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Abstract

We consider a backward heat conduction problem (BHCP) with variable coefficient. This problem
is severely ill-posed in the sense of Hadamard and the regularization techniques are required to
stabilize numerical computations. We use an iterative method based on the truncated technique to
treat it. Under an a-priori and an a-posteriori stopping rule for the iterative step number, the con-
vergence estimates are established. Some numerical results show that this method is stable and
feasible.
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1. Introduction

In this article, we consider the following backward heat conduction problem (BHCP) with variable coefficient
u -V-(a(xt)vu)=0, xeQ,te(0,T),
u(x,T)=p(x), xeQ, (1)
u(x,t):O, Xe@Q,te[O,T],

where T >0 is a positive constant; Q c R™ denotes a bounded and connected open domain; the coefficient
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a(x,t) is assumed to be continuous and differentiable with respect to x,t, respectively, and satisfying
0<A <a(xt)<A, )

and

at(x,t)SA3, A >0, 3)

our purpose is to determine u(-,t) for 0<t<T from the final measured data ¢; which satisfies
s —¢)||L2(Q) <& ;here & denotes the noisy level.

This problem is severely ill-posed and the regularization techniques are required to stabilize numerical com-
putations [1] [2]. In past years, many authors have considered the regularization methods for the case u, =aAu
with constant coefficient a>0 (see [3]-[6] etc.). For the BHCP with variable coefficients, [7] investigated a
case that the coefficient is independent of the time t, i.e., U, =(a(x)ux)x. In 2010, Feng et al. [8] considered
problem (1) and proved a condition stability result of Holder type, then applied a truncated method to regularize
it, and the corresponding convergence results have been given. On the other references for BHCP, we can see
[9]-[12], etc.

Followed the work in [8], in this paper we use an iterative method to solve problem (1). The idea of this me-
thod (see Section 2) mainly comes from the reference [13], where the authors investigated a backward heat
conduction problem (BHCP) with densely defined self-adjoint and positive-definition operator. Recently this
method has been used to solve some inverse problems of parabolic partial differential equation (PPDE). For in-
stance, [14] investigated the same problem with [13] by rewriting the solution of inverse problem as the solution
of a fixed point equation for an affine operator, and gave the convergence proof by using the functional analysis
properties of the linear part of affine operator. Based on the variable relaxation factors, [15] treated the special
case u, =u, with nonhomogeneous Dirichlet boundary condition and used the boundary element method
(BEM) to implement numerical computation.

Inspired by [13], in the present paper, we firstly adopt a similar method in [13] to obtain an iterative scheme,
then truncate it to get our iterative method (see Section 2); here the data u(~,t) for 0<t<T will be deter-
mined. Under an a-priori and an a-posteriori stopping rule for the iterative step number, the convergence of the
algorithm also will be given, and we can see that our convergence results are order optimal as a(x,t) =1 in(2).

This paper is constructed as follows. In Section 2, we make a simple review for the ill-posedness of problem
(1) and give the description of our iteration method. Section 3 is devoted to the convergence estimates under two
stopping rules. Numerical results are shown in Section 4. Some conclusions are given in Section 5.

2. The IllI-Posedness and Description of the Iteration Method
2.1. The Simple Review of the Ill-Posedness for Problem (1)

We make a simple review for the ill-posedness of problem (1) (also see [8]).
We denote An(n 21) as the eigenvalues of negative Laplace operator —A defined in the space
H?(Q)NH; (), and satisfy

O<A <A< and A - forn— oo, 4)

Further, we suppose that the corresponding eigenfunctions w, € H; (Q) satisfy

—-Aw, =AW, inQ,
(®)
w, =0, on 09,
then the eigenfunctions {w, }” form an orthonormal basis of L*(Q).
From [8], we know that the unique solution of problem (1) can be expressed as
- T
u(x,t)=Zexp(It (Lla(x,t)VWn -andx)dt)(go,wn>wn, (6)
n=1

where (-) denotes the inner productin L*(Q).
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Setting k, (t)= exp(LT(an(x,t)an -andx)dt) , use the mean value theorem of integrals, for every fixed t,

there exists some points X, (t) e Q, such that

k, (t)= exp(J'tT(a(xn (t),t)jQan -andx)dt), )
from (5) and the integration formula by parts, we know
f Vw, - Vw. dx = —.|' W, AW, dx = j w A wdx =4, (8)
Q Q Q

thus, the solution (6) can be rewritten as

u(xt iexp( J' dt) P.W, )W, (9)

n=1
From (9), it can be observed that exp /1 )dt) tends to infinity as n tends to infinity, so in order

to recovery the stability of solution u( ) given by (6), the coefficient (go,wn> must decay rapidly. However,
such a decay usually cannot occur for the measured data ¢, , thus we have to use a regularization technique to
restore numerical stability.

2.2. The Description of Iteration Method

In this subsection, we give our iteration method. Firstly, given u°(x,0)=y°(x)eL*(Q) as an initial guessed
value for u(x,0), this method consist in solving the parabolic type equation

uf—V-(a(x,t)Vuo):O, xeQ,te(0,T),
u®(x,0)=y°(x), xeQ, (10)
u’(x,t)=0, xedQ,te[0,T],

this is a direct problem, use the similar method as in [8], we can derive that the solution of problem (10) can be
expressed as

u’(x,t) = rlZi;exp(—j(:(J'Qa(x,t)an «andx)dt)<y/°,wn>wn. (11)

Now, for k >1, let us choose a positive constant r, we need to solve the direct problem sequence of parabolic
type equation

uf =V (a(x,t)vu*) =0, xeQ,te(0,T),
U (x,0)=u* " (%,0)=r (U (X T)=p(x)), xeQ, (12)
u*(xt)=0, xeoQ,te[0,T],

then, for k >1, we can obtain the solution of problem (12) is as follow

Uk(x,t):i(l—rexp(—jOT(J'Qa(x,t)Vwn 'VWndX)dt))<Uk’l(x,t),wn>wn "
n=1 1
+ nzi;r exp(—j;(jﬂa(x,t)vwn .andx)dt)<(p(x),wn>wn.

Take r>0,suchthat 0<r exp(—.[oT (J'Qa(x,t)an ~andx)dt) <1, and denote

s, :rexp(—ﬂ(]ﬂa(x,t)vwﬂ-andx)dt), then combine with (13), we can obtain the following iteration

scheme
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u“(x,t)=>(1-s, )<uk’1 (x,t),wn>wn + gsn exp(jtT (Iga(x,t)an -andx)dt)<(p(x),wn>wn. (14)

Let the exact and noisy data ¢, ¢, € L*(Q) and satisfy

los — ]| <, (15)

where ||-| denotes the L*-norm, the constant & >0 denotes a noise level. Then for the noisy data g, the
iteration scheme can be expressed by

ul (x,t)= i(l— s, )<u['§’1 (x,t),wn>wn +i3n exp(.[lT (J'Qa(x,t)an -andx)dt)<go§ (X)W, )w,,  (16)

n=1 n=1

)
n=1

and we note that

us (x,t)= nZi;(l_sn ) <u§(x,t),wn>wn +g§(l_s")j s, eXp(LT(Iﬂa(X't)VW” -andx)dt)<¢5 (x),w, )w,. (17)

Now, we truncate (16) to obtain the following our iterative algorithm
N N
uf v (xt)=>(1-s, )<u§’l (x,t),wn>wn +3s, exp(.[tT (Iﬂa(x,t)an -andx)dt)@; (X)W, )w,,  (18)
n=1 n=1

where N is a positive constant, which plays a role of the regularization parameter.
For simplicity, we take the initial guess as zero, then our iterative scheme becomes

usy (x,t)= nﬁ;:};(l— 5,)'s, exp(J’tT (.[Qa(x,t)an .VWndX)dt)<(05 (x),wn>wn. (19)

Further, we suppose that there exists a constant E > 0, such that the following a-priori bound holds

gﬂfp <u(-,0),wn>2

<E? p=x0. (20)

3. Convergence Estimate
3.1. An A-Priori Stopping Rule

In the iterative process, the iterative step number k can be chosen by the a-priori and a-posteriori rules. In this
subsection, we choose it by an a-priori rule and give the convergence estimate for the iterative algorithm.

Theorem 3.1. Suppose that u given by (6) is the exact solution of problem (1) with the exact data ¢ and
uy is the iteration solution defined by (19) with the measured data ¢,. Let the measured data ¢, satisfy
(15), and the a priori bound (20) is satisfied. If we choose the iteration step number k =c,E/&, then for fixed
0<t<T, we have the following convergence estimate

Ju(t)=ul (1) < (1+1/cor)exp(Ay Ay (T =t)) 5 +exp(~Ay At) A E. (21)

Proof. For 0<y<1, we define two functions Pk(y):Z';i(l— y)j, and R (y)=1-yR (y)=(1- y)k.

Now we have the following two important inequalities [16] [17].

Pk (y) y,u < klﬁ#, 0< M Sl, (22)
R (Y)y <6,(k+1)", (23)
where
1, 0<v<],
@:{ (24)
vV, v>1.

Use the triangle inequality, it is clear that
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||u( —ugy (- ||<||u (t)||+||u,'§ (t)-usy (- || =1+, (25)

From the Equations (6), (19) with the exact data (p(x), by the mean value theorem of integrals as in (7) of
Subsection 2.1 and the integration by parts (8), and from the inequality (23), (24) with v =1, a-priori bound
(20),and k =c,E/& , one can obtain that

(1 (120t v Vo),

=) -uk (0=

35 (s)'s exp(f(La(xm)vwn.vwndx)dt)<¢,wn>wn
<[E[1s 0 o[ (auovm swaxa)iom),
o) 3 exp([ (] 000V, -t (., ),
= [32R. (50 )s, -7 e ] (], 00 v, - )t

xexp(LT(J'Qa(x,t)an ~andx)dt)(¢,wn>wn

> e[ ([a0xt) v, Vi) (g, Jw,
AL )
1a(x (0. )dt){o.w, ),
( (1).t)dt) (o, Jw,
(MJa(xn<t>,t)dt)<¢,wn>wn
> e fja( (1))t o, ) w,
(ol -0t
> exp(znfga(xna),t)dt)w, WAL A
(%72 0x (1).t)et ) (g, )w,
P <u<-,o>,wn>wnz;p

n=N+1
<(k+1) " rtexp( Ay A, (T —t))E +exp(~A At) 4,"E
<cy'rtexp(Ay A, (T —t))5 +exp(—4y At) 4, E.

+

<2 k(sn)snr’lexp(ﬂnj‘;a(
xexp(—lnf;a(xn (t).t)d )exp(
i exp( ﬂf )

n=N+1

+

< (k+1)71 r-lsupexp(,lnjtTa(Xn (t),t)dt) 2

n<N

+ sup exp( -2 j )dt)

n>N+1

<(k+1) 1r’lexp( A, (T-t)) :1

+exp(—Ay At)

=(k+1) " rtexp(4,A (T - t))

+exp(—Ay At)

On the other hand, from the Equation (19) with the exact and measured data (o(X), s (X) which satisfy
(15), the inequality (22) with =1, the mean value theorem of integrals as in (7) and the integration by parts
(8), we can get
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I2=||u§ (-1)-u ||—HZP )s exp(j (j a(xt)vw, dex)dt)( — W, )W,
;<¢J_(p’wn>wn
i((pﬁ_(o’wn)Wn

<exp(Ay A, (T-t)) )

<exp(2y A, (T -t))5.
From the above estimates of 1., 1,, and the triangle inequality (25), we can obtain the convergence result
(21).

< supexp(/l j X, (t),t)dt)

n<N

3.2. An A-Posteriori Stopping Rule

In the iterative process, the a-priori stopping rule k =c,E/5 needs the a-priori bound E for exact solution.
And from the proof process of Theorem 3.1 we can notice that, for the iterative scheme (19), if an a-priori
bound E is known, the bigger iterative step number k is, the better the iterative efficiency should be. However,
a-priori bound generally can be not known, this is unfortunate for numerical computation. In order to make the
convenient and accurate computation, instead of a-priori selection in Theorems 3.1, below we adopt the discre-
pancy principle [18] to control it, which is a kind of a-posteriori stop rule and the computation of iterative step
number k does not need to know the a-priori bound of the exact solution.
For the iterative scheme (19), we control the iterative step number k by the following form

"% (x)-uk (xT)" <16 < "% (x)-uj (xT)" for1<k <k, (26)

where 7>1 isaconstant, k. denotes the first iterative step which satisfies the first inequality of (26).
Theorem 3.2. Suppose that u given by (6) is the exact solution of problem (1) with the exact data ¢ and
u§N is the iteration solution defined by (19) with the measured data ¢; which satisfy (15). If the a priori

bound (20) is satisfied and the iterative step k. is chosen by (26), then for fixed 0<t<T , we have the
following convergence estimate

Ju(-t)=uly ()] < (2+ 2)exp (A A, (T ~1)) 8 + exp(~Ay At) 4,E, 27)

Proof. Firstly, for the estimate of 1,, adopting the similar procedure as in Theorem 3.1, from the inequality
(22) with u =1, (15), we have

|2:| () -uy (- "—HZP sexp(J' (J a(x,t)vw, dex)dt)( A

<sup exp(/In jtTa(xn (t),t)dt) Z(% —p,W, )W,

n=1
N

<o (4,2 (T-0)[S (0, - o

<exp(A A, (T -t))s.

Below, we estimate 1,. From the scheme (19), the first inequality of stopping rule (26), and the orthogonal
property of w, , it can be noted that

0 N

¢75 (X)_u;TN (X'T) i = Zl<¢)§'wn>wn _lek* (Sn)sn <(06’Wn>wn
= iRk*(S )5, W, ) W, 2 (05w, (28)
= Z’:Rk* (Sn )<(/)§’Wn>wn _%:1((/)5’ > n < 7252
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then, we get

SR, (5, (g, )W,

n=1

<15 (29)

Now, from the Equations (6), (19) with the exact data go(x) , by the mean value theorem of integrals as in (7)
and the integration by parts (8), and from the inequalities (23), (24) with v =0, (29), a-priori bound (20), one
can derive that

I, = "u(.,t " HZexp LX) Vw, - Vw, dx)dt)( w, )W,
ikil(l s,)'s exp(f (J' a(x,t)VWn~andx)dt)((p,wn>wn

n=1j=0

<
n=1

o1 2 ([ ([ a0x) v v,
< [3R. (s )erp( I (Fatx) 7w, -V ) ) =g, ),
R (5, )exp( [ ([, 0x ) v, -V, 0x) ot (o w,
5, 0{[/ (a5, o)) o v,

n=N+1

<R (sn)exp(/ln'[:a(xn (t),t)dt)(gp—%,wn)wn

i[l ; Jexp(.[tT(J'Qa(x,t)an -andx)dt)<¢), W, )W,

+

R, (s, exp(u (8).6)at) (s w,)w
L5 ol 0 ol 0
<supexp 4, [a(, )dt) (-0,
+sngﬁexp( Sl (t dt)nZN;Rk {25 W)W,
+ sup exp(-4, [a(x, (1) t)ct) nglexp(ﬂnﬁa(xn (1))t} (o w,)w,

<exp(AA (T —t))5+exp(/1NA2 (T-t))zs

+exp(_ﬂ’N Alt) i Ay <U (',O),Wn>Wnﬂ,r:p

<(1+7)exp(Ay A (T —t))5 +exp(—2y At) A4, E.

From the above estimates of I, and 1,, the convergence result (27) can be obtained.
Remark 3.3.
For the a-priori case, in problem (1) and the inequality (2), if we take a(x,t) =A =A, =1 and choose

woge(id))
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then it can be obtained that
||u —ufy ( || (1+1/cor)exp(Ay (T —t))5 +exp(—2,t) 4,°E

Lt Pl Lt P AN
= 1+i E1T5T (mEj [T ]+T"E1T5T (InEj ! InE(mEJ
Col o 0 o\ o
E
ot o1 ot o1 1 In—
:[1+i]E1T5T[|nEj ( T)+TPE1T5T[InEj (=) o
) o E

E -p
In(lnj
o o

E
In—=
Note that, !;"g —5_p =1, then it can be derived the following order optimal convergence result [19]
In[E[In E) J
A
N -p[11
Ju(.t)-uly ()] <C(eo.r pAT)E To7 (%'”%) [ T](1+o(1)), (30)
where
_pl1 b
C(cr,pt,T)=T p(l Tj max{[1+c—lrj,Tp} :
0

Similarly, for the a-posteriori case, we can derived the convergence result of order optimal
Lt ol
Ju(-0) -ty (D) <C (7. pLT)E 6" [Tlmgj ) (1+0(1), (1)

where C(z,p,t,T) :Tip[lﬁ max{(2+7),T ”} .

4. Numerical Implementations

In this section, we use a numerical example to verify how this method works. Since the ill-posedness for the
case at t =0 is stronger than the case of 0<t<T , here we are only interested in the reconstruction of the ini-
tial data u(x,0).

Example. We take Q= (O,n) , and consider the following direct problem

—((Xt+l)ux)x=0, xe(0,m), te(0,T),
u(x,O):x(x—n)zsin(Zx), xe[0,x], (32)
u(0,t)=u(mt)=0, te[0,T],

where a(xt)=xt+1, —A:—aiz with the domain D(-A)=H?(0,n)NH;(0,x), its eigenvalue and the
X

eigenfunctionare 4, =n*, w, =./2/n sin(nx) , respectively.
As in (10), (11), the solution of problem (32) can be written as

u(xt)= %gcn exp(—ﬁ(ﬂ(xt +1)n* cos® (nx)dx)dt)sin (nx), (33)

here, C, (2/1r)J' x(x—m)° sin(2x)sin (nx)dx . We choose the exact data as
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o(x) = u(x,T)=%§Cn exp (I (] (xt+1)n° os? () in (), (34)

and the measured data ¢, (x):=u,(x,T) is given by ¢;(x)=¢(x)(1+esin(x)(x/2-1)), where & is the
error level.
In addition, we define the relative root mean square errors (RRMSE) between the exact and approximate so-

lution is given by
1 M ‘ 2
\/M,—Z_‘;(u" (43 )J)
e(u)= . (35)

1Y 2
ﬁé(“i)

In order to make the convenient and accurate computation, we adopt the a-posteriori stopping rule (26) to
choose the iterative step k. During the computation procedure, we take r=1,7=1.1, M =31 to compute the
iterative solution uj , (x,0) by (19) with N =1.

For £=0.01, the numerical results for u(x,0), uf,(x,0) constructed from u,(x,T) with
T=0512,25 are shown in Figure 1. For ¢=0.001,0.005,0.01,0.05, the numerical results for u(x,O),
uj  (x,0) constructed from T =2 are shown in Figure 2. For the constructed case from T =2, the relative
root mean square errors (RRMSE) and iterative number k with & =0.0001,0.001,0.005,0.01,0.1 are shown in
Table 1.

T T T T
—— Exact-solution Exact-solution
—*— lterative solution —*— lterative solution

Exact and iterative-solutions
Exact and iterative-solutions

0 0.5 1 15 2 25 3 3.5 0 0.5 1 1.5 2 25 3 3.5

T T T T
Exact-solution Exact-solution
—*— lterative solution —*— lterative solution

Exact and iterative-solutions
Exact and iterative-solutions

0 0.5 1 15 2 25 3 3.5 0 05 1 15 2 25 3 35

() (d)
Figure 1. £=0.01. (@) u(x,0),u5,(x,0) from T =0.5; (b) u(x,0),ul,(x,0) from T =1;(c) u(x,0),u5(x,0)
from T=2;(d) u(x0),u;,(x0) from T=25.
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T T T T
Exact-solution Exact-solution
—#— lterative solution —*— lterative solution

Exact and iterative-solutions
Exact and iterative—solutions

0 05 1 1.5 2 25 3 35 0 05 1 1.5 2 25 3 35

T T T T
Exact-solution Exact-solution
—%— lterative solution —*— lterative solution

Exact and iterative—solutions
Exact and iterative—solutions

0 0.5 1 15 2 25 3 3.5 0 0.5 1 15 2 25 3 35

(© (d)
Figure 2. u(x,0) and uj,(x,0) from T=2.(a) £=0.001;(b) £=0.005;(c) &£=0.01;(d) &=0.05.

Table 1. The RRMSE generated from T =2.

& 0.0001 0.001 0.005 0.01 01
e(u) 0.00019 0.0019 0.0095 0.0185 0.1905
k 160.0000 118.0000 89.0000 77.0000 34.0000

From Figure 1, Figure 2 and Table 1, we can see that our proposed method is stable and feasible. Figure 1
indicates that, with the increase of T, the construction effects become worse, this is because the information of
final data will become less when T becomes big. From Figure 2 and Table 1, we note that the smaller the ¢ s,
the better the computed efficiency is. This is a normal phenomena in the backward heat conduction problem
(BHCP).

5. Conclusion

An iterative method is based on the truncated technique to solve a BHCP with variable coefficients. Under an a-
priori and an a-posteriori selection rule for the iterative step number, the convergence estimates are established.
Some numerical results show that this method is stable and feasible.
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