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Abstract

This work is dealing with two-temperature generalized thermoelasticity without energy dissipa-
tion infinite medium with spherical cavity when the surface of this cavity is subjected to laser
heating pulse. The closed form solutions for the two types of temperature, strain, and the stress
distribution due to time exponentially decaying laser pulse are constructed. The Laplace trans-
formation method is employed when deriving the governing equations. The inversion of Laplace
transform will be obtained numerically by using the Riemann-sum approximation method. The
results have been presented in figures to show the effect of the time exponentially decaying laser
pulse and the two temperature parameter on all the studied fields.
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1. Introduction

The two temperatures theory of thermoelasticity was introduced by Gurtin and Williams [1], Chen and Gurtin
[2], and Chen et al. [3], [4], in which the classical Clausius-Duhem inequality was replaced by another one
depending on two temperatures; the conductive temperature ¢ and the thermodynamic temperature T, the
first is due to the thermal processes, and the second is due to the mechanical processes inherent between the
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particles and the layers of elastic material, this theory was also investigated by Iesan [5].

Among the authors who contribute to developing this theory, Quintanilla studied existence, structural stability,
convergence and spatial behavior for this theory [6], Youssef constructed the generalized Fourier’s law to the
two-temperature theory of thermoelasticity and proved its uniqueness of solution for homogeneous isotropic
material [7]. Puri and Jordan studied the propagation of plane harmonicwaves, recently [8], Magafia and
Quintanilla [9] have studied the uniqueness and growth solutions for the model proposed by Youssef [7]. A new
theory of generalized thermoelasticity has been constructed based on two-temperature generalized thermo-
elasticity theory for anisotropic and homogeneous body without energy dissipation by Youssef [10]. This new
theorem has been constructed in the context of Green and Naghdi model of type Il of linear thermoelasticity.
Also, a theorem of general uniqueness is proved for two-temperature generalized thermoelasticity without
energy dissipation [10].

The present paper is devoted to a study of the induced temperature and stress fields in aninfinite elastic me-
dium with aspherical cavity under the purview of two-temperature thermoelasticity without energy dissipation.
The medium is considered to be an isotropic homogeneous thermoelastic material. The bounding plane surface
of the cavity is thermally loaded bytime exponentially decaying laser pulse. An exact solutions of the problem is
obtained in Laplace transformdomain, and the inversions of the Laplace transforms have been culculated
numerically. The derived formulations are computed numerically for copper, and the results are presented in
graphical form.

2. The Governing Equations

We will consider perfectly conducting, elastic, isotropic, and homogeneous medium and the governing equa-
tions will be taken in the context of two-temperature generalized thermoelasticity without energy dissipation.
According to Youssef model, the heat conduction equation takes the form [10]:

K g, = pCeT + T8, —pQ, 1,k=12,3 1)
The conduction-dynamical heat equation takes the form [10]:
p-T=ap,; @)
The equations of motion take the form
oy =pu, 1,j=12,3 3)
The constitutive equations take the form
oy =28 + A8, 5 — ;/(T —T0)5ij 4)
and
& =%(Ui,,~ +uy;) ©)

where A,u Lame’s constants, p density, C. specific heat at constant strain, A=(31+2u)a;, o
coefficient of linear thermal expansion, t is the time, T is the temperature, T, is the reference temperature,

. . . 0 . .
0=(T-T,) is the thermodynamical temperature increment such that ¥<<l, ¢ is the conductive heat

0
temperature, oy,i, j=r,w,z are the components of stress tensor, e is the cubic dilatation, u, is the dis-
placement components, K" is the characteristic of Green-Naghdi theorem, a is non-negative parameter (two-

temperature parameter), and Q is the heat source per unit mass.

3. Formulation of the Problem

We will consider perfectly conducting elastic infinite bodies with spherical cavity occupy the region R<r <o
of an isotropic homogeneous medium whose state can be written in terms of the space variable r and the time
variable t such that all of the field functions vanish at infinity. We use a spherical system of coordinates
(r.¢,w). Due to its symmetric geometry, the problem is one-dimensional with all the functions considered
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depending on the radial distance r and the time t and the displacement u = (u (r),0,0). It is assumed that there
are nobody forces in the medium and it is initially quiescent.
Thus, the field equations in spherical one-dimensional case can be put as:

oe 00 Al
A+2U)——y—=p— 6
( ”)ar ' =P o (6)
and
e=e, +e,+e,, =€, (7)

The non-Fourier heat transfer equation due to a laser heating pulse decaying exponentially in time can be
written as [7]:
V2 PCe 82_9+ 7Ty a_ze_ plo et @®)
K™ o> K o> K
where |, = (1— r, ) I, is the power intensity of surface reflection, lo is laser peak power intensity, r, is reflec-

tion coefficient, o laser pulse parameter and & is absorption coefficient.
And

p-0=avip )

rrarl or
The constitutive equations will take the following forms

where V? _to (rzij.

o :2,ua—u+/1e—7/9 (10)
or
Gy =0y = 2y%+/1e—y9 (11)
and
o,,=0,, =0, =0 (12)
where
1 a(rzu)
r’ or (13)
We shall use the following non-dimensional variablesfor convenience [10]:
_ . _ _ T-T, o-T o
1ot roor-1Y 1 roor-1\ A2 1 r_ 0 r_ 0 -
(r,u,R,5 )_con(r,u,R,(? ) (t,u )—con(t,u ) 49——_'_0 NS T, o A2 (14)

A+2
where ¢ =222 ang n—pcf.

Equation (1) and Equations (4)-(9) assume the form (where the primes are suppressed for simplicity)

e 00 o
= _p==== 15
o or ot (15)
By using Equation (13) into Equation (15), we get
2
V2 - bv20 = % (16)

also, we have

0%0 o% ot
? + 82 ? - 839

©

Vip=¢ (17)
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p-0=¢NV’ (18)
o, =fle— 4% — a0 (19)

and
O'WZO'W:([)’Z—Z)6+2%—0:9 (20)

2 12
C
where azy—TO, & =nc, 82=)/—2, 53=LI1*- g, =acin?, ﬂ:(/1+2,uj and b:/}i'
H p

4. The Solution in the Laplace Transform Domain

We use the Laplace transform of both sides of the last equations defined as:

f(s)=[f(t)edt (21)
0
Hence, we obtain
V’e -bVv?0 =s% (22)
V2P = £5°0 +&,5°€ -5 (23)
S+v
0=p-¢V@ (24)
G, = pe- 4% —al (25)
G,, =0_"W=(ﬂ2—2)€+2?—a§ (26)
and
10 ( rZU)
g=— 27
r2 or @7)
Eliminating 6 between Equations (23) and (24), we have
VP =o,p +a,f —a, (28)
5132 8232 &3
where «, = 5, Oy = > and a, = > :
1+ 56,5 1+ 56,8 (1+ 66,5 )(s+v)

From Equations (28) and (24), we obtain

0 =(1-5,0) P —£,0,8 + 5,2, (29)
From Equations (22) and (28), we have
Ve = Lo+ BE—p; (30)
o (1-&,04)b (az(1_540‘1)b+32) a;(1-g,0)b
where g =1 B = and g, =21
(1+&,a,b) (1+¢&,a,0) (1+&,a5b)

By eliminating & between Equations (28) and (30), we obtain

[Vi-LV’+M |p=N, (31)

where L=ay+5,, M=a,f,-a,p and N, =pf,0,-a,p;.
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By eliminating @ between Equations (28) and (30), we get
[Vi-LV’+M e =N, (32)

where N, =, 0, —a,f, .
The bounded solutions of the Equations (31) and (32) take the forms

_ N &, e™
— 14 33
v le/’s ; (33)
and
_ N2 2 e-Pir
E=—2+> B— 34
YR (34)
where +p,,£ p, arethe roots of the equation
p*—Lp?+M =0 (39)

By using Equations (33) and (34) into Equation (30), we obtain

B, (p’-5)
- 36
A 5 (36)
Hence, we get
—-pir
¢:V+E§B<p' £ (37)

To get the constants B, and B, , we have to apply the boundary conditions on the surface of the cavity when
r=R (R isthe radius of the cavity). We will consider that the heat conduction @ and the strain & have zero

value on the surface of the cavity, which gives that

?(R,s)=¢(R,s)=0 (38)
Thus, the system of the equations on (34) and (37) gives the following linear equations
2 N,R
Be PR=——2_ 39
le i M (39)
and
2 N,R
B (p2—p)e " = ANR 40
iZ:l: i (pl 132) M ( )
By solving the above system, we get
Re [ N.B, —N, (p; - 5,)] Re™® [ N,B, — N, (0! - 3, )]
B, = > and B, =- R
(pz_pl) M(pz_pl)

Those complete the solutions as following

_ N, R[Nlﬂl_Nz(pzz_ﬂz)](pf_ﬂz) g PR
0=yt BM (pZ - p?) r
(41)
R[Nlﬁl_NZ(plz_ﬂ2>:|( ﬂz) “PaArR)

BM (p;

p;) r
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N, R[N =N, (P2 =) |enr® [RINA =N, (pI=,)]]evetr®) .
e(sir)=1r+ (o) —- v (52— 97) - (42)

Substituting from Equations (41) and (42) in (28), (27) and (25) we get & (s,r), &(s,r) and T(s,r) re-
spectively.

5. Numerical Inversion of the Laplace Transform

To determine the solutions in the time domain, the Riemann-sum approximation method is used to obtain the
numerical results. In this method, any function in Laplace domain can be inverted to the time domain as:

f(t):i{%f_(x)+ Rei(—l)" f‘(ﬁ"‘T"ﬂ (43)

t

where Re is the real part and i is imaginary number unit. For faster convergence, numerous numerical
experiments have shown that the value of « satisfies the relation xt ~4.7 Tzou [9].

6. Numerical Results and Discussion

We now consider a numerical example for which computational results are given. For this purpose, copper is
taken as the thermoelastic material for which we take the following values of the different physical constants
[11]:

K=386kg-m-K'.s®, a =178x(10)° K™, p=8954kg-m?, C,=383.1m?.-K*.52,
T,=293K, u=3.86x(10)" kg-m™-s?, 1=7.76x(10)" kg-m™-s?, p2=4, R=10, t=02

From the above values, we get the non-dimensional values of the problem as:
b =0.010444, «=0.000143, ¢ =7.98, ¢,=12.836, & =2.14.

Figures 1-5 represent the conductive temperature distribution, the thermodynamic temperature distribution,
the strain distribution, the displacement distribution, and the stress distribution respectively, in the context of
one-temperature type (solid lines) and two-temperature type (dashed lines). We can notice that the two-temper-
ature parameter has significant effects on all distribution. The material reaches the steady state through the two-
temperature type before the one-temperature type. The peak points decrease when we use the two-temperature

type.

0.6 -

05

04 |
¢
03
L One-Temp.
- = =Two-Temp.
0.2 -
01 |
o U T T TN NN TN TN NN N NN TN TN SN TN NN NN TN TN SN [N TN TN SN TN (MUY ST TN SO TN NN SN TN TN TN [N TN SN SN TN NN TN TN SO S N T N N 1
1 1.1 1.2 1.3 14 1.5 1.6 1.7 1.8 1.9 2

r

Figure 1. The conductive temperature distribution.
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Figure 2. The thermodynamic temperature distribution.
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Figure 3. The strain distribution.
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Figure 4. The displacement distribution.
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Figure 5. The stress distribution.
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