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Abstract 
In recent years, baseline designs have garnered extensive attention due to their 
broad applicability across numerous fields. In order to select excellent baseline 
designs, Mukerjee and Tang (2012) proposed the K -aberration criterion. 
The Plackett-Burman design represents a classic category of non-regular de-
signs and has been relatively less studied as a baseline design. This paper, start-
ing from the Plackett-Burman design, investigates the properties it exhibits 
when employed as a baseline design. We have obtained an important property: 
The sub-designs constructed from the column sets of the Plackett-Burman de-
sign with equivalent distance vectors possess the same K -aberration se-
quence. This property improves the efficiency of our search for the optimal 
K -aberration sub-designs of Plackett-Burman design. 
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1. Introduction 

Previous research on regular and nonregular designs has largely been based on 
orthogonal parameterization. In recent years, baseline designs based on baseline 
parameterization have garnered significant attention due to their wide applicabil-
ity. Below, we will provide specific examples to explain what baseline parameter-
ization and orthogonal parameterization are. 

For an orthogonal design with N  rows and m  columns, where the factor levels 
are 0 and 1, select any , 2s s m≤ ≤  columns { }1 1, , , , , 1, ,s sg g g g m∈    from 
this design to form a set S . Let ( )Sφ  denote the vector obtained by summing 
the corresponding elements of the columns in S  ( )mod 2 . Let ( )Sϕ  denote 
the sum of the elements in the vector ( )Sφ . Let ( ) ( )2sJ S S Nϕ= − . It is im-
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portant to emphasize that when the factor levels of the design under discussion 
are −1 and 1, the definition of ( )sJ S  undergoes the following corresponding 
changes: ( )

1 21 ss ig ig ii
N

gJ S j j j
=

= ∑  . Where ioj  represents the element in the 
i -th row and { }1, , , so o g g∈  -th column of the design. Regardless of whether 
the factor levels in the orthogonal design are 0, 1, or 1, −1. If ( ) 0sJ S = , then the 
s  columns are said to be completely orthogonal. If ( )sJ S N= , then the s  col-
umns are said to be completely confounded. If ( )0 sJ S N< < , then the s  col-
umns are said to be partially confounded. What has been introduced above is or-
thogonal parameterization. The specific details can be found in Deng and Tang 
(1999) [1]. The left table in Table 1 represents an orthogonal design with factor 
levels of 0 and 1, while the middle table in Table 1 represents an orthogonal design 
with factor levels of −1 and 1. The first and second columns of both tables are 
completely orthogonal, while the first, second, and fourth columns are completely 
confounded. The difference between baseline parameterization and orthogonal 
parameterization lies in the fact that, for a baseline design with N  rows and m  
columns, the m  factors do not exhibit orthogonality or confounding. Further-
more, in a baseline design, the factor levels are restricted to 0 and 1. When select-
ing s  factors from the m  factors in the baseline design, the interaction effects 
among these s  factors can be represented by the product of the corresponding 
elements in the s  columns. The specific details can be found in Mukerjee and 
Tang (2012) [2]. In Table 1, columns 1 to 5 in the right-hand table represent the 
design matrix of the baseline design, while column 6 represents the interaction 
between columns 1 and 2, and column 7 represents the interaction between col-
umns 1, 2, and 3. Baseline design is a design where factor levels are restricted to 0 
and 1, and the number of 0s and 1s in its design matrix can vary arbitrarily. In 
contrast, orthogonal design under orthogonal parameterization, the factor levels 
can be 0, 1, or −1, 1 and the design matrix must satisfy orthogonality between any 
two columns. 

 
Table 1. The table on the left and the table in the middle represent orthogonal designs, 
while the table on the right represents the baseline design. 

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 6 7 

0 0 0 0 0 −1 −1 −1 −1 −1 0 0 0 0 0 0 0 

0 0 1 0 1 −1 −1 1 −1 1 0 0 1 0 1 0 0 

0 1 0 1 1 −1 1 −1 1 1 0 1 0 1 1 0 0 

0 1 1 1 0 −1 1 1 1 −1 0 1 1 1 0 0 0 

1 0 0 1 0 1 −1 −1 1 −1 1 0 0 1 0 0 0 

1 0 1 1 1 1 −1 1 1 1 1 0 1 1 1 0 0 

1 1 0 0 1 1 1 −1 −1 1 1 1 0 0 1 1 0 

1 1 1 0 0 1 1 1 −1 −1 1 1 1 0 0 1 1 

 
We use D  to denote a baseline design with N  rows and m  columns. The 
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matrix D  is a matrix with elements 0 and 1, 0 represents the baseline level, while 
1 denotes the test level. Let ( )s DΩ  be the set of all N s×  submatrices of D . 
Unless otherwise specified, we will denote this set by sΩ . Here is an example of 
a baseline design with 8 rows and 5 columns. 

 

0 0 0 0 0
1 0 0 0 1
0 1 0 1 0
0 0 1 1 1
1 1 0 1 1
1 0 1 1 0
0 1 1 0 1
1 1 1 0 0

 
 
 
 
 
 
 
 
 
 
  
 

 

Mukerjee and Tang (2012) [2] proposed a theory related to the optimality of 
baseline designs. They focused on main effects designs and proved that designs 
with strength 2 have universal optimality in estimating main effects. When esti-
mating main effects, the presence of active interaction effects can cause bias in the 
estimation of the main effects. Consider the baseline design D , where the m  
factors of D  are denoted as 1, , mF F . Let 1 1, , ,1s sg g g g m≤ < < ≤   be 
any s  numbers selected from 1, , m . We denote 

1 , , sg gθ


 as the interaction ef-
fects of the s  factors 

1
, ,

sg gF F . Let ( )1, , sg gα   denote the number of oc-
currences of the row vector ( )1,1, ,1  in the submatrix of D  formed by the 

1, , sg g -th columns. Here, we denote ( )1, , sg gµ   as an 1m×  column vec-
tor. We then define the i -th element of the vector ( )1, , sg gµ   as follows. 
When { }1, , si g g∈  , let the i -th element of ( )1, , sg gµ   be ( )1 sg gα  ; 
when { }1, , si g g∉  , let the i -th element of ( )1, , sg gµ   be ( )1 sig gα  , 
where 1... sig g  represents the ascending order of 1, , , si g g . Mukerjee and 
Tang(2012) [2] pointed out that if there are interaction effects among  

1
, ,

sg gF F , these interaction effects will contribute a bias of magnitude  
( )

11 , ,, ,
ss g gg gξ θ



  when estimating the main effects, where  
( ) ( ) ( ) ( )( )1 1 1, , 2 2 , , , , 1s s s mg g N g g g gξ µ α= −   . Here, 1m  represents a 

column vector of size 1m× , where all elements are ones. According to the prin-
ciple that interaction effects of the same order are of equal importance, they pro-
vided that ( ) ( )1 1, , , ,

ss s sK g g g gξ ξ
Ω

′= ∑   . It is evident that sK  measures 
the bias effect of all s -th order interaction effects on the estimation of the main 
effects. Since lower-order interaction effects are more important than higher-or-
der interaction effects, we aim to find a design that sequentially minimizes 
( )2 3, ,K K  . This is precisely the minimum K -aberration criterion proposed by 
Mukerjee and Tang (2012) [2]. The minimum K -aberration criterion is defined 
as follows in Definition 1. 

Definition 1. Consider two baseline designs 1D  and 2D  with the same num-
ber of rows and columns, both of which are orthogonal designs with strength 2. 
Let j′  be the smallest integer at which the values of jK  for 1D  and 2D  first 
differ. If the value of jK ′  for 1D  is smaller than that for 2D , then 1D  is said 
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to have a smaller K -aberration than 2D . A minimum K -aberration design is 
one in which no design exists with a smaller K -aberration. 

Mukerjee and Tang (2012) [2] proved the following expression, where  
2, , 1s m= − , and let ( )α ω  denote the number of rows in sω∈Ω  in which 

all elements are equal to 1. 

 ( )2
1 24 ,sK N sT T= +   (1) 

where ( )( )2
1 sT ω α ω

∈Ω
= ∑  and ( ) ( )( )( )* 1 *

2*
2 2s sT ω ω ω α ω α ω+∈Ω ∈Ω
= −∑ ∑ 

 .  

The derivation details of this sequence can be found in the literature by Mukerjee 
and Tang (2012) [2]. 

In order to reduce the computational effort required to find optimal baseline 
designs, Mukerjee and Tang (2016) [3] provided an equivalent transformation 
form sZ  for , 2sK s m≤ ≤  based on the original approach, and referred to sZ  
as a moment confounding of a design. The paper points out that the sequential 
minimization of a design’s 2 , , mK K  is equivalent to the sequential minimiza-
tion of the design’s 2 , , mZ Z . The method of finding an optimal baseline design 
by minimizing the sequence of 2 , , mZ Z  is applicable to both regular and non-
regular designs. The definition of sZ  is ( )[ ]2 s

sZ N tr ZZ WW− ′= ′ . The matrix 
( ) ,1 ,1ujZ z u N j m= ≤ ≤ ≤ ≤  is a baseline design matrix of size N m×  with el-

ements 0 and 1. 2NmW J Z= − , where NmJ  is an N m×  matrix with all ele-
ments equal to 1. 

This paper starts with the Plackett-Burman design to identify designs with good 
K -aberration properties. Chapter 2 introduces the relevant symbols and defini-
tions of the Plackett-Burman design. Chapter 3 introduces the properties of base-
line designs when studying them starting from the Plackett-Burman design. 
Chapter 4 presents the application of the theory, where the minimum K -aber-
ration subdesign with 7 columns and 24 rows was identified for a Plackett-Bur-
man design with 24 rows and 23 columns. 

2. Symbols and Definitions Related to Plackett-Burman 
Design 

In this section, we introduce some symbols and definitions related to Plackett-
Burman design that will be used in the derivations of subsequent lemmas or the-
orems. 

We use P  to denote a Plackett-Burman design of size N m× , where the ele-
ments are either 0 or 1. Plackett-Burman design is typically generated by a special 
cyclic method [4]. Let the first row of P  be 1α . 1α  is a row vector containing 
only 0 s and 1 s, with at least one occurrence of both 0 and 1. We represent 1α  
as ( )1, , ma a , The element { }, 1, ,ia i m∈   refers to the i -th element in the 
first row of P . Let us assume that 2α  represents the second row of P . Then, 
the 2nd to the m -th elements of 2α  are respectively equal to the 1st to the ( )1m −
-th elements of 1α . The first element of 2α  is equal to the m -th element of 1α . 
That is, ( )2 1 1, , ,m ma a aα −=  . Let us assume that 3α  represents the third row 
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of P . Then, the 2nd to the m -th elements of 3α  are respectively equal to the 1st 
to the ( )1m − -th elements of 2α . The first element of 3α  is equal to the m -th 
element of 2α . That is, ( )3 1 1 2, , , ,m m ma a a aα − −=  . By the same logic, we can de-
rive 4 , , mα α  from 1α . Let 1mα +  represent the ( )1m + -th row of P . Here, 
we define ( )1 0,0, ,0mα + =   or ( )1,1, ,1 (This depends on the first line of the 
Plackett-Burman design). Therefore, P  can be expressed as follows. 

 

1

2

1

m

m

P

α
α

α
α +

 
 
 
 =
 
 
 
 

  

Here is an example of Plackett-Burman design. Consider an N m×  Plackett-
Burman design, where its first row is 

 ( )1,1,0,1,1,1,0,0,0,1,0 .  

According to the cyclic generation method of Plackett-Burman design, we can 
obtain its design matrix as follows. 

 

1 1 0 1 1 1 0 0 0 1 0
0 1 1 0 1 1 1 0 0 0 1
1 0 1 1 0 1 1 1 0 0 0
0 1 0 1 1 0 1 1 1 0 0
0 0 1 0 1 1 0 1 1 1 0
0 0 0 1 0 1 1 0 1 1 1
1 0 0 0 1 0 1 1 0 1 1
1 1 0 0 0 1 0 1 1 0 1
1 1 1 0 0 0 1 0 1 1 0
0 1 1 1 0 0 0 1 0 1 1
1 0 1 1 1 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

3. The Properties of Plackett-Burman Design 

Select an arbitrary s -column submatrix ( )( )1 1, , 1s sw w w w m≤ < < ≤   from 
an N m×  Plackett-Burman design. We let id  represents the number of col-
umns between the iw -th column and the 1iw + -th column within the m columns 
of Plackett-Burman design, in this case, 1, , 1i s= − , it is evident that  

1 1i i id w w+= − − . Specifically, let sd  represent the number of columns between 
the sw -th column and the 1w -th column within the m  columns of Plackett-
Burman design. Specifically, sd  is the sum of the number of columns after the 

sw -th column and the number of columns before the 1w -th column within the 
m  columns of Plackett-Burman design. It is evident that 1 1s sd m w w= − + − . 
( )1, , sd d  is referred to as the distance vector of ( )1, , sw w . Let the set of dis-
tance vectors ( ) ( ) ( )1 2 1 1 1, , , , , , , , , , ,s s s sd d d d d d d d −     be denoted as sD . 
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To ensure the smooth progress of the proofs of the lemma and theorem in this 
section, we now provide the definitions of function ,i ja  and function iC , re-
spectively. The definition of function ,i ja  can be found in Equation (2), and the 
definition of function iC  can be found in Equation (3). 

 ,

2

, if ;
, if 1;
, if 2 1.

i j

i j m j i

m j i

a j i
a a i j m i

a m i j m i

−

− +

− +

<
= ≤ ≤ + −

+ ≤ ≤ + −







 (2) 

The Function ,i ja  is a binary function, with independent variables i  and 
j , where { }1, ,i m∈  , { }0, , 2 1j m x∈ + − . In Equation (2), i ja − , m j ia − +  

and 2m j ia − +  represent the ( )i j− -th, ( )m j i− + -th and ( )2m j i− + -th ele-
ments in the first row of Plackett-Burman design, respectively. 

 
, if 1 1;

1, if 2 2.i

i i N
C

i N N i N
≤ ≤ −

=
− + ≤ ≤ −





 (3) 

The function iC  is a unary function, with i  as its independent variable, 
where { }1, , 2 2i N∈ − . 

Lemma 1. Select two s -column submatrices, ( )1, , sg g  and ( )1, , sg g′ ′
 , 

from an N m×  Plackett-Burman design. Let the distance vectors of the two s -
column submatrices be denoted as ( )1, , sd d  and ( )1, , sd d′ ′

 , respectively. If 

( )1, ,i id d i s′= =  , then ( )1, , sg g  and ( )1, , sg g′ ′
  have the same ( )α ω . 

Proof. Select two s -column submatrices, ( )1, , sg g  and ( )1, , sg g′ ′
 , from 

an N m×  Plackett-Burman design. Let the distance vectors of the two s -col-
umn submatrices be denoted as ( )1, , sd d  and ( )1, , sd d′ ′

 , respectively. Now, 

let ( )1, ,i id d i s′= =  . By considering the distance vector of ( )1, , sg g ,  

1, , sg g  can be further expressed in the form of Equation (4). 

 1
1 1

, if 1;

1, if 2, , .
i

ii
jj

g i
g

g d i i s−

=

=
=

+ +



= −


 ∑ 

 (4) 

Similarly, by considering the distance vector of ( )1, , sg g′ ′
 , 1, , sg g′ ′

  can be 
further expressed in the form of Equation (5). 

 1
1 1

, if 1;

1, if 2, , .
i

ii
jj

g i
g

g d i i s−

=

′ =
′ =

′ ′+ + − =



 ∑ 

 (5) 

(i) 1 1g g ′= . From Equations (4) and (5), it can be observed that when 1 1g g ′= , 
( )1, , sg g  and ( )1, , sg g′ ′

  are two identical s -column submatrices selected 
from an N m×  Plackett-Burman design. Therefore, it is evident that  
( )1, , sg g  and ( )1, , sg g′ ′

  have the same ( )α ω . 
(ii) 1 1g g ′≠ . Without loss of generality, let 1 1g g ′< . Let the number of columns 

between the 1g -th and 1g ′ -th columns in the m  columns of Plackett-Burman de-
sign be d , thus, we have 1 1 1g g d′ = + + . From this, 1, , sg g′ ′

  can be further ex-
pressed as ( )1 1i ig g d i′ = + + = , ( )1

1 11 1 2, ,i
i jjg g d d i i s−

=
′ = + + + + − =∑  . The 

first row of ( )1, , sg g  can be represented as 
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 ( )11 1 1 1 1
1 1

, , , .s
jj

g g d g d s
a a a −

=
+ + + + −∑

   (6) 

By considering the Plackett-Burman design generation method and the defini-
tion of Equation (2), it can be concluded that the ( )( )1 0, , 2v v N+ = − -th row 
of ( )1, , sg g  can be represented as 

 ( )11 1 1 1 1
, 1, 1,

, , , .s
jj

g v g d v g d s v
a a a −

=
+ + + + −∑

   (7) 

The first row of ( )1, , sg g′ ′
  can be represented as 

 ( )11 1 1 1 1
1 1 1 1 1
, , , .s

jj
g d g d d g d d s

a a a −
=

+ + + + + + + + + + −∑
   (8) 

By considering the Plackett-Burman design generation method and the defini-
tions of Equations (2) and (3), the 2v dC + + -th row of ( )1, , sg g′ ′

  can be repre-
sented as 

 ( )11 1 1 1 1
1, 1 1 1, 1 1 1, 1

, , , .s
jj

g d v d g d d v d g d d s v d
a a a −

=
+ + + + + + + + + + + + + + − + +∑

   (9) 

The element at the z -th position in the 2v dC + + -th row of ( )1, , sg g′ ′
  is 

1
1 11 1, 1z

jjg d d z v d
a −

=+ + + + − + +∑
, ( )1, ,z s=  . From Equation (2), we can deduce that  

1 1
1 11 11, 1 1, 1z z

j jj jg d z v g d d z v d
a a− −

= =+ + − + + + + − + +∑ ∑
= . Since 1

1 1 1,z
jjg d z v

a −
=+ + −∑

 is the element in the 

( )1v + -th row and z -th column of ( )1, , sg g , it follows that the element in the 

2v dC + + -th row and z -th column of ( )1, , sg g′ ′
  is equal to the element in the 

( )1v + -th row and z -th column of ( )1, , sg g . 

By considering all values of z , it follows that the 2v dC + + -th row of  
( )1, , sg g′ ′

  is identical to the ( )1v + -th row of ( )1, , sg g . Since the last row 
of the Plackett-Burman design consists entirely of zeros or ones, by traversing v , 
it can be concluded that ( )1, , sg g  and ( )1, , sg g′ ′

  have the same ( )α ω . ◻ 
Lemma 2. Select two s -column submatrices, ( )1, , sg g  and ( )1, , sg g′ ′

 , 
from an N m×  Plackett-Burman design. Let the distance vectors of the two s -
column submatrices be denoted as ( )1, , sp p  and ( )1, , sp p′ ′

 , respectively. If 
both ( )1, , sp p  and ( )1, , sp p′ ′

  belong to the set sD , then ( )1, , sg g  and 
( )1, , sg g′ ′

  have the same ( )α ω . 
Proof. Select two s -column submatrices, ( )1, , sg g  and ( )1, , sg g′ ′

 , from 
an N m×  Plackett-Burman design. Let the distance vectors of the two s -col-
umn submatrices be denoted as ( )1, , sp p  and ( )1, , sp p′ ′

 , respectively. Let 
both ( )1, , sp p  and ( )1, , sp p′ ′

  belong to sD . Similar to the discussion in 
Lemma 1, ( )1, , sg g  can be further expressed as ( )1i ig g i= = ,  

( )1
1 1 1 2, ,i

i jjg g p i i s−

=
= + + − =∑  . 1, , sg g′ ′

  can be further expressed as  
( )1i ig g i′ ′= = , ( )1

1 1 1 2, ,i
i jjg g p i i s−

=
′ ′= + + − =∑  . 

(i) ( ) ( )1 1, , , ,s sp p p p′ ′=  . In this case, ( )1, , sg g  and ( )1, , sg g′ ′
  have 

identical distance vectors. By Lemma 1, it follows that, at this point, ( )1, , sg g  
and ( )1, , sg g′ ′

  have the same ( )α ω . 
(ii) ( ) ( )1 1, , , ,s sp p p p′ ′≠  . Let ( ) ( )1 1, , , ,s sp p d d=   and  
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( ) ( )1 2 1, , , , ,s sp p d d d′ ′ =  . Discuss the values of ( )α ω  for ( )1, , sg g  and 
( )1, , sg g′ ′

  under these two distance vectors, respectively. As stated in Lemma 1, 
we only need to consider the case where both 1g  and 1g ′  are equal to 1. Now, 
let both 1g  and 1g ′  be equal to 1, so 2 , , sg g  can be further represented as 

( )1
1 2, ,i

i jjg d i i s−

=
= + =∑  . 2 , , sg g′ ′

  can be further represented as  
( )2 2, ,i

i jjg d i i s
=

′ = + =∑  . The first row of ( )1, , sg g  is 

 ( )11 1
1 2, , , .s

jj
d s d

a a a −
=

+ +∑
   (10) 

Based on the Plackett-Burman design generation method and the definition of 
Equation (2), it can be concluded that the ( )1v + -th row of ( )1, , sg g  can be 
represented as 

 ( )11 1
1, 2 , ,

, , , .s
jj

v d v s d v
a a a −

=
+ +∑

   (11) 

The first row of ( )1, , sg g′ ′
  is 

 ( )2 2
1 2, , , .s

jj
d s d

a a a
=

+ +∑
   (12) 

Based on the generation method of Plackett-Burman design and the definitions 
of Equations (2) and (3), we can deduce that the 

2
s

jjv s d
C

=+ +∑
-th row of  

( )1, , sg g′ ′
  can be represented as 

 ( )22 2 2 21, 1 2 , 1 , 1
, , , .s s s s

j j j jj j j jv s d d v s d s d v s d
a a a

= = = =+ + − + + + − + + + −∑ ∑ ∑ ∑
   (13) 

The ( )1c − -th element in the 
2

s
jjv s d

C
=+ +∑

-th row of ( )1, , sg g′ ′
  is  

1
2 21 ,c s

j jj jc d v s d
a −

= =− + + +∑ ∑
, ( )3 c s≤ ≤ . From Equation (2), we can deduce that  

1 1
2 2 11 , ,c s c

j j jj j jc d v s d c d v
a a− −

= = =− + + + +∑ ∑ ∑
= . That is, the ( )1c − -th element in the 

2
s

jjv s d
C

=+ +∑
-th row of ( )1, , sg g′ ′

  is equal to the c -th element in the ( )1v + -th row of 
( )1, , sg g . In particular, the s -th element in the 

2
s

jjv s d
C

=+ +∑
-th row of  

( )1, , sg g′ ′
  is equal to 

2 2, 1s s
j jj js d v s d

a
= =+ + + −∑ ∑

. From Equation (2), we can deduce 
that 

2 2
1,, 1s s

j jj j
vs d v s d

a a
= =+ + + −∑ ∑

= . That is, the s -th element in the 
2

s
jjv s d

C
=+ +∑

-th 
row of ( )1, , sg g′ ′

  is equal to the first element in the 1v + -th row of 
( )1, , sg g . The first element in the 

2
s

jjv s d
C

=+ +∑
-th row of ( )1, , sg g′ ′

  is de-
noted as 

21, 1s
jjv s d

a
=+ + −∑

. From Equation (2), we can deduce that  

12
2 ,1, 1s

jj
d vv s d

a a
=

++ + −∑
= . That is, the first element in the 

2
s

jjv s d
C

=+ +∑
-th row of 

( )1, , sg g′ ′
  is equal to the second element in the ( )1v + -th row of ( )1, , sg g . 

By iterating over all possible values of v , it can be observed that the ( )1v + -th 
row of ( )1, , sg g  corresponds to the 

2
s

jjv s d
C

=+ +∑
-th row of ( )1, , sg g′ ′

 , with 
both rows containing the same number of 0 s and 1 s. Therefore, when the distance 
vectors of ( )1, , sg g  and ( )1, , sg g′ ′

  are equal to ( )1, , sd d  and  
( )2 1, , ,sd d d  respectively, the ( )α ω  of ( )1, , sg g  is identical to that of 
( )1, , sg g′ ′

 . From the scenario where ( ) ( )1 2 1, , , , ,s sp p d d d=   and  
( ) ( )1 3 1 2, , , , , ,s sp p d d d d′ ′ =  , extending all the way to  
( ) ( )1 1 1, , , , ,s s sp p d d d −=   and ( ) ( )1 1, , , ,s sp p d d′ ′ =  , the same conclusion 
holds as in the case where ( ) ( )1 1, , , ,s sp p d d=  , ( ) ( )1 2 1, , , , ,s sp p d d d′ ′ =  . 
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By the principle of transitivity, if both ( )1, , sp p  and ( )1, , sp p′ ′
  are derived 

from sD , then the ( )α ω  of ( )1, , sg g  is identical to that of ( )1, , sg g′ ′
 . ◻ 

Theorem 1. Select two s -column submatrices, ( )1, , sg g  and ( )1, , sg g′ ′
 , 

from an N m×  Plackett-Burman design. Let the distance vectors of the two s -
column submatrices be denoted as ( )1, , sp p  and ( )1, , sp p′ ′

 , respectively. If 
both ( )1, , sp p  and ( )1, , sp p′ ′

  belong to the set sD , then, the s -column 
sub-design constructed from ( )1, , sg g  and the s -column sub-design con-
structed from ( )1, , sg g′ ′

  possess the same K -aberration sequence. 
Proof. Select two s -column submatrices, ( )1, , sg g  and ( )1, , sg g′ ′

 , from 
an N m×  Plackett-Burman design. Let the distance vectors of the two s -col-
umn submatrices be denoted as ( )1, , sp p  and ( )1, , sp p′ ′

 , respectively. Se-
lect any u  columns from 1, , sg g . Let the selected u  columns be denoted as 

1, , uh h , and it holds that 1 uh h< < . Let the e -th column ( )1, ,eh e u=   
among the u  columns 1, , uh h  be the { }, 1, ,e ec c s∈  -th column among the 
s  columns 1,..., sg g . Let ( )1, , un n  denote the distance vector of ( )1, , uh h . 
For the selected columns 1, , uh h , we choose a corresponding set of u  specific 
columns 1, , uh h′ ′

  from 1, , sg g′ ′
 . Let ( )1, ,eh e u′ =   be the { }, 1, ,e ec c s′ ′ ∈ 

-th column among the s  columns 1, , sg g′ ′
 . Let ( )1, , un n′ ′

  denote the dis-
tance vector of ( )1, , uh h′ ′

 . 
(i) ( ) ( )1 1, , , ,s sp p p p′ ′=  . 
Without loss of generality, let ( ) ( ) ( )1 1 1, , , , , ,s s sp p p p d d′ ′= =   . When 

1 1e u≤ ≤ − , it follows that 1 1
1 1e

e

c
e f e ef cn d c c+ −

+=
= + − −∑ . In particular,  

1 1
11 1

u

s c
u f r uf c rn d d s c c−

= =
= + + − + −∑ ∑ . By setting e ec c′ = , we obtain  

( ) ( )1 1, , , ,u un n n n′ ′ =  . From Lemma 1, it follows that the ( )α ω  of ( )1, , uh h  

and ( )1, , uh h′ ′
  is identical under this condition. Therefore, when  

( ) ( )1 1, , , ,s sp p p p′ ′=  , for every ( )1, , uh h , there exists a corresponding 

( )1, , uh h′ ′
  such that the ( )α ω  of ( )1, , uh h  and ( )1, , uh h′ ′

  is identical. 

(ii) ( ) ( )1 1, , , ,s sp p p p′ ′≠  . 
Let ( ) ( )1 1, , , ,s sp p d d=   and ( ) ( )1 2 1, , , , ,s sp p d d d′ ′ =  . When  

1 1e u≤ ≤ − , it follows that 1 1
1 1e

e

c
e f e ef cn d c c+ −

+=
= + − −∑ . In particular,  

1 1
11 1

u

s c
u f r uf c rn d d s c c−

= =
= + + − + −∑ ∑ . When 1 2e u≤ ≤ − , let 1 1e ec c +′ = −  

and let 2

1

1
2 1

e

e

c
e f e ef cn d c c+

+

−
+ +=

′ = + −∑ . When e u=  and 1 1c > , let 1 1uc c′ = −  

and 2

1

1
2 1 1c

u ff cn d c c−

=
′ = + − −∑ . When e u=  and 1 1c = , let uc s′ =  and  

2 1
21 2c

u ffn d c−

=
′ = + −∑ . We can discover that ( )1, , uh h′ ′

  precisely corresponds to 

a u -column submatrix of ( )1, , sg g′ ′
 , with the distance vector ( )1, , un n′ ′

  of 

( )1, , uh h′ ′
  being equal to ( )2 1, , ,un n n . From Lemma 2, it follows that the 

( )α ω  of ( )1, , uh h  and ( )1, , uh h′ ′
  is identical under this condition. There-

fore, when ( ) ( )1 1, , , ,s sp p d d=   and ( ) ( )1 2 1, , , , ,s sp p d d d′ ′ =  , for every 

( )1, , uh h , there exists a corresponding ( )1, , uh h′ ′
  such that the ( )α ω  of 
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( )1, , uh h  and ( )1, , uh h′ ′
  is identical. 

Let the t -th order aliasing of the sub-design formed by ( )1, , sg g  and the 
sub-design formed by ( )1, , sg g′ ′

  be denoted as tK  and tK ′ , respectively. 
Furthermore, let 1 1T T=  and 2 2T T=  for tK , and 1 1T T ′=  and 2 2T T ′=  for 

tK ′ . Through a discussion of the two distinct scenarios involving ( )1, , sp p  
and ( )1, , sp p′ ′

 , we can deduce that for any t  columns 1, , th h  selected from 

1, , sg g , there exist uniquely corresponding t  columns 1, , th h′ ′
  in  

1, , sg g′ ′
 , such that ( )1, , th h  and ( )1, , th h′ ′

  have the same ( )α ω . That is, 
'

1 1T T= . 
For any 1t +  columns 1 1, , th h +  of 1, , sg g , there exist unique 1t +  col-

umns 1 1, , th h +′ ′
  of 1, , sg g′ ′

  such that ( )1 1, , th h +  and ( )1 1, , th h +′ ′
  have 

the same ( )α ω . For cases (i) and (ii) concerning ( )1, , sp p  and ( )1, , sp p′ ′
 , 

the distance vector ( )1 1, , tn n +  of ( )1 1, , th h +  and the distance vector 
( )1 1, , tn n +′ ′
  of ( )1 1, , th h +′ ′

  respectively satisfy the following two scenarios. 
(I) ( ) ( )1 1 1 1, , , ,t tn n n n+ +′ ′=  . 
(II) ( ) ( )1 1 1 1, , , , ,t t tn n n n n+ +′ ′ ′=  . 
Similarly to the discussion on ( )1, , sg g  and ( )1, , sg g′ ′

 . For any t -col-
umn submatrix of ( )1 1, , th h + , there exists a unique t -column submatrix of 
( )1 1, , th h +′ ′
  such that the value of ( )α ω  is identical for these two t -column 

submatrices, which consequently leads to 2 2T T ′= . Given that 1 1T T ′=  and 

2 2T T ′= , it ultimately follows that t tK K ′= . Therefore, when ( )1, , sp p  and 
( )1, , sp p′ ′

  satisfy conditions (i) and (ii), the s -column-subdesign formed by 
( )1, , sg g  and the s -column-subdesign formed by ( )1, , sp p′ ′

  have the same 
K -aberration sequence. 

In the case where ( ) ( )1 1, , , ,s sp p p p′ ′≠  , the same conclusion holds when 
( ) ( )1 2 1, , , , ,s sp p d d d=  , ( ) ( )1 3 1 2, , , , , ,s sp p d d d d′ ′ =  ,  ,  
( ) ( )1 1 1, , , , ,s s sp p d d d −=   and ( ) ( )1 1, , , ,s sp p d d′ ′ =  . From transitivity, it 
follows that if both ( )1, , sp p  and ( )1, , sp p′ ′

  belong to sD , then the s -
column-subdesign formed by ( )1, , sg g  and the s-column-subdesign formed 
by ( )1, , sg g′ ′

  have the same K -aberration sequence. ◻ 
Theorem 2. The conclusion provided by Theorem 1 improves the search effi-

ciency for the optimal baseline sub-design of the Plackett-Burman design by a 
factor of 1m − , independent of the number of columns in the selected sub-design. 

Proof. Select s  columns, where s m< , from the m  columns of the Plackett-
Burman design, denoted as 1 1, , ,1s sg g g g m≤ < < ≤  . Let 1 1g = , then the 
distance vector of ( )1, , sg g  can be represented as  
( )2 3 2 12, 1, , 1,s s sg g g g g m g−− − − − − − . Thus, according to Theorem 1, the s
-column sub-designs formed by ( ) { }1 , , , 1, ,sg i g i i m r+ + = −   and  
( )1, , sg g  have the same K -aberration sequence. 

Let the distance vector of ( )1 1, , ,1s sg g g g m′ ′ ′ ′≤ < < ≤   be denoted as 
( )3 2 4 3 21, 1, , , 2sg g g g m g g− − − − − − . Let 1 1g ′ = . Thus, by Theorem 1, the s
-column sub-designs formed by ( )1, , sg g′ ′

  and ( )1, , sg g  have the same K
-aberration sequence. The s -column sub-designs formed by  
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( ) { }1 2, , , 1, , 2sg i g i i g′ ′+ + = −   and ( )1, , sg g′ ′
  have the same K -aberra-

tion sequence. 
Let the distance vector of ( )1, , sg g′ ′

  be denoted as  

( )4 3 5 4 2 3 21, 1, , 2, 1g g g g g g g− − − − − − − . Let 1 1g ′ = . Thus, by Theorem 1, the 

s -column sub-designs formed by ( )1, , sg g′ ′
  and ( )1, , sg g  have the same 

K -aberration sequence. The s -column sub-designs formed by  
( ) { }1 3 2, , , 1, , 1sg i g i i g g′ ′+ + = − −   and ( )1, , sg g′ ′

  have the same K -ab-
erration sequence. 

Similarly, Let the distance vector of ( )1, , sg g′ ′
  be denoted as  

( )2 1 2 1, 2, , 1, 1s s s s sm g g g g g g− − −− − − − − − . Let 1 1g ′ = . Thus, by Theorem 1, 

the s -column sub-designs formed by ( )1, , sg g′ ′
  and ( )1, , sg g  have the 

same K -aberration sequence. The s -column sub-designs formed by 
( ) { }1 1, , , 1, , 1s s sg i g i i g g −′ ′+ + = − −   and ( )1, , sg g′ ′

  have the same K -ab-
erration sequence. 

Therefore, each time we select an s -column sub-design, there will be  
( ) ( ) ( ) ( )2 3 2 11 2 1 1 1 1 1s sm s g g g g g m−− + + − + + − − + + + − − = −  distinct s -
column sub-designs that have the same K -aberration sequence as the selected 
one. Next, we select ,s s m<  columns from the m  columns of the Plackett-Bur-
man design, denoted as 1, , sg g′′ ′′

 . If the distance vector of 1, , sg g′′ ′′
  does not 

belong to sD , then the sub-design formed by ( )1, , sg g′′ ′′
  will have the same K

-aberration sequence as 1m −  other s -column sub-designs. In summary, we 
conclude that the result provided by Theorem 1 improves the search efficiency for 
the optimal baseline sub-designs of the Plackett-Burman design by a factor of 

1m − , independent of the number of columns in the selected sub-design. ◻ 

4. Application 

Wu and Hamada (2000) [4] presented a Plackett-Burman design with 24 runs and 
23 columns in their work. We will identify the minimal K -aberration design 
among all the 24-run, 7-column sub-designs based on the theory presented in this 
paper. According to our theory, after excluding all sub-designs with identical K -
aberration sequences, we have obtained a total of 10,659 sub-designs. By calculating 
the 2Z  for these sub-designs, we identified two sub-designs with the smallest 2Z , 
which are determined by the columns 1,234,567 and 1,234,579, respectively. By cal-
culating 3Z  for these two sub-designs, we found that the sub-design determined 
by columns 1,234,579 has the smallest 3Z . Therefore, the minimal aberration de-
sign among all the 24-run, 7-column sub-designs of this 24-run, 23-column Plack-
ett-Burman design is the sub-design determined by columns 1,234,579. If we were 
to evaluate the Z -values for all possible 24-run, 7-column sub-designs, we would 
need to assess 7

23C , which equals 245,157 designs. However, the theory presented in 
this paper significantly reduces the search space. 

We implemented the results presented in the application using R software. The 
R code is provided in Appendix A. The specific results are presented in Table 2. 
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Table 2. The two sub-designs, 2Z  and 3Z . 

Z -value 1,234,567 1,234,579 

2Z  7.5 7.5 

3Z  32.01042 31.34375 
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