). 
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