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Abstract

For importance of the trigonometric integrals, we have in this paper finding a
series of power, some of trigonometric functions that did not exist before in
the first section. As shown in the Section two, where, the integration of tri-
gonometric function with power n has been achieved and approved, this re-
sult is considered as the first achievement. while in the third section we find
integrals for multiplying of trigonometric functions with powers n and m.
Finally, in Section 4, we find series of power of hyperbolic functions, integrals
of hyperbolic functions with powers n and integrals for multiplying of
hyperbolic functions with powers n and m.
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1. Introduction

We follow the terminology of [1] [2] [3]. The Trigonometry had resulted from
the continuous interaction between mathematics and astronomy, and this re-
mained the special relationship between trigonometry and astronomy until the
third century AD, when it began to disconnect Nasir al-Din al-Tusi (1201-1274)
AD. In the middle of the seventeenth century when calculus has been developed
by Issac Newton and that is done by inventing new form and relationship be-
tween mathematics and physical phenomena, moreover. Newton’s work proved
many functions as a series of infinity. with respect xand then Newton obtained

series since x and similar series of cosine of xas well as tangent x with the inven-
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tion of calculus, and re-considered the trigonometric functions where still play an
important role in both pure and applied mathematics analysis [4] [5].
Theorem 1.1 [6]: Forall ke N, then:

1) sin® (x )_(2222 > )"1(2k_11]sin(2k—2n+1)x,

n—

) sin2k<x>=27[2kj LIS (7 jcos(Zk—Zn)x.

n=0

k 2k -1
3) cos®™*(x)= 22“ (n 1]cos 2k —2n+1)x

2k
4) cos®™(x)= > ( ] 221k — Z[ jcos(Zk 2n)x #
Theorem 1.2: Forall k e N, then:

(1) tan*"(x) (1.2.1)

M=

tan®* (x) = (—1)k +sec? (x)

Il
uN

n

tanZk*l(x):(—l)ktan(x)+sec2(x)2i:( )™ an* 2 (x) (1.2.2)

n

cot? (x) = (~1)* + osc? (x) 3 (<1)" cot? 2 (x) (1.23)

=1

cot?*(x) = (1)  cot(x)+csc? (x) Y (-1)"F cot* ™ (x)  (1.2.4)

n=1

>

Proof:
1) We use mathematical inductionon &, k >1.
For k =1, we find by direct:

tan® (x) = —1+sec? ().
For k=2, then
tan“(x)ztanz(x)(—1+5ecz(x))
=1-sec? (x)+tan®(x)sec’ (x)
=1+sec’ (x)(tan’ (x)-1)
(1) sec? () 20" tan (1)

We assume that (1.2.1) is true for k=m, M21 and prove that is true for
K=m+1.

tan”™ (x) = tan®™ (x)- tan? (x) = —tan®™ (x) + tan®™ (x)sec? (x)
For hypotheses induction, we get:

tan 2(m+1) (X)

- _[(—1)m +sec? (x)nzr:;(—l)"+1 tan2m-2" (x)} +sec? (x)tan®" (x)
= (1) sec? () S (<1) " tan? ™ (x)

n=1
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Therefore, the relation is true forall &, k>1.
2) Also use mathematical induction on & k >1.
For k=1, we find that:

tans(x):tan(x)(—1+sec2(x)):—tan(x)+tan(x)sec2(x)
For k=2, then
tan® (x) = tan® (x)(~1+sec® (x))
=—tan®(x) + tan®(x)sec’ ()
= tan (x)—sec? (x)tan (x) +sec? (x)tan® ()
= tan (x) +sec” (x)(tan® (x) - tan (x))
= (—1) tan (x)+sec’ (x) (—1)n+l tan®~*" (x)

We assume that (1.2.2) is true for k=m, M21 and prove that is true for
K=m+1.

tan2(M+ (x) = tan®™*(x)-tan® (x) = —tan*™** (x) + tan®™** (x)sec’ ()

M~

I
5N

n

For hypotheses induction, we get:
tan 2(m+1)+1 ( X)

= —|:(_l)m tan(x)+ sec? (x) Zm:(_l)ml tan2m-2m (X):l +5ec ( )tan2m+1 (x)

n=1

m+1
= (=1)"" tan (x)+sec? (x) 3. (-1)"" tan*m V2" (x)

n-1
Therefore, the relation is true for all 5, k>1.
3) We can prove it with the same method.

4) We can prove it with the same method. #
Theorem 1.3; Forall k € N, then:

2k 2 k-1 2n
sec® (x) =sec®(x) ( . Jtan (x). (1.3.1)
2k 2 k-1 2
csc? (x) = csc? () ( . ]cot”(x). (1.3.2)
Proof:
k-1 k-1
sec? (x) = sec? (x)-(sec2 (x)) =sec? (x)~(1+ tan? (x))
1) , K1k 1 . (by binomial
=sec (X)HZO( 0 tan®" (x)
theory).
csc? (x) = csc? () (cscz(x))k = csc? (x) (1+cot2(x))
2) K1k 1 (by binomial
=csc? () ( jcotz"(x)
n=0 n
theory).

2. The Integration of Trigonometric Function Power

In this section, we find the integrations of power of function trigonometric
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Theorem 2.1: Forall K€N , then:

[Zk 1]
-1 k
1) fsinz"’l(x)dx— sz - HZ:; T cos(2k —2n+1)x+c

2) [sin* x)olx_22k (Zk]“(_l)k E(_l)n(znk]sin(zk—zn)xm

k 2%l &= 2k —2n

[Zk 1)
3) J‘cosz"‘l x)dx 22“22k o sm(2k—2n+1)x+c.

2kj
4) [cos®™ (x)dx = o7 (ij 22“2 [ sin(2k —2n)x+c. #

2k —2n

Proof: Directed from Theorem (1.1). #
Theorem 2.2: For all k e N, then:
K (_1)n+l

K k
) J.tanz (X)dX:(—l) X"rn:lm

anZk—2n+l (X) +c.

2) [tan®**(x)dx = (-1) k+lIn|cos X)|+ y &tanz'””*z(xﬁc
n=1 2k —2n+2

3) jcotZk (x)dx = (—l)k X+ Zk:icotz“’zn+1 (x)+c.

mm2k—2n+1

K _ n
4) fCOtZk*l (x)dx = (-1)" In |sin (x)| + 2, 2k( 2r)1 " cot®™ "% (x) +¢

fsec = n tan®™* (x)+c
n=0 2n+1
k-1

) fcscz“(x)dx——kf1 N/ ot (x) +c
& on+l

Proof: Directed from Theorem (1.2) and Theorem (1.3). #
Lemma 2.3: Forall k e N, then:

jsec”‘” (x)dx = i[seczIH (x)tan(x)+(2k —1)Isecz"’1 (x)dx}

2k
Proof: [sec’"*(x)dx = [sec™*(x)sec? (x)dx
Using integration by parts:
Let U=sec”(x), then du=(2k-1)sec?*(x)tan(x)dx
dv =sec® (x)dx, then v =tan(x)
. [sec (x) dx
=sec™ ™ (x)tan(x)—(2k —1).fsecz"‘1(x)tan2 (x)dx
=sec™ ™ (x)tan (x) - (2k —1) [ sec”** (x)(sec” (x) —1) dx

= sec”™* (x)tan (x) - (2k —1) [sec™** (x) dx + (2k —1) [ sec™* (x) dx
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2kJ'sec2k+l (x)dx =sec™*(x)tan(x)+(2k —1)]5902“1 (x)dx.
Hence

jsec”‘” (x)dx = i[secz"‘1 (x)tan(x)+(2k —1)Isecz'“1 (x)dx} #

2k
Note: From clearly that:
[sec® (x)dx :%[sec(x)tan(x)+In|sec(x)+tan(x)”+c.

Theorem 2.4: For all k € N, then:

k-1

(2i+1) 1
jsecz"”( Jdx =L —— In|sec +tan(x)|+xsec2"‘l(x)tan(x)

Proof: Since
2k+1 _ 1 2k-1 2k-1
jsec (x )dx—ﬁ[sec (x)tan(x)+(2k —1)J'sec (x)dx}

(by Lemma 2.3). Then

[sec?*(x)dx = 2k1 > [secz"’3 (x)tan(x)+(2k —3) [sec** (x)dx]

and J‘secZk’3 (x)dx = [secz"’5 (x)tan(x)+(2k - 5)jsec2"’5 (x)dx] .

2k -4

and so on

Isec )dx_4[sec (x )tan(x)+3j'sec3(x)de

and Isecs(x)dx:%[sec(x)tan( +Insec(x)+tan (x )|]+c.

.[secz'”l( )dx

= %secz‘(’l(x)tan(xﬂ

2k-1 2k-3

msec (x)tan(x)
(2k—1)(2k —3)

T2k (2k—2)(2k—4)
(2k-1)(2k —3)(2k-5)

2k (2k —2)(2k —4)(2k —6)
(2K —1)(2k —3)(2k—5)(2k -7)

"2k (2k—2)(2k—4)(2k —6)(2k-8)

sec’** (x)tan(x)

sec’”" (x)tan(x)

sec’*?(x)tan(x)
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. (2K-1)(2k -3) (2K —5)(2k~7)-~(5)
T2k (2k—2)(2k—4)(2k—6)(2k —8) (4
(KI5
2k (2k—2)(2k—4)(2k—6)(2k-8)-(4)(2)

(2k—1)(2k~3)(2k—5)(2k 7)--+(5)(3)

T2k (2k—2)(2k - 4)(2k—6)(2k -8)--(4)(2)

sec’ (x)tan(x)

In|sec )+ tan (x )| +c

H(2i+l) 1
o [sect (x)dx ==, : In|sec(x)+tan(x)|+§se02k’1(x)tan(x)
Ve
k-1 #
o] (2i+1)
+tan(x)) - ‘k sec” ™ (x)+c
- l_J[( i)

Lemma 2.5: Forall K€N , then:
2k+1 1 2k-1 2k-1
jcsc (x)dx—i[—csc (x)cot(x)+(2k —1)fcsc (x)dx]

Proof: jcsc2k+l (x)dx = jcchk‘1 (x)csc? (x)dx
Using integration by parts:
Let U=csc”(x), then du=—(2k-1)csc™ ™ (x)cot(x)dx
dv =csc® (x)dx, then v =—cot(x)
jcscz“”(x)dx
=—cs<:2k‘1(x)cot(x)—(2k—1)jcsc2k *(x)cot ( )
= —csc®* (x)cot(x) —(2k —l)J'cchk t(x)(csc )
= —csc®* (x)cot (x) - (2k - .[cscz“ (x)dx+(2k -1) .[cscz“ 2 (x)dx
) (

< 2k [esc® ™ (x) dx = —esc™* (x) cot (x) +(2k —1) [ esc™* (x) dx
. 2k+1 _ 1 2k-1 2k-1
~ fesc (x)dx_ﬁ[—csc (x)tan(x)+(2k 1) [ esc (x)dx] #
Note: From clearly that:
jcsc3(x)dx:—%[csc(x)cot(x)+In|csc(x)+cot(x)|]+c.

Theorem 2.6: For all k e N, then:

[1(2i+2) )
Jesc?t (x)dx = -+, : In|csc(x)+cot(x)|—Ecscz“(x)cot(x)
Q(ZI)
kl“(z.+1)
—cot(x) ‘k csc? ™ (x)+c
e

Proof: Since
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[ese?* (x)dx = i[—cscz‘“1 (x)cot(x)+(2k-1) [esc™* (x)dx} (by Lemma
2.3) Then

[esc®* (x)dx =

2k1— > [—cscz"’3 (x)cot(x)+(2k-3) [esc?* (x)de
1

d 2k-3 d —
an jcsc (x)dx T

[—cscz"’5 (x)cot(x)+(2k —S)ICSCZK’5 (x)dx] .

and so on

J'cscs(x)dx:%[—csc()cot +3jcsc )dx]

and [csc (x)dx = l[—csc(x)cot(x)— In |csc(x)+cot(x)|} +C.

- [esc®* (x)dx

=;—|icscZk *(x)cot(x)—

2k -1

2k (2k —2)
(2k—1)(2k_3) 2k-5
T ok(2k—2)(2k—4) (x)eot(x)
| (RDKFAS)
2k (2k —2)(2k —4)(2k - 6)
(2k—1)(2k —3)(2k —5)(2k - 7)
~ 2k(2k—2)(2k —4)(2k —6)(2k -8)

NG
2k(2k 2)(2k 4)(2k 6)(2k 8) (4)
(2k-D(2 -3 FZ)- )
T2k (2k —2)(2k - 4)(2k-6) (2K —8)—(4)(2)

5( In |csc(x)+cot(x)|+c

csc®* (x)cot ()

csc®? (x)cot(x)

2 4
(2k —1)(2k —3)(2k —5)(2k —7)---(5)(3)

2k (2k—2)(2k—4)(2k —6)(2k—8)(4)(2)
[(2i+1) .
< fese? ™ (x)dx = -1 |n|CSC(X)+COt(X)|—ECSCZK_l(X)COt(X)

[1(2i)

= k-1 #
I 1(2i+1)

—cot(x)Y. L cse? ™ (x)+c

= 1)

3. The Integration of Multiply Trigonometric Function Power
Theorem 3.1: Forall ne N, then:
Lsin”*l(x)+c, n=-1
1) jsm (x)cos(x)dx =4 n+1 )
Injsin(x)[+c,  n=-1
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-1 n+l
_ ——cos"*(x)+¢, n=-1
) [cos” (x)sin(x)dx =4 n+1 .
—In|cos(x)|+c, n=-1

itan”+1(x)+c, n=-1
3) [tan”(x)sec’ (x)dx={n+1 ,
In |tan(x)| +c, n=-1

_—100t”+1(x)+c, n=-1
4) [cot"(x)esc® (x)dx =1 n+1

—In|cot | . n=-1
-1
5) jsec )tan(x)dx =1 n e (X)+C ==
—cos( n=-1
nz-1
6) jcsc x)cot (X
sin x)+c n=-1

where cis integral constant.

Proof: Directed proof. #
Theorem 3.2: For all n,me N and mis an odd number, then:

- (D [?jcos”*”z'( )+c.

[sin™ (x)cos” (x)dx =)
Proof: Since mis an odd number, then Ik € N such that m=2k +1.

on+1+2i

jsm )cos" (x)dx

=jsin2k+1(x)cos”(x)dx=j(sinz(x))ksin(x)cos”(x)dx
:j(l—cosz(x))ksin( x)cos" (x)dx = J'Z (jcos (x)sin(x)cos" (x)dx

i( (,JICOS"”'( )sin(x )dx=§ (1)~ m cos™ % (x)+c #

i=0 Sn+1+2i

Theorem 3.3: Forall n,me N and mis an even number, then:

J' sin™ (x)cos” (x)dx

g(—l)i(ﬂ 21,, [ZJX Z_Ol (a sm(a 2j)x |+c

if a =2i+n, niseven

;/

(3.3)

e a-1
S AV B

2al =10 — 2]+

if « =2i+n, nisodd
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Proof: Since mis an even number, then 3K € N such that m=2k.
[sin™ (x)cos” (x)dx
—J'smz" )cos ( )dx
= [ (sin* ( ) cos” (x)dx

—j(l cos? ( )) cos” (x)dx
—IZ ( jcosz'*”( )dx

By Theorem 2.1, we have (3.3).
Theorem 3.4: Forall n,me N and mis an odd number, then:

jtanm(x)sec”(x)dx:iﬂ(_kjsec”*z‘(x)+c,
io N+2i I
Proof: Since m is an odd number, then Ik € N such that m=2k +1.
[tan™ (x)sec” (x)dx
= [tan*** (x)sec” (x)dx = [(tan’ (x )) tan (x)sec” (x)dx
= [(sec® (x)- ) tan (x)sec” (x)dx
= [(-1)" (1-sec? )ktan x)sec” (x)dx

=[(- lkzk: ( )sec (x)tan(x)sec” (x)dx
Zk(;( 1) “( )J'sec””‘l(x)sec(x)tan(x)dx

Zk:(_l)m( jsec”*z'( )+cC

= n+2i

#

Theorem 3.5: Forall nme N and mis an even number, then:
[tan™ (x)sec” (x) dx =

[tan™ (x)sec” (x )_dx

Zk:( )k“( j Zzl[ ] ]tanz”l( X)|+c, if @=2i+n, niseven

i=0 j=0 2J+1
[ T e
2
[T(2m+1)
= Zk:(_l)k+l(li(j ——sec” " (x)tan (x) + "5 |H|SeC(X)+tan(x)| (3.5)
i=0 a— =
[1(zn)
s
<2[](2m+1)
+tan(x) >, o ———sec®™*(x)+c|, if a=2i+n, nisodd
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Proof: Since mis an even number, then Ik € N such that m=2k.

[tan™ (x)sec” (x)dx

= [ tan® (x)sec” (x)dx = [(tan? (x))k sec” (x)dx

= (s (31" see (= ()" (e () sc” ()
—jZ k“( jsecz'*”(x)dx

By Theorem 2.2, we have (3.5). #
Theorem 3.6: For all n,me N and mis an odd number, then:

Jeot™ (x)esc” (x )dx=i£(ﬂc5c“*z'( X)+C.

i nN+2i
Proof: Since m is an odd number, then Ik € N such that m=2k +1.
Jeot™ (x)csc™ (x)dx
= [ cot®™* (x)csc" (x)dx = [ cot™ (x)cot(x)csc” (x)dx
—j(cotz(x)) cot (x)csc” (x )dx:J‘(cscz(x)—l)k cot(x)csc" (x)dx

= k(l csc x) cot(x)csc" (x)dx

= J'(—l)k Zk:(—l)i (li(jcsc '(x)cot(x)csc” (x)dx

= y —(—1)¢* k n+2i-1 B #
_i; (-1)" (Ijj'csc (x)(=csc(x))cot(x)dx
k(=1 K+i+1
_v (Y (kjcsc"*z'( "
i N+2i |
Theorem 3.7: For all nnmeN and m is an even number, then:
jcotm (x)cse™ (x) dx =

[cot™ (x)csc” (x)dx

2 -
;cotz‘”( X)|+c, if a=2i+n, nis even

b
w

(2m+1)
In|csc(x)+cot(x)| (3.7)

1|

AN

Il

|
M~

|

(B
N—

%
*
VR
- =
N
‘H

(9]

(%2}

(@]
—~
N—

(@]

Q

=1
—_~
N—

3
NN

2
[1(2m)
a3
2
23 [](2m+1)
+cot(x)22:m:;_1—csczm‘l(x) +¢, if @=2i+n, nisodd
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Proof: Since mis an even number, then 3k € N such that m =2k
[cot™ (x)csc” (x) dx
= [ cot™ (x)esc” (x)dx
= [(cot’ )) csc” (x) dx
= [(ese? (x) ) csc” (x)dx
K

[0 3 [ Josot (0

i=0

(x
(%)~

Using Theorems 2.2 and 2.5, we have (3.7). #
Remark: There are many integration formulas, we can be finding it by pre-

vious results which obtained it from this paper. For example:
1) fsinm(x)f(x)dx, jcosm(x)f(x)dx,
where f(x)e{tan”(x),cot”(x),sec”(x),csc”(x)}, vn,meN .
) [tan™ (x)g(x)dx , where g(x)e{cot"(x),sec”(x),csc”(x)},
vnmeN.
3) [cot™ (x)sec” (x)dx.

4. The Hyperbolic Functions

The combinations of the exponential functions exp(x) and exp(—x) called
hyperbolic functions. These functions which arise in various engineering
applications, have many properties in common with the trigonometric func-
tions. The hyperbolic functions have resulted from vibratory motions inside
elastic solid and more general in many problems where mechanical energy is
gradually absorbed by a surrounding medium. There are importance applica-
tions on hyperbolic functions and power integration of hyperbolic functions in
physics, mathematics transformations and numerical analysis.

Remark: The proofs for this following result are similarly of the results for

previous sections.

4.1. The Hyperbolic Functions Power

Theorem 4.1.1: Forall ke N, then
1) sinh®~*(x) = S z§:

2 sint (x) == )(ij kz:( )( ]cosh(Zk—Zn)x

12k ~1
3) cosh®*(x)= 22%72 Z[ )cosh(Zk—l—Zn)x

]smh 2k 1-2n)x.
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1

4) COSth(X)_sz (ZKJ 22“2( jcosh(Zk—Zn)x.
5) tanh® (x)=1-sech’ (x)Ztanth’z” ().
6) tanhz"*l(x):tanh(x)—sech2(X)Zk:tanhz"‘z””(x).
7) coth® (x)=1+csch? (x)zk:coth“*z” (x).
8) Coth2k+1 (X) = coth (X)+ CSCh2 (X)icochK—ZnA (X) .
9 seen (x) st (1) 31 1]“‘““2"( )

2k 2 = k+n-1 k-1 on
10) csch® (x)=csch?(x)> (-1) ( . ]coth (x).

n=0

4.2. The Integration of Hyperbolic Functions Power

Theorem 4.2.1: For all k € N, then:

" (2k-1
1) jsmhzk (x)= o sz( 1) Zn( ]cosh(Zk—l—Zn)x+c

n
-1)" (2k
2) fsinhz"(x)z(ZZk) (n]H - (k )Zn( jsinh(Zk—Zn)x+c
1 k-1 1 2k -1
222 =2k-1-2n{ n
2 2k 18 1
4) jcosh (x)= ZZK[kj +—22k71 25 an

Kk

5) jtanhZk (x)=x —zmtanhz““’z” (x)+c.

n=1

ﬁ[vr

) [cosh®*(x)=

Jsinh(Zk —-1-2n)x+c

2k .
( o j3|nh(2k—2n)x+c

jtanhz“l X)= In|cosh x)| tanh® 22" (x)+c.

y_ 1 g
~2k+2-2n

k
7) jcothz“() X — ZZk T on coth?*2" (x) +c.

n=1

. 1
8 th2k+l — I h _ - th2k—2n+2 .
) fco (x) n|sm (x)| ;2k+2—2nco (x)+c

10 jcsch“(x)—kz_‘i(_l)k+n : coth®™* (x)+c
) & on+1 n

Lemma 4.2.2: Forall k € N, then:
1) _fsecth“( )dx = I([sechz“’l(x)tanh(x)+(2k—1).|'secz“’1(x)dx]

N 1 _ _
2) jcscth 1(x)dx:—§[csch2k *(x)coth(x)+(2k —1).[csch2k 1(x)dx}

Theorem 4.2.3: For all k € N, then:
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[ esch? (x) dx
[1(2i+1)
= ()" = n |csch (x)+coth (x)|
e
2) !
csch2k *(x)coth(x)

AN

(2|+1)
k-1 )
+coth (x); e csch?™(x)+c

7 1)

i=]

4.3. The Integration of Multiply Trigonometric Function Power

Theorem 4.3.1: Forall ne N, then:

_ Lsinh””(x)+c, n=-1
1) jsmh” (x)cosh(x)dx =4 n+1 ‘
In|sinh(x)|+c, n=-1

. LCOSh””(x)Jrc, ne-1
2) [cosh” (x)sinh(x)dx =1 n+1

In (cosh(x))+c, n :—1.

Ltanh”“(x)Jrc, n#-1
3) [tanh"(x)sech® (x)dx ={n+1

In |tanh (x) +c, —

4) [coth" (x)csch? (x)dx =4 n+1

_—lcoth“*l(x)+c, n#-1
—In|coth(x)|+c,

1
Zsech” , -1
5) fsech”(x)tanh(x)dx: nSeC (x)+e. n= .

cosh(x)+c, n=-1

-1

—csch” , -1
6) [csch” (x)coth(x)dx =1 n cseh” (x)+c. :
sinh(x)+c, n=-1
where cis integral constant.

Theorem 4.3.2: Forall n,me N and mis an odd number, then:
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1)

2)

3)

fsinhm (x)cosh™ (x)dx

=y (N [!(]cosh”*z”l(xﬁc.

k
on+2i+1li

jtanh"‘ (x)sech” (x)dx

- g%(r]sech“”i (x)+ c
[coth™ (x)csch™ (x) dx
ko1

_ ['i‘]cschw (0)+c’

i=0 n+2i

Theorem 4.3.3: Forall n,me N and mis an even number, then:

1)

2)

[sinh™ (x)cosh” (_x)dx
sor ) 2o 1)

i(—l)k”(kj 3lg(£ljsmh<a—2

i=0 |

[tanh™ (x)sechi(x)dx

%1
3] zmh()

[
i=0

]

3] e om0+

o—

+tanh(x) ZZ: mi_ gech®™? (x)+c |,

j)x|+c

if «=2i+n, nisodd

if a=2i+n, niseven

-3

ﬁ 2m+1)

m=1

tante*

[1(2m)

2
m=’

2N

if & =2i+n, nisodd
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jcothm(x)csch” (x)dx
g o,
a 2

k 2 i ;
(kj Z_;cothz“l(x) +¢, if & =2i+n, niseven
i\ i 2)+1

a-3
2
3) K k _1 L*l H(Zm +1)
- z(;(.) P csch“™* (x)coth (x) +(~1) 2 "5———1In|csch (x)+coth (x)|
= 2
[1(zm)
L s -
%73 a+l . ﬁ(2m+1)
+coth(x) Y (-1) 2 " = csch®™*(x) [+c, if @=2i+n, nisodd
j=1 >
H(Zm)
m=]
Remark

There are many integration formulas, we can find it by previous results which

obtained it from this paper. For example:
1) jsinhm(x)f(x)dx, Icoshm(x)f(x)dx,
where f(x)e{tanh”(x),coth”(x),sech”(x),csch”(x)}, vn,meN .
2) Itanhm(x)g(x)dx,where
g(x)e{coth”(x),sech”(x),csch”(x)}, vn,meN .

3) [coth™ (x)sech” (x)dx.

Conflicts of Interest

The authors declare no conflicts of interest regarding the publication of this
paper.

References
[1] Thomas Jr., G.B., Weir, M.D. and Hass, J. (2010) Thomas’ Calculus. 12th Edition,

Pearson, Boston, New York.

[2] Wilson, F.C. and Adamson, S. (2009) Applied Calculus. Houghton Mifflin Harcourt
Publishing Company, Boston, New York.

[3] Wrede, R. and Spiegel, M.R. (2010) Advance Calculus. 3rd Edition, Schaum’s Out-
line Series, New York.

[4] Anton, H., Bivens, L. and Davis, S. (2008) Calculus. 7th Edition, John Wiley and
Sons, New York.

[5] Keisler, H.J. (2010) Elementary Calculus. 2nd Edition.

[6] Spiegel, M.R,, Lipschutz, S. and Liu, J. (2009) Mathematical Handbook of Formulas
and Tables. 3rd Edition, Schaum’s Outline Series, New York.

DOI: 10.4236/0alib.1105618

15 Open Access Library Journal


https://doi.org/10.4236/oalib.1105618

	The Power Integrations of Trigonometric and Hyperbolic Functions
	Abstract
	Subject Areas
	Keywords
	1. Introduction
	2. The Integration of Trigonometric Function Power
	3. The Integration of Multiply Trigonometric Function Power
	4. The Hyperbolic Functions
	4.1. The Hyperbolic Functions Power
	4.2. The Integration of Hyperbolic Functions Power
	4.3. The Integration of Multiply Trigonometric Function Power

	Remark
	Conflicts of Interest
	References

