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Abstract

Rates of Siegel- Tukey and Savage Testsamong L his study aimed to examine the performance of the Siegel-Tukey and Savage
Non-Parametric Tests. Open Journal of Ap-
plied Sciences, 14, 2393-2410.
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tests on data sets with heterogeneous variances. The analysis, considering
Normal, Platykurtic, and Skewed distributions and a standard deviation ratio

of 1, was conducted for both small and large sample sizes. For small sample
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sizes, two main categories were established: equal and different sample sizes.
Analyses were performed using Monte Carlo simulations with 20,000 repeti-
tions for each scenario, and the simulations were evaluated using SAS soft-
Copyright © 2024 by author(s) and ware. For small sample sizes, the I. type error rate of the Siegel-Tukey test gen-
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erally ranged from 0.045 to 0.055, while the I. type error rate of the Savage test
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was observed to range from 0.016 to 0.041. Similar trends were observed for
Platykurtic and Skewed distributions. In scenarios with different sample sizes,
the Savage test generally exhibited lower I. type error rates. For large sample
sizes, two main categories were established: equal and different sample sizes.
For large sample sizes, the I. type error rate of the Siegel-Tukey test ranged
from 0.047 to 0.052, while the I. type error rate of the Savage test ranged from
0.043 to 0.051. In cases of equal sample sizes, both tests generally had lower
error rates, with the Savage test providing more consistent results for large
sample sizes. In conclusion, it was determined that the Savage test provides
lower I. type error rates for small sample sizes and that both tests have similar
error rates for large sample sizes. These findings suggest that the Savage test
could be a more reliable option when analyzing variance differences.
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1. Introduction

As an important component of modern scientific research, statistics has assumed
an increasingly critical role, with various statistical analysis methods widely ap-
plied, especially in the social and health sciences. Statistical science uses samples
to make sense of complex population data and to generate reliable estimates from
these data. Among the fields of applied statistics, biostatistics, biometrics, econo-
metrics, sociometrics and archaeometrics offer a wide range of interdisciplinary
applications and are used extensively in these fields. Especially in medical re-
search, statistical methods are used intensively and the findings obtained from
these methods are highly accepted in the scientific community. This shows how
important and indispensable a role statistical science plays in research as a meth-
odological foundation.

The majority of statistical methods have two key features. First, it is assumed
that the underlying density function used in the analysis is known. This assump-
tion implies that the distribution of the population to which the sample belongs is
known. Second, the focus is on testing hypotheses about the parameters of the
density function or their estimates. Such tests are called parametric tests and are
based on certain population assumptions. For example, the assumptions that the
population is normally distributed and that samples are randomly selected are the
mainstays of parametric tests. However, when these assumptions are not met,
nonparametric techniques must be used. Nonparametric methods provide more
flexible and reliable results when distributional assumptions are not valid. These
methods have been proposed since the late 1940s and have been widely researched
since then.

Forecasting theory is an effective statistical method that aims to predict future
events based on available data. This theory plays an important role in decision-
making processes in various disciplines. For example, in fields such as economics,
engineering, health sciences and social sciences, forecasting models are used to
make informed decisions about future trends and events. Statisticians develop ef-
fective forecasting models by assessing the suitability of data sets and the accuracy
of the methods used. These models are built by accurately collecting, analyzing
and interpreting data. Forecasting theory provides decision makers with valuable
information to make informed choices based on current data and offers important
insights into future trends.

With continuous advances in statistical science, the importance of forecasting
theory is increasing. New data collection techniques, more powerful analysis
methods and advanced computer technologies allow for a more effective and
widespread use of forecasting theory. Therefore, statistical forecasting methods
have become an indispensable part of modern scientific research and applications.
Statistical methods play a critical role in analyzing and interpreting data through
both parametric and nonparametric approaches. Prediction theory is one of the
most important application areas of these methods and supports decision-making

processes in various disciplines. Studies in these areas reveal the broad and
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dynamic nature of statistical science.

Among the non-parametric tests used to detect scale differences, there are two
important methods that stand out in the literature: Savage (SAV) test and Siegel-
Tukey (ST) test. These tests stand out with their ability to assess differences be-
tween scales without relying on parametric distribution assumptions. Due to these
features, they can provide reliable results even when the data sets do not fit a par-
ticular distribution.

The Siegel-Tukey test developed by Siegel and Tukey (1960) is a method used
to determine the variance differences between groups. This test takes an approach
to assessing variance differences by assuming that the means or medians of the
groups are approximately equal. That is, the test is based on the assumption that
the central tendencies of the groups are close to each other in order to understand
whether there is a significant difference in variance between the groups [1]. The
test developed by Siegel and Tukey (1960) has a remarkable place among ranking
tests and can be applied using mean and median compatible data. Research has
shown that the Siegel-Tukey test exhibits a distribution-independent property on
samples taken from the same distribution. This shows that the actual alpha level
of the test is close to the nominal alpha level and thus provides reliable results [2].

Referring to the simulation-based approach in the study by Tugran and col-
leagues (2015) provides a consistent assessment with the methods in the existing
literature. The work of Tugran and associates comprehensively examined the cor-
relation coefficients’ Type I error rate and power, offering important insights into
how such simulation approaches can be used to evaluate the performance of tests
[3].

The study by Mukasa and colleagues (2021) thoroughly addressed the impact
of parametric and non-parametric tests on business decision-making processes.
This research highlights the significance of test performance in real-world appli-
cations by examining the performance of variance tests with small sample sizes.
In this context, referencing the findings of Mukasa and associates when evaluating
test performance with small sample sizes in your study can reinforce your under-
standing of the practical effects and applications of the tests [4].

If one wants to nonparametrically test the hypothesis H, against the hypotheses
H, or H; in the univariate case (p = 1), the Siegel-Tukey test may be recommended.
The Siegel-Tukey test is defined as a distribution-independent procedure, which
is valid for various data distributions [5].

Combined sample X <X, <---<X, a data set sorted as (n=n, +n,) the vari-
ation series generated from this dataset is rearranged in a special way. The rear-
rangement is handled sequentially, starting from the beginning and end of the

series.

X Xo s Xy =1 X, Xg, Xy — 2, X, =3, Xy, Xgy0 o

' An
First, the smallest value X, is taken, then the largest value X, is selected.

Then, taking a step back x, -1 and going one step further X, is taken. This

process continues between the elements at the beginning and the end of the array
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respectively, Ze. it is similar to an “inversion” process that continues by approach-
ing the middle of the array. In this way, the rest of the array is “inverted” as the
values at each end are sorted [6].

Ho: The Siegel-Tukey test used to test the hypothesis 4 = 1, adopts an ap-
proach in which the rankings are adjusted to the true medians. In this methodol-
ogy, the ranking of the samples is done in a certain order, and this ordering is

applied by numbering the sample from both ends. It is illustrated as follows:
15897632

The Siegel-Tukey test performed the rankings with this arrangement. T(X,Y)
Expression, X. The sum of the rankings belonging to the group, and in the Siegel-
Tukey test, this sum determines the minimum value that the statistic can reach.
This is an important parameter that affects the sensitivity and significance of the

test’s analysis of the ranking data. In this context,
T(X,Y)(=m(m+1)/2)

formula is a standard method for calculating the minimum value of the sum of
rankings. This formula serves as a basic calculation tool for organizing and eval-
uating ranking data. This minimum value represents the lowest statistical sum
that can be obtained in a given data set of the Siegel-Tukey test and plays an im-
portant role in assessing the power and accuracy of the test [7].

Siegel-Tukey test, X UY . The ranking is performed by ordering the observa-
tions in the combined dataset from smallest to largest. In this sorting process, the
smallest observation is assigned rank 1, the largest observation is assigned rank 2,
the next largest observation is assigned rank 3 and the next smallest observation
is assigned rank 4, and this process is applied to the entire sort. The Siegel-Tukey
statistic is calculated based on this ranking order. The null hypothesis is rejected
when the value of the statistic is too small or too large. This method offers a rank-
based approach to assessing differences between observations and considers the
fit of the rank statistics to a given distribution when testing the validity of the null
hypothesis [8].

Simple formulas for calculating the Siegel-Tukey test are presented. Rj refers
to the specific rank sum used in the Siegel-Tukey procedure for the group. The

Siegel-Tukey test statistic is calculated as follows:

S-T Z -3(N+1)

(N +1)43 nj

This formula allows the calculation of the test statistic of the Siegel-Tukey test
based on rank sums and total sample size. This calculation plays a critical role in
determining the impact of the ranking data and the accuracy of the test in the
process of applying the test.

The Siegel-Tukey test generally assumes that the locations of the distributions
are equal. In contrast, the Savage test does not assume that the locations are equal;
instead, it recognizes that differences in scale can lead to differences in location.

This test works on the assumption that samples are drawn from continuous
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distributions. The null hypothesis predicts that there is no difference in spread
between the two distributions, while the two-tailed alternative hypothesis suggests
that there is a difference in spread.

The test is named after I. R. Savage, Savage, H, developed a close ranking test
for Lehmann’s alternatives to the null hypothesis. However, there are no tables
available for practical applications of the Savage test (Siddk, 1973). Savage (1956)
developed the now well-known Savage test [9].

Sample 1,%,X,,--,X,, and sample 1,Y,,Y,,-:-, Y, is defined as. Wh sorting
the merged samples, the sample to which each sample belongs is recorded. x;
sort degree of the value R, as the test statistic. The test statistic is calculated for
both samples.

The test statistic is as follows:

here
N1
a(i)= » =
j=N+1-i J

When such sample sizes are sufficiently large, the following normalized ap-

proach can be used.

* S—-n

- nm ln1
|1 -=5N" =
Rowzh)

S” value is the critical value obtained from the standard normal distribution.

zvalue [10].

2. Material and Method
Simulation Study

Monte Carlo simulation is a powerful method widely used in statistical analysis.
The technique is based on repeatedly generating sample data from a known pop-
ulation model. The analyses performed on each sample reveal various properties
of the model, such as prediction bias or statistical power. The results obtained in
this process are evaluated by averaging over all samples. This provides an overall
picture of the model’s performance and reliability. Using Monte Carlo simulation
in this way facilitates the understanding of complex statistical problems and al-
lows us to better understand how the model behaves under various scenarios [11].

Simulation models based on Monte Carlo methods are based on a large number
of repetitions of random experiments [12]. The initial use of these techniques was
in the solution of mathematical and statistical problems. For example, numerical
determination of the number m, integral calculations of complex functions and
estimation of the probability of random events were among the first applications

of Monte Carlo methods. This method has played a critical role in improving the
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accuracy and reliability of numerical analysis, especially as a powerful tool for
problems that are difficult to solve analytically [13].

Monte Carlo simulations were performed using SAS 9.00 software to imple-
ment Fleishman’s (1978) power function. In this process, Fleishman’s power
transformation method was used to generate random numbers from a standard
normal distribution with zero mean and one standard deviation. SAS’s RANNOR
procedure was used to generate population distributions. These generated data

were transformed through Fleishman’s power function equation [14].

Y =a+[(dxX+c)xX +b]x X

The equation based on Fleishman’s power function includes the distribution
variable Yand certain constants and is implemented with the normally distributed
random variable X with zero mean and one standard deviation. The samples ob-
tained using the RANNOR procedure in SAS software contain constants covering
the values a, b, cand d. In this context, a is a constant value and is defined accord-
ing to the formula a= —¢, while b, cand dare considered as variable values. Power
simulations are performed using the PROC NPARIWAY procedure once the
sample populations have been generated [15].

In this study, we examine the performance of Siegel-Tukey and Savage tests for
heterogeneous variances in small and large sample approaches. In planning the
test statistics, three different main population distributions, one standard devia-
tion and twenty-four different sample size combinations were considered. Twelve
of these combinations were chosen for large sample sizes and the other twelve for
small sample sizes.

Sample sizes, m and n, expressed as ordered pairs, where 1, and n, represent
the sizes of the first and second samples, respectively. Combinations with small
and equal sample sizes include 5, 8, 10, 12, 16 and 20, while combinations with
small and different sample sizes are (4, 16), (8, 16), (10, 20), (16, 4), (16, 8) and
(20, 10). Equal combinations for large sample sizes were 25, 50, 75 and 100, and
for large and different sample sizes, combinations of (10, 30), (30, 10), (50, 75),
(50, 100), (75, 50), (75, 100), (100, 50) and (100, 75) were used.

The analyses were conducted in SAS software, running 20,000 Monte Carlo
simulations for each case. The distributions analyzed include Normal, Platykurtic
and Skewed distributions. This comprehensive approach aims to evaluate the ef-
fectiveness of Siegel-Tukey and Savage tests under heterogeneous variances for
various sample sizes and distribution types.

In comparing the Siegel-Tukey and Savage tests, defining the population distri-
butions is a crucial step. One aspect of the research involves evaluating Type I
error rates under different skewness and kurtosis levels deviating from a normal
distribution. In this context, identifying populations based on Fleishman’s 1978
power function is of significant importance. Table 1 presents skewness and kur-
tosis alignments along with the a, b, ¢, and d coefficients, which have a mean of 0

and a standard deviation of 1, based on Fleishman’s 1978 work.
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Table 1. Fleishman’s power function for #=0and o= 1.

Skewness Kurtosis

Distribution a b c d
(») (»)
Normal 0.00 0.00 0.00 1.0000000 0.00 0.00
Platykurtic 0.00 -0.50 0.00 1.0767327 0.00 —0.0262683
Skewed 0.75 0.00 —0.1736300 1.1125146 0.1736300 —0.0503344
a:[16] and [17].

In the study, heterogeneous variances are defined as the situation where the
variances of different sample groups in data sets are not equal. The application of
heterogeneous variances in simulations focuses on how various distributions
(Normal, Platykurtic, Skewed) and the standard deviation ratio represent variance
differences. In a normal distribution, heterogeneity is tested by adding variance
differences; in a platykurtic distribution, variance differences are accentuated with
flattened peaks; while in a skewed distribution, the lack of symmetry more clearly
reflects variance heterogeneity. These differences play a critical role in evaluating
the performance of Siegel-Tukey and Savage tests. Simulations allow for the anal-
ysis of the effects of heterogeneous variances and the sensitivity of tests to these
variances, making it possible to understand the effectiveness of tests in variance

analysis.

3. Results and Discussion
3.1. Findings Obtained in Small Sample

This research aims to examine the performance of Siegel-Tukey and Savage tests
using data sets with heterogeneous variances. The study was conducted by con-
sidering three different distribution types and one standard deviation. These dis-
tributions are Normal, Platykurtic and Skewed. One standard deviation ratio con-
tains a value such as 1, which represents the differences between the variances.

The analyses focused on small sample sizes and in this context 12 different com-
binations of sample sizes were used. These sample sizes fall into two main catego-
ries:

1) Completely Equal Sample Sizes: These combinations represent cases where
all sample sizes are equal. This group includes sample sizes of 5, 8, 10, 12, 16 and
20. Such combinations aim to evaluate the performance of tests in terms of the
ability to detect differences in variance between samples of equal size.

2) Different Sample Sizes: These combinations refer to cases where the size
differences between two samples are different. This group includes pairs (4, 16),
(8, 16), (10, 20), (16, 4), (16, 8) and (20, 10). This variation aims to analyze the
ability of tests to assess differences in variance between pairs of samples of differ-
ent sizes.

These combinations were generated using Monte Carlo simulations. Monte
Carlo simulation is a method involving many random replications of a particular

experiment or analysis and is used to understand the statistical properties of the
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results. For each sample case, 20,000 simulations were performed and processed
in SAS software. These large-scale simulations provide a comprehensive assess-
ment of how tests perform under different conditions.

Table 2 shows the type I error rates of the Siegel-Tukey (ST) and Savage (SAV)
tests when sample sizes are equal between two samples with small sample sizes.
The standard deviation is taken as 1 and the analyses are performed for Normal,
Platykurtic and Skewed distributions. Type I error rate refers to the probability
that the test falsely rejects the null hypothesis and is usually evaluated at a = 0.05.

Table 2. Type I errors of ST and SAV Tests for two samples with equal sample sizes at small
sample sizes: standard deviation = 1.

TYPE I ERROR RATE
POPULATION DISTRIBUTION m m
ST SAV
5 5 0.055 0.016*
8 8 0.051 0.028*
10 10 0.054 0.036*
NORMAL
12 12 0.051 0.040*
16 16 0.045* 0.037*
20 20 0.047* 0.041*
5 5 0.054 0.014*
8 8 0.051 0.028*
10 10 0.053 0.035*
PLATYKURTIC
12 12 0.051 0.038*
16 16 0.044* 0.036*
20 20 0.051 0.045*
5 5 0.056 0.016*
8 8 0.049* 0.028*
10 10 0.054 0.036*
SKEWED
12 12 0.053 0.041*
16 16 0.046* 0.038*
20 20 0.047* 0.040*

*Values less than or equal to a = 0.05.

Small sample sizes were applied to three different population distributions, with
a total of six samples used. Care was taken to ensure that the standard deviation
ratios were maintained at 1, and each ratio was calculated individually. The results
were presented in graphs, which were detailed according to sample sizes and

standard deviation values. The relevant graphs are shown in Figure 1, Figure 2.
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Type | Error
0.10
0.09
0.08
0.07
0.06
005 T T~ —
0.04
0.03
0.02
0.01
0.00

e SAV

Sample Size

(5,5) (8 8) (10,10)(12, 12)(16, 16)(20, 20)

Figure 1. Comparison of Type I error rates of Siegel-Tukey and Savage tests
for Normal, Platykurtic and Skewed Distributions with standard deviation set
to 1 for small samples, equal sample sizes and heterogeneous variances.

Type | Error
0.10
0.09
0.08
0.07
0.06

005 | ~—  — —
0.04

0.03 /\/—
0.02

0.01
0.00

=== SAV

Sample Size

(4,16) (8,16) (10, 20) (16, 4) (16, 8) (20, 10)

Figure 2. Comparison of Type I error rates of Siegel-Tukey and Savage tests
for Normal, Platykurtic and Skewed Distributions when the standard devia-
tion is taken as 1 for small sample sizes, when sample sizes are different and
variances are heterogeneous.

Normal Distribution:

e For small sample sizes (n, = 1), the type I error rate of the Siegel-Tukey (ST)
test generally ranges between 0.045 and 0.055, while the type I error rate of the
Savage (SAV) test ranges between 0.016 and 0.041.

o The Siegel-Tukey test slightly decreases the type I error rate as the sample size
increases. The lowest rate is observed between 0.045 and 0.047 and is lowest for
large sample sizes.

e The Savage test, on the other hand, has lower type I error rates in small sample
sizes and up to 0.041 in large sample sizes.

Platykurtic Distribution:

The type I error rate of the Siegel-Tukey test varies between 0.044 and 0.054.

These rates are similarly distributed in small sample sizes, with the lowest rate
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observed as 0.044.

e The type I error rate of the Savage test varies between 0.014 and 0.045. Gener-
ally lower rates were observed for small sample sizes. For example, the lowest
rate is 0.014 and goes up to 0.045 for large sample sizes.

Skewed Distribution:

e The type I error rate of the Siegel-Tukey test varies between 0.046 and 0.056,
while that of the Savage test varies between 0.016 and 0.041.
e TypeIerror rates of the Siegel-Tukey test for skewed distribution vary between

0.046 and 0.056 depending on the sample size and are slightly lower for larger

sample sizes.

o The type I error rate of the Savage test, on the other hand, shows lower rates in
small sample sizes and increases up to 0.040 in large sample sizes.

Table 3 shows the type I error rates of the Siegel-Tukey (ST) and Savage (SAV)
tests for small sample sizes when there are size differences between two samples.
The standard deviation was set to 1 and the analyses were performed for Normal,
Platykurtic and Skewed distributions. Type I error rate refers to the probability
that the test falsely rejects the null hypothesis and is usually evaluated at a = 0.05.

Table 3. Type I errors of ST and SAV Tests in the case of different sample sizes between

two samples with small samples: standard deviation rate = 1.

POPULATION TYPE I ERROR RATE
n n

DISTRIBUTION ' ’ ST SAV
4 16 0.049* 0.028*
8 16 0.043* 0.036*
10 20 0.048* 0.038*

NORMAL

16 4 0.051 0.028*
16 8 0.043* 0.037*
20 10 0.049* 0.040%
4 16 0.046* 0.028*
8 16 0.045* 0.038*
10 20 0.051 0.040*

PLATYKURTIC
16 4 0.048* 0.027*
16 8 0.047% 0.040*
20 10 0.051 0.041*
4 16 0.051 0.030*
8 16 0.044* 0.037*
10 20 0.051 0.040*

SKEWED

16 4 0.047% 0.028*
16 8 0.043* 0.037*
20 10 0.049* 0.039*

*Values less than or equal to a = 0.05.
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Normal Distribution:

e Type I error rates of the Siegel-Tukey test vary between 0.043 and 0.051 de-
pending on the differences in sample sizes. In the analyses with small sample
sizes (n; < n,), error rates between 0.043 and 0.049 were observed in combina-
tions where the difference in sample size was larger. For example, the lowest
rates were 0.043 and 0.049 in the combinations (4, 16) and (8, 16).

e Type I error rates of the Savage test range between 0.027 and 0.041. For small
sample sizes, the Savage test generally shows lower type I error rates. In partic-
ular, the lowest rates of 0.027 and 0.028 were observed for the combinations (4,
16) and (16, 4).

Platykurtic Distribution:

e Type I error rates of the Siegel-Tukey test range between 0.045 and 0.051. In
analyses with small sample sizes, error rates generally range between 0.045 and
0.051. The lowest rates were 0.046 and 0.048, especially for the combinations
(4, 16) and (16, 4).

e Type I error rates of the Savage test vary between 0.027 and 0.041. For small
sample sizes, the Savage test also exhibits low error rates when the sample sizes
are different. In particular, the lowest rates are 0.027 and 0.028 for the combi-
nations (4, 16) and (16, 4).

Skewed Distribution:

e TypeI error rates of the Siegel-Tukey test ranged between 0.043 and 0.051. In
the skewed distribution, error rates between 0.043 and 0.051 were observed in
combinations where the difference between sample sizes was larger. For exam-
ple, the lowest rates were 0.043 and 0.044 in the combinations (4, 16) and (8,
16).

o Type I error rates of the Savage test vary between 0.027 and 0.041. Type I error
rates of the Savage test are generally lower and show more consistent results
when analyzed with small sample sizes. Especially for the combinations (4, 16)
and (16, 4), the lowest rates are 0.027 and 0.028.

3.2. Findings Obtained in Large Sample

In total, 12 different sample sizes were used, focusing on large sample sizes. Sam-
ple sizes were generated by Monte Carlo simulation and each sample size was ap-
plied to three different population distributions. In this analysis, the results are
evaluated by considering the standard deviation rates in each population.

Large sample sizes are divided into two main categories:

1) Large and Equal Sample Sizes: This group represents situations where sam-
ple sizes are perfectly equal. These equal sample sizes are: 25, 50, 75 and 100. These
combinations assess situations where both samples are the same size and aim to
examine the performance of the tests under these conditions.

2) Large and Different Sample Sizes: This group refers to situations where
there are differences in size between two samples. Large and different sample sizes
include the following combinations: (10, 30), (30, 10), (50, 75), (50, 100), (75, 50),
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(75, 100), (100, 50) and (100, 75). These combinations are intended to assess how
different sized sample pairs affect variance differences.

Monte Carlo simulations were used to analyze the type I errors of the Siegel-
Tukey and Savage tests under these sample sizes and distribution types. Based on
the simulation results, the effectiveness of the tests was evaluated by considering
their performance at each sample size and standard deviation values. The analysis
examines a large data set, including Normal, Platykurtic and Skewed distributions.

Table 4 shows the type I error rates of Siegel-Tukey (ST) and Savage (SAV)
tests when sample sizes are equal between two samples with large sample sizes.
The standard deviation was set to 1 and the analyses were performed for Normal,
Platykurtic and Skewed distributions. Type I error rate refers to the probability
that the tests falsely reject the null hypothesis and is usually evaluated at a = 0.05.

Table 4. Type I errors of ST and SAV Tests for equal sample sizes in large samples: standard
deviation rate = 1.

TYPE I ERROR RATE
POPULATION DISTRIBUTION m m

ST SAV
25 25 0.049* 0.043*
50 50 0.048* 0.046*

NORMAL
75 75 0.049* 0.047*
100 100 0.047* 0.046*
25 25 0.048* 0.042*
50 50 0.049* 0.047*

PLATYKURTIC

75 75 0.049* 0.048*
100 100 0.052 0.051
25 25 0.051 0.044*
50 50 0.052 0.051

SKEWED
75 75 0.049* 0.047*
100 100 0.046* 0.045*

*Values less than or equal to a = 0.05.

Large sample sizes were applied to three different population distributions, in-
volving two distinct sample groups. The first group consisted of four samples with
large and equal sample sizes, while the second group included eight samples with
large but varied sample sizes. In determining these sample sizes, care was taken to
maintain standard deviation ratios at 1, and these ratios were calculated meticu-
lously. The results were presented in detail according to sample sizes and standard
deviation values, and this presentation was achieved through graphs. The result-
ing graphs, which are shown in Figure 3, Figure 4, facilitate a better understand-
ing of the data. These graphs provide a detailed examination of the effects of sam-

ple size values.
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Figure 3. Comparison of Type I error rates of Siegel-Tukey and Savage tests
for Normal, Platykurtic and Skewed Distributions when standard deviation
is set to 1 for large samples, equal sample sizes and heterogeneous variance
conditions.
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(10, 30) (30, 10) (50, 75) (50, 100) (75, 50) (75, 100)(100, 50)(100, 75)

Figure 4. Comparison of Type I error rates of Siegel-Tukey and Savage tests for Normal,
Platykurtic and Skewed Distributions with standard deviation set to 1 for large samples,
different sample sizes and heterogeneous variance conditions.

Normal Distribution:

e Typel error rates of the Siegel-Tukey test vary between 0.047 and 0.049 as the
sample sizes increase. At large sample sizes, the lowest rate was determined as
0.047.

e TypeIerror rates of the Savage test range from 0.043 to 0.046. For large sample
sizes, generally lower values were observed, with the lowest rate being 0.043.

Platykurtic Distribution:

e Type I error rates of the Siegel-Tukey test vary between 0.048 and 0.052 with
sample sizes. The highest rate of 0.052 was observed for the sample size of 100.

e Type I error rates of the Savage test range between 0.042 and 0.051. For large
sample sizes, the type I error rate is generally higher, with the lowest rate ob-
served at 0.042.
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Skewed Distribution:

e TypeIerror rates of the Siegel-Tukey test vary between 0.046 and 0.052 across
sample sizes. For large sample sizes, the lowest rate was 0.046.

e Type I error rates of the Savage test vary between 0.044 and 0.051. The error
rates of the Savage test are generally lower for larger sample sizes, with the low-
est rate being 0.044.

Table 5 shows the type I error rates of Siegel-Tukey (ST) and Savage (SAV)
tests when sample sizes differ between two samples with large sample sizes. The
standard deviation was set to 1 and the analyses were performed for Normal, Plat-
ykurtic and Skewed distributions. Type I error rate refers to the probability that
the tests falsely reject the null hypothesis and is usually evaluated at a = 0.05.

Table 5. Type I errors of ST and SAV Tests for different sample sizes in large samples:
standard deviation rate = 1.

TYPE I ERROR RATE
POPULATION DISTRIBUTION m m

ST SAV
10 30 0.049* 0.042*
30 10 0.051 0.042*
50 75 0.049* 0.047*
50 100 0.052 0.051

NORMAL
75 50 0.049* 0.047*
75 100 0.051 0.049*
100 50 0.048* 0.047*
100 75 0.051 0.048*
10 30 0.048* 0.042*
30 10 0.051 0.043*
50 75 0.051 0.048*
50 100 0.051 0.049*
PLATYKURTIC
75 50 0.052 0.049*
75 100 0.049* 0.047*
100 50 0.049* 0.047*
100 75 0.049* 0.047*
10 30 0.051 0.043%
30 10 0.048* 0.041*
50 75 0.051 0.048*
50 100 0.052 0.051
SKEWED
75 50 0.048* 0.047*
75 100 0.053 0.052
100 50 0.049* 0.047*
100 75 0.049* 0.048*
*Values less than or equal to a = 0.05.
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Normal Distribution:

e Type I error rates of the Siegel-Tukey test vary between 0.048 and 0.052 de-
pending on the differences between sample sizes. In analyses with large and
different sample sizes, error rates were generally between 0.049 and 0.052. For
example, in the (10, 30) and (50, 75) combinations, the rates were 0.049 and
0.049, respectively.

e Type I error rates of the Savage test ranged between 0.041 and 0.051. Type I
error rates of the Savage test are generally lower, for example, the lowest rates
of 0.041 and 0.042 were observed in the combinations (30, 10) and (10, 30).

Platykurtic Distribution:

o Type I error rates of the Siegel-Tukey test vary between 0.048 and 0.052 when
differences in sample sizes are taken into account. These rates were determined
as 0.052 and 0.049 for the (75, 50) and (100, 50) combinations, respectively.

o Type I error rates of the Savage test vary between 0.047 and 0.049. When the
sample sizes are different, the lowest values of the Savage test error rates are
0.042 and 0.043.

Skewed Distribution:

e TypeI error rates of the Siegel-Tukey test ranged between 0.048 and 0.053 for
differences in sample sizes. The lowest rates were 0.048 and 0.049, especially for
the (10, 30) and (100, 50) combinations.

o TypeIerror rates of the Savage test ranged between 0.041 and 0.052. The error
rates of the Savage test were generally lower, with the lowest rates of 0.041 and
0.043 in the combinations (30, 10) and (10, 30).

The practical implications of preferring the Savage test with small sample sizes
highlight the advantages the test provides in certain situations. In small sample
sizes, the Savage test’s lower Type I error rates indicate that the test offers more
reliable results. This enables more accurate results in studies with limited data.
The Savage test, which is robust to distributional assumptions, is useful in cases
where the normality assumption is not made or there is uncertainty about the
distribution. Additionally, reliability is of high importance in small sample sizes;
this test ensures accuracy by reducing the risk of erroneously rejecting the null
hypothesis. In fields requiring high security and accuracy, such as healthcare and
finance, preferring the Savage test can contribute to obtaining more reliable re-
sults. Its ability to detect variance differences between samples enhances the test’s
sensitivity. Overall, the low Type I error rates provided by the Savage test in small
sample sizes offer significant advantages in practical applications and make it a

tool to be preferred depending on the characteristics of the data set.

4. Conclusions

The findings of this study provide an in-depth examination of the performance of
the Siegel-Tukey and Savage tests in data sets with heterogeneous variances. Ex-
tensive analysis of the type I error rates of both tests in small and large sample

sizes clearly demonstrates their ability to detect variance differences.

DOI: 10.4236/0japps.2024.149158

2407 Open Journal of Applied Sciences


https://doi.org/10.4236/ojapps.2024.149158

S. Ramazanov, H. Cora

The distributions used in the study—Normal, Platykurtic, and Skewed—were
chosen to represent different data scenarios. The Normal distribution is the most
commonly used distribution in statistical analyses and serves as a reference point
for evaluating the fundamental performance of tests. The Platykurtic distribution
represents situations with fewer outliers and a wider spread of data, making it
important for testing variance differences. The Skewed distribution addresses sit-
uations where data symmetry is disrupted and was selected to evaluate asymmet-
ric conditions commonly encountered in real-world data. The chosen 1 standard
deviation ratio was determined to make the differences between variances more
pronounced, thereby increasing the sensitivity of the tests. These distributions and
the standard deviation ratio were used to ensure the validity of analyses across a
range of data scenarios and to evaluate the performance of tests in various condi-
tions.

In the analyses performed with small sample sizes, significant differences were
observed between the performance of Siegel-Tukey and Savage tests. Under nor-
mal distribution conditions, the type I error rates of the Siegel-Tukey test ranged
between 0.045 and 0.055, while the type I error rates of the Savage test were be-
tween 0.016 and 0.041. This result suggests that the Savage test has lower type I
error rates in small sample sizes and is better able to control the probability of
falsely rejecting the null hypothesis. Similar trends were observed for the Platy-
kurtic and Skewed distributions, with the Savage test generally providing lower
error rates.

In scenarios with different sample sizes, type I error rates of the Savage test were
found to be lower than those of the Siegel-Tukey test. These findings emphasize
the capacity of the Savage test to detect variance differences more sensitively in
small sample sizes.

Analyses performed on larger sample sizes evaluated the performance of the
Siegel-Tukey and Savage tests on a larger data set. In the case of equal sample sizes,
the type I error rates of the Siegel-Tukey test ranged from 0.047 to 0.049, while the
type I error rates of the Savage test ranged from 0.043 to 0.046. These results sug-
gest that both tests have similar type I error rates at large sample sizes, but the
Savage test generally offers lower error rates.

In different combinations of sample sizes, the type I error rates of the Siegel-
Tukey test ranged between 0.048 and 0.052, while the type I error rates of the Sav-
age test ranged between 0.041 and 0.051. These findings suggest that the Savage
test provides lower type I error rates even in large sample sizes and evaluates var-
iance differences more effectively.

It shows that the Savage test is a more reliable option in variance analysis. The
low type I error rates in small and large sample sizes suggest that the test is able to
detect variance differences more precisely and accurately. Future research based
on these findings with larger data sets and different types of distributions will pro-
vide a more comprehensive assessment of the overall effectiveness and limitations

of the Savage test.
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Comparing the obtained results with Tugran and colleagues’ (2015) simulation-
based evaluations provides a comprehensive perspective on the performance of
the tests. This comparison reveals whether your findings on the performance of
Siegel-Tukey and Savage tests are consistent with studies in the literature and of-
fers a deeper understanding of the effectiveness of these tests.

The fact that the Savage test shows lower Type I error rates in small sample
sizes, when related to Mukasa and colleagues’ (2021) study on the effects of para-
metric and non-parametric tests, underscores the importance of practical impli-
cations in test selection. This correlation helps you better understand the perfor-
mance of tests in small sample sizes and supports your strategies for obtaining
more reliable results in variance analyses.

Furthermore, this study provides important insights for practitioners on how
the Savage test can be a more effective tool in dealing with the challenges encoun-
tered in analysis of variance. For researchers who want to improve the accuracy
of tests and obtain reliable results, especially in small sample sizes, these findings
will provide guidance.

The fact that the Savage test shows lower Type I error rates in small sample sizes
is based on both theoretical and empirical reasons. Theoretically, the Savage test
is a non-parametric test and is less dependent on distributional assumptions,
which makes it more robust in small samples. The test’s ability to detect variance
differences reduces the likelihood of erroneously rejecting the null hypothesis in
small sample sizes. Empirically, simulation results and comparative analyses sup-
port these characteristics, demonstrating that the test provides lower Type I error
rates in small samples. These findings indicate that the Savage test is a reliable and
effective analytical tool for small sample sizes.

In conclusion, the findings of this study provide comprehensive information
on important factors to consider when evaluating the performance of tests used
in analysis of variance. The preference for the Savage test can improve the accu-
racy and reliability of future studies, thus supporting the quality and validity of
research findings in general.
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