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) _® 1. Introduction

Let QeR’ be an open and bounded set with regular boundary I'. We con-

sider the following problem for the Bénard system with homogeneous Dirichlet

boundary conditions on Q':

a—u—vAu+(u-V)u+§w+Vp =/, in(0,40)xQ,

ot

ow .

——-Awo+(u-V)o=g, in (0,+0)xQ,

- so (Vo - (0.5%) .
V-u=0, in (0,+00)xQ,

u=0,0=0, on (0,+00)x 0Q,

u(x,O):uO (x),a)(x,O):a)O (x), xeQ.

Here u(x,t),w(x,t) are respectively the velocity, temperature of the fluid,
p(x,t) is the pressure of the fluid, v is the viscous coefficient of the fluid,
£eR’ is a constant vector, u,,@, are the initial value. The external force
terms [ :RxQ—>R’, g:RxQ—>R area given function.

As we all know, Bénard system consists of the Navier-Stokes equations
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coupled with a parabolic equation. This system is a well-known model in hy-
drodynamics. It describes the behavior of the velocity, the pressure and the temper-
ature for an incompressible flow. A detailed description of the physical background
can be found in [1] and [2]. However, the well-posedness of the Bénard system is still
an unsolved problem in the three-dimensional case. Therefore, it is particularly im-
portant to modify equations for Bénard system. We consider the following glo-

bally modified Bénard system:

%—VAU+FN("u")(u'V)u+§a)+Vp=f, in (0,+00)xQ,
%—T—Aa)+(u-V)a):g, in (0,+0)xQ, @)
Vu=0, in (0,+0)xQ,
u=0,0=0, on (0,+90)xQ,
u(x,0)=u,(x), o(x,0) =, (x), xeQ.

Here the function F), (r):R" - R" is defined by

F,(r)= min{l,%}, r,NeR".

In the modified term of Equation (2), F), ("u") depends on the norm
||u|| :||Vu||(L2 ( Q))M, which in turn depends on Vu over the whole domain Q
and not just at or near the point x € Q under consideration. Essentially, it
prevents large gradients dominating the dynamics and leading to explosions.

The globally modified Bénard system can be better described when we add the
appropriate delay term to the system. In this way, it can take into account not
only the present state of the system but the history of the solution. Namely, we
consider the following equations:

0 .

a—L;—VAu+FN (||u||)(u~V)u+§a)+Vp =G, (t,u(t—p(t))), in (O,+oo)><Q,
é(;—c;)—Aa)+(u-V)w=Gz(t,a)(t—p(t))), in (0,+00)xQ,
Vu=0, in (0,+0)xQ, ®)
u=0,0=0, on (0,+0)x 0Q,
u(r,x):uo(x),a)(r,x):a)o(x), xeQ
u(t,x)=¢ (t-7,x),0(t,x)=¢, (t-7,x), in(z—h,7)xQ.

Here 7eR is the initial time, G, (t,u(t—p(t))),Gz (t,a)(t—p(t))) are the
external force terms which depends on u(t— p(t)),a)(t— p(t)) , respectively.
p(t)=0 is a delay function, ¢4, are respectively the velocity, temperature
defined on (—h,O) . In addition, p(t) <h,h>0.When ®=0, the Equation (3)
is the Navier-Stokes equations with delays (see [3] [4]).

This paper is inspired by the literature [3]. The [3] studies mainly the exis-
tence and uniqueness of strong solutions and the asymptotic behavior of solu-
tions for three-dimensional globally modified Navier-Stokes equations with de-
lays under local Lipschitz conditions. The purpose of this paper is to study the

existence, uniqueness and asymptotic behavior of solutions of three-dimensional
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globally modified Bénard system with delays under local Lipschitz conditions.
This paper is organized as follows. In Section 2, we recall some definitions of
function spaces and some related properties. In Section 3, we give the proof of
the existence and uniqueness of weak solutions. In Section 4, we consider the

asymptotic behavior of solutions.

2. Preliminary

Let
V_{ve(cg°(Q))3 v v=0}.
H=cl .V, V=c .V
¢ (Z(@) ¢ (#5(2)
We denote by (-, ) the scalar product || |, thenorm in A. For
u ve(L2 (Q) ) s (u,v) z/ JQ ; x)dx . We denote by (( )) the scalar

6u 6v

(HO (Q)) > ( Z‘n/ 1.[9 6x 8x

The dual space of Vis V'. It follows that V' <« H=H'c V', and the injections
are dense and compact. We shall use ||, to denote the norm of V', (-)

represent the dual product between Vand V'. Pis a Leray-Helmotz projection
from (L2 (Q))3 to H, 7 is a Leray-Helmotz projection from (L2 (Q))3 to
r (Q), suppose Au=-PAu, A,w=-TAw, where 4,4, are linear conti-
nuous operators. Let D(4,) be the domain of the operator 4, in H, D(4,)
be the domain of the operator 4, in I’ (). In addition,

<A1u’v>V,V’ :(Vu,Vv), <A2w’77>H[')(Q),H"(Q) = (Va),Vn),

where u,veV,m,ne Hy(Q).
Because of the regularity of the boundary 0Q, it is easy to prove that:
D(4)= (H2 (Q))3 nav, D(A2 ) =H* (Q)ﬂH(l) (Q) , furthermore, we obtain
D(4)cVcH, D(4)cH(Q)cLl(Q).

The first eigenvalue of Stokes operator is defined by A= inf W >0,let 4
veV\

be the minimum of the first eigenvalues of the operators 4,,4,. For all

ov.
u,v,weV , we put b(u,v,a)):J.QZ?ﬂuia—’a)jdx. We know from [1] that
= .

b(u,v, a)) is a trilinear continuous form on V xV xV , and b(u,v,v):O for
ueV, ve (Hé (Q))3 .Forany u,v,weV , it follows that (see [5])

ror
(.0 Clllblof ol @
Define
by u v, w ("v") u,v, w NVu,vwel,

where b, islinearin u,w, but it is nonlinear in v. Obviously,

by (u,v,v)=0,Vu,v eV . According to the property of b (see [6]) and the defini-
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tion of F, , we can get

|bN (u,v,a))| < NC, ||u||||a)||, Yu,v,weV. (5)

The following is a lemma, which is specifically proved in [5].

Lemma 2.1. Forall u,veV and N >0, the following two conclusions hold:

Fo (Dl () (IIVII)IIu 1

Forall ueV,v,we H(Q), let us define c(u,v,0) IZ, u; Y odx . Tt has

i

D 0<ul £ (fel) < ¥52) [y (Jul)-

been given in [7], and c(u,v,v) =0 for ueV,ve H0 (Q) .
Let
<BN (u,v),a)> =by (u,v,0), Yu,v,0€V,

<C(u,v),a)>=0(u,v,0)), VueV,v,0e Hy(Q).

The following describes the properties of the external force terms
G:RxH—>H,i=12:

(cl)forany ue H,we’, G, ( )‘R—)H G, (,w):R—>L2 are measurable;

(c2) there exists nonnegative functions g, € L, (R),i=1,2,1< p<+ow,anda
nondecreasing function L.(O,oo) - (O,oo) , such that for all R, > 0, if
|u|,|v| < RT,, , then:

1

|G, (t,u) =G, (t,v)| < L(R; ) &7 (1)

(c3) there exists nonnegative functions f, € L. (R),i=1,2, such that for any
ueH (or I*),

|u—v|,i=l,2,teR;

|Gl. (t,u)| <g (t)|u|2 +f(t),VteR.

Supposing ¢ € " (~h,0;H), 4, € Y (—h,O;Lz), {uy,@,} € HxL*, where

l+L =1. We consider a delay function peC' (R) forany teR such that

p r
0<p(t)<h, and there exists a constant p, for any reR satisfying:
p'(1)< po<1.

We define g, (1)

=g, 007 (t), where O(s)=s-p(s),
0:[r,+0) > [7-p(z),+

) is the differentiable and strictly increasing func-

tion, we obtain

LT‘GI(“‘ p())f dr<['s, ()u(r p(t |2 de+[f; (6)ds
:J.T‘é] |u t Pt )| dt+j (1
- )|“ N At ©)
- g
S a0 8 (D) | d”Lfn (1)d
1 T . ) .
<@ O @ [ (e
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Similarly, when i=2, there is also an analogy estimate for the @ term.
Moreover, we call {u,a)} € W, as a set of solution for Equation (3) in (O,T ),

when
Wy =(L2 (0,157 )N L7 (0,73 H))x (2 (0,7: Hy (@) N £ (0,752 (),

and forany veV,deH, (Q) , the following is true:

%(u,v)+v((u,v))+bN (u,u,v)+(§a),v) = (G1 (s,u(s —p(s))),v),
d

~(,0)+((@.0))+c(w0,8)=(G, (s, 0(s - p(5))).®).

dt

3. Existence and Uniqueness of Weak Solutions

Theorem 3.1. Under the conditions (cl)-(c3), assume that r e R,
{ug,0,} e Hx L’ and ¢, € )4 (-h,0;H), ¢, € 124 (—h,O;Lz). Then there ex-
ists a weak solution {u, a)} of equation (3).

Proof. For simplicity, and without loss of generality, we assume z=0. We
consider the proof of the existence of weak solutions of Equation (3). We use Ga-
lerkin method to prove the existence of solutions, which is standard (see [8] [9]).

Consider the following equations:

6g—t"’+vAlum +P,B, (u,,u, )+ S0, = P,G, (t,um (t—p(t))),

%""Azwm +/Z;1C(um’a)rVI):TmG2 (t’wm (t_p(t)))’ (7)

u, (0)=Pu,, ,(0)=T,a,,
Z’lm = Pm¢l’ a)m :7:n¢2’ Z’lm’a)m E(—h,O).

Next, we need to make some priori estimates for the approximate solution
{u,,,®,} . So taking the inner product of the second equation of (7) with a,,,
and using ¢(u,,,®,,, ) =0, we obtain

Farlen (O o] =(6: (e (1=p ) )

2dt

that is

2

G, (t, (1= p (1)) -

glenl +lenl <

Integrating over (0,¢), and using (6), we obtain for ¢€[0,7,]
[, (O + [ e ()] s

<|apf ﬁj’ Gy (5.0, (s~ (s)))

0

2

ds (8)

1 ' 2
<K, +—— ('8 (5)|o, (s) ds,
< 2+il(]—p*)‘[0g ( )|a) ( )|
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where K, = |a)0|2 1 )jfp(o)gz (s)|¢2 (s)|2 ds+%jff2 (s)ds . It follows

A(1-p.)

from Gronwall lemma that
oo, (¢) <K, exp{;.[rzgz (s)ds} =C,, Vte[0,1,]. 9)
A (1=p.)°

Taking the inner product of the first equation of (7) with u, , from (9) and

by (51,1, ) =0, we obtain

1d
S gl O+ (O

<[é(@, (1), (1)) + (G (124, (2= £ (1)) 1,
< LC—?Z |a)m (t)|2 +%|um (t)|2 +i‘Gl (t,um (t —p(t)))

VA

2‘/}1

+_
4

(0]

2y
+_

2
" (t)||2+f—CT2,

g

si‘q (t.u, (1= p(1)))

that is

2
u

m

2
+£CT .
vi, 7

Integrating over (0,7), and using (6), we obtain for ¢€[0,7;]

i, O+ e, ()] s

2 2 2
i SE|G1 (1., (1= ) (1))

2 2 2 282
S|u0| +ZJO‘GI (s,um (s—p(s)))‘ ds+%'fOCTzds (10)
2 ‘. 2
<K, +—vﬂ.l (l—p*)jogl (s)|um (s)| ds,
where
2 28% n 2 o . 2 2 7
K =] +%IO Crzds+m£p(o)gl (s)]¢1 (5) dS+EJ-of1(s)ds LIt

follows from Gronwall lemma that
T

o, (1) <K, exp{mk g (s)ds}:CTl, vt e[0,7]. (11)

From (10) and (11), a subsequence of {u,} is bounded in L”(0,7;H) and
I’ (0, T;V) (where T = max{Tl,Tz} ). Next from the first equation of (7) and

d
(5), we obtain that (Littm is bounded in I’ (0, T ;V') . Therefore, there exists an

element u e L”(0,7;H)NL*(0,T;V) and i—?eLz(O,T;V'),suchthat

u, —u in L”(0,T;H),
u, —u inL’(0,T;V),
du du

—m = in 20, T V).
dr a " (0.7:7)
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Obviously, u e C([O,-i—w);H) (see [10]). By the compactness Aubin-Lions (see
[9]), we can deduce

u, >u inL’(0,T;H),

u, > u aein(0,7)xQ.
Similarly, from (8) and (9), there is also an analogy conclusion for the @,

term.

In summary, when ¢, =+oo,m >1, there exists
{u,0f (L (0,T; H)N L (0,7:V))x(L°(0,7: 2 (Q))N £ (073 Hy (Q)) for any
T >0, such that
{u,,0,} > {u,0} in?(0,T;H)x L’ (O,T;L2 (Q)),
{{um,a)m} —{u,0} nHxL’(Q)ae.te(0,T).
Since {u,,®,} weak convergesto {u,®} in VxH,(Q), we cannot deduce

that | u, (t)") - F, ("u(t)”) and
C(u,,»,) - C(u,w) at least almost everywhere. So we need make a stronger

u, |-

ul, [, | > ] or £ (

estimate.
Taking the inner product of the first equation of (7) with Au,,, and using (9),

we obtain

2 2
——||um|| +V|A]u

<b, (um,um,Alum)+|§|(a)m,Alum)+(G] (t, u, (t —p(t))),Alum)
N 3 3
< mc 4, [ +[E](@,, A, )+ (G, (£, (- £ (1)), 4, )

1
<CN* ||um ||2 +§|A1um|2 +;§2 |a)m|2 +£|A1”m|2

um

+%‘G1 (t,um (1 —p(t)))‘2 +§|A1um |2

2

>

£ .2
< S+ O, [ +2-C + 21 (1, (1= (1)

that is

2

d 2&2 4
P v, < N+ 2+ 26 (s, (1= p (1))

(12)

Integrating over (s,¢), and using (6), we obtain forall 0<s<¢<T

e (O

2
u, (s)"2 + CN4J.0T "um (r)"2 dr+%_|.OTCTz dr+§_|.0T‘G1 (r,um (r—p(r)))

2

< dr

4

v(l—p*)

T
0

< ”um (s)"2 + CN4I

u, (r)"2 dr +%IOTCT2 dr+ jfp(o)gy (r)|¢1 (r)|2 dr (13)

4 ‘s 2 4 1
+mjog1(r)|um (r)| dr+;j0f1(,,)dr

= "um (s)"2 +®.
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The following estimate @ . Thanks to (10) and (11), we know that u, is
bounded in I? (O,T; V) nNrL” (O,T;H) , therefore, there exists Ile >0, such that
for all integer m >1

cMﬁWA@Ww+§iﬁ%w+

Tl A Of

|dr+ jf )dr <K,

g
V(l—p ) gl
Integrating (13) for sover [0,], we obtain

o OF = o 0 7, s [ o ) ) 7, =

Consequently, "um (t)"2 < l]%T] forany te[e,T] andany 0<e<T.
&

On the other hand, using the uniformly Gronwall inequality for (12), we have

oo {CN“ fCTZJr%‘G‘(“”m("P(f)))

2
}e”’“ =Cj. (14)

Taking the inner product of the second equation of (7) with 4,®,, , we obtain

m >

Sc(um,a)m,Aza)m)+(G2 (t,a)m (- p(t))) Aza)m)
(1o, (1-p () + 140,
(o (-p@)] +

<l o + e +[c

SCC}l w

1
+Z|A260m| +|G Z|A2a)m|2,

where
1
c(u.0, 4o)<|u|, Vol 40| < Clullof| o] < Cluf o] + | 4ol

That is
2

G (t.o,(t-p (1)) -

Similarly, integrating over (s,7), we obtain forall 0<s<7<T

o O <l ()] + K. 1s)

d /
e I +|40,[ <cc;

where

2 -
CGi Jylan (I drsg=—- 2 ()l ()f o

2

" [[& (")]e, ()
Integrating (15) for sover [O,I] , we obtain

O <sun(

[dr+2f f(r)dr <R,

2

14[2)

o (s)”2 ds)+ TK, =K

7"

2 15
Consequently, "a)m (t)" <—K; forall re [6,T] andall 0<e<T.
&
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On the other hand, using the uniformly Gronwall inequality for (14), we have
2 [%T 2| cq ,
o = g fesoan (o) |7 - o

From the above discussion, we can deduce that u, is bounded in L” (6‘, T ;V)
and I’ (E,T;D(A1 )) What’s more, when u, €V, owing to "um (O)" < ||Pmu0||
< ||u0 , ., is bounded in L"(0,7;V)N L (0, T;D(4, )), when
u, € H , it follows that D(A1 ) cV < H and injections are compact. Supposing

there exists a positive sequence {¢,} \, 0, such that
we L (0,.T;H)N L (0,7:V )N L* (&, TV )N L (£.7:D(4,)).
Therefore
u, —u inL* (0,T;V),
um—\uian(OTD )

u, > u inL”(0,T;V),
u, —>u in(0,T)xQ.

As long as there exists u, —u,in I (6‘, T;V) for T>& >0, we can get

|| a.e.in (0,+o0),

Fy (i () = Fy (Ji(0)]) 2in (0,450).

Similarly, the same is true for the , term. In conclusion, {u,w} is a set of

solution for Equation (3).

Theorem 3.2. Under the previous all assumptions, there exists a unique solu-
tion of equations (3).

Proof. Let {u,®} and {u,,w,} be two solutions of equations (3), and set

{u,0} ={u, —u,,®, -, }, according to the first equation of (3), we obtain
1d
55|u|2 +v |l +(NL (1,1, ) u) + & (o,u)
= (G1 (£, (¢ - p(1)))-G, (t,u2 (¢ —p(t))),u),

where <./\f[,(u1,u2 > ("u1 ||) uy, Uy, U ("uz”)b(uz,uz,u) , using the
property of trilinear form b, we easily get

<N£(ul,u2),u>
= Fy () (e )+ (5 (s [) = B (e ) (220000 + () (2, 10,00)-

From Lemma 2.1, (4) and the Young inequality, we obtain
(NE (1)) <l + N
Therefore

L Yy

<CON*|uf +%|a)|2 +%|u|2 +(Gy (6 (1= (1)) - Gy (s (1= (1)) )
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To estimate on the last term for above formula. For fixed 7, >,
u, € C([T,Tl];H), there exists se[7,7;], such that |”,- (s)| <R; , in addition,
using (c2), u=0,te(z—h,7), the Holder inequality, Young's inequality and (6),

we obtain for any 7e([r,7;]

J.TT(Gl (s,ul(s—p(s)))—G (s u, (s—p(s))),u)ds
SLT‘GI(s,ul(S—p(S))) G su2 s = p “u

< L(RTl )!Trgli (S)|u(s —p(s))“u (s) ds

1

SL(RTl) LT (1_;*)2 g (s)|u(s—p(s))|2ds+J'TT ! T |u(s)2ds
2(1-p.)2

<r(r)| 2L L o s — ]

u(s) ? ds]

|2 e 2(1-p.)
LR
= ( T‘)l J;T(gl (s)+1)|u(s)|2 ds.
2(1-p.)2
Therefore
2 LR
1d u|2+z||u||2 <CN* |u|2+§_|a)|2+l|u|2+ ( Tl) (gl( +1)|u| (17)
2 dt 2 2 2 !
2(1-p.)2

Similarly, according to the second equation of (3), we obtain

2d |aJ| +||a)|| +c(u, 0, 0)—c(uy,0,,0)

=(G:(ta (1-p(1) -G (1. (1= (1)) ).
Since
c(uy,0,0)—c(uy,0,,0) = c(u,0,0)+c(u,,0,0)
<[ul, [Vea[|o| + ||V @], |e]

< Cllelle ]+ Clsy| o]

< Zlull + Clleallof + e + Clsfof

B

v ’
<2l (i 4y lof +lof

where (16) is used, we can get

2ol
< E||u||2 +C(C+ Gy ol +(6. (b0 (1= p(1))) =G (@, (1= £(1))) ) (18)

HE) (s )of-
2(1-p.)2

< §||u||2 +C(C}z +C;, )|ca|2 +
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From (17) and (18), we obtain

%(W +|of ) < [(CN4 +1)+ L(A:) (& (t)+1)1|”|2

—
—
|
®
~—~—
o] —

L(R)

(& (t)+1)]|a)|2.

(1=p.)2
Because the coefficients of |u|2 and |a)|2 are bounded at the right of the equa-

o(0) =0.

W{C(C}z +Cp +§2)+

2
tion, the conclusion follows from Gronwall lemma, since |u (0)| =

4. Asymptotic Behavior of Solutions

In this section, we prove mainly the asymptotic behavior of the solution of Equ-
ations (3) when ¢ — oo.

Suppose that (c1)-(c2) hold with g, € L” (R), assume also that:
VA (1-p)>2|g| . A (1-p)>]gy|, » where |g]|, = ||gl.||Lw(]R) , and let us

denote respectively by &,,&, >0 the unique solution of

|g1|

—|//11+M1 (l—p*):O’ (19)
|g2| &h

- : (20)

£ 21+ﬂ1(1_p)

Theorem 4.1. Under the above assumptions, for any {uo,a)o} eHxI,
¢ el’(-h,0;H), ¢ el’ (—h,O;Lz) and any 7 eR, the solution
{u(t; T, u0,¢1),a)(t;r,a)0,¢2 )} of equations (3) satisfies

) ol + 2L g o e

252 (21)
e {deton E )
2 2 |g2 2 (7t
|a)(t;z',a)0,¢2)| S[|a)0| N R _[ e |d, (s )| ds |e”
A(l=p (22)

Proof. Let {u(t),a)(t)} = {u(t;‘t',uo,¢l),a)(t;z',a)o,¢2 )} be the solution of eq-
uations (3) corresponding to the initial data 7,u,,4,,®,,9, . From

2

S+l <25, 2 cae-p (o)

we obtain
d( o
5(61 u(t)|2)
< —ve u(t)" +%CT26‘9" +—e|G, (t,u(t—p(t))) ’ + g™ u(t)|2
%
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&t

2
<(&-v4)e™ u(t)|2 +%Crze€" +ée

G, (t,u(t—p(t)))‘z. (23)

Integrating over [z,¢], we obtain

e o o= (vt

G, (s,u(s —p(s)))

N
v

2

st.
That is
&t

u(s) s
G, (s,u(s—p(s)))2 ds

€

u( | <e |y

r)| gl—vllf e’
fj ds = J a5

Since

Jie |6 (ssuls = p(5)))
<lg, J.:eg” u(s— s))|2 ds +L[e‘“sfl (s)ds

g cx)eelh . g B eslh
L o o B

2

ds

(s as e (spas

&h
_ |g1|ooe .[teé‘]s
T

1-p.

& (h+1)
u(s)[ ds +|g|_e—p [ e[ (s ds+ e f; () ds.

Using (19), we can get

ot

e Ju(r)

Sewu(f)| +(e-va)[e™ u(s) ds
e R A

+|é'1|i’°_e—ajfhegls b (s) ds+ [l s, (s)ds]

&r

=¢

2
u (s)|2 ds +%I:CTZ e ds

u(r)|2 +[81 VA, + i‘g(ll_p*)JI:eg”

+2|gl|0O o1(1+0) .[o Elx|¢( )|2ds+ijt €1Sf( )ds
—vﬂq(—)*he (s e fi(s
1 (h+7)

2 25 e 2l e
| IC e ds+—vj1( ) I_e

&r

4 (s) ds

=¢

+— ™ sds
%L 5

That is
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Ju(e) <&

2
u (z-)|2 +%e€".[:CTZ e ds

2g ], " o L N S
mhe [ () s e [ A ()

& (r— 2g meglh (U
e+ AL

2
+e [éﬂemﬁ (s)ds +££e’S”CTstJ.

4 (s) dsJ

Similarly, from

2

G, (t,co(t—p(t))) ,

glef +vlel <

we obtain

<—e”

G, (t,a)(t—p(t)))‘z (25)

a)(t)"2 +&,e”

a)(t)|2 + A% e

2

<(&,—4)e™ G, (t,a)(t—p(t))) )

2 1
o(t) +—e™
of
Integrating over [z,¢], we obtain
.[:%(e”s a)(s)|2)ds
Sﬂ@a—akw

Using (20) and (24), we can get

a)(s)|2 +%e"2‘°

G, (s, o(s- p(s)))

o

e a)(t)|2

<e™ a)(r)|2 +(s&, —Zq)f:egls a)(s)|2 ds+%£egzs G, (s,a)(s—p(s))) ’ ds
&7 2 L &s 2 1 |g2|oo egz}‘ ! &s 2

<e a)(r)| +(82—/7.1)L6 a)(s)| ds+z(?_.;e a)(s)| ds

& (h+1)
B e

4, (s)[ ds+['e f, (s)ds}

a)(s)|2 ds

&yh
- o ( A Jffew

+ |g2 |oo eSZ(h”) J'O &8
A(1=p)
) |g2|00 egz(h+r)

o

é, (s)|2 ds +%L’eé‘ﬁ £ (s)ds

&1

=¢

¢, (s)|2 ds +%L’e£zsf2 (s)ds.

That is
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o (f

<e” o (o) +—|g2|°° et e‘gz’fo e |, (s)[ ds +ie‘”’reg”f2 (s)ds
A(1-p.) o Aot
— sz(T—t) 2 |g2|30 eSZh 0 o 2 i —eot [! e
e |a)(r)| +—/11 (l—p*)L’e A (s)| ds +/11 e Le 2 f, (s)ds.
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