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Abstract

In this paper, we study the existence and uniqueness of strong solution of a
regularized model of the motion of a 3D nonlinear-viscous fluid with delay in
the locally Lipschitz case, and further study the asymptotic behavior of solu-
tion.
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1. Problem Building

In [1], the author introduced and studied the following regularized model of a

nonlinear-viscous fluid motion:
(2—?+D€(u)—vAu+B(u)+Vp:f(x,t), V-u=0. (1)

In many cases, we control the system by applying an external force [2]. This
external force not only takes into account the current state of the system, but al-
so considers the previous state, so the model can be better described [3] [4]. In
this article we focus on the cases with time delay. Let QeR’ be a bounded
open set with regular boundary I', then consider a regularized model of the
motion of a nonlinear viscous on () with homogeneous Dirichlet boundary

conditions.
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Z—’Z+D (u)—vAu+B(u)+Vp =G(tu(t—p(t))), (0,+0)xQ,
V.u=0, (0,+0)x €,

u=0, (0,400)xT" 2)
u(z’,x):uo (x), xeQ,
u(t,x)=¢(t-7,x), T—h,7)xQ.

where v >0 is the viscosity coefficient and & is a positive constant. The un-
known vector function u(x,t) = (u1 (x,t),u2 (x,t),u3 (x,t)) represents the ve-
locity of the fluid, 7 €R is an initial time and #° indicates the initial velocity
of the fluid. In addition, G(t,u(t— p(t))) is an external force term that de-
pends on u(t —p(t)) , where p(¢)>0 is a delay function. When />0
p(t)<h arefixed, ¢ isa given velocity field defined at (—A,0). The function
pis the pressure and (p,1), = jgp(x,t)dx =0. D, (u) is similar to the inertia
term, denoted as

ux(Vxu)

D, (u) =iV[ln(l+g|u|2 )]—

here we denote by B(u)= —V~(2y([2 (u))E(u)) » and the tensor ¢, is related

to u, Le.

1+5|u|2

1{ Ou. Gu/ X 2,
g\u)==| —+—1|, Liu)=E:E=) & (u).
j() 2[6)6]. 8xiJ 2() lzj:/()

Suppose 1, (u)=s, u(s) satisfies the condition

1) 0<m <u(s)<m, <o, u(s)eC.1f 1 (s)<0,then —su'(s)< u(s);

2) s|,u'(s)|£,u(s), Vs €(0,+0);

3) There is a positive constant g, such that s|y'(s)| <qu(s), Vse(0,+»),
1 | m

<— .
1 2\ mya

First, we introduce some basic knowledge of the Sobolev space in [5] [6]. Let
H :(L2 (Q))3, v :(H(l) (Q)>3. H' and V' are the dual spaces of H and V;
so we obtain V<« H=H'cV'. Using ||2 and (--) to represent norm and
inner product on H. We get (u,v)= Iﬂuvdx , Yu,veH . Using || and
((,)) to represent norm and inner product on V. We get
((u,v))szVu'Vvdx, Vu,veV. D(4)= Vﬂ(HZ(Q))3 is the domain of A.
Forany ueD(A), Au=-PAu isa Stokes operator.

Ae L(V,V')ﬂE(Vﬂ(Hz (Q))3 ,H) represents the continuous linear operator
defined as follows: (Au,¢)=(Vu,V§), Vu,peV .

In addition, we assume G:RxH — H issuch that

(A) forany ueH, G(-u):R—> H ismeasurable,

(A,) there exists a nonnegative function ge L. (R) for some 1< p<+o,
and a nondecreasing function L:(O,oo)—)(O,oo), such that for all R >0, if
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,5[Vl, £ R, then |Gtu|2<g |u|z+f , VteR,
(A4;) there exists a nonnegative function f eL,OC(]R), such that for any
u € H , we obtain |G tu |2<g |u|2+f t), VteR.

|u

, 1 1
Finally, we assume ¢e L*” (—h,O;H), u’ € H, where —+—=1. In this
p

case, we consider the delay function peC'(R), such that 0< p(¢)<#, and
there exists a constant p, satisfying p'(¢)< p. <1, VieR.

2. Asymptotic Behavior of the Solution

Proposition 2.1. [1]

(B(u),u) > 2min a(s) " = 3

§>0

B

where [ = 2m>1§1|y(s)| And
(B(u)—B(v),u—v)Z C"u—v”2 s

(D () =D, (v).u=v) < flu Ay e+ ||u|| =l

It is easy to prove the following proposition by using the proof method of
Theorem 4 in [7].

Proposition 2.2. For any ue D(A)N\V , there exists a constant [, >0,
such that

(B(u),Au) = p, |Au|z
Definition 2.1. Let 7eR, u°cH and sz'(—h,O;H) be given. A weak
solution of (2) is a function
ue L’ (-h,0; H)NL (7, TV )N L* (,T; H),

forall T > 7, such that

%+D€ (u)—vAu+B(u)+VP: G(t,u(t—p(t))),
u(1)=u0,

u(t):¢(t—z'), te(z’—h,r).

Remark: If uis a weak solution of the (2) and we suppose g(t) =gof! (t) ,
where 6: [r,+oo] - [z’ - p(z’),+oo) is differentiable and strictly increasing
function given by 6(s)=s-p(s), we obtain

jT‘G tu( t—p(t)))E ds

<[g(Ofuls |dr+ff
1 TpT -
1

1 P

LTP g(1)u(r) |dt+j:f(t)dt
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Soforall 7>r,taking gel’(r—p(r).T), we get
G(Z,u(r —p(t))) e I’ (z,T; H) . Obviously, it is easy to prove a %e (o, TV,
ue C([T,+OO); H) , and satisfies the energy equality, for all 7<s<17,

|u(t)|§—|u( |+2(V+ﬂ1 " dr—2_[( ( (r—p(r))),u(r))dr.

Theorem 2.1. In the case of satisfying (A,)-(A4,), assume that T € R, WeH
and ¢e L’ (=h,0;H) are given. We get
1) there exists a unique weak solution u of (2) which is, in fact, a strong solu-

tion in the sense that
ueC([c+n.T;V)NL (r+0,T;D(4)), YT -7>n>0.
2) if u® eV, we obtain
ueC([r.,T:V)NL (2,T:D(4)), VT >z
Proof: It is similar to the proof method of Theorem 3.1 in [8]. Combining
Proposition 2.1 and Proposition 2.2, the Galerkin method can be used to prove
the existence and uniqueness of the solution in (2). Since this method is standard,

it is omitted here.
Theorem 2.2. In the case where g e L” (R) satisfies (A,;)-(A,), we assume

R(v+B) (1-p)>lgl, .
where | ch = || g" (") When n >0, we define a unique solution that satisfies

lgl,e"
Lv+pB)(1-p.)
for any (u°,¢) € HxL*(~h,0;H) and t <R . The solution is u(t;r,u°,¢) of

(2) that satisfies
\uw«fniﬁ(iuwzwf'ﬂ e e

+—| e” f ds, Vix>r.
A (V +5,) j
In particular, if _[ e™ )ds <o, weget u(t;r,u0,¢) —>0 when t— +o.
Proof: We denote u(l) (t; T,u0,¢) is the solution of (2), where the initial
values are 7, u’ and ¢. Multiplying (2), by u and integrating it on Q, it

(3)

77_}‘1(V+ﬂ1)+

yields
_a|u|§ +(V+ﬂ])||u||2 z(G(t,u(t—p(t))),u). (4)
So

§t (e”’ |u| ) ne’ |u|§ -2(v+p)e" "u(t)”2 +2e" (G(t,u(t—p(t))),u).

Using Young inequality and Pacaré inequality, we obtain

DOI: 10.4236/0alib.1105908

4 Open Access Library Journal


https://doi.org/10.4236/oalib.1105908

D.Yi, C.S. Zhu

d
dr

©)

e W) =LA v+ ) e ol + —+me"'

for all #>17,wehave

J: e™ ‘G(t,u(t—p(t)))‘z ds<|g], Lt e™ |u

and

(s=p(s)) ds+['e” s (s)ds.  (6)

Lte’” u(s —p(s))E ds
nh . h .
S ke O s e o e ?

#(s). ds.

0
s
e’7

2 e
u(s)|2 ds + -

Therefore, integrating (5) on [7,], we get

u(z),
S[r]—ﬂq(v+ﬂl ]J.te'”|u s |2ds+J.:e'”f(s)ds

1 s 2 "(h”)ons 2
e ( ST ¢(s)|2ds].

Combining (3), for all 7> 17, we obtain
2 n(z-t)
(s)|2 dsJe
+
A (V +4)

Theorem 2.3. In the case where g e L” (R) satisfies (A,;)-(A,), we assume

Z(v+p) (1-p.)>el,.

where | gLC = || g" 1 (®)" When n >0, we define a unique solution that satisfies

e |u (t)E —e”

‘u(t;r,uo,gé)j <

02 |g|ao 0 ns
ﬂ” |2+ﬂ1<v+ﬁ)(l— *)L’e !
fents

I el "
ey A VA e e ®

for any (u°,¢) eVxI? (—h,O;V) and 7 eR. The solution u(t;z’,uo,¢) of (2)

satisfies

lu(ieato)f < [||u°||2 e

n+

o(s)): ds]e”(“)

e ‘
+—)J.r ™ f(s)ds, Vixrt.

A (V +5,
In particular, if .[:je"sf(s)ds <o, we have u(t;r,u°,¢) —0 when
t —> +0.
Proof: We denote u(r)= u(t;r,uo,qﬁ) is the solution of (2), where the initial
values are 7, u’ and ¢.Multiplying (2), by Au,and integrating it on Q, it
yields
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%%”u"z +V|Au|z +(B(u),Au)+(Dg (u),Au) = (G(t,u(t—p(t))),Au). 9

Due to

Vu
D (u), Au)=[ 2 Audx < V- Auldx
(9.0 0)= 3t e e

v+ﬂ2 |A |

<l sl

Combining Proposition 2.2, we get
d

3
S W)+ 20 p)er

< {77 +m} e ul +2¢™ (G(t,u(t—p(t))),Au).

According to Young inequality and Pacaré inequality, we obtain

d t 2 1 0t 2
(e bl)2| ey -A ) el

2

e"’G(t,u(t—p(t))) y

2

10)
1

+A@+@ﬂ

Therefore, combining (6) and (7), integrating (10) on [z,7], we get

(o)
S{n+5quﬁj—ﬂKV+ﬁﬁ}f¥S

e Ju(f

u(s)||2 ds+

Tl

h ) n(h+7) 0 5
+ﬁq(v+ﬂ |g|w[ . L e u(s)" ds+j_p* I_heﬂf ¢(s)|2 dsJ

from (8), for all ¢ > 7, we obtain

b
(ot )J_‘L

T

oo
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