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Abstract 
The foundations of the mathematical structure of quantum theories of a mas-
sive particle are the basis of this analysis. It proves the coherence of the par-
ticle-wave duality of quantum theories and the principle of complementarity 
as well. Furthermore, the noncommutativity of Hermitian operators proves 
that quantum theories are inherently indeterministic. This feature does not 
deny the fact that the classical limit of quantum theories agrees with classical 
physics. It is also shown that the foundations of the mathematical structure of 
quantum theories impose constraints on any specific quantum theory. It is 
proved that the first-order Dirac theory is consistent with all constraints. In 
contrast, second-order theories, such as the Klein-Gordon, the electroweak 
theory of the W± and the Z particles, and the Higgs boson theory fail to do 
that. An analogous analysis proves that also the Majorana neutrino theory is 
inconsistent with fundamental requirements. Similarly, inconsistencies of 
Proca’s idea about a massive photon are shown. 
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1. Introduction 

Intuition is an element that affects human activity, and the physical research is 
not free of it. However, it is now recognized that well established experimental 
data and the associated theories are essential elements of physics. The present 
work examines the mathematical structure of quantum theories of a massive 
particle and derives several conclusions. In particular, it proves that the par-
ticle-wave attributes of a quantum particle are compatible elements of the theory. 
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In other words, the principle of complementarity is proved. Moreover, any 
problem with this issue stems from physically groundless human intuition. 

The laws of Newtonian Mechanics (NM) say that the state of a mechanical 
system at a specific time in the future is accurately determined by solutions of an 
appropriate system of differential equations. Here a unique solution is obtained 
provided accurate values of the initial conditions are known. (The problem 
called stability of solutions of differential equations [1] is beyond the scope of 
this work). Therefore, the size of inaccuracy stems from the current limitation of 
experimental devices. This situation improves with the progress of time. The 
plain meaning of this matter is that, in principle, the concept of determinism 
holds for cases where NM holds. However, one cannot be sure that determinism 
must hold for systems that NM fails to explain. A well-known example of this 
failure is a system of a proton and an electron. Here classical physics says that 
the electron accelerates, and the system emits electromagnetic radiation (see [2], 
pp. 175-176; [3], p. 657). This result is inconsistent with the stability of the 
ground state of the hydrogen atom. It can be concluded that it is not a priori 
clear whether the validity of the concept of determinism holds for systems where 
NM fails, like the ground state of the hydrogen atom. Indeed, it is proved below 
that the mathematical framework of quantum theories is a logically coherent 
structure that explains many effects that NM cannot explain. It turns out that 
quantum theories are incompatible with the concept of determinism. 

Further analysis of the elements of quantum theories proves that constraints 
are imposed on specific quantum theories that describe the behavior of elemen-
tary massive particles. The compatibility between these constraints and the Dirac 
equation is demonstrated. In contrast, it is proved that problems exist with the 
Klein-Gordon (KG) theory, the electroweak theory of the W± and the Z particles, 
the theory of the Higgs particle, the Majorana theory of the neutrino, and Pro-
ca’s idea of a massive photon. 

In summary, the paper proves these issues: the principle of complementarity 
of the particle-wave concepts; the inherent indeterminism of quantum theories 
and its compatibility with the deterministic feature of NM; the meaning of spe-
cific constraints that are imposed on any given quantum theory. 

Units where 1c= =  are used. Greek indices run from 0 to 3. Most formulas 
take the standard form of a relativistic covariant expression. The metric is di-
agonal and its entries are (1, −1, −1, −1). An upper dot denotes the time-derivative. 
In the above-mentioned units, there is just one kind of dimension, and an ap-
propriate power of the length [Ln] denotes the dimension of a physical quantity. 
The second section describes the principles used in the analysis. The third sec-
tion presents elements of quantum theories. The fourth section discusses con-
clusions that are derived from the issues that are mentioned in the previous sec-
tions. The last section summarizes this work. 

2. Principles Used in the Analysis 

Every physical theory must satisfy two general requirements: It must have a co-
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herent mathematical structure and it must adequately describe relevant experi-
mental data. Physics is already a mature science and several principles are re-
garded as correct elements that every theory must abide with. These principles 
yield some requirements that are used in this work. 

R.1) An acceptable physical theory is not expected to explain every phenome-
non but only the data that belongs to its domain of validity. For example, NM 
adequately explains cases where the particles’ velocity is much smaller than the 
speed of light, and quantum effects can be ignored. These limitations determine 
the validity domain of NM. This example illustrates a general principle where 
any given theory should have a domain of validity. 

If the domain of validity of theory TB contains all cases that are included in the 
domain of validity of theory TA then there are correspondence relationships be-
tween these theories. Here TB takes a higher hierarchical position with respect to 
TA. For example, in the case of relativistic classical mechanics (RCM) there is no 
limitation on the particles’ velocity. Hence, the domain of validity of this theory 
includes that of NM, because it also explains cases of small velocities that can be 
explained by NM. It means that RCM takes a higher hierarchical status with re-
spect to NM. However, the meaning of a lower rank theory should not be unde-
restimated because it imposes requirements on the higher rank theory: An ap-
propriate limit of expressions of the higher rank theory should agree with cor-
responding expressions of the lower rank theory. For example, the relativistic 
expression for the energy of a moving particle is  

 
2

,
1

m

v
=

−
                             (1) 

where m denotes the particle’s mass and v is its velocity. If 1v  then (1) takes 
the form  

 2 2m mv= +                           (2) 

(see [2], p. 27). The second term of (2) is the NM expression for the kinetic 
energy of a moving particle. 

This work uses the correspondence between Quantum Field Theory (QFT), 
Relativistic Quantum Mechanics (RQM), Quantum Mechanics (QM), and NM. 
The correspondence between QM and NM is proved in many textbooks. For 
example, “classical mechanics must therefore be a limiting case of quantum me-
chanics.” (see [4], p. 84; [5], pp. 25-27, 137, 138). The correspondence between 
QFT and QM is stated in a well-known textbook: “First, some good news: quan-
tum field theory is based on the same quantum mechanics that was invented by 
Schroedinger, Heisenberg, Pauli, Born, and others in 1925-26, and has been used 
ever since in atomic, molecular, nuclear and condensed matter physics” (see [6], 
p. 49). 

Figure 1 illustrates the relationships between the above mentioned 4 theories. 
Indeed, contrary to NM, QM explains data of microscopic effects like electronic 
states of atoms, etc. The relativistic covariant structure of RQM explains data  
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Figure 1. Hierarchical relationships between 4 theories. (See text. The meaning of the 
acronyms is explained in the second paragraph of the introduction and in the paragraph 
that begins below (2)). 
 
that QM cannot explain. QFT explains data that RQM cannot explain. For ex-
ample, experiments prove that the proton contains three valence quarks and the 
probability of additional quark-antiquark pairs [7] [8] [9] [10]. Hence, the prob-
lem of the proton structure is outside the RQM domain of validity, because 
RQM applies to systems where the number of particles is well-defined. 

Another example of the correspondence between physical theories connects 
RQM and RCM. Figure 2 illustrates these relationships. 

R.2) The variational principle is regarded as a fundamental element of the 
structure of a quantum theory. Here the variation applies to the action  

 ( ) ( )4
,d , ,S x µψ ψ ψ= ∫                         (3) 

where ψ  is a quantum function and ( ),, µψ ψ  is a Lagrangian density. The 
symbol ψ  is a shorthand notation of ( )xψ , where x denotes the four 
space-time coordinates. For example, a well-known textbook supports this ap-
proach and states: “all field theories used in current theories of elementary par-
ticles have Lagrangians of this form” (see [6], p. 300). Here the action S and the 
Lagrangian density   are mathematically real Lorentz scalars. These attributes 
are used below. 

This form of the Lagrangian density does not explicitly depend on the space-time 
coordinates. Hence, the Noether theorem proves that the theory conserves energy, 
momentum, and angular momentum (see [11], pp. 17-19). This result provides 
strong support for using this form of the variational principle as a fundamental 
element of a quantum theory. 

R.3) The de Broglie principle states that a quantum particle has wave proper-
ties, and the wavelength of a free quantum particle is related to its momentum. 
Thus, the phase of such a wave is  

 ( )e .i tω⋅ −Φ = k x                            (4) 

Here k  takes the value of the particle’s momentum p , and ω  is its energy 
(see [4], pp. 119, 120; [5], p. 3). 

3. Elements of the Structure of a Quantum Theory 

Let us begin with the Dirac theory of an electrically charged elementary particle. 
The Lagrangian density of this particle is  

 ( ) ,D i eA mµ
µ µψ γ ψ = ∂ − −                    (5) 

where the relation † 0ψ ψ γ=  is used, µγ  are the standard Dirac matrices (see 
[12], p. 17), and ( ),A Vµ = A  denote the electromagnetic 4-potential (see [11], 
p. 84, [13], p. 78). The term that contains Aµ  is the interaction term of a 
charged Dirac particle. 
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Figure 2. Hierarchical relationships between 3 theories. (see text. The meaning of the 
acronyms is explained in the paragraph that begins above (1) and below (2)). 
 

The Hamiltonian density is a significant element of the theory. The Legendre 
transformation of (5) yields the Dirac Hamiltonian density  

 ( )† ,D i e m eπψ ψ β φ ψ= − = ⋅ − − + +  A  α ∇            (6) 

where ,βα  are the ordinary Dirac matrices (see [11], p. 87). Here ψ  is the 
generalized coordinate and †iψ  is its conjugate momentum (see [13], p. 52). 
The product †ψ ψ  of (6) is the Dirac density (see [12], p. 9), and the quantities 
inside the square brackets compose the Dirac Hamiltonian operator (see [12], p. 
11). 

An important property of the Dirac Hamiltonian density (6) is that  

 2† 0.ψ ψ ψ= ≥                          (7) 

It means that the functions ψ  can be used for the construction of a Hilbert 
space (see [6], pp. 49, 50). This space indicates that the Dirac theory yields ma-
thematically real quantities provided operators like †Ôψ ψ  of this Hilbert space 
are Hermitian. It is proved in Section 2 that the action should be a mathemati-
cally real quantity. In the case of the Dirac theory, this requirement is satisfied if 
the Hamiltonian density (6) is Hermitian. This issue is regarded as the standard 
structure of quantum theories (see [6], pp. 49, 50; [14], pp. 144-150). 

It is proved in textbooks that a solution of a free Dirac particle takes the re-
quired form of the de Broglie wave (4) (see e.g. [12], p. 28). 

Let us examine the correspondence between quantum theories and NM. In 
NM, the energy of a closed system is a well-defined quantity. Therefore, the cor-
respondence principle 1 means that quantum theories must have an expression 
for energy and that the appropriate limit of this expression should agree with the 
NM expression for energy. The Dirac Hamiltonian of (6) satisfies this require-
ment. Indeed, the non-relativistic limit of the Dirac equation agrees with the 
Schroedinger equation [15], and the classical limit of the Schroedinger equation 
corresponds to NM (see [4], p. 84; [5], pp. 25-27, 137, 138). Hence, the Dirac 
Hamiltonian is an essential element of the theory, because it shows the compati-
bility of this theory with the required correspondence between quantum theories 
and NM, which is illustrated in Figure 1. 

4. Discussion 

This section shows that the concepts described in Sections 2, 3 yield coherent 
quantum theory as well as constraints that apply to specific versions of QFT. 

A) The particle-wave duality.  
PW.1) Landau and Lifshitz prove that in RCM an elementary particle is point-

like: “In other words, within the framework of classical theory elementary par-
ticles must be treated as points.” (see [2], pp. 46, 47). 
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The correspondence between QFT and RCM, which is illustrated in Figure 2 
entails that the quantum theories of an elementary particle should also have this 
attribute. It turns out that the general form of the Lagrangian density (3) de-
scribes a pointlike particle. Indeed, ( )xψ  of (3) depends on the four space-time 
coordinates. Hence, it can describe the probability of finding the particle at x, 
but it cannot describe how the structure of a finite particle is distributed at the 
vicinity of x, namely at points x xδ+ . For example, the π +  meson is not an 
elementary particle, but a ud  quark-antiquark bound state (see [16], p. 40). 
Hence, its quantum function takes the form ( )1 2, , tψ x x , where 1 2,x x  denote 
the ud  coordinates, respectively. Evidently, ( )xψ  depends on four indepen-
dent variables, whereas ( )1 2, , tψ x x  depends on seven independent variables. 

These theoretical results have very strong experimental support. For example, 
the electron is an elementary Dirac particle, and experiments find a very small 
upper bound of its size 2010 cmer

−<  [17]. On the other hand, the π +  charge 
radius is 0.66 fmr

π + =  [18]. This value is larger than the upper bound of the 
electron’s radius by 7 orders of magnitudes. 

PW.2) Let us examine the ground state of the hydrogen atom. Here the Dirac 
equation “was validated by accounting for the fine details of the hydrogen spec-
trum in a completely rigorous way” [15]. The calculation of the hydrogen atom 
ground state energy takes this general form  

 † 3ˆ d ,E H rψ ψ= ∫                         (8) 

where ( ), ,x y zψ ψ=  is the ground state wave function and Ĥ  denotes all 
terms of the Hamiltonian (6). The interaction energy depends on the electro-
magnetic potential. This quantity is stronger at points where the electron-proton 
distance is short and weaker for points where this distance is long. Expression (8) 
means that it regards a situation where the electron exists simultaneously at all 
points of the integration region. This kind of calculation is a vital element of the 
theory because it proves energy conservations of transitions between atomic 
states. 

Conclusion: The success of the Dirac theory of the electron and the integral (8) 
mean that in a quantum theory, the electron simultaneously exists at all points of 
the spatial region where the integral is calculated. This property pertains to the 
wave features of a quantum particle. 

PW.3) Item PW.1 shows that a quantum particle is pointlike. On the other 
hand, item PW.2 shows that at any given instant, a quantum particle is spread 
over a spatial region, which means that it has wave-like attributes. Here is an ex-
planation of the logical coexistence of these concepts. 

Examples of classical waves, like a wave in a pond or a sound wave, are a ma-
nifestation of the motion of elements of a medium. Here the system’s energy is 
distributed throughout a quite large spatial region of the medium. Hence, people 
who adhere to concepts of classical physics may regard the pointlike and the 
wave properties of a quantum particle as a contradiction. However, this conclu-
sion is unjustified. Indeed, the scientific foundation of the wave phenomenon re-
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lies not on its human interpretation but on the mathematical structure of the 
wave equation. In the case of constant velocity v, the form of this equation is  

 
2

2
2 2

1 ,
v t

φφ ∂
∇ =

∂
                        (9) 

(see [19], p. 5). This equation depends on the velocity v, and it is independent of 
any medium. In classical physics, properties of the medium determine v, and in 
a quantum theory, v is determined by the de Broglie expression (4). Furthermore, 
it is shown above that the quantum function ( )xψ  describes a pointlike par-
ticle, and it satisfies the wave equation as well. These arguments explain why the 
particle-wave properties of a quantum particle are consistent elements of quan-
tum theories. 

This outcome has strong experimental support. Take for example the 
double-slit interference experiment [20]. Here an appropriate beam of electrons 
(or another kind of a quantum particle) is split into two sub-beams that pass 
through two slits and produce an interference pattern on a screen. Each electron 
behaves as a wave that exists at the two spatially distinct regions of the 
sub-beams. Later, the interference pattern is generated as an assembly of distinct 
dots, where each of which results from a single electron that hits the screen. Here 
the interference pattern describes the wave property, and each dot describes the 
particle property. 

A classical wave depends on a medium by means of which the wave pheno-
menon is manifested. Here the energy of the process is distributed throughout 
an appropriate portion of the medium. This effect looks contradictory to the par-
ticle concept. However, it is explained above why the independence of the wave 
equation (9) on the existence of a medium enables reconciliation between the 
particle and the wave notions of quantum theories. This conclusion is mentioned in 
textbooks. For example: “Bohr, who was guided by the empirical fact of the dual 
nature of matter, has elevated this program to a principle of complementarity. 
According to this principle, wave and particle nature are considered comple-
mentary aspects of matter, both equally essential for a full description of the 
phenomena” (see [14], p. 7). It is shown above that the medium-independence 
of the wave equation (9) proves the principle of complementarity. 

B) The quantum uncertainty principle. 
UNC.1) It is explained in Section 3 why the Hermitian operator of the Ha-

miltonian represents the system’s energy. The correspondence principle which is 
depicted in Figure 1 means that the appropriate limit of other quantities of a 
quantum theory should agree with corresponding quantities that are determined 
by classical physics. These quantities take mathematically real values. Hence, like 
in the Hamiltonian’s case, the value of a dynamical variable of a quantum par-
ticle should be derived from a Hermitian operator (see [6], pp. 49, 50). 

A mathematical property of Hermitian operators is that not every two Hermi-
tian operators commute. As an example, let us examine the commutation rela-
tions of the x coordinate and its conjugate momentum. These relations and the 
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associated uncertainty are  

 1.x x xxp p x i x p− = → ∆ ∆ ≥                      (10) 

(see [4], p. 87). These relations are well documented in textbooks: “The Heisen-
berg uncertainty relation is thus seen to be a direct consequence of the non-
commutativity of the position and the momentum operators” (see [14], p. 160). 

The theory’s relativistic covariant form yields the corresponding energy-time 
uncertainty relations, where the Hamiltonian H is the energy operator. Here the 
Hamiltonian and the time operators do not commute, because i t H∂ ∂ = . 
Hence, one obtains  

 1.Ht tH i E t− = → ∆ ∆ ≥                       (11) 

UNC.2) The uncertainty relations between quantum operators means that the 
determinism of classical physics does not hold in quantum theories. The follow-
ing argument proves the indeterministic aspect of quantum theories. 

Consider a classical theory of a system of n elementary particles that relies on 
a given Lagrangian  

 ( ), ,i iL q q t                             (12) 

(see e.g. [21], p. 35; [22], p. 2). This Lagrangian depends on the particles’ coor-
dinates, their time-derivatives, and the time. The Legendre transformation casts 
this Lagrangian into the Hamiltonian formalism, where the theory is derived 
from  

 ( ), ,i iH q p t                            (13) 

(see e.g. [21], p. 337; [22], p. 131). This Hamiltonian depends on the coordinates, 
their conjugate momenta, and the time. The theory based on the Lagrangian (12) 
is equivalent to the theory that is based on the Hamiltonian (13). 

In the case of a closed system, the deterministic attribute of classical physics 
says that if the initial values of the coordinates and the momenta are accurately 
given at time t0 then the theory provides accurate values of the state of the sys-
tem at any given time t. 

Evidently, this goal cannot be achieved in quantum mechanics, simply be-
cause the coordinate-momentum uncertainty relation (11) prevents an accurate 
determination of these variables at any given instant. It means that quantum 
theories should be base on different principles, and they cannot follow the de-
terministic solutions of (13). However, the correspondence principle that is de-
scribed in Section 2 proves the logical compatibility of quantum theories with 
NM. 

UNC.3) Experiments provide convincing results of the validity of the ener-
gy-time uncertainty relations (11). Thus, it is explained in a textbook that a 
well-defined energy “conforms with the uncertainty relation E t∆ ∆ >  , which 
implies that a quantum state with a precise energy ( 0E∆ = ) is possible only if 
there is unlimited time available to determine that energy. Stationary states are 
of such a nature in view of the constancy of ψ  in time” (see [14], p. 46). 
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Data of the proton and the ( )1232∆  baryon illustrate this issue. Thus, the 
proton is a stable particle and the experimental uncertainty of its mass is 

6 eVm∆ <  [18]. This quantity reflects an inaccuracy that stems from the limita-
tions of the present experimental technology. In principle, the accuracy of mea-
surements of the proton mass improves with the progress of time. In contrast, 
the ( )1232++∆  baryon decays rapidly due to a strong interaction process. The 
energy-width of the graph that depicts its creation in a pπ +  collision is about 
117 MeV (see [16], p. 134 and [18]). This energy-width stems from the ener-
gy-time uncertainty relation, and it is larger than the proton’s value by 7 orders 
of magnitude. A quite large width is also found for other particles whose decay is 
a strong interaction process, like the ( )770ρ  and the ( )782ω  mesons, etc. 
(see [18]). 

Conclusion: appropriate experiments systematically demonstrate the validity 
of the uncertainty principle. 

C) Here are some other conclusions that are derived from the principles of 
Sections 2, 3. 

RES.1) The energy uncertainty property of a quantum particle explains the 
classically forbidden effect, where a particle tunnels through a potential barrier 
that is higher than its energy (see [14], pp. 74, 75). Well-known effects, like the 
nuclear α  decay, the nuclear fusion, and modern electronic devices are based 
on this phenomenon [23]. 

RES.2) The Schroedinger QM theory and the correspondence principle that is 
depicted in Figure 1 impose strong restrictions on the acceptability of quantum 
theories. Thus, QM proves that the probability of a quantum particle is  

 * * 3d 1,xρ ψ ψ ψ ψ= → =∫                     (14) 

where ψ  is a normalized function (see [14], p. 37). It means that the dimen-
sion of the Schroedinger function ψ  is [L−3/2]. 

Dimension is a discrete quantity and it does not change in a limit process. 
Hence, the correspondence principle says that a quantum function that is treated 
by QFT should also have this dimension. In the units used herein 1c= = , and 
the action is dimensionless. Hence, the dimension of the QFT Lagrangian densi-
ty (3) is [L−4]. The Dirac Lagrangian density (5) has a term mψψ . Mass and 
energy have the dimension [L−1]. It follows that the dimension of the Dirac func-
tion ψ  is [L−3/2]. This value is consistent with the value of the Schroedinger 
function, which is derived from (14). It means that the Dirac theory satisfies this 
aspect of the correspondence principle. In contrast, a Lagrangian density that 
contains a term like 2m φ φ†  proves that the dimension of the quantum function 
φ  is [L−1]. This is a violation of the correspondence principle. This argument 
proves that the theories of the KG particle (see [13], p. 16), the electroweak 
theory of the W± and the Z particles (see [24], p. 518), and that of the Higgs bo-
son (see [13], p. 715), are inherently wrong. The same is true with the Proca’s 
theory of a massive photon (see e.g. [3], pp. 597-601). The recent data of the up-
per bound of the photon’s mass is 1810 eVm −<  [18]. This upper bound is 
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smaller than the electronic mass by a factor of about 24 orders of magnitudes. 
Therefore, experiments refute Proca’s idea about a massive photon. 

RES.3) The Schroedinger theory takes a mathematically complex form. Hence, 
the correspondence principle says that theories of a massive particle that take a 
mathematically real form are unacceptable. This argument applies to the real KG 
particle, the Z boson, the Higgs boson, the Majorana neutrino, and the Proca’s 
idea of a massive photon. 

5. Summary 

The correspondence principle, the variational principle, and the de Broglie par-
ticle-wave relations are used for the construction of quantum theories of a mas-
sive particle. It is proved that the point-like attribute of an elementary quantum 
particle is compatible with its wave attribute. In other words, the principle of 
complementarity is proved. It is also clarified why the mathematical property of 
noncommutativity of Hermitian operators, like those of the position and the 
momentum, is the reason for the intrinsic indeterminism of quantum theories. It 
is also explained why this issue is consistent with the deterministic concept of 
classical mechanics. 

The correspondence between QFT and the Schroedinger nonrelativistic theory 
(see [6], p. 300) imposes constraints on the mathematical structure of any spe-
cific QFT of a massive particle. A proof shows that the first-order Dirac’s theory 
of a spin-1/2 massive particle meets these requirements. In contrast, second-order 
quantum theories, like the KG theory, the electroweak theory of the W± and the 
Z particles, the Higgs boson theory, and the Majorana theory of the neutrino, are 
inconsistent with the above mentioned basic requirements. The paper proves the 
inconsistency of Proca’s idea of a massive photon. The mathematically complex 
form of the Schroedinger theory yields analogous results. 
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