@, . . Open Journal of Applied Sciences, 2022, 12, 1116-1127
Q"‘ Scientific . . .

‘ ’ Research https://www.scirp.org/journal/ojapps

94% Publishing ISSN Online: 2165-3925

@,

ISSN Print: 2165-3917

A Family of the Inertial Manifolds for a Class of
Generalized Kirchhoff-Type Coupled Equations

Guoguang Lin, Jiaying Zhou

Department of Mathematics, Yunnan University, Kunming, China
Email: 15925159599@163.com, 2478207080@qq.com

How to cite this paper: Lin, G.G.and Zhou,  Abstract

J.Y. (2022) A Family of the Inertial Manifolds

for a Class of Generalized Kirchhoff-Type  The paper considers the long-time behavior for a class of generalized high-order
Coupled Equations. Open Journal of Applied  Kirchhoff-type coupled equations, under the corresponding hypothetical
Sciences, 12, 1116-1127.

: _ conditions, according to the Hadamard graph transformation method, obtain
https://doi.org/10.4236/0japps.2022.127076

the equivalent norm in space E,(k=1,2,---,2m), and we obtain the exis-
Received: June 12, 2022
Accepted: July 4, 2022

Published: July 7, 2022
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1. Introduction

This paper investigates the following primal value problems of a system of gene-
ralized Kirchhoff-type coupled equations:

Uy +M (”Dmu”z +||Dmv E)(—A)Zm u+B(=A)"u +g, (uv)=f,(x), @
v, + M ("Dmu z+||D’“v Z)(—A)va+ﬂ(—A)2m v+ 0, (uv)=f,(x), @
u(x,0)=uy(x),u, (x,0)=u,(x),xeQ, 3)
V(X,0) =V, (%), (x,0) =V, (x),xeQ, 4)
du_ov_ .

SF=0.25=0(=012.,2m). (5)

where Q is a bounded region with a smooth boundary in R", 0Q represents
the boundary of Q, uy(x),u,(x) and v,(x),v,(x) are known functions,
where g (uv), f j (u,v)(j=12) are nonlinear terms and external interference

terms, respectively, and are known functions on Qx(0,T), S is the normal
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p
+||D”‘v
p

Py . . .
number, M ("Dmu ) is a non-negative first-order continuous deriv-
p

ative function, and m>1 is the normal number, P dx.

ol = [|o"
Q

In order to overcome the research difficulties, G. Foias, G. R. Sell and R. Te-
mam [1] proposed the concept of inertial manifolds, which greatly promoted the
study of infinite-dimensional dynamical systems. Where the inertial manifold is
a positive, finite-dimensional Lipschitz manifold, and the existence of an inertial
manifold depends on the establishment of a spectral interval condition. There-
fore, the research on a family of inertial manifolds is of great significance from
both theoretical and practical aspects, and the relevant theoretical achievements
can be referred to [2]-[9].

Guoguang Lin, Lingjuan Hu [10] studied a system of coupled wave equations

of higher-order Kirchhoff type with strong damping terms
2 m
J=a)"us B+ g (uv) = 1, (0)

(
oo M ([ )

un+M(|Vmu2+|va "

)
)" v+ B(-A)" v, + 9, (u,v) = f,(X),
u(x,0)=uy(x),u (x,0)=u,(x),xeQ,
v(x,O):vo(x),vt(x,0)=v1(x),xeQ,
du_,dv_

~-=0,—=0 (i=012,,2m-1) xeoQ.
on' on'

where Q is a bounded region with a smooth boundary in R", 0Q
represents the boundary of Q, g, (u,v)(j=12) is a nonlinear source term,
f,(x), f,(x) is an external force interference term, and [)’(—A)m u, A(-A)"v
(#=0) is a strong dissipation terms. Using the Hadamard graph transforma-
tion method, the Lipschitz constant . of Fis further estimated, and the iner-
tial manifolds that satisfies the spectral interval condition is obtained.

Lin Guoguang, Liu Xiaomei [11] studied a family of inertial manifolds for a
class of generalized higher-order Kirchhoff equations with strong dissipation

terms

v™u

U, +M (| Z)(—A)zm u+B(=A) " u +u)” (u, +u) = f (),

2

u(xt)=0,"==0,i=12,,2m-1, x € 8Q,t >0,

u(x,0)=uy(x),u (x,0)=u,(x),xe Q= R".

where me N*, Q< R"(n>1) is a bounded domain with a smooth boundary
p
V™u

Kirchhoff equation, S (—A)zm U, is a strong dissipative term,

is the stress term of
ul”(u +u) isa

in 0Q), f(x) is an external force term, M (|

nonlinear source term. Based on appropriate assumptions and the Hadamard
graph transformation method, the spectral interval condition is verified, and the
existence of a family of the inertial manifolds of the equation is obtained.

On the basis of previous research, rigid term strengthening becomes
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p 2m .
p)(—A) Vv, and this

p
+||Dmv
p

’;)(—A)Z’“ U and M (”Dmu

p
+||Dmv
p

M ("Dmu
paper seeks a family of inertial manifolds. When defining the equivalence norm
in space E, , by making reasonable assumptions, it is obtained that the equation

satisfies the spectral interval condition so that there is a family of inertial mani-
folds.

2. Preliminaries

For narrative convenience, we introduce the following symbols and assump-

tions:

Set V=D. Consider Hilbert space family V_ = D((—A)a/ 2),0: € R, whose

inner product and norm are (e,e) =((—A)a/2 ,(—A)a/z) and ||0|k =“(—A)a/2

VCZ

>

respectively. Apparently there are

Vo = 12(Q) Vy, = H™ (Q) n HE (Q) Vyp,y = H™ (Q) N HE (Q),

V, = H(Q)nH; (Q), Ey =V, xVy XV, xV,
Ev =Vamu XV XVona XV (k =1,2,-++,2m).

The assumption is as follows:

Let M(s) be a continuous function on interval D, (D, € Q), and

M (s)eC'(R"):
)

p
+||Dmv
p

1<y <M (s)< g, set M (s)=M(||Dmu

3. A Family of Inertial Manifolds

Definition 1 [12] lets S = {S(t)}tzo be the solution semigroup on Banach
space E, = H{™(Q)xHy (Q)(k=12,--,2m), and a subset x, —E, satis-
fies:

1) p, isfinite-dimensional Lipschitz popular;

2) u, is positively unchanging, {S (t)}tzo :VUg € 24, S (t)Uy < 4, t>0;

3) u, attracts the solution orbit exponentially, Ze. for any U e E, , the exis-
tence constant 77 >0,¢>0 makes diSt(S (t)u,,u) <ce”, t>0.

Then g, iscalled E, isa family of inertial manifolds.

In order to describe the spectral interval condition, first consider that the
nonlinear term F:E, — E, is integrally bounded and continuous, and has a
positive Lipschitz constant |-, and its operator A has several eigenvalues and
eigenfunctions of the positive real part.

Definition 2 [12] Set operator A:X — X has several eigenvalues of positive

real numbers, and F €C, (X X) satisfies the Lipschitz condition:

||F(u)—F(v)||X <l fu-v],, uveX,

The point spectrum of the operator A can be divided into two parts o, and

0,,and o) isfinite,
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A, =sup{Rei|ieo},
A, =sup{Rel|ieo,},
X, =span{e; | 4 €0 },i=12.

and conditions
A, —A >4l (6)

are satisfied.

Where the continuous projection P, :X — X;,P, : X = X,, there is ortho-
gonal decomposition X =X, ®X,, then the operator A satisfies the spectral
interval condition.

Lemma 1 gV, %Voni = Vama XVom (i=12) is a uniform bounded
and integral Lipschitz continuous function.

Proof: V(0,V),(u,v) €Vy, xVon (k=1,2,---,2m),

0. (@ 9) -0, (wv,, ...
_||glu u+6(a-u),v+0(7-v))
)

(a-
)(7-v)

<||glu u+6(a—-u),v+60(7-v))(d-u)

+ 0y, (U+0(0-u),v+0(V-v

Vam+k XVam+k

Vamik XVamsk

L/2m+k NVomik
< I ("G B u||V2m+k + "\7 B V"\/2m+k )
Similarly, there are
lo.@9)-g, v, .. <t(la-ul,,, +l7-vl,.)

where /is the Lipschitz constant of ¢;, O (0,1) .

Lemma 2 [12] lets the sequence of eigenvalues { ,u-’}] ) is a non-subtractive

i
sequence, then IN; e N, , for VN > N;, g, and u, , are consecutive adja-
cent values.

In order to verify that the operator satisfies the spectral interval condition, so
as to draw the conclusion that there is a family of inertial manifolds in questions
(1)-(5), the following definitions and assumptions can be made first.

Based on the above relevant conditions, consider the first-order development

equation equivalent to Equations (1)-(5), as follows:

U +AU=F(U) ™)
Of which U =(u,z,v,q),
0 - 0 0
w M)A pay" o o |
0 0 0 I
0 0 M(S)(-8)" A(-a)"
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0

F(U)= fl(x)—ogl(u,v) |

f,(x)—g,(u,v)
D(A) ={(U,V) €V XV | (U,V) €V xVg, (D™, DP™*4v) €V xV, |
xV, xV,,
:| D"y’
In order to determine the eigenvalue of matrix operator A’, first consider
(UV), =(M(s)D*™*u,D*"*u')+(D* 7, D2))

graph module generated by

+(M (s)D*™*v,D*"*V')+ (D* o, D¥q)
inner productin E, .

Where U =(u,z,v,q),V =(u’,z',v',q"), and u',z’,v',q' represent the con-
jugation of U',z',V',q" respectively. In addition, operator A’ is monotonic,

and for U e D(A’), there is
(AUU), 5)D*"**7,07"*"T)+(D*Z,M (s)(-A) " u+ B(-2)" 2)

q.M(s)(- 2mv+,B( AY" )

D2m+k D2m+kv +

)
+ D2m+k— ﬁD2m+k ) (M(S D2m+kq D2m+k )

D2m+k— D2m+kv)+(D2m+k ﬂD2m+k )

=-(M(
-(M(
( D2m+k D2m+k + D2m+k— D2m+k )
(
+

- o of +|pr+af )0

Therefore, (A'U U )Ek is a nonnegative real number.
In order to further determine the eigenvalue of the matrix operator A', the

following characteristic equation can be considered,

AU =AU U =(u,z,v,q) e E, (8)
That is

-z =AU,

M (s)(=A) " u+B(-A)" 2= 2z,

-q=A2v,

M (s)(-A)" v+ A (-A)" q = q.
Thus U,V meet the eigenvalue problem

22— 28(-A)"u+M (s)(-A)"u=0,
A =2 (-A)" v+ M (s)(-A)" v =0,
d'u o'v

— il
o' |

[ =0,i=01,2,--,2m 1,
anl oQ
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Take the inner product of (—A)k U,(—A)k vV and Equations (1) and (2) above

respectively, with
22 10f - +m [ -0
0] gl s 0o o
That is
([0 +Jo -as{[o o <l
w(sJorf o o ’

Equation (9) is a univariate quadratic equation about A. Replace U,V with

u;,V;. For each positive integer j, Equation (8) has paired eigenvalues

() - ()

=+

2
2m ul
where 4 is the characteristic root of (—A) in Vo, xVy, ,then u;=4j".
4M (s)

If (Bu,) 24M (s)p;, then ;> i the eigenvalues of operator A
are all real numbers, and the corresponding eigenfunction form is
Uj :(uj,—/ljiuj,vj,—/ljivj)
For convenience, mark for any j>1, there are
Jor o <, [0 o -
R
Theorem 1: Assumes that / is the Lipschitz constant of g, (u,v)(i=12).

When N, eN, is sufficiently large, for VN >N,, the following inequality
holds

(ﬂNﬂ_ﬂN)(ﬂ_\[ﬁzﬂl_A'M (S))Z%LM(S)-FL (10)

Then all operators A’ satisfy the spectral interval condition (6).

4M (s)

2

Proof. Because u; > and the eigenvalues of A’ are positive real

numbers, {/11_} ) and {/1;'} , are single increment sequences.
j= j>

The following four steps are taken to prove theorem 1:

Step 1: Because {ﬁj_}jzl and {/lj*}jzl are non subtractive columns, accord-
ing to lemma 2, there are IN; e N,, for YN >N;, A, and A, are conti-
nuous adjacent values.

Therefore, there is N, so that A, and A,, are continuous adjacent values,

and the eigenvalue of A’ can be decomposed into
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oy ={4 |1sr<N},o, ={4", 4] [1<r <N < j}

Step 2: Consider the corresponding decomposition of E, into

}

AT A eo-z}

E, = span{Ur’

E, = span{Ur*,Uji

The equivalent inner product ((U,V ))Ek given below makes E, ,E, or-
thogonal.
Further decompose E, =E, ®Ey, of which

E, :span{Ur+ |[1<r< N},ER :span{uji j> N}

Because E, and E, are finite dimensional subspaces, Uy € E , Uy, € Eg,
and E, and E; are orthogonal, while E, and E, are not orthogonal,
E, and E, are not orthogonal. So we need to redefine the equivalent norm
on E,,sothat E, and E, areorthogonal Order E, =E, ®FE,.

Construct two functions ®:Ey - R,W:E; > R of which,

®(U,V)=24(-1)(D*""u, D ")+ 28(D "7, DMy
+2ﬂ( ~(2m+k) = Z D2™+y )+4(D—(2m+k)?’ D—(2m+k)z)
~4M (s)(D*u, D*u')+24(D*"*T, D*"*u')
+2ﬁ(ﬂ 1)(D2m+k D2m+k v)+2ﬁ( 2m+k q/7 D2m+kv)
+2ﬂ( —(2m+k) = D2m+k )+4(D—(2m+k)a’ D—(2m+k)q)
~4M (s)(D*v, D"V')+24(D*"v, D" '),

\IJ(U Y, ) _ Zﬂ(DZerlel D2m+y ) ﬂ( —(2m+k) 57 D2m+k )
+ﬂ( ~(2m+k) > D2m+k )+4(D—(2m+k)?, D—(2m+k)z)
-2M (s)(D"y, Dkﬁ)+2ﬂ(ﬁ—1)(D2m*ku, D*<2”‘*k)ﬁ)
+2ﬂ(D2m+k— D2m+k ) ﬂ( —(2m+k) 7 D2m+k )
+,B( —(2m+k) = D2m+k )+4(D (2m+k) 7 q D" (2m+k)q)
—~2M (s)(D"v, D"V} + 28(B-1)(D*"*v, D*" V).

Among them U =(u,z,v,q),V =(u’,z',v',q")e E, or Eg.
For U =(u,z,v,q) € E,, then

®(U,U)=28(8- 1)(D2"‘+ku D (2" )+2/3( D (m)z pameky )
+2/3( -emek)z pamky )+4(D‘(2"‘+k>7, D‘<2"‘+k)z)
—4M (s)(D*u,D*T)+2(D*"*T, D*™*u)
+2B(B-1)(D*"*v, D"V +2(D g D2m+kv)

+2ﬂ( —(2m+k) q D2y >+4(D—(2m+k)q—, D—(2m+k)q)
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—4M (s)(D*v, D'V) +23(D*"*7, D*"v)
> 2ﬂ(,6—1)(| D +||D2m*kv||2)—4p’(
+HD—(Zerk)q““D—(2m+k)v“) N 4(HDf(zm+k)Z 2

—aM( (||D ff +|oM )+2,b’(|

~(2m+k) ‘

7 ||D2m+ku||
2)

D2+ ku" +||D2m kV" )

4 —(2m+k)

> 2p(p-) [0l + o )- (HD e+l
- (Jo o 4o 4 jorem un)
—4M( ("D ff +|o )+2ﬂ( [D?m 4[] + 2] )

A (1ol o) am s (IIDkUII +[of)

(4 —am ) [Puff + o)
For any k, thereis 3’ > 4M (4 ) . According to hypothesis
1Sy <M (s)<py g%, then ®(U,U)>0,thatis, ® is positive definite.
Similarly, for any U =(u,z,v,q) € Eg, there is
¥(U,U)=28(D*"*a, D" u)+ B(D "Nz, D™ u)
+ ,B( ~em)z pmeky )+4(D‘<2m+k>7, D‘(Z”“k)z)
—~2M (s)(D*u,D*u)+28(B-1)(D*"*u,D ")
+2ﬁ(D2m+k\7 D2m+k ( —(2m+k) = q D2y )
+ﬂ( 2m+kq D2m+ky ) 4( 2m+kq D (2m+k) )
~2M (s)(D*v,D'V)+28(B- 1)(D2m+kv D*™V).

s 2p{[omsoff o -2 Jo- e ] o]
L ] 4(\\D e o]
~2M (s)([ou] + o’ v|2)+2,;,3 1(D2m of o
wapflorf oo o fo u o
o ool o
2M ( (||D [ + o )+2ﬂ(ﬁ 1)(| S )

= (Joreuf o) -2m ) [oruf + o)

> (-2 (3)) Jorul + Jo')
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So there are VU =(u,z,v,q)e E;, W(U,U)>0, then ¥ is also positive
definite.
Redefine the inner product of E, :

(UV)), =@(RU.RV)+¥(RU.RYV) (11)

where P, and P, are projections of E, > E and E, & E;, respectively

Here, Equation (11) is written as

(UV)), =@U.V)+¥(U.V)

Under the redefined inner product of E,, to prove that E, and E, are

orthogonal, we only need to prove that E, and E,, are orthogonal, that s,
(UL, =e(u;u)=o
Because thereare Uj € E, ,U; € B, that s

®(U;,U;)=28(8-1)(D""u,, DT, ) -2 (D", D"y, )
—2p2; (D (ni)g, D2y )+4z /1*( 2"‘*”u D(Z"”k)u])
—4M (s)(D*u;, DT, )+ 28(D*™*T;, D*"*u; )
+2f(B-1)(D*™*v;, D™, ) - 2/31*( D ¥y, D¥"y J)
Y ( neg. pemeky )+4/1 i*( ensiig. peniy ])

—4M (s)(D"v;,D'7, )+ 28(D*™V;, DZm*kvj)

=2p(p- ([0 [+ [ )-28(4 4 )

+HD*<2m*k)vj H ) (12)

_4|V| ("D u; ” +||D V. " )+2ﬂ("D2m+ku " +||D2m+kv ” )

—(2m+k)u

+f ) +a2, ([0

=AM (1) )+28° —2,3(1; +,1;)+4,1;/1; w
i

Because of Equation (9), there are
A5+ 25 = g A -2 =M (1) py.

So q)(u;,u;)z—4|v| (1;)+28° 1, —2ﬁ(/1;+/1;)+4,1;/1;-i=0.
H;
Step 3: according to the orthogonal decomposition established above, let’s
prove that A’ satisfies the spectral interval condition. First estimate the Lip-

schitz constant |- of F, where

F(U)=(0, f,(x)~g, (uVv),0, f,(x)=g, (uv))'

According to lemma 1, g;(U,V):V,. XVorc = Vomek XVome are uniformly

m+k

bounded and Lipschitz continuous, if U =(u,z,v,q)<€E,,
U ( i |,Vl,q)€PiU(i:1,2),

DOI: 10.4236/0japps.2022.127076 1124 Open Journal of Applied Sciences


https://doi.org/10.4236/ojapps.2022.127076

G. G. Lin, J. Y. Zhou

Then
PRu=u,Rv=v,Pu=u, Rv=yv,.

"U "ik =®(RU,RU)+¥(RU,RU)
(8 —am (9)( [t +|o R’
(P -2M (s))("D"qu"z +||D"P2v||2)
> (B -aM (s))("Dku"z +||Dkv||2).
Given U =(u,z,v,q),V =(0,Z,V,d) € E,, we can get
[FL)-FV),
- "gl (U,V)— % (G,V) |v2m+k><V2m+k +||g2 (U,V)— 92 (U,V)

<2l (||u —d,,  +v-vl, )
4]

Vam+k XVamk

<"y,
B —4M (s)
So
I £24—| (13)
B —~4M (s)
From (13), if
16l
A, =N =2, >2— (14)
B ~4M (s)

Then the spectral interval condition (6) holds.
Step 4: according to the above paired eigenvalues, there are

R(N)—-/R(N+1
AZ_AIZANH_AN:g(ﬂNﬂ_luN)-i_\/ ( ) ;/ ( )
Of which, R(N)=g%uf —4M (s) .

(15)

R(N)
B —AM (s)
\/R(N)_\/R(N +1)+\/ﬂ2/ul_4M (S)(/‘Nu_ﬂN)
R(N +1)

P et
B —AM (s) B —AM (s)
= \/,Bzﬂl —4M (S) ((,UN+1 -R (N +1))_(:UN -R, (N )))

Thereare Ny eN,,for VN >Ng,let Ry(N)= , there are

R(N
And because of NILTOO(”N ~Ry(N))= NILnJ@[yN - #4’\)/'(5)] =0, there
are
Him JR(N)=R(N+1) + [, —4M (5) (41 — 11 ) =O. (17)
DOI: 10.4236/0japps.2022.127076 1125 Open Journal of Applied Sciences
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According to the hypothesis (10) of Theorem 1 and Equations (13)-(17), there

are

A, — A Z%((ﬂNH — Hy )(ﬁ_\/ﬂzﬂl —-4M (S))_l)

(18)
> 1o 4.

VB 1 —4M (s)
Theorem 1 is proved.
Theorem 2 [12] Through theorem1, operator A’ satisfies the spectral inter-
val condition, and problems (1)-(5) have a family of inertial manifolds 4, , and

H, € E, . The form is as follows,
s, = graph(T) e E, ={c+T(5):c €E, |

where I':E, — E, is Lipschitz continuous and has Lipschitz constant I,
and graph(T") represents the graph of I'.
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