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Abstract

In this paper, I study to expand homomorphisms on fuzzy Banach algebra
based on Jensen-type functional equation with 24-variable. First, we study
extended homomorphisms on fuzzy Banach algebra with the fixed point me-
thod. Next, we study extended homomorphism on fuzzy Banach algebra by
direct method. These are the main results of this paper.
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1. Introduction

Let X and Y are two fuzzy normed vector spaces on the same field K, and
map f:X—>Y be continuously on X. We use the notation N, NV for cor-
responding the norms on X and Y. In this paper, we investigate the stability
of generalized Jensen-type additive function equation with 24-variables when
X is a fuzzy normed-algebras with norm N, and Y is a fuzzy Banach alge-
bras with norm M.

In fact, when X is a fuzzy normed algebras with norm N, and Y is a
fuzzy Banach algebras with norm N, we solve and prove the Hyers-Ulam-Rassias

type stability of generalized Jensen-type additive function equation in fuzzy Ba-
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nach algebras, associated to the Jensen type additive functional equation

k k
mf [aZlej +aZj:1 yj ]
m

Xt (x)+ Xaf(y) )
j=1 j=1

The study of the stability of generalized Jensen-type additive function equa-
tion in fuzzy Banach algebras is originated from a question of S. M. Ulam [1],
concerning the stability of group homomorphisms.

Let (G,*) be a group and let (G',o,d) be a metric group with metric
d (-, ) Given & >0, thereexistsa §>0 suchthatif f:G — G’ satisfies

d(f(x*y), f(x)of(y))<s,vxeG

then there is a homomorphism h:G — G’ with
d(f(x).h(x))<eVxeG

Since Hyers” answer to Ulam’s question [2], many ideas have arisen from ma-
thematicians who have built theories about space such as the Theory of fuzzy
space. It has much progressed in developing the theory of randomness. Some
mathematicians have defined fuzzy norms on a vector space from various points
of view. Following Bag and Samanta [3] and Cheng and Mordeson [4] gave an
idea of a fuzzy norm in such a manner that the corresponding fuzzy metric was
of Kramosil and Michalek type [5] and investigated some properties of fuzzy
normed spaces. We use the definition of fuzzy normed spaces given in [3] [6] [7]
[8] to investigate a fuzzy version of the Hyers-Ulam stability for the Jensen func-
tional equation in the fuzzy normed algebra setting.

The functional equation f(x+y)+f(x-y)=2f(x)+2f(y) is called a
quadratic functional equation. The Hyers-Ulam stability of the quadratic func-
tional equation was proved by Skof [9] for mapping f: X —> Y, where X isa
normed space and Y is a Banach space. Cholewa [10] noticed that the theorem
of Skof is still true if the relevant domain X is replaced by an Abelian group.
Czerwik [11] proved the Hyers-Ulam stability of the quadratic functional equa-
tion.

The stability problems for several functional equations have been extensively
investigated by a number of authors and there are many interesting results con-
cerning this problem. Such as in 2008, Choonkil Park [12] have established and
investigated the Hyers-Ulam-Rassias stability of homomorphisms in quasi-Banach

algebras the following Jensen functional equation
2f[%]= F(x)+ £ (y)

And next in 2009, M. Ehaghi Gordji and M. Bavand Savadkouhi [13] have es-
tablished and investigated the approximation of generalized stability of homo-

morphisms in quasi-Banach algebras the following Jensen functional equation
rf (—XJF yj: f(x)+f(y)
r

Next, in 2022 Ly Van An [14] have established and investigated the approxi-
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mation of generalized stability of homomorphisms in quasi-Banach algebras the

following Jensen type functional equation

Kk

k k
mf{zjlxj +mzj1Xk+jJ:Z{f(xi)+zf(Xk+j) ()
=

j=1

Recently, Ly Van An continued to conduct extensive research (1.2) in the

Hyers-Ulam-Rassias type on fuzzy Banach algebras for the following equation

k k
mf {aZUXj +aZj:lyj J
m

k K
:Zaf (xj)+Zaf (yj)
j=1 j=1

e, the functional equation with 24-variables. Under suitable assumptions on
spaces X and Y, we will prove that the mappings satisfying the functional (1).
Thus, the results in this paper are generalization of those in [12] [13] [14] for
functional equation with 2&-variables.

In this paper, I build a general homomorphism based on Jensen equation with
2k-variables on fuzzy Banach algebra. This is an extended problem for the field
of homotopy research, exploiting unlimited problems of variables to build this
problem based on the ideas of mathematicians around the world. See [1]-[30].
Allow me to express my deep gratitude to the mathematicians.

The paper is organized as follows:

In Section 2, we remind some basic notations in [3] [6] [7] [8] [16] [25] [30]
such as Fuzzy normed spaces, extended metric space theorem and solutions of
the Jensen function equation.

Section 3: Using the fixed point method, establish extended homomorphisms
on fuzzy Banach algebra.

Section 4: Using the direct method, establish extended homomorphisms on

fuzzy Banach algebra.

2. Preliminaries

2.1. Fuzzy Normed Spaces

Let Xbe a real vector space. A function N:X xR —> [0,1] is called a fuzzy norm
on Xif it stabilities the following conditions: for all x,ye X and siteR,
1)(N1) N (X,t)=0 for t<0;
2) (N2) x=0 ifandonlyif N (X,t) =1 forall t>0;

3) (N3) N(cx,t):N[x,ﬁ] if ¢c#0

4) (N4) N(x+y,s+t)=min{N(x,s),N(y,t)};
5) (N5) N (X,-) is a non-decreasing function of R and lim
6) (N6) for x=0, N (X,-) is continuous on R.

The pair (X,N) is called a fuzzy normed vector space

N (X,t)zl;

t—oo

1) Let (X,N) be a fuzzy normed vector space. A sequence {X,} in X is

said to be convergent or converge if there exists an xe X such that
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lim,,, N(x, —xt)=1 forall t>0.In this case, x is called the limit of the se-

n—owo

quence {X,} and we denoteitby N-—lim__x, =X.

2) Let (X,N) be a fuzzy normed vector space. A sequence {X,} in X is
called Cauchy if for each £>0 and each t>0 there exists an n,eN such
that forall n=n, andall p>0,wehave N (me - Xn,t) >l-¢.

It is well-known that every convergent sequence in a fuzzy normed vector
space is Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is
said to be complete and the fuzzy normed vector space is called a fuzzy Banach
space. We say that a mapping f: X —Y between fuzzy normed vector spaces
Xand Yis continuous at a point X, € X if for each sequence {X,} converg-
ing to x, in X, then the sequence {f (X, )} converges to f(x,) . If

f:X —>Y is continuous at each xe X, then f:X —Y is said to be conti-
nuous on X. Let Xbe an algebraand (X,N) a fuzzy normed space.

1) The fuzzy normed space (X,N) is called a fuzzy normed algebra if
N(xy,st)>N(x5)-N(y,t)

forall X,y e X and all positive real numbers sand ¢
2) A complete fuzzy normed algebra is called a fuzzy Banach algebra.
EXAMPLE
Let (X ,||||) be a normed algebra. Let

L t>0
N(x,t)=1t+]x] xe X
0 t<0
Then N (X,t) is a fuzzy norm on X and (X N (X,t)) is a fuzzy normed al-
gebra. Let (X,Ny) and (Y,N) be fuzzy normed algebras. Then a multiplica-
tive R -linear mapping H :(X,N, )—(Y,N) is called a fuzzy algebra homo-

morphism.

2.2. Extended Metric Space Theorem

Theorem 1. Let (X , d) be a complete generalized metric space and let
J:X —> X be a strictly contractive mapping with Lipschitz constant L <1.

Then for each given element x e X , either
d(Jn,Jn+1)=00

for all nonnegative integers 11 or there exists a positive integer n, such that
1) d(3",3" )<, vn2ng;
2) The sequence {J ”X} converges to a fixed point y~ of J;
3) y" isthe unique fixed point of /in the set Y = {y eX|d (J”,J "+l) < oo} ;

. 1
1) d(yy)<—d(y.dy) VyeY
) d(yy)=id(vdy) Ve

2.3. Solutions of the Equation

The functional equation
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2f(%)=f(x)+f(y)

is called the Jensen equation. In particular, every solution of the Jensen equation

is said to be a Jensen-additive mapping.

2.4. Complete Generalized Metric Space and Solutions of
the Inequalities

Theorem 2. Let (X,d) be a complete generalized metric space and let
J:X—>X be a strictly contractive mapping with Lipschitz constant L <1.
Then for each given element x e X, either

d(‘]n"]n+l):w
for all nonnegative integers 1 or there exists a positive integer n; such that
1) d(3"3™) <o, ¥nzng;
2) The sequence {J "X} converges to a fixed point 'y~ of J;
3) Yy is the unique fixed point of Jin the set Y :{y eX|d (J "J “*1) < oo} ;

oo 1
) d(y.y')<—d(y.dy) WyeY.
) d(yy)=d(ndy) vye

2.5. Solutions of the Inequalities

The functional equation
f(x+y)="f(x)+f(y)
is called the Cauchy equation. In particular, every solution of the Cauchy equa-

tion is said to be an additive mapping.

3. Using the Fixed Point Method, Establish Extended
Homomorphisms on Fuzzy Banach Algebra

Now we study extended homomorphism by fixed point method.

When X is a fuzzy normed algebra with quasi-norm Ny, Y is a fuzzy
Banach algebras with norm N. Under this setting, we need to show that the
mapping must satisfy (1). These results are given in the following.

Here we assume that m>2 is a positive integer and o eR.

Theorem 3. Suppose y: X* — [0,00) be a function such that there exists an

L<i
m
L
V(Ko X Y Vi) S (Mo MK My, oo, my, ) (3)
forall X;,y;€X for j=1—-k.If f:X—>Y beamapping satisfying
f(0)=0 and
k
L aXs + a k k
o ERER L) St )
m =1 =1
(4)
S t

St (X X Y Vi)
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t 5)

N[f (]jx,- 'yjj_ﬁ (Xi)'ﬁf(yi)’tJZt+w(X1,"',Xk:Y1:""yk)

=1 =t

forall X;,y;€X for j=1-—k,forall t>0 andall o eR.Then

A(x)=N—limm"f (%)

n—oo

exists for each xe X and defines a fuzzy algebras generalized homomorphism

A:X =Y such that
(1-L)t
N(f(x)-A(x),t)> (6)
( (X) (X) ) (1—L)t+v/(X1,'-',Xk,yl,"'xyk)

Proof. Putting o =1.
Replacing (xl,---,xk,yl,---,yk) by (X,---,0,0,---,O) in hypothesis (4), we

(7)

have

(e (2] 00t e

forall xeX.
Now we consider the set

M:={g:X->Y}

and introduce the generalized metricon M as follows:
t
, VX e X, vt >0},

d(g,h)=inf {IBEK : N(g(x)—h(X),,Bt)Zt+¢(xyolmlo,o7._"0)

where, as usual, inf¢=+o0. That has been proven by mathematicians (M,d)

is complete [18] Now we consider the linear mapping T:M — M such that
X
Tg(x)=mg| —
9(x) g(m)

forall xeX.Let g,heM begivensuchthat d(g,h)=¢ then
t ,Vxe X, vt >0.

N(g(x)_h(x)’gt)zt+go(X,0,"',OvO:"'*0)

Hence
N(g(x)-h(x),Let)=N (mg [%)—mh(%) Lgt}

Lt
> m (8)
L, (Xﬂw,QQ ,@
m
Lt
> m
L L o(%0,--,0,0,--,0)
m m
t ,Vxe X,Vt>0.

Open Access Library Journal

DOI: 10.4236/0alib.1110206


https://doi.org/10.4236/oalib.1110206

L. V. An

So d(g,h)zg implies d(Tg,Th)S L-¢. This means that
d(Tg,Th)<Ld(g,h)

forall g,heM. On ther hand, (6) implies that d(f,Tf)<1.
By Theorem 2.5, there exists a mapping A:X — Y satisfying the following:
(1) Ais a fixed point of 7, ie,
1

A[ij — = A(x) ©)

m m
for all x e X. The mapping A is a unique fixed point 7'in the set
Q={geM:d(f,g)<w|

This implies that A is a unique mapping satisfying (9) such that there exists a
Be(0,0) satisfying.
t

N(f (x)—A(x),/}t)zt+¢(X’O7m70707m70),VXeX.

(2) d (T "f, A) —0 as n—>co. This implies equality

N —limm" f [mi)z A(X)

n—o

forall xeX
1
3) d(f,A)<——d(f,Tf),
® d(r.A) < od(1.11)
which implies the inequality
1
d(f,A)s—
This implies that the inequality (6)
By (4), I have

k k
NI mPs [Zjlaxi +Zj:1ayj J

k k
-m"y af (Lj—mpZaf (ipj,mpt
i=1 m

mP = mP
§ ¢ (10)
for all (Xll"'!xk,ylv""yk)ex’ Vt>0, aeR.So
k k
N mp*lf[Zj_laxint+lz:j_layj]—m”jzk_;af(%}—mpgaf(%}mpt
t (11)

>
St L
WJFW‘//(XW“’Xk,yu'“,yk)

for all (Xl,...,xkyyl,...,yk)ex, Vi>0, aeR.So

Since
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t

. mp
lim m =1

poe t o LP
W“"WW(Xl'”"Xk'yl"“!yk)

for all (Xl,...,xkyyl,...,yk)eX, Vt>0, meR.So

k k
N mA[Zjlaxj +Zj:1ayi \

J—Zk:aA(xj)—ZaA(yj),t =1 (12)

=t =t

m

for all (Xl,...,xk’yl,...,yk)eX, Vt>0, VaeR.Sowehave

mA[ZjlaX,— ;ZMOKYJ' J_iaA(xj)_iaA(yj):O

j=1 j=1

for all (Xl,...,xk’yl,...,yk)e X, Vt>0, aeR. So the mapping A: X —>Y is
additive and R -linear. From (5)

2k K Xj yj k K Xj k k yj 2k
Nquﬁ'ﬁ_mqfﬁlmq F,mt
J= Jj= j=
. t (13)
‘HV,(& nyj

m mPm T T me
for all (Xl,...,xk’yl,...,yk)eX,andall t>0.S0
k
Ty, k(X k(.
N|m#f| =2 L m [T f| = |- m*] f| = | m*™t
[ m2k l;!: mk g k

t (14)

> m’
t LP
W“LF‘//(XM“’Xk’YM”IYK)

forall (X,,....X Yy, Y )€ X, andall t>0. Since
t

2
lim m-" -1
poo LP
2P +W‘/I(X1""'kayll"'lyk)

for all (Xl,...,Xk,yl,..., yk)e X,andall t>0,

N[A{]ﬁ[xjoyjj—j: A(xj)-ﬁA(yj),tjzl. (15)

i1 i1

Thus

Kk

1 A(xj)-ﬁA(yj):O

i=

firor)

for all (Xl,...,xkyyl,...,yk)e X, and all t>0. So that mapping A:X—>Y isa
fuzzy algebra generalized homomorphism, as desired.

i

a
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Theorem 4. Suppose vy : X* — [O,oo) be a function such that there exists an
1

L<—
m

X
W(le“‘1xk1y11”"yk)5 mL(%,...’ﬁ,%,...’%j (16)

for all (Xl,...,xk‘yl,...,yk)eX,if f:X—>Y be amapping satisfying f(O)zO
and

Kk k
N| mf (zj‘laxj *2 %Y, J—Zk:af (Xj)‘gaf (yj)ﬁt

m = (17)
N t
Ey (X X0 Yoo Vi)
N f{ﬁx..y.j—ﬁf(x)-k f(y,)t|2 t (18)
a0 ) Ga VY : tHw (%, %0 Yo Vi)

for all (Xl,...,xkyyl,...,yk)eX,all t>0 andall aeR.Then

A(X)=N - limm® f (ipj

p—0 m

exists for each xe X and defines a fuzzy algebras generalized homomorphism

A:X—>Y such that

(1-L)t

N(f(x)—A(x),t)>
(f(0-AX).Y) (1-L)t+ Ly (x,0,0,-,0)

(19)

forall xe X and all t>0.
Proof. Let (M,d) be the generalized metric space defined on the proof of
Theorem 3. Now we consider the linear mapping T:M — M such that
1
Tg(x):==mg(2x)
m
forall xeX.
Next putting o =1.
Replacing (Xi,---,xk, Vi yk) by (X,---,0,0,---,O) in hypothesis (17), we

have

X t
N[mf (Ej_f(X)'tjzt+;y(x,o,---,0,o,---,o) (20)
forall xeX,all t>0.So
1 t
N[f (-1 (mx),a)
t t (21)

> >
t+y(mx,0,---,0,0,---,0) ~ t+mLy (x,0,---,0,0,---,0)

forall xeX,all t>0.
Thus

d(f,Tf)<L.

DOI: 10.4236/0alib.1110206
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Hence
L
d(f,A)<——.

which implies that the inequality (19) holds. The rest of the proof is similar to
the proof of Theorem 3.
ad

4. Using the Direct Method, Establish Extended
Homomorphisms on Fuzzy Banach Algebra

Now we study extended homomorphism by direct method.

Where X is a fuzzy normed algebra with quasi-norm N, , Y is a fuzzy
Banach algebras with norm N. Under this setting, we need to show that the
mapping must satisfy (1). These results are given in the following.

Here we assume that m>2 1is a positive integer and aeR.

Theorem 5. Suppose i : X* — [0,00) be a function such that

S5 % b ) .
= mjv vmjymjy me
for all (Xl,..., X Yoo Vi ) e X,if f:X—Y beamapping satisfying f (0) =0
and

k k
limN| mf [zi-laxj +zj_layiJ
t—o m
(23)
Kk K
—Zaf (XJ)—Zaf (yj)ytlﬁ(xlv"'!xklylv"'yyk) =1
j=1 j=1

uniformly on X** foreach aeR,and

IimN(f[lﬁxj .yj]—lji f (xj).lji f (yj),ty?(xl,---,xk,yl,u-,yk)le (24)

t—oow

uniformly on X%, where

- . X
(//(Xl’.“’xk’yl"“’yk)::Zml(//(%"“’m_kj’%"“'%j<oo (25)

j=0

for all (Xl,...,xk,yl,..., yk)e X, then

A(X)=N—limm" f (mij

n—oo

exists for each xe X and defines a fuzzy algebras generalized homomorphism
A:X—>Y such thatifforeach 6>0,8>0

k k
N| mf [Zjlaxj +Zj:layj ]

m
(26)

St (1) St (1,07 (o) 2
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for all (Xl""!xk,yl""’ yk)e X, then
N(f(x)-A(x),07(x,0,-+,0,0,--,0)) = B (27)

forall xeX.
Furthermore, the fuzzy algebra generalized homomorphism A:X—>Y isa

unique mapping such that

lim N ( f (x)-A(x),t7(x,0,+-,0,0,---,0)) =1 (28)

t—>wo

uniformly on X.
Proof. We put « =1 in (23).With &>0, by (23), we can exist some t>0
such that

N mf{z +ZJ1ay1]_iaf(xj)—iaf(yj),t >1l-¢ (29)

=1

for all t>t,. Next we replace (Xl,---,Xk,yl,---,yk) by (X,---,0,0,---,O) in hy-
pothesis (23), and we have

N(mf (%j— f (x),tw(x,O,~--,0,O,~--,0))21—5 (30)

for all x e X. By induction on n, we will show that

n X n-1 X
N(f (x)—m f(Fj,t;mpw(m,o,---,o,o,---,on21—5 31)

for all t>ty, for all xe X, all neN. It follows from (30) and (31) holds for
n=1 We now assume that (31) satisfies all neN. Then

N[f( )-m f(n):)th y/(—o 0,0, OD
Zmin{N(f(x)—m”f(r:nj,to:ZZmpw(%,o,..,o,o,...,on, o)

N (m” f (inj_m”'*lf( )n(+1]’mntol/j(ip101"'10101"'10jj}
m m m

>{l-¢gl-¢}=1-¢

This completes the induction argument. Letting t=t, and we replace n and

xby gand in in (31), respectively, we get
m

N[m"f(%}—m”*qf( n+qj nth y/( 70 0,0,~~,OJJ21—3 (33)

forall n>0,q>0. It follows from (22) and the equality

g-1 n+q-1
Zm”*”w( 7.0,:,0,0,- j qu/(—o oo--,oj (34)

p=0 p=n

That for agiven >0 thereisan n, N such that

DOI: 10.4236/0alib.1110206
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n+q-1
t Y mpw(ip,o,---,o,o,---,o)w (35)
p=n m

forall n>n, and g>0.Now we deuce since (31) that

(o))
m m"*

>N m"f(ij—m”*qf( X )m"tqjmp [ X 0-~~00-~~0j (36)
= r_nn mn+q ’ Op:o l// mrH_pl ’ Vs Yy [l

>1-¢.

forall n>ny, all q>0 and all xeX. It follows from (36) that the sequence

X
{m” f [Fj} is a Cauchy sequence for all xeX. Since Y isa fuzzy complete

X
(fuzzy Banach space), the sequence {m” f (Fj} converges. So one can define
the mapping A:X—>Y by

A(x):=N —lim m”f(%xjeY (37)

n—o

In other words, for each t>0 and VxeX

IimN(m”f(%xJ—A(x),tjzl (38)

n—oo

Now we are fixed t>0 and O< g <1. Since

immi| XX N Y|
!Tlm"’[mn’ ‘'m"'m"’ 'm”j_o’

thereisan n’'>n, such that

tom"w[ RN ' /8

n’ n

m" m™m" m") m*’

j<L vn>n'.
Hence for each p>n’, we get
X ). &8 X
N(f (x)-m"f (—J,tz mpw(—,o,---,o,o,---,oj]21—5 (39)
m") % mP

for all t>t;, for all xe X and for all neN. It follows from (30) and (31)
holds for n=1 We now assume that (31) satisfies all neN. Then
k K
DX+ Y] & K
j=1"] =171
— —jZ:‘IA(xj)—ZA(yj),t

=

N A

k k k k
Zj:lxj+2j:1yj —mPHf Zj:lxj+2j:1yj
m

mp+l

N (A(xl)—m”f [%)ﬁ} N (A(xk)—m” f (:]—k)#}

>min{N| A %
m
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LY, . X k X
BB g2 3)
m { e mjz:; - mé -

k
>N merlf[ZJ 1X]+ijlyj _mpifiij

p+1
m j=1

X X W Yi
_mpf tm e e S
R e )

>1-¢.

(40)

forall t>t, andall xe X.
Thus

m

k k
CX Y Y] k
N mA[—ZJ1 ) z”y’}} A ) -2 Ayt |=1
forall t>0,by N,,
S XYy ] & k
mA[% - A(x)-D A(y;)=0,vxeX

Hence the mapping A:X —Y isadditive.
Next we replace (Xl,---,Xk,yl,‘--, yk) by (X,---,0,0,--‘,O) in hypothesis (23).
Ve >0, by (23), then exists t, >0 such that

N mf{zkm J Zaf( ) (X ,0,04,0) [21-g, V2t (41)

It follows from (41), we have

forall ¢eR andall xeX.
Similarly, it follows from (24) that
K K K
f ij Y, :Hf(xj)~ ‘ f(yj)
j=1 =1 =t
for all X+, %Y, ", Y € X. We now assume that V6>0 and £>0 satis-
fied (26). Put

e j Xk yl yk
Wn(xll...’xk,yl,...,yk) ;mw mJ .. mlmi.nlm (42)

for all (Xl,..., X Yirer Yi ) e X
Suppose by the same reasoning as in the beginning of the proof, one can
deuce from (26) that
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n X & n— ~[ X
N(f(x)—m f(ﬁjﬁ;m p,H(//(F,O,---,O,O,---,On2ﬂ (43)

for all (X1: o X Yireen Yi ) € X, then for all positive integer n. Suppose t>0 we

have

N[f ()= A(x), 0y, [%,o,---,o,o,...,o)ﬂj

Zmin{N(f(x)—m”f(r:nj,ey/n(%,o,...,o,o,...,onl (44)
(e

Combining (43) and (44). If f:X—>Y be a mapping satisfying f(O):O

X
n

and the fact that lim_ N (m” f (
m

]— A(x),tj =1, we observe that

N(f(x)-A(x),0p,(x,0,,0,0,--,0)+t) >
For large enough n e N . Thanks to the continuity of the function
N(F(x)- Ax).),
we see that
N(f(x)=A(x),6,(x,0,---,0,0,---,0) +t) > x
Now I give t— 0, we conclude that
N(f(x)=A(X),0,(x,0,-,0,0,--,0)+t) 2 &

In the end I still have to prove the uniqueness. Suppose A’ be another addi-
tive mapping satisfying (27) and (28). Fix 7>0. Given ¢ >0, follow (28) for A4,
and A’,thenexist t, >0 such that

N(f(x)-A(X),t57,(x,0,-+,0,0,--+,0)) 21-¢
N(f(x)-A(x),t7,(x,0,--,0,0,-,0)) 21-¢

forall xeX and Vt>t,. Withfixed xeX thenexists n,eN such that

t, > mPy| —,0,---,0,0,---,0 | <+
OJZ:(; ‘/’(mp j m

forall nxn,.From

i=0 m
=mnzmp_nl//( r)1(—p ’0, ,0,0, ,Oj
= m
o ) (45)
I X
=m"» my| —=——,0,---,0,0,---,0
,Zc; W(m' m" J
n-~ i X
=m z//(m ~,0,---,0,0, ,Oj
m
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N(A(x)=A'(x),7)

(N2 a0 2 (w22
i 124 e o ) () 2
zmin{N[ ( jm"thw( o..,o,o,...,on,
(g e o-en-o] |
o1 ool

G Gelsed]

2l-¢
It follows that N (A(X)— A'(X),r]) =1 forall 7>0.So A(X) = A'(X) ,
Vxe X. O
Theorem 6. Suppose i : X* — [0,00) be a function such that

(

X

I'I

mezkj(ximjxi,__,,mixk'miyll...’mjyk)<oo (47)
j=0

for all (Xl,...,xk’yl,...,yk)eX.If f:X—Y beamapping satisfying f(0)=

and

limN| mf

t—>oo

(Zﬁ—laxj + Zﬁzlayj J
m

(48)
k

—Zaf(xj)—

k
j=1 j=1

af(yj)’t‘/;(xi""'xk!yll'”’yk)J:
uniformly on X% for each o €R,and
!L@N(f(ljxj~yjj—ljif(xj)oljf(yj),ty?(xl,---,xk,yl,-‘-,yk)le (49)
uniformly on X?*, where
l/7(X1,-~,Xk,ylwwyk)1=%m"'w(m"xlwwijk7mjy1,--~,m"yk)<oo (50)
for all (xl,...,xk,yl,...,yk)eX.Then
A(x)=N—liLrgom’”f(mjx)

exists for each xe X and defines a fuzzy algebras generalized homomorphism
A:X—>Y such thatifforeach 6>0,8>0

+ 1O!y Kk Kk -
N mf[z ZJ JJ_Zaf(X])_zaf(yj)lHW(lelevylvlyk) Zﬂ (51)
j=1 j=1
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for all (Xl,...,xk,yl,..., yk)e X, then
N(f(x)—A(x),07(x,0,--,0,0,---,0)) > B (52)

forall xeX.
Furthermore, the fuzzy algebra generalized homomorphism A:X—>Y isa

unique mapping such that

limN ( f(x)—-A(x),65(x,0,--,0,0,:+-,0)) =1 (53)

t—ow

uniformly on X.

5. Conclusion

In this paper, I built the existence of extended homomorphism on fuzzy Banach
algebra based on Jensen equation 2k variables by two methods such as fixed

point and direct method to check.
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