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Abstract

In recent years, baseline designs have garnered extensive attention due to their
broad applicability across numerous fields. In order to select excellent baseline
designs, Mukerjee and Tang (2012) proposed the K -aberration criterion.
The Plackett-Burman design represents a classic category of non-regular de-
signs and has been relatively less studied as a baseline design. This paper, start-
ing from the Plackett-Burman design, investigates the properties it exhibits
when employed as a baseline design. We have obtained an important property:
The sub-designs constructed from the column sets of the Plackett-Burman de-
sign with equivalent distance vectors possess the same K -aberration se-
quence. This property improves the efficiency of our search for the optimal
K -aberration sub-designs of Plackett-Burman design.
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1. Introduction

Previous research on regular and nonregular designs has largely been based on
orthogonal parameterization. In recent years, baseline designs based on baseline
parameterization have garnered significant attention due to their wide applicabil-
ity. Below, we will provide specific examples to explain what baseline parameter-
ization and orthogonal parameterization are.

For an orthogonal design with N rowsand m columns, where the factor levels
are0and 1, selectany s,2<s<m columns g,-,g.,8,,"",8, € {1,~-,m} from
this design to form a set S.Let ¢(S) denote the vector obtained by summing
the corresponding elements of the columns in § (mod 2) . Let go(S ) denote
the sum of the elements in the vector ¢(S). Let J,(S)= |2(p(S)—N| It is im-
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portant to emphasize that when the factor levels of the design under discussion
are —1 and 1, the definition of J () undergoes the following corresponding

changes: J

L(8)= ‘Zil JigJiey " e, ‘ . Where j, represents the element in the
i -throwand o,0¢ { g gs} -th column of the design. Regardless of whether
the factor levels in the orthogonal design are 0, 1,0r 1, 1. If J (S)=0, then the
s columns are said to be completely orthogonal. If J (S)=N ,thenthe s col-
umns are said to be completely confounded. If 0<J,(S)< N, then the s col-
umns are said to be partially confounded. What has been introduced above is or-
thogonal parameterization. The specific details can be found in Deng and Tang
(1999) [1]. The left table in Table 1 represents an orthogonal design with factor
levels of 0 and 1, while the middle table in Table 1 represents an orthogonal design
with factor levels of —1 and 1. The first and second columns of both tables are
completely orthogonal, while the first, second, and fourth columns are completely
confounded. The difference between baseline parameterization and orthogonal
parameterization lies in the fact that, for a baseline design with N rowsand m
columns, the m factors do not exhibit orthogonality or confounding. Further-
more, in a baseline design, the factor levels are restricted to 0 and 1. When select-
ing s factors from the m factors in the baseline design, the interaction effects
among these s factors can be represented by the product of the corresponding
elements in the s columns. The specific details can be found in Mukerjee and
Tang (2012) [2]. In Table 1, columns 1 to 5 in the right-hand table represent the
design matrix of the baseline design, while column 6 represents the interaction
between columns 1 and 2, and column 7 represents the interaction between col-
umns 1, 2, and 3. Baseline design is a design where factor levels are restricted to 0
and 1, and the number of 0s and 1s in its design matrix can vary arbitrarily. In
contrast, orthogonal design under orthogonal parameterization, the factor levels
can be 0, 1, or —1, 1 and the design matrix must satisfy orthogonality between any

two columns.

Table 1. The table on the left and the table in the middle represent orthogonal designs,
while the table on the right represents the baseline design.

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 6 7

0 0 0 0 o -1 -1 -1 -1 -1 0 0 0 0 0 0 0

Weuse D to denote a baseline design with N rows and m columns. The
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matrix D isa matrix with elements 0 and 1, 0 represents the baseline level, while
1 denotes the test level. Let Q (D) be the set of all Nxs submatrices of D .
Unless otherwise specified, we will denote this set by Q. Here is an example of

a baseline design with 8 rows and 5 columns.

00O0O0O0
1 0 0 01
01 010
00 1 11
I 1.0 1 1
1 01 10
01 1 01
1 1100

Mukerjee and Tang (2012) [2] proposed a theory related to the optimality of
baseline designs. They focused on main effects designs and proved that designs
with strength 2 have universal optimality in estimating main effects. When esti-
mating main effects, the presence of active interaction effects can cause bias in the
estimation of the main effects. Consider the baseline design D, where the m
factors of D are denoted as F,---,F, . Let g,--,g,1<g <---<g <m be
any s numbers selected from 1,---,m . We denote Hgl g, @S the interaction ef-
fects of the s factors F, ., F, .Let a(g] ,---,gs) denote the number of oc-
currences of the row vector (1,1,---,1) in the submatrix of D formed by the
g,»+*, g, -th columns. Here, we denote ,u(gl,m,gs) asan mx1 column vec-
tor. We then define the i -th element of the vector ,u( g],m,gs) as follows.
When ie{g, g}, let the i-th element of u(g,,--,g,) be a(g-g,);
when i¢ {gl,---,gs} , let the i -th element of ,u(gl,---,gs) be ()t((l'g1 ~--g‘v>) ,
where <ig]...gs> represents the ascending order of i,g,---,g, . Mukerjee and
Tang(2012) [2] pointed out that if there are interaction effects among

F, o F, these interaction effects will contribute a bias of magnitude
E(gg, )9& ...s. When estimating the main effects, where

E(g8,)=(2/N)(2u(g. g, )—a(gl,---,gs)lm) . Here, 1, represents a
column vector of size mx1, where all elements are ones. According to the prin-
ciple that interaction effects of the same order are of equal importance, they pro-
vided that K = ZQ; E(gng, ) (g8, ). It is evident that K, measures
the bias effect of all s-th order interaction effects on the estimation of the main
effects. Since lower-order interaction effects are more important than higher-or-
der interaction effects, we aim to find a design that sequentially minimizes
(K,,K;,--). This is precisely the minimum K -aberration criterion proposed by
Mukerjee and Tang (2012) [2]. The minimum K -aberration criterion is defined
as follows in Definition 1.

Definition 1. Consider two baseline designs D, and D, with the same num-
ber of rows and columns, both of which are orthogonal designs with strength 2.
Let j' be the smallest integer at which the values of K, for D, and D, first
differ. If the value of K, for D, is smaller than that for D,, then D, Iis said
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to have a smaller K -aberration than D,. A minimum K -aberration design is
one in which no design exists with a smaller K -aberration.

Mukerjee and Tang (2012) [2] proved the following expression, where
s=2,---,m—1, and let (x(a)) denote the number of rows in @€ Q_ in which
all elements are equal to 1.

K, =4/N’(sT,+T,), (1)
where T = ZMEQS (a(a)))z and T, = Zw*en”‘ ngegs(w*)(Za(a)* ) —a (a) ))2 .
The derivation details of this sequence can be found in the literature by Mukerjee
and Tang (2012) [2].

In order to reduce the computational effort required to find optimal baseline
designs, Mukerjee and Tang (2016) [3] provided an equivalent transformation
form Z for K ,2<s<m based on the original approach, and referred to Z_
as a moment confounding of a design. The paper points out that the sequential

minimization of a design’s K,,---,K,, is equivalent to the sequential minimiza-

tion of the design’s Z,,---,Z, . The method of finding an optimal baseline design
by minimizing the sequence of Z,,---,Z, is applicable to both regular and non-
regular designs. The definition of Z, is Z =N "tr(ZZ ')M WW'. The matrix
Z= (zw. ),l Su<N, <j<m isabaseline design matrix of size Nxm with el-
ements 0 and 1. W =J,, —2Z, where J,, is an Nxm matrix with all ele-
ments equal to 1.

This paper starts with the Plackett-Burman design to identify designs with good
K -aberration properties. Chapter 2 introduces the relevant symbols and defini-
tions of the Plackett-Burman design. Chapter 3 introduces the properties of base-
line designs when studying them starting from the Plackett-Burman design.
Chapter 4 presents the application of the theory, where the minimum K -aber-
ration subdesign with 7 columns and 24 rows was identified for a Plackett-Bur-

man design with 24 rows and 23 columns.

2. Symbols and Definitions Related to Plackett-Burman
Design

In this section, we introduce some symbols and definitions related to Plackett-
Burman design that will be used in the derivations of subsequent lemmas or the-
orems.

Weuse P to denote a Plackett-Burman design of size N xm, where the ele-
ments are either 0 or 1. Plackett-Burman design is typically generated by a special
cyclic method [4]. Let the first row of P be ¢,. «, isarow vector containing
only 0 s and 1 s, with at least one occurrence of both 0 and 1. We represent ¢,
as (a,,--,a, ), The element a,,i€{l,---,m} refers to the i-th element in the
first row of P. Let us assume that «, represents the second row of P. Then,
the2™to the m-thelementsof «, arerespectively equalto the 1*tothe (m—1)
-th elements of ¢, . The first element of ¢, isequaltothe m-thelementof ¢,.

Thatis, a, =(a,.a,, *,a,_,). Let us assume that «; represents the third row
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of P.Then, the 2" to the m-th elements of «, are respectively equal to the 1*
to the (m—1)-th elements of «,. The first element of «, is equal to the m-th

elementof «,.Thatis, a;=(a,_,a,.4, -,a,_,). By the same logic, we can de-

m-12 > m=2

rive a,,--,a, from @.Let a,, representthe (m+1)-th row of P. Here,
we define «,,,, = (0, 0,---,0) or (1,1,---,1) (This depends on the first line of the

Plackett-Burman design). Therefore, P can be expressed as follows.

(2

m+1

Here is an example of Plackett-Burman design. Consider an N xm Plackett-

Burman design, where its first row is

(1,1,0,1,1,1,0,0,0,1,0).

According to the cyclic generation method of Plackett-Burman design, we can

obtain its design matrix as follows.

=)

[l N e i e = R e R e R e B
O O = = OO O = O e
S O = O = O == = OO
(eI = S e N e B s B )

S = = 00O = O == O =
I T = T = T S
R R = e = e
I = = =)
e e e = T T T S — T )
I = e = R =R =T

[ I i = N e R e R S e B S

3. The Properties of Plackett-Burman Design

Select an arbitrary s -column submatrix (w,---,w,)(1<w <---<w, <m) from
an Nxm Plackett-Burman design. We let d, represents the number of col-
umns between the w,-th column and the w,,, -th column within the m columns
of Plackett-Burman design, in this case, i=1,---,5—1, it is evident that

d. =w,

i (S

w, —1. Specifically, let d_ represent the number of columns between
the w, -th column and the w,-th column within the m columns of Plackett-
Burman design. Specifically, d; is the sum of the number of columns after the
w, -th column and the number of columns before the w, -th column within the
m columns of Plackett-Burman design. It is evident that d =m—w, +w, —1.
(d,,---,d,) isreferred to as the distance vector of (w;,---,w,). Let the set of dis-

tance vectors (d,,---,d,),(d,,-,d,,d,),-,(d,,d,,--,d ) bedenotedas D,.

> ¥ s—1
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To ensure the smooth progress of the proofs of the lemma and theorem in this
section, we now provide the definitions of function ¢, and function C,, re-
spectively. The definition of function ¢, ; can be found in Equation (2), and the

definition of function C, can be found in Equation (3).

a; ;, if j<i;
@ =14, ;. fi<j<m+i-l; (2)
Ay s Em+i<j<2m+i-1.

The Function ¢, ; is a binary function, with independent variables i and
Jj» where ie{l,---,m}, je{0,--,2m+x-1}. In Equation (2), a_,, a,_,,,
and a,, ,,, represent the (i—j)-th, (m—j+i)-th and (2m—j+i)-th ele-
ments in the first row of Plackett-Burman design, respectively.
_?, if 1<i<N-1;

=3. . . (3)
i-N+1, if N<i<2N-2.

The function C; is a unary function, with i as its independent variable,
where i€ {1,"',2N—2} .

Lemma 1. Select two s -column submatrices, (g,,--,g,) and (g|,-.g.),
from an Nxm Plackett-Burman design. Let the distance vectors of the two s -
column submatrices be denoted as (d,,---,d,) and (d,,---,d.), respectively. If
d,=d/(i=1,--,s), then (g,---,g,) and (g/,---,g.) havethe same a(w).

Proof. Select two s -column submatrices, (g,,--,g,) and (g{,---,g!), from
an Nxm Plackett-Burman design. Let the distance vectors of the two s-col-
umn submatrices be denoted as (d,,---,d,) and (d,---,d]), respectively. Now,
let d, =d/(i=1,--,s). By considering the distance vector of (g,,--,g,),

g+, g, can be further expressed in the form of Equation (4).

&i» ifi=1;
= - . \
& &+ZA%+FL1H=LWJ (4)

Similarly, by considering the distance vector of (g/,--,g!), g,--.g. canbe

further expressed in the form of Equation (5).

g ifi=1;
- . )
& gf+zj:]dj'.+i—1, ifi=2,--s. (5)

(i) g, =g -From Equations (4) and (5), it can be observed that when g, =g/,
(g1,---.g,) and (g/,---,g!) are two identical s-column submatrices selected
froman Nxm Plackett-Burman design. Therefore, it is evident that
(g1,---.g,) and (g/,--,g.) havethesame ().

(i) g, # g, . Without loss of generality, let g, < g/ . Let the number of columns
between the g, -thand g/ -thcolumnsinthe m columns of Plackett-Burman de-
signbe d,thus, wehave g/ =g +d+1.Fromthis, g/,---,g. can be further ex-
pressedas g/ =g, +d+1(i=1), g/ =g +d+1+zl:ldj +i—1(i=2,---,5). The
first row of (g,,---,g,) can be represented as
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(agl ’ag1+d1+1"”’agﬁZj;%dﬁs—l)' (6)

By considering the Plackett-Burman design generation method and the defini-
tion of Equation (2), it can be concluded that the (v + 1)(v =0,---,N— 2) -th row

of (g, -,g,) can be represented as

(agl v Ggdi+v agl + X +s-Ly ) L

The first row of (g/,---,g!) can be represented as

a a cee,a . 8
( g +d+1°> g +d+1+d;+1° H gl‘rd*]*Zj/;lldj*f*l) ( )

By considering the Plackett-Burman design generation method and the defini-
tions of Equations (2) and (3), the C,,,,,-th row of (g/,--,g!) can be repre-

sented as

(ag| +d+1,v+d+12 ag| +d+led +y+d+10 """ agl +d+1+2j;‘1d,- +s—Lv+d+1 ) (9)

The element at the z -th position in the C,,,,, -th row of (g/,---,g!) is

@ty oot (z=1,---,s). From Equation (2), we can deduce that

= . Sin is the element in th
ag|+2j;ld +z-1,v ag1+d+l+zz/;]1dj+z—l,v+d+l Since ag|+zz’1d +z-1,v § the element the

14/ =Y
(v + 1) -throwand z -th column of ( g8, ) , it follows that the element in the
C

(v+1)-throwand z-th column of (g, -, g,).

\vas2-th row and  z -th column of (gj,---,g!) is equal to the element in the

By considering all values of z, it follows that the C,,,,,-th row of
(gi,---.g!) is identical to the (v+1)-th row of (g,,---,g,). Since the last row
of the Plackett-Burman design consists entirely of zeros or ones, by traversing v,
it can be concluded that (g,,---,g,) and (g,--,g.) havethesame a(w).D

Lemma 2. Select two s -column submatrices, (g, --,g,) and (g|,--,g.),
from an Nxm Plackett-Burman design. Let the distance vectors of the two s -
column submatrices be denoted as (p,,---,p,) and (p|,--,p.), respectively. If
both (p,,---,p,) and (p|,---,p.) belong to the set D, then (g,,---,g,) and
(gi,---.g.) have the same a(w).

Proof. Select two s -column submatrices, (g,,--,g,) and (g/,---.g!), from
an Nxm Plackett-Burman design. Let the distance vectors of the two s-col-
umn submatrices be denoted as (p,,---,p,) and (p],---,p.), respectively. Let
both (p,,---,p,) and (p,---,p]) belong to D, . Similar to the discussion in
Lemma 1, (g1 RPN gs) can be further expressed as g, =g, (i = 1) ,

g =g+ zl:] p,+i-1(i=2,---,s). g/,--,g. can be further expressed as
g/ =g/(i=1), g :gl’-i-z;llp/ +i—1(i=2,--,5).

@ (py.-»p,)=(pl,+,p.). In this case, (g,,--,g,) and (g|,---,g.) have
identical distance vectors. By Lemma 1, it follows that, at this point, (g,,*,g,)
and (g/,---,g.) havethesame a(w).

(ii) (pl"">ps)¢(pll7"'9p;)'Let (plf'"ps):(dl’“"ds) and
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(pl,-- p.)=(d,, --,d,.d,) . Discuss the values of a(w) for (g, -,g,) and
( gl gl ) under these two distance vectors, respectively. As stated in Lemma 1,
we only need to consider the case where both g, and g/ are equal to 1. Now,
let both g, and g, beequaltol,so g,,---,g, can be further represented as
g = zll:_ll d;+i(i=2,--,s). g}, --,g. canbe further represented as

g/=> ,d;+i(i=2,s). The first row of (g,-.g,) is

Based on the Plackett-Burman design generation method and the definition of
Equation (2), it can be concluded that the (v+1)-th row of (g,,--,g,) can be

represented as

(al,v’a2+dl,v’“.’as+zf—|dﬂ,)' (11)

J=1%

The first row of (g/,---,g!) is

Based on the generation method of Plackett-Burman design and the definitions
of Equations (2) and (3), we can deduce that the C ezt a -th row of
V+s j=2d,

(gl',--',gs') can be represented as

(al,v+x+zj.:2d/ -1’ a2+d2,v+s+2j.:2dj—l 2Tt aerZj.:Zdj,erSJij»:zd/—l ) (13)
The (c—1)-th element in the C v g throw of (gi,--.g0) is
vis+)jiad; '

s (3 <c< s) . From Equation (2), we can deduce that

@y venssad, = Yo Thatis, the (c—1)-thelementin the Cv+.y+z~;:2 .

-th row of (g/,~-,g!) is equal to the c-th element in the (v+1)-th row of

a -1
c-1+3505d; ,V+S+Z’;:2 d;

(g1,----&,) - In particular, the s-th element in the C s -th row of
VSt j=0d)
’ ’ . .
(gl’...,gs) is equal to aS*Z}:Qd_pV*SJrZ}}:Zd_,’*l. From Equatlol.l (2), we can deduce
that Aoty wossstpa = B That is, the s-th element in the Cv+s+zj-:2c/, -th

row of (gl’,'--,g;) is equal to the first element in the v+1 -th row of
(g1,---.8,) - The first element in the C

NS
V+-S+Zj:2d/

noted as a . . From Equation (2), we can deduce that
Lv+s+30% od;-1

@ st g = Qo That is, the first element in the Cv+s+zj:2d, -th row of

(g{,---,gé’j is equal to the second element in the (v+1)-throwof (g,,--,g,).

-th row of (g/,---,g) is de-

By iterating over all possible values of v, it can be observed that the (v+1)-th

row of (g,,---,g,) corresponds to the C, -th row of (g, --,g!), with

both rows containing the same number of 0 s ;;zd:idé. Therefore, when the distance
vectors of (gl,--‘,gs) and (gl',m,g;) are equal to (dl,---,ds) and
(dy,+-,d,,d;) respectively, the a(w) of (g,---,g,) is identical to that of
(gl',---,g;). From the scenario where (pl,-u,ps)=(d2,---,dé_,dl) and
(pls--,p))=(ds,---.d,.,d,,d,), extending all the way to
(p-.p,)=(d,.d\,--~.d_) and (p|,---,p.)=(d,,"-,d,), the same conclusion
holds as in the case where (p,,---, p,)=(d,,--.d,), (p{,---.p.)=(d,,---.d,.d,).
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By the principle of transitivity, if both ( Disttts ps) and ( Diss p;) are derived
from D, thenthe a(w) of (g,,--,g,) isidentical tothatof (g/,--,g.). O

Theorem 1. Select two s -column submatrices, (g, --,g,) and (g/,---.g.),
from an N xm Plackett-Burman design. Let the distance vectors of the two s -
column submatrices be denoted as (p,,---,p,) and (p|,--,p.), respectively. If
both (p,,--,p,) and (p|,---,p.) belong to the set D,, then, the s -column
sub-design constructed from (g,,--,g,) and the s -column sub-design con-
structed from (g|,-+-,g.) possess the same K -aberration sequence.

Proof.: Select two s -column submatrices, (g,,--,g,) and (g,---,g!), from
an Nxm Plackett-Burman design. Let the distance vectors of the two s -col-
umn submatrices be denoted as (pl,---,ps) and (pl',---,p;), respectively. Se-
lectany u columns from g, -, g, . Lettheselected u columns be denoted as
hy,---,h, , and it holds that A <---<h,. Let the e-th column #, (e=1,---,u)
amongthe u columns #,---,h, bethe c,,c, € {1,---,s} -th column among the
s columns g,...,g, . Let (n] ,---,nu) denote the distance vector of (hl oo by ) .
For the selected columns #,,---, 4, , we choose a corresponding set of u specific
columns A/,---,h, from gi,---,g!. Let hl(e=1,--,u) be the c.,cl e{l,,s}
-th column among the s columns g/,---,g!. Let (n/,---,n.) denote the dis-
B).

(1) (pl""sp.c)z(pl'ﬁ"'ap.;)'
Without loss of generality, let (pl,---,ps):(pl',---,p;):(d],---,ds) . When

tance vector of (A,

1<e<u-1, it follows that n, = z;:‘gl d, +c,,, —c, —1.In particular,

n,=, . d + > 'd +s—c, +c —1.Bysetting c. =c,,we obtain
(n{,---,n,)=(n,--,n, ). From Lemma 1, it follows that the o (@) of (h,--,h,)
and (h/,---,h,) isidentical under this condition. Therefore, when

(pip,)=(pl,---.pl) , for every (h,---,h,), there exists a corresponding

(h,---,h.) suchthatthe a(w) of (h,--,h,) and (h,---,h]) isidentical.

u u

(if) (plf"aps)i(pll"”’p;)‘
Let (p,,--,p,)=(d,,---,d,) and (p{,---,p.)=(d,, --.d,,d;). When

I<e<u-—1, it follows that n, = ‘/:‘;] d, +c,, —c,—1.In particular,

m, :z;:% d, +Zi‘:dr +s—¢,+¢—1. When 1<e<u-2,let ¢ =c, -1
and let n) = :ffc:] d,+c,,—c,,- When e=u and ¢ >1,let ¢, =¢ -1
and n :Zcfz:l d,+c,—¢,—1.When e=u and ¢ =1,let ¢, =s and

n = ZL/Z: d, +c,—-2.Wecan discover that (A,---,h) precisely corresponds to
a u -column submatrix of (g/,---,g!), with the distance vector (n/,---,n]) of
(h,---,h!) being equal to (n,,---,n,,n ). From Lemma 2, it follows that the
a(w) of (h,---,h,) and (A, h) is identical under this condition. There-
fore, when (p,,---,p,)=(d,,---.d,) and (p|,---,p.)=(d,,---.d,.d,), for every

(hl,---,hu) , there exists a corresponding (h{,---,h’) such that the a(a)) of

u
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(h,---,h,) and (h/,---,h) isidentical.

Let the ¢ -th order aliasing of the sub-design formed by (g,,--,g,) and the
sub-design formed by (g/,---,g!) be denoted as K, and K/, respectively.
Furthermore, let 7, =7, and 7,=T7, for K,, and 7, =7 and 7,=7, for
K/ . Through a discussion of the two distinct scenarios involving (p,,--, p,)
and (p/,---,p.),wecandeduce that forany 7 columns #,-,h, selected from

!

g,,*» g, » there exist uniquely corresponding ¢ columns #4/,---,A' in
g/,-++,g., such that (h,---,h) and (h/,---,h) have the same «(w). That is,
h=T,.

Forany ¢+1 columns #,---,h,, of g, g ,thereexist unique #+1 col-
of g/,---,g! such that (h,---,h, ) and (h/,---,h,) have

’
umns fr,+-,h o o

t’+1
the same o (w). For cases (i) and (ii) concerning (p,,---,p,) and (p,---,p!),

the distance vector (m,---,n,,,) of (h,--,h, ) and the distance vector

!

(n),---,n,) of (A,---,h,) respectively satisfy the following two scenarios.

(D (nw'"s”m ) = (nl"”'9nt’+l ) .

(ID) (”1>""nt+1) = (nt,+1’”;7""”;) .

Similarly to the discussion on (g,---,g,) and (g/,---,g.). For any ¢ -col-
umn submatrix of (4,4, ), there exists a unique 7 -column submatrix of
(h{,--,h/,;) such that the value of &(@) is identical for these two ¢ -column
submatrices, which consequently leads to 7, =7, . Given that 7,=7' and
T, =T, , it ultimately follows that K, = K/. Therefore, when (p,,:--,p,) and
(pl,---,p.) satisfy conditions (i) and (ii), the s-column-subdesign formed by
(g1,---.g,) andthe s-column-subdesign formedby (p/,--,p!) havethe same
K -aberration sequence.

In the case where (p,,---,p,)#(p|,---,p.), the same conclusion holds when
(Prsrsp)=(dysosdydy) S (Pl p)) = (dyond,odyndy ) oo
(pi.p,)=(d,.d\,--,d ) and (p{,---,p.)=(d,,"-,d,). From transitivity, it
follows that if both (p,,---,p,) and (p/,---,p!) belong to D,, then the s-
column-subdesign formed by (g,--,g,) and the s-column-subdesign formed
by (g/,--~,g.) havethesame K -aberration sequence. O

Theorem 2. The conclusion provided by Theorem 1 improves the search effi-
ciency for the optimal baseline sub-design of the Plackett-Burman design by a
factor of m—1, independent of the number of columns in the selected sub-design.

Proof Select s columns, where s<m,fromthe m columns of the Plackett-
Burman design, denoted as g,,---,g,,1<g <---<g, <m.Let g =1, then the
distance vector of (g,,---,g,) can be represented as
(g.-2,8—g, —1,-,8g,—g,, —1,m—g,). Thus, according to Theorem 1, the s
-column sub-designs formed by (g1 +i,00, 8, +i),i = {1,--~,m —r} and
(gi.++,g,) havethe same K -aberration sequence.

Let the distance vector of (g,---,g!),1<g <---<g/ <m be denoted as
(g5-8,-1.g,—g —1---,m—g,,g,—2).Let g =1.Thus, by Theorem 1, the s
-column sub-designs formed by (g/,---,g/) and (g, --,g,) havethesame K
-aberration sequence. The s -column sub-designs formed by
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(gl' +i,, 80 +i),i = {l,---,g2 —2} and (gl',---,g;) have the same K -aberra-
tion sequence.

Let the distance vector of (g, --,g!) be denoted as
(g.—8-1gs—g,—1,.8,-2,8,—g,—1).Let g/ =1.Thus, by Theorem I, the
s -column sub-designs formed by (g/,---,g!) and (g,,---,g,) have the same
K -aberration sequence. The s -column sub-designs formed by
(g +i,,g+i),i={l,--,gs—g,—1} and (g,---,g.) have the same K -ab-
erration sequence.

Similarly, Let the distance vector of (g/,+-,g.) be denoted as
(m-g,.8,-2.8.—8.—1.8 —g_—1). Let g/ =1. Thus, by Theorem 1,
the s -column sub-designs formed by (g/,---,g/) and (g,,--~,g,) have the
same K -aberration sequence. The s -column sub-designs formed by
(gl +i. g +i),i={l---,g,—g,_,—1} and (g/,-~,g.) havethesame X -ab-
erration sequence.

Therefore, each time we select an s -column sub-design, there will be
(m—s)+(l+g2 —2)+(1+g3 -g, —1)+~--+(l+gs -8, —1) =m—1 distinct s -
column sub-designs that have the same K -aberration sequence as the selected
one. Next, we select s,5 <m columnsfromthe m columns of the Plackett-Bur-
man design, denoted as g/,-:-,g! . If the distance vector of g/,---,g’ does not
belongto D, , then the sub-design formed by (g/,---,g") will have thesame X
-aberration sequence as m—1 other s-column sub-designs. In summary, we
conclude that the result provided by Theorem 1 improves the search efficiency for
the optimal baseline sub-designs of the Plackett-Burman design by a factor of

m—1, independent of the number of columns in the selected sub-design. O

4. Application

Wu and Hamada (2000) [4] presented a Plackett-Burman design with 24 runs and
23 columns in their work. We will identify the minimal K -aberration design
among all the 24-run, 7-column sub-designs based on the theory presented in this
paper. According to our theory, after excluding all sub-designs with identical X -
aberration sequences, we have obtained a total of 10,659 sub-designs. By calculating
the Z, for these sub-designs, we identified two sub-designs with the smallest Z,,
which are determined by the columns 1,234,567 and 1,234,579, respectively. By cal-
culating Z, for these two sub-designs, we found that the sub-design determined
by columns 1,234,579 has the smallest Z, . Therefore, the minimal aberration de-
sign among all the 24-run, 7-column sub-designs of this 24-run, 23-column Plack-
ett-Burman design is the sub-design determined by columns 1,234,579. If we were
to evaluate the Z -values for all possible 24-run, 7-column sub-designs, we would
need to assess C,,, which equals 245,157 designs. However, the theory presented in
this paper significantly reduces the search space.

We implemented the results presented in the application using R software. The

R code is provided in Appendix A. The specific results are presented in Table 2.
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Table 2. The two sub-designs, Z, and Z,.

Z -value 1,234,567 1,234,579
Z, 7.5 7.5
Z, 32.01042 31.34375
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Appendix
A

Implementation in R Code

# Generate a 24-row, 23-column Plackett-Burman design matrix p, and generate the subsequent matrix pl to be used

later.

first row <- ¢(1,1,1,1,1,-1,1,-1,1,1,-1,-1,1,1,-1,-1,1,-1,1,-1,-1,-1,-1)

matrix_rows <- list()

matrix_rows[[1]] <- first_row

for (iin 2:23) {
prev_row <- matrix_rows|[[i-1]]
shifted row <- ¢(prev_row[length(prev_row)], prev_row[-length(prev_row)])
matrix_rows[[i]] <- shifted row

H

matrix_rows[[24]] <- rep(-1, length(first_row))

p <- do.call(rbind, matrix rows)

pl<-p
pllpl =1]1<-0
pllpl =-1] <-1

#Used to find the column set of non-equivalent distance vectors.

install.packages("combinat")  /The package does not need to be installed if you already have it.
library(combinat)

all_combinations <- combn(2:23, 6)

S <-list()

compute_vector <- function(nums) {
sorted nums <- sort(c(1, nums))
a <- sorted nums[2]
b <- sorted_nums[3]
¢ <- sorted_nums[4]
d <- sorted_nums[5]
e <- sorted_nums[6]
f <- sorted_nums[7]

vl<-c(a-2,b-a-1l,c-b-1,d-c-1,e-d-1,f-e-1,23-1)

v2 <-c(v1[2], v1[3], v1[4], v1[5], v1[6], v1[7], v1[1])
v3 <- c(v2[2], v2[3], v2[4], v2[5], v2[6], v2[7], v2[1])
va <- ¢(v3[2], v3[3], v3[4], v3[5], v3[6], v3[7], v3[1])
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V5 <- o(VA[2], VA[3], vA[4], v4[5], v4[6], v4[7], v4[1])
v6 <- o(v5[2], v5[3], v5[4], v5[5], v5[6], v5[7], v3[1])
V7 < c(v6]2], v6[3], v6[4], v6[5], v6[6], v6[7], v6[1])

list(vl =vl, v2 =v2,v3 =v3, v4 =v4, v5 =v5,v6 =v6, v7 =V7)
}

is_new_vector <- function(new_vec, existing_vectors) {
for (vec in existing_vectors) {
if (identical(new_vec, vec)) {
return(FALSE)
H
}
return(TRUE)
H

existing_vectors <- list()
for (i in 1:ncol(all combinations)) {
selected nums <- all_combinations], i]
full sequence <- sort(c(l, selected nums))
digit_string <- paste(full_sequence, collapse ="")
vectors <- compute_vector(selected nums)
new_sequence <- TRUE
for (jin 1:7) {
vec_j <- vectors[[j]]
if (lis_new_vector(vec_j, existing_vectors)) {
new_sequence <- FALSE
break
H
}
if (new_sequence) {
S <-¢(S, digit_string)
existing_vectors <- ¢(existing_vectors, list(vectors$v1, vectors$v2, vectors$v3, vectors$v4, vec-
tors$v3, vectors$vé, vectors$v7))
1
5

J

S <- unique(unlist(S))
print(S)

# Find the minimal sub-design for Z2 .
results <- list()
for (digit_strin S) {
digits <- as.numeric(strsplit(digit_str, "")[[1]])
mat <- p[, digits]
matl <- pl1], digits]
J=mat1%*%t(matl)
J1=1"2

J2=mat%*%t(mat)
I3=11%%%J2
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72=(1/24"2)*sum(diag(J3))
results[[digit_str]] <- list(
72=172

)
}

if (length(results) == 0)
{

cat("No results are available for processing.\n")
} else {

72 values <- unlist(lapply(results, function(x) x$Z2))
min_7Z2 <- min(Z2_values)

min_strings <- names(results)[which(Z2_values == min_7Z2)]
cat("The minimum Z2 value is:", min_Z2, "\n")

cat("The corresponding string is:", paste(min_strings, collapse =", "), "\n")

H
# Find the minimal Z3 for two sub-designs.
S1<-c("1234567","1234579")
results <- list()
for (digit_strin S1) {
digits <- as.numeric(strsplit(digit_str, "")[[1]])
mat <- p[, digits]
matl <- pl], digits]
J=mat1%*%t(matl)
J1=)73
J2=mat%*%t(mat)

I3=J1%*%J2
73=(1/24"2)*sum(diag(J3))

73

results[[digit_str]] <- list(
73=173

)

}
if (length(results) == 0)
{

cat("No results are available for processing.\n")
} else {

73 values <- unlist(lapply(results, function(x) x$73))
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min_73 <- min(Z3_values)
min_strings <- names(results)[which(Z3 values == min_Z73)]
cat("The minimum Z3 value is:", min_Z3, "\n")

cat("The corresponding string is:", paste(min_strings, collapse =", "), "\n")
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