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Abstract

With the help of Mindlin’s tensor, the problem of heterogeneity in an elastic
half-space comes down to the solution system of integrable equations. Dif-
ferent versions of the solution of such systems are considered. The main at-
tention is paid to the solution of integrable equations with small parameters.
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1. Introduction

With the help of Mindlin’s tensor, the task of heterogeneity in an elastic half-space
comes down to the solution system of integrable equations. The solution of such
a system of integrable equations turns out simpler than the solution of the initial
task in differential equations. The task about heterogeneity in the half-space is of
particular importance for sciences about Earth and we see that work [1] remains
relevant. Now there is the opportunity to receive the improved solution to the
task of heterogeneity and the offered work is devoted to it.

2. Problem definition

Let’s compare the two states of the environment. In the first state, the environ-
ment has some known properties. In the second state, the environment has the

same properties except for area V'in which properties will differ from values in
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the first state. Then area V is called heterogeneity.

We introduce the Cartesian system of coordinates X, and we consider a
half-space X; > 0. Designations are entered: u, v and ware displacements, c is
the modulus of elasticity, and o is stress. Normal rules of indexes are used: on
the repeating indexes summing is made, and the comma in the inferior index
designates differentiation on the corresponding coordinate.

The problem of the theory of elasticity contains equilibrium equations and

communication between elastic stresses and strains.

Ciiit F =0
’ (2.1)

Oii = Cijéu = Cija Uy

where ¢, = (uky, Uy )/2 are strains, F;are bulk forces.

From Equation (2.1), we receive the system of equilibrium equations in move-

ments for randomly inhomogeneous and non-isotropic environment.

(Cijkluk,l ),j +F =0 (2.2)

For isotropic environment, elastic modules have the appearance.
Cija = 400 + y(é‘ikb‘jl +6,0 ) (2.3)

where A, yrare modules Lame, J; are Kronecker’s symbols.
The isotropic elastic medium has two independent modules, therefore, be-

tween different elastic modules, there are ratios.

_E E_ 9uK Y 3K-2u A
B0y T TaKea U 26K+n) 2(h+n) o4
24
Keg+2,-_E _ 2(1+v) . vE v
T T ) Ts-2n) C T vy -2

where K is the volume module, g is shear modulus, £ is Jung’s module, v is
Poisson’s coefficient.

Let’s pass to problem definition about heterogeneity in the half-space. In the
first state, the homogeneous isotropic medium is considered.

CiuViy +F =0, Bv=0 (2.5)

where Ci?k, = constant, B is operator of boundary conditions.

The operator of boundary conditions of B can have the different appearance,
but the condition of lack of stresses on the surface x, =0 surely enters it. It is
supposed that the solution of this problem is known.

In the second state (with heterogeneity), we have system Equation (2.2).
CiaUj +Cij jUky T F =0, Bu=0 (2.6)
In Equation (2.6), we accept
U=V+W, Cy =Ciy +08,Ciy (2.7)

where ¢ is numerical parameter, ¢, is characteristic function of area V;
’ 0
|Cijkl | < Cijq -
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Here w is the movement caused by emergence of heterogeneity. Substituting
Equation (2.7) in Equation (2.6), we receive the system which solution is the so-

lution of our problem.
Ci(j)kIWk,Ij +q <5v Ci'jkIWk,I )’j +q (d/ciljklvk,l ),j =0, Bw=0 (2.8)

We will offer two approaches to the solution of the problem Equation (2.8) below.

3. Mindlin’s Tensor

For the solution of the problem Equation (2.8) Mindlin’s tensor is used. Mindlin’s
tensor for the homogeneous isotropic half-space is formed from solutions for the

single forces directed on Cartesian axes. Therefore, it is the solution of the system.

Ci?m Mg i +6,6(x-£)=0, Bmy =0 (3.1)

where s is number of single force, Jis delta-function, & is point of application
of single force.

Further, Mindlin’s tensor is used in the following form.
mg = A[4(1-v)ns,; —b +4(1-v)A5, +2xiM; —(3—4v )by
—2xb g, —4(1-v)(1-2v) Py
M = Al -b g, — 4%, (1-2v) T +2xT, +(3-4v) b, — 2x,b
+4(1-v)(1-2v)T, ]

My = Al —by; —8x, (1-v) T, —2x¢T +(3—4v )by +2x.by
—4(1-v)(1-2v)T; ]

My, = A[4(L-v)n—by, +8(1-v)’ T —4x,, - 2x21,, G2
~(3-4v)byy +2xD ey |, si=12,
where 1= \/(xl —51)2 +(%, —52)2 +(X, —53)2 ,
F:\/(xl—gl)2 +(% -5 ) +(%+&), n=Yr, b=r, A=YF, b=F,
T=In(T+x+&), P=(%+&)T-T, A=1/(16mu(1-v)).
There are important ratios.
Ab=2n, Ab=2n, p,=I, I,=n (3.3)
where A is the operator of Laplace.
It is known that the solution of the problem.
CiuU;+F =0, Bu=0 (3.4)
has the form
u (x) = [[fmg (x.€)F, (&)av (&) (3.5)

where integration is made on the half-space.

If to integrate functions n,b,n, b,T, P on éon the volume of V, then we will

receive volume potentials N,B,N,B,L,P respectively. In the distant zone it is
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possible to use monopoly approximation of these potentials. If the center of vo-
lume V'has coordinates (a, S, y), it is defined by the formula.

T 0% %, 8,65, 6)dV (£) = VF (X, %, %, @, B, 7) (3.6)

4. System of Integral Equations

The problem Equation (2.8) is equivalent to the system of integral equations
which turns out as follows.

If in Equation (2.8) to consider the sum second and third composed as mass
force, then according to Equation (3.4) and Equation (3.5), we receive the system

of integral equations
W = qjjj(alcéjklwk,l ).j mgdV + Q_[H(5v Cjia Vi1 ),j mgdV (4.1)

We will apply Gauss-Ostrogradsky’s formula for the product to integrals in
Equation (4.1). In symbolical and component forms, it has the appearance.
[[fdiv(fg)dv = [[[ f divgdv+ [[[ggrad fdv ={f fgds (4.2)
[11(t9,)  av=JIf o, ,av+[[] f,,9,0v =} fg;n,ds
In our case in Equation (4.2), triple integrals are calculated in the half-space

and double integrals are calculated on the half-space surface. Follows from the
second Equation (4.2).

HI fgj'jdv=—_.'”’ f,jg,-dV+_U fg;n;ds (4.3)

Appling Equation (4.3) to Equation (4.1), we receive
W, = _QHI O Cgja Wi My ;dV + _” Mg; S, Cejg Wi ds
S

(4.4)
- QJ‘Hé‘v CaaViaMg; AV + ” Mg S, Cej Vi1 dS
s

We suppose that area V'is in the half-space. Since 8, is characteristic func-
tion of area V, double integrals in Equation (4.4) equal to zero and triple inte-

grals are calculated on area V. As a result, we have the system
W + Q_UI Céja Wi Mg ;dV = _qj_[_[ Cjra Viea Mg AV (4.5)
\% Vv

Expression Equation (4.5) makes double sense: at X eV it represents the
system of integral equations for definition of W, inarea V;at X¢V , Equation
(4.5) defines W, out of area V. There are many methods of solution of integral
equations [2].
5. Expansion in a Series

We will look for the solution of the system Equation (2.8) in shape

=

Il
M
Q:
=

(5.1)

n=0

Substituting Equation (5.1) in Equation (2.8), we come to the system
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iqn(cuklwkl)J+iqn+l(5vcljklwl(<l) +q(5vcuklvk|) =0, Bw" =0 (52)

n=0 n=0
From Equation (5.2) at identical degrees of q, we receive recurrent expressions

w® = O,

CleIWk i (5vcuk|Vk | ) =0, (5.3)

CukIWkIJ (5VC|JkIWI(<I))j:0: n=2

Equation (5.3) is similar to Equation (2.8). Applying to them the procedure of

Section 4, we receive the solution
= I_U mg (X!g)(ﬁvciljklvk,l )’j dv(¢)= _.U .1 Coa Vi, AV (€)
(5.4)
j_” m5| (X § (d/CSIkI Wknl ) _” si, j Sjkl Wl(:lil)dv (g)’ n= 2

6. Earthquake Preparation Calculation: A Special Case

Preparation of the earthquake is considered as emergence and development in
crust of heterogeneity of properties. Let’s accept that the aseismatic state (the

first state) is described by the system Equation (2.5) without mass forces.
Ci?klvk,lj =0 (6.1)

We accept the following boundary conditions.
015 (0,00,% ) =0 =7, 03 (0,90,%; ) = 0, (90,0, %; ) =

6.
03 (X, %,,0)=0 (62)

Then the solution of the problem Equation (6.1), Equation (6.2) has the ap-
pearance

v, :ix2 v, = x1 v, =0 (6.3)

In the second state, heterogeneity is characterized by size qcjV,,. We will
consider that heterogeneity is homogeneous and isotropic. Then it is characte-
rized by two sizes: K’'— is increment of the volume module and 4’ is in-
crement of shear modulus. In calculations we will accept K'=0, z'=au and
g=1

aciVi, = K'edy +2u'e; = 2aue; = ark; (6.4)

Here, the volume deformation ¢ =g, deviator of deformations
& =& —&0; / 3, &, are the deformations calculated on Equation (6.3), k, =k, =1
and rest k; =0.

In Equation (6.4), we entered the new numerical parameter which makes clear
physical sense: « is relative change of shear modulus in heterogeneity. Re-
searches show that o = 0.1 and we have the task with small parameter. In this
case we take the solution in the form of the row and we keep only the first term in

Equation (5.1) and Equation (5.4).
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w, =—a [[[(my, +m,,)dV (£) (6.5)

We will open Equation (6.5) using Mindlin’s tensor Equation (3.2). In the
subsequent formulas, we will simplify designations: w, =u, w, =v, W,=Ww,
X, =X, X, =Y, X =2 and inferior indexes will designate derivatives on the
corresponding coordinates. As a result, we have.

Displacements
u=W[4(1-v)N, -2B, +4(1-v)N, +42°N,, —2(3-4v)B

_4Z§xxyz_ ( )( V) xxy]
(

v=W[4(1-v)N, 2B, +4(1-v)N, +42°N, —2(3-4v)B,

Xy

XXy

478, ~8(1-v)(1-2v)P,, ] (60
w=W[-2B, -8z(1-2v)N, +42°N,, +2(3-4v)B,,
~42B,,, +8(1-v)(1-2v)L, |
Longitudinal strains
o =W[4(1-v)N, -2B,, +4(1-v)N, +42°N,,,
~2(3-4v)B,,, ~42B,,, -8(1-v)(1-2v)B,, |
&, =W[4(1-v)N Xy—ZB +4(1-v)N,, +42°N,, )

~2(3-4v)B,,, —42B,,, -8(1-v)(1-2v)P,,, |
=W [-2B,,, —8v(1-2v)N, +162vN,, +42°N
+2(1 4V)BWZZ_4Z§xyzzz:|

Xyzz

Volume strain
£=6,+5,+6, =4(1-2v)W[N, +(1-4v)N, -22N,, +2B,,, | (6.8)
Shear strains
, =W[-2(1-v)N, -2B, -2(1-v)N, +42°N,,
~2(3-4v)B,,, —42B,,,, -8(1-v)(1- 2v)PXny]

£, =W[2(1-V)N, -2B,, +2(1-v)N -22(1-4v)N,,

L "~ _ (6.9)
+42°N,,, -2B,,, -428,,,, |

£, =W[2(1-v)N, -2B, +2(1-v)N, -2z(1-4v)N,,
+42°N,, 2B, , 428, ,, |

Xyyzz

In Equations (6.6)-(6.9): W = ar/(lGn,u (1—v)) , potentials N,B,N,B,P,L
are determined in Section 3. For crust: v = 1/4 and the center of heterogeneity is
in the point (0, 0, A). Having replaced potentials with monopoly approximation

Equation (3.6), we will receive formulas for the distant zone.

7. Spherical Heterogeneity

Potentials of the homogeneous sphere of radius of R and volume of V in the
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Cartesian coordinate system from the beginning in the center of the sphere have

the form

— R2 B V15R4+10R2r2
' 20R®

N, =, - [ j 7.1)

L, —Vln(r+z) P =V( zln(r+z)—r)

where r=./x*+Yy®+2° and indexes eand 7 mean external and internal poten-
tials respectively.

If the integrand depends on z+¢,, then at transfer of the center of the sphere
to the point (0,0,h) in Equation (7.1), we do replacement of z+¢&,. As a re-

sult, we have.

Displacements
u=Wy(F+xF,)
v:Wx(F1+y2F2) (7.2)
w =W xyF,
where

=

{M} [2(1—2v)_6R2} 12 2(1-2v)

! 5R® 3rd 5r° [ [
_8@-v)(a-2v) R[ 6(3-4v) 122(2+h)]
(7 +z+h) 57° T’

76+6R 602h 6(3 4v) 8(1 v)(1-2v)(3F +z+h)
r’ I ° (T +z+h)

(6(3r 4ev) 84z(z+ h)J

r9

r 7 F7 FS

. :[6(z—h)(R2—r2)} +602h(z+h)_122(3—4v)
_6(3-a)(z+h) BL-v)(1-2v)(2r +2+h)

+5

)
T r (r+z+h)
) 8

RZ[lZz 6(3—4v)(z+h (z+h)J

T’ re

Longitudinal strains
£y =W xy(F4 + szs),
:ny(F4+y2F5), (7.3)
&, =Wxyk;,

where

{18R2 6(1+2v)} 180zh 6(10v-7)
F, = +

7 - r5 T’ ]
+24(1—v)(1—2v)(3f+2+h)+R2 18(3—41/) 2522(Z+h)
r*(r+z+h)® T’ [
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7 9 s —7

£ _[30 42R®| 420zh 30(3-4v)
Sl F r

. 24(1-v)(1-2v)(577 +4F (z++h)+(z+h)’)

re (F+z+h)4

” [756z(z+h) B 42(3—4‘/)]

rll TQ

FQ FY

+R2(6 42(z—h)2]] 420zh(z+h)’ 6022

_602(z+h)(3-4v) 24v(1-2v) 6(1-4v) 30(1-4v)(z+h)’

v r & v’
,( 7562(z+h)’  252z(z+h) 6(1-4v)  42(1- 4v)(z+h)
R Fi - o - F 7o

Volume strain

24(1_2V)ny([%} +3(3—4v)_3Oh(Z+h)+Rz(42(z+h)z —%D »

r e T’ e

Shear strains
£y =W <F7 + xzyzFS)
£ =WY(F, +X°F) (7.5)
£, =W x(F9 + yZFlO)

where
11-10v 4 6(4R*+5(z-h)’) 6R?(z—h)’
A = e I e 5 - 7
i r 5r r
L 2(1v-5) 6((3v-2)(z+h)’~82n) 60zh(z+hY
P P o

8(1-v)(1-2v)((z+h)" +2F (z++h)-27?)

T (?+z+h)2

e [24(3—4\/) _ 6(z+h)(z(4v-15)-h(3-4v)) +84z(z+h)3]

5r° T’ re

B IS T —7 )

{30 42R2} 30(3-4v) 420zh
K= +
r r r r

24(1-v)(1-2v)(57* +4T (z+h)+(z+h)’)

r (T+z+h)4

+R( 2(3- 4v) 756z(z+h)j

re r
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- 5 7 =5

, _{_ 6V(rz_h)+ 6R2(rz_h)} . 6(vh+fz(l—v))

+7 +9

2
+6Ozh(z+h)+R2[32+h 14z(z+h) J
T T

T7

7 9 -7

- Z[BO(Z—h)_42R2(z—h)} L 30(h+4z(1-v))

=9

+
r +9 Fll

420zh(z+h) RZ[ 42(3z+h) 756z(z+h)2J
r

Tilts of the horizontal element
Vx = :Qy<F11+X2F12)

(7.6)
= QX(Fll + y2 Flz)

SIESIH

where

. {_s(z—h) 6R2(rf—h)} _6(3—4;_/5)(2—h)

,80zh(z+h) 8(1-v)(1-2v)(2r +2+h)
P (F+z+h)
Rz(]_Z_z_ 6(3-4v)(z+h) _84z(z+h)j

r’ r’ re

9 +7 +9

3 :[_ 30(z—h) 42R® (z—h)} N 30(3—4rv)(z—h) B 420zr;(z+ h)

r r

8(1-v)(1-2v)(87° +97 (z+h)+3(z+h)’)
P(T+z+ h)3

_R2{42(3—4v)(z+h)_%+ 756z(z+h)2]

T Fg Fll

In all formulas 1= X2+y2+(z—h)2, F:\/X2+y2+(z+h)2 . In Equations

(7.2)-(7.6), inferior index of “€” at square brackets means that these brackets
work only out of area V; and index of “/” means that these brackets work only in
area V. For crust v=1/4.

From Equation (7.1) for the sphere follows that in external potentials of
N,N,L,P monopoly approximations match exact values and they in an expli-
cit form do not include R radius. Radius of R is included obviously into external
potentials of Band B and we will receive monopoly approximation if in the
exact formula, we accept R =0. Therefore, we will receive monopoly approxi-
mation in Equations (7.2)-(7.6) if at calculations out of area Vin all functions
F, and the Equation (7.4), we accept R=0.

At the end of preparation before the earthquake
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V " :101A242M+4A534 m3 (7.7)

m

where M is magnitude of earthquake.

8. Heterogeneity in the Space

The solution of the problem on heterogeneity in space is based on use of the

Kelvin’s tensor.

kg =A[4(1-v)ns;—bg], si=123 (8.1)

Kelvin’s tensor, of course, contains in Mindlin’s tensor. We will receive Kel-
vin’s tensor, if we accept (ﬁ, 5, ﬁ,l_) =0 in Equation (3.2). Further, we will re-
ceive the solution of the problem for space if in all computations we replace m,;
with 4. In Equations (6.6)-(6.9) it is necessary to accept (N, B,L, IS) =0 andto
again receive Equations (7.2)-(7.6).
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