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Abstract

To effectively evaluate a system that performs operations on UML class dia-
grams, it is essential to cover a large variety of different types of diagrams. The
coverage of the diagram space can be attained by grouping them into a finite
number of disjoint equivalence classes, each containing diagrams that are
structurally equivalent, and analyzing at least one diagram from each class.
Currently, no formal method exists to implement this approach. In this paper,
we describe an approach that implements this idea by mapping class diagrams
into an appropriate UML category using category theory and defining isomor-
phism classes containing diagrams that are isomorphic. The main idea of our
approach to partitioning the space of class diagrams is to consider that any
UML class diagram is an instance of the UML metamodel, then identify a
small number of basic template diagrams, carefully selected simple class dia-
grams with parameters/variables, and combine them into complex template
diagrams using an operation based on the colimit from category theory. We
demonstrate through experiments that almost all of a large set of class dia-
grams randomly generated from the UML metamodel can be classified as in-
stances of the isomorphism classes generated through this combination oper-
ation.

Keywords

UML, Category Theory, Class Diagram Classification, Class Diagram
Composition, Graph Isomorphism

1. Introduction

Various software engineering tools in the Model-Based Software Engineering ma-
nipulate UML Class Diagrams. These tools take class diagrams as input and pro-

duce either different kinds of class diagrams or develop other kinds of output. The
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first kind is referred to as refactoring, while the other is called transformation. The
reasons for refactoring can be to: correct errors, incorporate additional require-
ments, improve design clarity, improve maintainability, apply design patterns, re-
move redundancies, modify inheritance structures, simplify aggregations, intro-
duce abstractions, reduce complexity, merge diagrams, partition, factor, and slice
diagrams. Transformation, on the other hand, is used for code generation, data-
base schema generation, and visual representation. Recently, machine learning
has been used to perform various operations on class diagrams, such as model-
driven prediction, multidiagram reasoning, or code generation from class dia-
grams. As is usually the case, machine learning requires diverse and representative
training data.

To effectively evaluate a system that operates on UML class diagrams, it is cru-
cial to test it against a broad range of structurally diverse diagrams. In the absence
of alarge and varied industrial dataset, software engineers must generate diagrams
that capture common real-world design patterns. To avoid redundant and exces-
sive testing, these generated diagrams can be grouped into structural equivalence
classes. Instead of testing thousands of random diagrams, one representative from
each class can be selected, allowing a more efficient assessment of tool perfor-
mance and robustness while maintaining meaningful coverage.

The solution to this problem appears to lie in the idea of classification. How-
ever, the concept of a “class of UML class diagrams” is not well defined. The OMG
UML specification does not formally introduce this notion. This ambiguity may
be due in part to the fact that the concept of “class” lacks a single unified mathe-
matical foundation. Various attempts have been made to incorporate the notion
of class into set theory, but these often lead to well-known paradoxes. In this pa-
per, we do not aim to engage in a deep philosophical exploration of these issues.
Instead, we will propose a mathematical formalization of the problem, guided by
intuitions drawn from the use of category theory in computer science [1].

The core idea behind our formal classification of UML class diagrams is the
identification of basic templates, simple, parameterized class diagrams that can be
used to describe more complex diagrams, which we call “complex templates”.
These complex structures are formed by multiplying (i.e., using multiple instances
of) and combining basic templates according to a set of defined combination rules.
Each basic template corresponds to an instance of the minimal UML metamodel
shown in Figure 1. A class diagram is classified as of a specific type if it is isomor-
phic to a constructed complex template. Conceptually, our approach aligns more
closely with mereology—the theory of part-whole relationships [2] [3]—which
shares foundational similarities with category theory.

We defined a number of basic templates based on the minimal UML metamodel
shown in Figure 1. This UML metamodel is a simplification of the UML meta-
model from [4] [5]. A UML metamodel is a UML diagram whose instantiations are
all possible UML class diagrams. A metamodel includes Meta: Classes, Datatypes,

Attributes, Associations, and Constraints. The minimal UML metamodel includes
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Class, Association, Property, DataType and Generalization metaclasses. The min-
imal UML metamodel used in our experiments can be easily extended to support
all types of UML class diagram elements, since all these types are part of the UML
superstructure. Commonly used types of UML class diagram elements are class,
class attribute, data type, binary association, unary association, N-ry association,
operation, parameter, association, generalization, aggregation, composition, de-

pendency, realization, interface, enumeration, enumeration literal and package.

Generalization

general 1 specific 1
Classifier Type

0.1| tyre

Datatype Class Asscciation 0.2 Property
ownedEnd | e - nteger
lower : Integer

2.Z
memeberEn
0.*
ownedAttribute

Figure 1. Minimal UML metamodel (adapted from [4] [5]).

The paper is organized as follows. Section 2 describes the formulation of the
problem. Section 3 demonstrates an example of a class of class diagrams. Section
4 discusses related work. Section 5 describes the formalization of our method. Sec-
tion 6 describes the method of classification of class diagrams. Section 7 gives de-
tails on basic templates. Section 9 describes the evaluation of the approach. Section

10 presents our conclusions.

2. Problem Formulation

In this section, we present the problem of classifying UML class diagrams into
equivalence classes based on their structural properties. The central challenge is
to develop a method for grouping class diagrams such that each group is repre-
sented by a canonical form, ensuring that diagrams within the same group are
isomorphic and the classification covers all possible (or as many as possible) UML
diagrams. To achieve this, we break down the problem into two subproblems. The
first subproblem focuses on defining a set of basic templates and composition
rules that allow any UML class diagram to be represented by a complex template,

which serves as the canonical representative of the equivalence class containing
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that diagram. This subproblem is solved manually as it requires careful selection
of basic templates and determination of the principles and the rules of construc-
tion of complex templates. The second subproblem addresses the realization of
this classification process by constructing the complex templates algorithmically
and assigning the class diagrams to the appropriate equivalence classes. Together,
these subproblems provide a structured approach to solving the broader classifi-
cation problem. A first step towards the formalization of this problem is:
Problem (Classification of UML class diagrams) Develop a method to classify
UML class diagrams into equivalence classes based on their structural properties.
Subproblem 1 (Representing classes of class diagrams) Define a set of basic
templates, 7, and composition rules, R, such that for any UML class diagram, D,
a complex template, C, can be constructed using R s.t. Dis isomorphic to C.
Subproblem 2 (Realization of classification of UML class diagrams) Develop
an algorithm that solves the following problem: Given a UML class diagram, D, a
set of basic templates, 7; and a set of composition rules, R, construct a complex
template, C, using a collection of basic templates, 7, (possibly with repetitions)

such that Dis isomorphic to C.

3. Example of a Class of UML Class Diagrams

The following provides an example of a class of class diagrams. We begin with a
textual description, followed by a UML class diagram representative of the class
of class diagrams in the form of a complex template diagram. Also, we show how
the complex template diagram is constructed from an intermediate complex tem-
plate diagram and a copy of a basic template diagram. Lastly, we demonstrate how
a specific class diagram is classified within this class of diagrams. The complex
template diagram includes variables for classes, binary associations, association
ends, attributes, and generalizations, with variable elements identified using the
var stereotype.

Example: Textual Description

This class of class diagrams includes all class diagrams conforming to the fol-
lowing pattern. The diagram includes 5 classes interconnected with 2 generali-
zations, 4 directed associations and one bidirectional association in a particular
way. One class in the diagram includes 2 attributes of String and Integer primi-
tive types defined as data types. All association end multiplicities have unspeci-
fied range.

The diagram has the following properties. The average number of associations
connected to a class is 2. Therefore, the diagram is not considered to be complex
in terms of number of associations. The diagram exhibits one simple inheritance
hierarchy. The structure of the diagram is asymmetric. There is at most one asso-
ciation between classes. Also, the diagram exhibits a small number of class attrib-
utes of different primitive types.

Complex template diagrams

Figure 4 shows a complex template diagram resulted from the composition of
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an intermediate complex template diagram shown in Figure 2 and a copy of a
basic template diagram shown in Figure 3. Initially, in the process of building the
complex template in Figure 4, the copy of the basic template diagram has arbitrary
names for the elements of the class diagram. Then, the class, association, and as-
sociation end variables of the copy are renamed according to the composition
rules in such a way that it shares two classes with the intermediate complex tem-
plate diagram. However, the names of the association and the association ends in
the copy are different from the names of the associations and association ends in

the intermediate complex template diagram.

a3
<<var=>
<<var=>> p6 <<vars> p5
a4
<<vars> c1 <<var>> <<var>» <<var>>
<<var>> <<var>>
c2 c3 c5

<<var>> p11 : String
<<var>> p12 : Integer

<=<var>>p8 <<var>> p7

<<vars> p2 <<var>> p3
<<vars>
c4 a2
el <<var>> p1 <<var>> p4 <<var>>
<<var>>
Figure 2. Intermediate complex template diagram.
a5
<<var>> <<var>> <<yar>>
c5 c3
<<var>> p10 <<var>> p9
Figure 3. Basic template diagram copy.
a5
<<var>>
a3
<<var>>
<<var>> p6 <<var>>p5 <<var>>p10
ad
<<var>> cevars> cl e <<vars> <<var>> <<var>>
S c2 <<var>> p11: Sting K————— @ <avars>p8  <<var>> p7 5
<<var>>p12: Integer
<<var>> p2 <<var>> p3
<<var>>
c4
a2
al <<var>>p1 <<var>> p4 <<var>>
<<var>>

Figure 4. Complex template diagram.
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The complex template diagram in Figure 4 is representative of the class of class
diagrams described in the textual example above. Since UML class diagrams do
not natively support variables for multiplicities, we are using 0..¥ multiplicity to
give an unspecified range for association end variables. When the class of dia-
grams is instantiated, specific multiplicities are substituted in place of 0..%.

Classification of a class diagram

The class diagram in Figure 5(a) is classified into the class of class diagrams
represented by the complex template in Figure 4 because it is isomorphic to this
template (with the stereotypes removed). The two diagrams are structurally iden-
tical. The difference between the diagrams is the names of elements and their
property values as well as different arrangements of classes.

The class diagram in Figure 5(b) cannot be classified into the class of class di-
agrams represented by this complex template, as it is not isomorphic with it. The
diagrams are structurally different. The class diagram in Figure 5(b) includes four
classes, three directed associations, and one bidirectional association, while the
complex template diagram includes five classes, one bidirectional association, two
class attributes of defined data type, two generalizations, four directed associa-

tions, and two data types.

Person Doctor worksAt Hospital Doctor Hospital
4+ 1 worksAt
name : String <J— -
id : Integer
0.
1
1 1 0.+
aministers administers
treats
010 i treats
Vo
Patient recieves Treatment 0.10
; . Patient FeehiEs Treatment
1 1.5
0.* hosts
(a) Healthcare diagram 1 (b) Healthcare diagram 2

Figure 5. Two class diagrams to be classified.

4. Related Work
4.1. Classification of Class Diagrams

We did not find extensive existing work about classification of class diagrams.
There are some methods that use class diagram metrics and machine learning for
classification of class diagrams. The method in [6] classifies class diagram into two
classes: forward engineered class diagrams and reverse engineered class diagrams.
The method in [7] predicts bad-smell for software design models. In particular, 7
bad-smells of the design are identified. The method in [8] predicts fault prone

classes in class diagrams. These methods do not formally define classes of class
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diagrams, identify very limited number of classes of class diagrams, and do not

consider structure of class diagram during classification process.

4.2. Comparison of Class Diagrams

The method described in [9] compares class diagram elements—such as classes,
attributes, operations, relationships, and class neighbors—based on the names of
these elements. It employs individual similarity metrics for name-based compar-
isons and compound metrics that combine these individual metrics. The com-
pound metrics are used for comparison of classes based on combination of names,
attributes, operations and neighborhood information. Semantic similarity, in-
cluding relationships like synonyms and hyponyms, is assessed using WordNet
[10], which measures the distance between words in the WordNet hierarchy.
However, this method does not account for the overall structure of class diagrams,
which is its main limitation. Additionally, the accuracy of comparisons depends
heavily on the weight assignment for each individual metric within the compound
metric. The study calibrates these weights to evaluate the quality of class diagram
comparisons. While the results indicate that compound metrics outperform indi-
vidual metrics, they are based on only two use cases, limiting the generalizability
of the findings.

The paper [11] discusses common types of overlaps between concepts in differ-
ent models, addressing informal, semi-formal, and formal semantics. These over-
laps are categorized as follows:

1. Equivalence: Two elements in different models are equivalent if they refer to
the same real-world concept. For models with informal or semi-formal semantics,
equivalence is determined based on human perceptions, beliefs, and assumptions.
In contrast, for semantically formalized models, equivalence is established when
elements share identical semantic properties. For example, in state machines,
equivalence may depend on the associated behaviors of states.

2. Similarity: Two elements may exhibit partial semantic similarity without be-
ing semantically equivalent. Quantitative measures can be introduced to evaluate
how closely the semantic properties of one element align with another.

3. Generalization: This overlap occurs when an element in one model serves as
a generalization of elements in another model.

4. Aggregation: This overlap arises when two elements in different models are
related through an aggregation relationship.

5. Overriding: One element in a source model may be disregarded in favor of a
semantically similar element in another model.

6. Information Gaps: Information gaps between elements in different source
models must be bridged to establish relationships between them. This often re-
quires introducing abstract concepts and generalization relationships in the
merged model.

However, this method lacks a systematic approach to identifying overlaps in

class diagrams with informal or semi-formal semantics. Overlap identification is
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performed manually, making it subjective and prone to variability based on indi-
vidual interpretation.

The method described in [12] utilizes a 3-way merge approach to compare three
versions of a class diagram. These versions include:

1. Developer Version: The diagram the developer wants to add to the reposi-
tory.

2. Current Version: The most recent diagram version in the repository.

3. Base Version: The common ancestor from which both the developer and cur-
rent versions are derived.

Each diagram is translated into Prolog facts, and rules based on the UML met-
amodel are applied to infer indirect relationships between diagram elements. The
method then compares the enriched Prolog fact sets to determine if the Developer
and Current versions of the diagrams are semantically equivalent, if one semanti-
cally contains the other, or there are conflicts. Semantic conflict detection involves
performing two different operations: 1) Compare the base version with the devel-
oper version, identifying additions and deletions made by the developer. 2) Com-
pares the base version with the current version, identifying changes made in the
repository. This process requires all three diagram versions for comparison and
relies on Prolog-based reasoning to detect semantic equivalence or conflicts.

The method [13] compares class diagrams based on ontology alignment and
subgraph isomorphism. The comparison includes the following steps.

1. The class diagrams are translated to ontologies.

2. The mapping is created between diagram ontologies using similarity measures,
background ontologies, and validation rules.

3. The isomorphic subgraphs are identified in the graphs representing the dia-
gram ontologies using the mapping between the diagram ontologies.

This method does not ensure formal compliance with the metamodel. The val-
idation rules are ontology oriented rather than class diagram oriented. Also, the
semantics of class diagrams may be lost during their conversion to ontologies.

The methods in [14]-[16] utilize graph isomorphism [17] to find design pat-
terns in class diagrams. These methods consider the situations where the design
pattern fully or partially exists in the given diagram. The method in [14] compares
the given class diagram and the design pattern diagram by comparing their labeled
relationship graphs, where each node representing a class includes a label incor-
porating the number of superclasses, collaborating classes and subclasses for the
class and each edge representing a relationship is labeled with relationship type.
There is a support for dependency, generalization, direct association, and aggre-
gation. Additionally, the method evaluates combinations of classes and their rela-
tionships across diagrams. The method in [15] extracts relationship graphs from
the given class diagram and the design pattern diagram. There is a relationship
graph for each type of relationship (e.g., association or generalization). Then, it
compares corresponding relationship graphs for each type of relationship. The

method [16] compares the given class diagram and the design pattern diagram by
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comparing their labeled relationship graphs, where nodes represent classes and
edges represent relationships between pairs of classes, with each edge assigned a
weight that reflects the combination of multiple relationships (association, gener-
alization, realization, or other/disconnected) between the two classes. The method
computes a percentage of the partial existence of design pattern diagram in the
given class diagram.

The method in [18] finds design patterns in class diagrams by performing graph
comparisons based on heuristics. Similar to [15] it relies on extraction of relation-
ship graphs for each type of relationship from the given class diagram and the
design pattern diagram.

The method in [4] [5] compares class diagram elements to identify common
elements for the class diagram composition. The classes and datatypes are com-
pared by name, associations are compared based on association name, associa-
tion end names, multiplicities and association end navigabilities, generalizations
are compared based on general/specific class names and attributes are compared
based on class name, attribute name and attribute type name. The method relies
on formalization of UML metamodel. However, there is no structural comparison
of class diagrams.

None of these methods performs structural comparison of class diagram and at
the same time ensures formal compliance with the UML metamodel. Our method,
on the other hand, compares class diagrams based on graph isomorphism and

supports formal compliance with metamodel.

5. Formalization of the Classification of UML Class Diagrams

This section introduces the connection between UML class diagrams and category
theory. It is captured by the mapping of class diagrams to E-graph objects of the
category EGraphs [19], which represent the structure of the class diagrams. The

relationships between class diagrams are morphisms of EGraphs. This is shown

in Figure 6.
- Structure map -
Class Diagram 1 Class Diagram 2
Represent structure Represent structure
E-graph morphism
E-graph 1 E-graph 2

Figure 6. Mapping between structures of class diagrams.

Definition 1. Consider two E-graphs of basic templates B;, B, and a common
subgraph Qalong with E-graph morphisms £, £ from Qto B, and B.. The pushout
object of such a diagram is a complex template. This will also apply to the situation
where B, is a complex template and B; is a basic template.

Note: This definition does not cover all the aspects of complex template. The
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completion of this construction requires the use of A7GI-graphs as discussed in
Section 6.

In summary, Definition 1 provides a grouping of class diagrams into isomor-
phic classes using E-Graphs. The vertices and edges of these graphs do not explic-
itly include types. To achieve this, we represented the basic templates and UML
class diagrams as attributed typed graphs respecting inheritance (A7GI-graph),
as described in [4] [5] [19]. This graph allows us to capture the structure of class
diagrams as well as types related to class diagrams. The minimal UML metamodel
in Figure 1 is represented as an attributed typed graph with inheritance (A 7GI).
The mapping between the E-graph representing the structure of the class diagram
and the AT GIrepresenting the minimal UML metamodel is represented using an
ATGI-clan morphism. The notion of inheritance provides complexity reduction
of graphs representing metamodels, as described in [19].

Figure 7 shows the graphical representation of the A 7G/that captures the min-
imal UML metamodel. It shows the inheritance aspect (hollow arrows) and rela-
tionships (regular arrows) show the meta-associations, and the meta-attributes of

the metamodel. This notation was borrowed from [19].

Generalization Type

general specific

type

Classifier

DataType

upper
memberEnd
lower

Class Association Property

ownedEnd
ownedAttribute

Figure 7. ATGIrepresents the minimal UML metamodel (adapted from [4] [5]).

The mapping between the E-graph representing the structure of a class diagram
and the ATGIrepresenting the minimal UML metamodel is represented using an
ATGI-clan morphism.

In order to represent the structure of a class diagram and the typing of a class
diagram by the minimal UML metamodel in a single graph, we introduce an in-
heritance-respecting typed attributed graph (A4 7GI-graph) [20].

Now we can return back to the main issue that we are trying to address, ie., the
grouping of UML class diagrams into isomorphic classes. Towards this aim, we
defined complex templates in Definition 1. As was stated earlier, the graphs used
in that definition did not cover all of the aspects of UML class diagrams that we
want to consider. So now we introduce the definition of an equivalence class of
UML Class Diagrams. It will be defined by the following equivalence relation.

Definition 2. Consider a UML class diagram represented by an A7TGI-graph,
D. Dis in the equivalence class [ (] if Dis isomorphic with the complex template

C constructed according to Definition 1.
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6. Algorithmic Classification of UML Class Diagrams

The formal framework described in the previous section will be used for the clas-
sification of UML class diagrams. The classification of class diagrams means the
classification of class models represented by diagrams. The basic template dia-
grams are preprocessed so that the stereotypes are removed at the beginning of
the classification process. The results, including intermediate results, and the steps
of the classification process will be as follows.

1. Formalize the minimal UML metamodel as an attributed type graph with
inheritance ATGIL.

2. Represent all the basic templates as A7GI-graphs.

3. Represent a UML class diagram as an A7GI-graph.

4. Select a collection of basic templates, possibly with repetitions, and find mor-
phisms from the collection to the A7GI-graph; the morphisms must cover all of
the ATGI-graph.

5. Compute the complex template using the selected collection of basic tem-
plates according to Definition 1.

6. Search for a complex template Pthat is isomorphic to the generated complex
template. If found, then classify given diagram as [ 7]; if not found, then add a new
class for the generated complex template and classify the diagram as this class.

The tool implementation of the classification of UML class diagrams is available

online [21].

6.1. Converting a UML Class Diagram to an ATGI-Graph

Each ArgoUML class diagram developed in ArgoUML studio is read using Ar-
goUML API for Java into ArgoUML model. ArgoUML model elements are Java
objects. Each object represents a class diagram element. There are relationships
between these objects identified by ArgoUML API methods. An AgroUML model
is mapped to an A7GI-graph based on mapping of a UML model to an ATGF-
graph as described in [4]. The structure of ArgoUML model is represented as E-
graph. The typing of ArgoUML model by UML metamodel is represented using
ATGIclan morphism. The structure of a class diagram and the typing of a class
diagram by the minimal UML metamodel are represented as A 7GI-graph.

In order to compare E-graphs representing two diagrams for isomorphism, it
is necessary to represent values of meta-attributes as unique V7s. If we have two
class attributes with multiplicity of 1 in the diagram, there will be two copies of
value 1 in the E-graphs. This is accommodated by defining each V) as pair that
consists of a value and a unique ID.

6.2. Mapping of the Basic Templates to a Diagram

The following describes the process of mapping of the basic templates to a dia-
gram. The input of the process consists of an ATGI-graph G' = (G,typeG ) rep-
resenting the diagram, where G is an E-graph defined as

G :(GVG .Gy G+ G, » (56,1, ) and type, :G — ATGI . ATGI repre-

ie(G,A} )
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sents a UML metamodel shown in Figure 7. Additionally, the input includes a set

B of ATGILgraphs representing basic templates. The output is the set BC' that
includes copies of graphs representing basic templates and injective E-graph mor-
phisms f from the E-graph of each copy to G where morphisms f cover
all of the G . The following are the steps of the process.

1. Find a subgraph S in G' isomorphicto graph B, € B, such that E; of

S are not mapped to any previously created copy BC, .
2.Ifsuch S is found then create a copy BCJ! = (BC i YPe, ) of B;, where
typeyg; BC; — ATGI , and create an injective E-graph morphism

f,:BC; > G that maps the elements of BC; to the elements of the E-graph of
S and go to step 1.

3. Repeat steps 1 and 2 for all the basic templates.

We have not found any efficient subgraph isomorphism algorithm that works
with or can be easily adopted to A7GI-graphs and has ready to use tool imple-
mentation. In particular, we found the following subgraph isomorphism algo-
rithm tools for typed attributed graphs. The Java based tool JGraphT [22] is based
on VF2 subgraph isomorphism algorithm [23] and is efficient for sparse graphs.
However, it does not support graphs with parallel edges where ATGI-graphs
prepresenting UML class diagrams may have parallel graph edges in E;. The
GraMi (Graph Mining Library) tool [24] is efficient for sparse graphs. However,
it is not a convenient choice for integration with our method tool implementation
since it is a command line tool and not an Application Programming Interface
(API). It requires the input graphs to be stored in a specific format in a file. The
mapping can only be output in a console or a file. The Python based tools Net-
workX [25] and graph-tool [26] are based on VF2 subgraph isomorphism algo-
rithm and are efficient for sparse graphs. However, these tools do not enforce any
particular type system for attributes for typed attributed graph. The types of vet-
ices and edges are just attributes. The types of attributes themselves cannot come
from some metamodel graph. Also, the attribute names do not have types.

To this extent, we developed algorithms for finding a subgraph in the class di-
agram ATGI-graph that is isomorphic to a basic template ATGI-graph. The algo-
rithms are based on Depth First Search (DSF) to explore candidate nodes and
edges, backtracking (reversing the mapping decisions to recover from invalid
paths in the search tree), and pruning (degree filtering) similar to the existing sub-
graph isomorphism algorithms VF2 algorithm and GraMi.

The algorithms guarantee to find isomorphic subgraphs for the basic template
diagrams of the following types based on the minimal UML metamodel and are
efficient for them.

e Basic template diagrams that consist of two classes and a binary relationship
between them (e.g. bidirectional association).
e Basic template diagrams that consist of N-classes and an N-ry association be-

tween them.
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e Basic template diagrams that contain one class with an attribute whose type is
another class.

e Basic template diagrams that contain a class with an attribute of a specific
primitive type defined as a data type.

e Basic template diagrams that contain a class with an attribute of a defined data
type.

These types of basic template diagrams consist of minimal number class dia-
gram elements and cover all types of class diagram elements supported by the
minimal UML metamodel. The algorithms are applied to four specific basic tem-
plates, introduced in Section 7, which fall within the supported types above. The
algorithms can be easily extended to support all types of UML class diagram ele-
ments. This is explained in the detailed description of the algorithms.

The pseudocode for the algorithms is shown in Algorithm 1 and 2. For simplic-
ity of presentation, the algorithms exclude processing of Vs and Eys. The match-
ing of Vps and Eys is done based on types. The backtracking of mappings for Vps
and Es is performed with respect to mismatched Vs.

The algorithms use the following notations.

1. getNodeList (graph): A method that returns a list of Vs of the ATGI-graph.

2. getNodeListBy Type (graph, nodeType): A method that returns a list of Vs
of the ATGI-graph of a given type. The type is specified as a string value (e.g.
“Class”).

3. getEdgeList (graph): A method that returns a list of Egs of the ATGI-graph.

4. source (edge): A method that returns the source of an A7GI-graph graph
edge.

5. target (edge): A method that returns the target of an A 7GI-graph graph edge.

6. getOutgoingEdgelList (node): A method that returns a list of outgoing graph
edges of the given A7GI-graph graph vertex.

7. getIncomingEdgelList (node): A method that returns a list of incoming graph
edges of the given A7GI-graph graph vertex.

8. nodeMapping: A stack of pairs with a graph vertex in V; of the basic tem-
plate ATGI-graph as a first element and graph vertex in V; of the diagram
ATGI-graph a second element. This stack represents a mapping between graph
vertices of the basic template and diagram A7G/-graphs.

9. edgeMapping: A stack of pairs with a graph edgein E; of the basic template
ATGI-graph as a first element and graph edgein E; of the diagram ATGI-graph
a second element. This stack represents a mapping between graph edges of the
basic template and diagram A 7GI-graphs.

10. nodeMatchCount. A global variable that counts matches of A7GI-graph
graph vertices.

11. setMatchld (node): A method that sets a unique auto-incremented match
ID for an ATGI-graph graph vertex. When there is a match between a graph vertex
in Vg of the basic template A7GI-graph and a graph vertex in V; of the dia-
gram ATGI-graph, both graph vertices are given a unique auto-incremented in-
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teger match ID. The default value of match ID is 0.

12. getMatchld (node): A method that return the match ID of an ATGI-graph
graph vertex.

13. setMatched (edge): A method that set a match indicator of an A7GI-graph
graph edge to true or false. When there is a match between a graph edge in Eg
of the basic template A7GI-graph and a graph edgein E; of the diagram ATGE
graph, the match indicator for both graph edges is set to true. The default value of
match indicator is false.

14. isMatched (edge): A method that return the match indicator of an ATGI-
graph graph edge.

15. getType (node): A method that returns the type of an A7GI-graph graph
vertex as as string value.

16. getType (edge): A method that returns the type of an A7TGI-graph graph
edge as as string value.

17. backtrackNodeMatchlds (nodeMapping,mismatchedNode): A method that
sets to 0 the match IDs of the A7GI-graph graph vertices in all the pairs from the
top of the stack representing the mapping between graph vertices of the basic tem-
plate and diagram ATGI-graphs up to and including the pair that includes the
given mismatched graph vertex of the basic template A 7GI-graph.

18. backtrackEdgeMatchFlags (edgeMapping, mismatchedEdge): A method
that sets to false the match indicators of the A7GI-graph graph edges in all the
pairs from the top of the stack representing the mapping between graph edges
of the basic template and diagram A7GI-graphs up to and including the pair
that includes the given mismatched graph edge of the basic template ATGL-
graph.

19. backtrackEdgeMapping (edgeMapping, mismatchedEdge): A method that
pops all the ATGI-graph graph edge pairs from the stack representing the map-
ping between graph vertices of the basic template and diagram A 7GI-graphs up
to and including the pair that includes the given mismatched graph edge of the
basic template A7GI-graph.

20. backtrackNodeMapping (nodeMapping,mismatchedNode): A method that
pops all the ATGI-graph graph vertex pairs from the stack representing the map-
ping between graph edges of the basic template and diagram A7GI-graphs up to
and including the pair that includes the given mismatched graph vertex of the
basic template A7GI-graph.

The Algorithm 1 takes as input a diagram A7GI-graph and a basic template
ATGIEgraph. It outputs true if a subgraph in the diagram A7GI-graph is found
that is isomorphic to the basic template ATGI-graph and false otherwise. Also, it
takes by reference empty mappings between graph vertices and graph edges of the
basic template and diagram A7GI-graphs. Pairs of ATGI-graph graph vertices
and graph edges are added to and removed from the mappings during the explo-
ration of isomorphic subgraphs.

First, the algorithm retrieves the lists of graph vertices of Class type from the
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diagram A 7GI-graph and basic template A 7GI-graph. Then, it tries to explore the
matching subgraphs in the diagram A7GI-graph starting at each graph vertex of
Class type. This is done by calling Algorithm 2. The graph vertex from which the
basic template A7GI-graph traversal starts is always the first graph vertex in the
list of graph vertices of Class type in the basic template A7GI-graph. Also, the
following is done before each call of Algorithm 2. The mappings between graph
vertices and graph edges of the basic template and diagram A7GIgraphs are
cleared. Each graph vertex of Class type of the diagram A 7GI-graph is considered
to have a candidacy match with the identified graph vertex of Class type of the
basic template A7GI-graph. Therefore, a corresponding pair of graph vertices is
added to the mapping between graph vertices of the basic template and diagram
ATGIgraphs. The algorithm can be extended to support AZ7GI-graph vertices
representing interfaces, packages or stereotypes as starting points for matching

subgraph exploration.

Algorithm 1: FindSubgraphIsomorphizm

Input: diagramGraph - diagram ATGI-graph; basicT emplateGraph - basic template ATGI-graph
InputByRef: nodeMapping - mapping between graph vertices of the basic template and diagram ATGI-graphs;
edgeMapping - mapping between graph edges of the basic template and diagram ATGI-graphs
Output: true if isomorphic subgraph is found in the diagram ATGI-graph; false otherwise
1 diagramClassNodeList < getNodeList ByType(diagramGraph,” Class™)
2 basicTemplateClassNodeList < get NodeList ByType(basicTemplateGraph,” Class”)

3 isomorphizmFound + false

4 foreach classNode € diagramClassNodeList do
5 foreach node € getNodeList(diagramGraph) do

6 L setMatchId(node) + 0

7 foreach edge € getEdgeList(diagramGraph) do

8 L setMatched(edge) + false

9 | nodeMapping.clear(), edgeMapping.clear()

10 nodeMatchCount + 1

11 setMatchId(classNode) + 1, setMatchId(basicTemplateClassNodeList|0]) 1
12 | nodeMapping.push((basicTemplateClassNodeList[0], classNode))
13 if exploreCandidateSubgraphs(classNode, basicTemplateClassNodeList[0],node Mapping, edgeMapping) then

15 break

16 return isomorphizmFound

14 L isomorphizmFound « true

The Algorithm 2 takes as input diagramNode, a graph vertex from the diagram
ATGI-graph, and basicTemplateNode, a graph vertex from the basic template
ATGI-graph. It outputs true if a subgraph in the diagram A7GI-graph is found that
is isomorphic to a subgraph in the basic template A7GI-graph by starting traversal
from basicTemplateNodein the basic template A TGI-graph and staring exploration
from diagramNodein the diagram ATGI-graph. The output is false if no subgraph
isomorphism found. Also, it takes by reference empty mappings between graph ver-

tices and graph edges of the basic template and diagram A7GI-graphs.
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Algorithm 2: ExploreCandidateSubgraphs

Input: diagramNode - graph vertex of the diagram ATGIl-graph; basicl’emplateNode - graph vertex of the basic
template ATGI-graph
InputByRef: nodeMapping - mapping between graph vertices of the basic template and diagram ATGI-graphs;

edgeMapping - mapping between graph edges of the basic template and diagram ATGI-graphs

Output: true if isomorphic subgraph is found in the diagram ATGI-graph; false otherwise

else

© W oA W

=
o

basicTemplateOutgoingEdgeList + getOutgoingEdgeList(basicT emplate N ode)

diagramOutgoingEdgeList + getOutgoing Edge List(diagramN ode)

basicTemplateIncomingEdgeList < getIncomingEdgeList(basicTemplateNode)

diagramIncomingEdgeList + getIncomingEdgeList(diagramNode)

if getType(basicTemplateNode) € [” Association” ,” Generalization”,” Property”] then

if |basicTemplateOutgoingEdgeList| # |diagramQutgoing EdgeList| then return false
if |basicTemplateIncomingEdgeList| # |diagramIncomingEdgeList| then return false

if |basicTemplateOutgoingEdgeList| > |diagramQutgoing EdgeList| then return false
| if |basicTemplateIncominggEdgeList| > |diagramIncomingEdgeList| then return false

11 basicTemplate Edges < [basicTemplateOutgoingEdge List, basicT emplateIncomingEdgeList]
12 diagramEdges <+ [diagramOutgoingEdgeList, diagramIncomingEdgeList)

13 for i € (0,1) do

14 foreach edgel € basicTemplateEdges[i| do

15 nodeMatchFound < false

16 if isMatched(edgel) then continue

17 foreach edge2 € diagramFEdges[i] do

18 if isMatched(edge2) then continue

19 nodel < i =07 target(edgel) : source(edgel)

20 node2 < i =0 ? target(edge2) : source(edge2)

21 if getType(edgel) = getType(edge2) A getType(nodel) = getType(node2) A get MatchId(nodel) =
getMatchId(node2) then

22 if getMatchId(nodel) = 0 A getMatchId(node2) = 0 then

23 nodeMatchCount < nodeMatchCount + 1

24 setMatchId(nodel) < nodeM atchCount, setMatchId(node2) < node M atchCount

25 setMatched(edgel) < true, setMatched(edge2) < true

26 nodeMapping.push({nodel, node2))

27 edge M apping.push({(edgel, edge2))

28 if exploreCandidateSubgraphs(node2, nodel,nodeMapping, edge Mapping) then

29 nodeM atchFound + true

30 break

31 else

32 backtrackNodeMatchIds(node M apping, nodel)

33 backtrackEdgeMatchFlags(edge M apping, edgel)

34 backtrackN ode M apping(node M apping, nodel)

35 backtrack Edge M apping(edge M apping, edgel)

36 else if getMatchlId(nodel) # 0 A getMatchId(node2) # 0 then

37 setMatched(edgel) + true, setMatched(edge2) < true

38 edge M apping.push({(edgel, edge2))

39 nodeM atch Found < true

40 break

41 if Inode M atchFound then return false

42 return true

The algorithm recursively traverses through the basic template A7GI-graph
starting from basicTemplateNode and tries to find a matching subgraph in the
diagram A 7GLgraph. The search for a matching subgraph in the diagram ATGEF
graph starts from diagramNode. A neighbor graph vertex nodel of basicTemplat-
eNode matches a candidate neighbor graph vertex node2 of diagramNode if
nodel and node2 have the same type, the graph edge between basicTemplateNode
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and nodel and graph edge between diagramNode and node2 have the same type,
and the match IDs of nodel and node2 are the same. The match IDs can be both
0 in case where nodel and node2 were not matched earlier or some integer values
greater than 0 in case where nodel and node2 were previously matched for can-
didacy. If the match IDs for nodel and node2 are both 0, a pair of nodel and
node2 and a pair of corresponding graph edges are added to the mappings be-
tween graph vertices and graph edges of the basic template and diagram ATGL-
graphs, and a recursive call to Algorithm 2 is made with nodel and node2 as pa-
rameters. If the recursive call to Algorithm 2 does not find a subgraph isomor-
phism, nodel and node2 are considered mismatched, and the mappings between
the graph vertices and graph edges of the basic template and diagram A7GI-
graphs are backtracked based on the mismatched nodel and its corresponding
graph edge. If the match IDs for nodel and node2 are some integer values greater
than 0, a pair of corresponding graph edges are added to the mapping between
graph edges of the basic template and diagram A 7GI-graphs. The algorithm can
be extended to support operation, parameter, dependency, realization, enumera-
tion literal, association class, generalization set, expression for termination condi-
tion on line 5. The elements of these types should match exactly between the dia-
gram and basic template with respect to all connected meta-associations. How-
ever, the comparison on lines 6 and 7 should exclude meta-associations connected

to stereotypes, comments and constraints.

6.3. Construction of a Complex Template

The common elements of copies of graphs representing basic templates are deter-
mined using morphisms from these copies to the graph representing the class di-
agram. Since the process of construction of a graph representing a complex tem-
plate relies on intermediate complex templates as introduced in Section 5, it is
necessary to know the common elements of graphs representing intermediate
complex templates and copies of basic pattern graphs. In order to achieve this, the
Vs of the copies of the graphs representing the basic templates are renamed in
the following way. Vs in each copy are given unique names in such a way that
two Vs in two copies that are mapped to the same graph vertex in Vi of the graph
representing the diagram are given the same name. All Es, Vs, Eus, sources and
targets in each copy are updated accordingly.

The following describes the process of construction a graph representing a com-
plex template from a collection of copies of graphs representing the basic tem-
plates. This process is based on the computation of a shared union of a pair of
ATGLgraphs in [4] [5]. The input is the set BC' that includes copies of ATGI-
graphs representing the basic templates. The output is an A7GI-graph represent-
ing a complex template composed from all the copies in BC'. The step of the

process are as follows.
1. Pick two copies BC/ = (BCi  typegc, ), BCJ! = (BCJ- yPepge, ) of the ATGI-

graphs representing the basic templates, where typey. :BC, > ATGI and
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typesg, :BC; > ATGI .

2. Construct the disjoint unions of the components (Vg, E;, V,, E,) of
BC, and BC;.

3. Define equivalence relations on the disjoint unions from the previous step
and insert elements of the disjoint unions to P (representing the structure of

the complex pattern) where equivalent elements are glued together.
4. Construct injective E-graph morphisms h :BC; > P, h;:BC; > P us-

ing the equivalence relations defined in the previous step.
5. Compute an E-graph Q (representing the largest common subgraph of

BC, and BC;) and E-graph morphisms ¢;:Q - BC;, ¢,:Q —BC; as the
pullback using BC;, BC;, P, h and h;.

6. Compute an A7GLgraph P' = (P,typep) representing the complex pat-
tern, where type, : P — ATGI , using typeg , typegc, and the pushout

(P.h.h;).
7. Repeat steps 1 - 6 starting from the composition of P' and the next copy
BCkI and continuing for all remaining copies.

Steps 1-6 of the above process are shown in Figure 8.

ATGI

Figure 8. Construction of a complex template.

The details of computing steps 2 - 6 are shown in [5]. All elements of P are
renamed to the representatives of the equivalence classes. Sources and targets as
wellas h and h; are updated accordingly.

The time complexity of the algorithm of construction of a complex template is
O(n2 * m) , where n is the total of number of classes, associations, generaliza-
tions and class attributes in the class diagram and m is number of copies of basic

templates used for the composition of the complex template.

6.4. Comparison of ATGI-Graphs

The complex template A7GI-graph and the given class diagram A 7TGI-graph are
converted to colored multigraphs, where Vs, Egs are vertices and sources and
targets are edges. Each type of Vs and Egs corresponds to a color. We omit Eyus
and Vps from this conversion for performance improvement since class diagram

elements of each type have the same set of attributes based on the given UML
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metamodel.

The outline of the algorithm for generating a colored multigrah graph from an
ATGIgraph is the following. It takes an A7GI-graph as input and outputs a col-
ored multigraph graph based on Vs and Egs.

1. Map all the types of Vgs and Egs of the ATGI-graph to the unique colors
(represented by integer values).

2. For each graph vertex v in V; of the ATGI-graph, create a colored graph
vertex with color corresponding to the type of v.

3. For each graph edge e in E; of the ATGIgraph.

(a) Create a colored graph vertex ¢, with a color corresponding to the type of
e.

(b) Find an existing colored graph vertex C, corresponding to the source of

(c) Find an existing colored graph vertex C, corresponding to the targetof e.

(d) Create an undirected edge in the colored graph between ¢, and c,.

(e) Create an undirected edge in the colored graph between ¢, and c,.

After that, two colored multigraphs are compared for isomorphism using jbliss
tool [27] based on [28] [29]. The algorithm guarantees finding isomorphic graphs.
This algorithm is efficient for sparse graphs. In practice, A7GI-graphs represent-
ing class diagrams tend to be sparse. This is due to modular design, design pat-
terns, hierarchical structure, and limited relationships between classes. The ad-
vantage of this tool is that it can be easily integrated with Java used to implement
the diagram classification algorithm. Other similar algorithms cannot be easily

integrated with Java.

7. Basic Templates

In this section, we introduce basic templates that are sufficient for classification of
any class diagram that is an instance of the minimal UML metamodel and consists
of class diagram elements of types covered by the basic templates. The basic tem-
plates are constructed in such a way that they consist of minimal number class
diagram elements and cover most of class diagram element types supported by the
minimal UML metamodel. In particular, they support the following class diagram
concepts: class, generalization, binary association, association end, association
end multiplicity, association end navigable property, data type (for representing
primitive data types), attribute, and attribute type. The basic template diagrams
include variables for classes, binary associations, association ends, attributes, data
types, and generalizations. The variable elements are identified using the var ste-
reotype.

To provide for full coverage of UML Class diagrams, the set of basic templates
would need to be extended to cover all types of UML class diagram elements by
following the principle of minimality of number of class diagram elements in each
basic template as demonstrated with the minimal UML metamodel.

ATGI-graph representation of each basic template uses a compact notation
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[19]. Each vertex in V; and Vg, and edgein E; and E, has a type defined
by ATGIrepresenting the minimal UML metamodel. The types for each vertex in
V; use UML-like notation. For edges in E; and E,, only types are specified.
For vertices in V , types are omitted. The elements of the basic template diagrams
are mapped to graph vertices V. The meta-associations between the elements of a
basic template diagram are mapped to graph edges E; . The meta-attributes of the
elements in a basic template diagram are mapped to node attribute edges E,, and

the values of the meta-attributes are mapped to data vertices V.

7.1. Template 1

This basic template diagram represents a class of class diagrams that includes all
class diagrams that conform the following pattern. The diagram has a class ¢l and
a datatype dfl, where class cl has a property pl of type dfl. The basic template
diagram is shown in Figure 9.

<< =
= <<datatype>>
c1 <<ygre>
<<var>> p1: dt1 dt1

Figure 9. Template 1 diagram.

Figure 10 shows ATGI-graph representation of this template. Here, we have
the following graph vertices V.

1. dfl: Datatype represents datatype dfl.

2. cl: Classrepresents class cl.

3. pl: Propertyrepresents class attribute pl.

pl:Property
type

upper:1
lower: 1

ownedAttribute

cl:Class dtl:DataType

Figure 10. Typed attributed graph representation of template 1. The graph is shown in
compact notation.

7.2. Template 2

This basic template diagram represents a class of class diagrams that includes all
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class diagrams that conform the following pattern. The diagram has classes ¢l and
2, and directed association al from cl to 2. The association has a navigable end
pl on 2 with an unspecified multiplicity. The association has a non-navigable
end p2 on cl with an unspecified multiplicity. The basic template diagram is

shown in Figure 11.

al
<<yar>x < are>
<L\

cl c2
<<vars> p2 <<yars> p‘]

Figure 11. Template 2 diagram.

pl:Property p2:Property
memberEnd
upper:-1 upper:-1
lower:0 lower:0
ownedEnd

al:Association

memberEnd

ownedAttribute

c2:Class
cl:Class type

type /l\

Figure 12. Typed attributed graph representation of template 2. The graph is shown in

compact notation.

Figure 12 shows the A TGI-graph representation of this template. Here, we have
the following graph vertices V.

1. cl: Class, c2: Classrepresent classes cl and c2 respectively.

2. al: Association represents association al.

3. pl: Property and p2: Property represent association ends pl and p2 respec-
tively.

7.3. Template 3

<<yars> <ayars>
cl ==svar== c2

Figure 13. Template 3 diagram.

This basic template diagram represents a class of class diagrams that includes

all class diagrams that conform to the following pattern. The diagram has classes
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cl and 2, and a generalization relationship where cl is subclass of 2. The basic
template diagram is shown in Figure 13.

Figure 14 shows the A TGI-graph representation of this template. Here, we have
the following graph vertices V.

1. cl: Class, c2: Class represent classes cl and ¢2 respectively.

2. gl: Generalization represents generalization between classes ¢l and 2.

cl:Class gl:Generalization c2:Class

specific general

Figure 14. Typed attributed graph representation of template 3. The graph is shown in
compact notation.

7.4. Template 4

<<yar>» al <<yars>

cl <<vars> c2

<<yar>> p2 <<var>> p1

Figure 15. Template 4 diagram.

This basic template diagram represents a class of class diagrams that includes
all class diagrams that conform to the following pattern. The diagram has classes
cl and &2, and a bidirectional association al between cl and 2. The association
has navigable ends pl and p2 on 2 and cl respectively with unspecified multi-
plicities. The basic template diagram is shown in Figure 15.

The ATGI-graph representation is similar to the representation of basic tem-
plate 2. In this case, al: Association node is connected to pl:Propertyand p2: Prop-
ertynodes via two ownedEnd edges. Also, there is no ownedAttribute edge from
cl:Class node to pl:Propertynode.

8. Classification of Class Diagram Use Case

8.1. A Class Diagram Coverage

We begin by showing how the basic templates are mapped to the structure of the
class diagram under analysis. Figure 16 shows a copy BC, = (BCl,'typeBcl ) of an
ATGI-graph representing the basic template 3 shown in Figure 13, a copy

BC, = (BC2 typegc, ) of an ATGI-graph representing the basic template 2 shown
in Figure 11, where typeg; :BC; > ATGI for i= {1, 2} . The diagram to be clas-

sified shown in Figure 17 is represented as A7GI-graph G'= (G,typeG ) , where
type; :G — ATGI . The E-graph morphisms f :BC, > G and f,:BC, >G
are injective and jointly surjective. For the simplicity of representation, we flat-
tened the internal multicomponent structure of E-graph morphisms f, and f,.
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BC}

gl:Generalization

specific

cl:Class

c2:Class

GI

Manager:Class

specific

:Generalization

BC}
type
pl:Property p2:Property
memberEnd
upper:-1 upper:-1
lower:0 lower:0
ownedEnd
al:Association —memberEnd
general
ownedAttribute
c2:Class
cl:Class type .
f,
R —
- 777 1] I
type
project:Property employee:Property
memberEnd
upper:5 upper:-1
lower:1 lower:0
ownedEnd 1\
worksOn:Association —
memberEnd
ownedAttribute
general
Project:Class
Employee:Class type a
Figure 16. Mappings from the graphs of copies of basic templates to the graph of a class diagram.
Manager Employee worksOn Project
[ 1.5
employee project

Figure 17. Class diagram to be mapped to the basic templates.

Each vertex V; of G' is mapped to one vertex V, in BC, or BC,, or
two vertices V, in BC/ and BC,.Each edge E, of G' is mapped to one
edge E; in BC| or BC,. Therefore, G'
BC, .

is fully covered by BC, and

8.2. A Complex Template Construction

In this section, we demonstrate the composition of copies of graphs representing
basic templates into a graph representing a complex template.

Figure 18 shows copies BC, =(BC,,types, ) and BC, =(BC,,typesg, ) of
an ATGI-graph representing the basic template 3 shown in Figure 13 and an
ATGI-graph representing the basic template 2 shown in Figure 11, respectively,
where typeg. :BC; —> ATGI for i= {1, 2} . The E-graph Q represents com-

mon subgraph of BC, and BC,.The ATGILgraph P' =(P,type,) represent-
ing a complex template, where type, :P — ATGI . The E-graph morphisms
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0,:Q—BC,, 9,:Q—>BC,, h:BC, >P and h,:BC, - P are injective.
Copies BClI and BCZI are renamed as described in Section 6.3. For example,

clin BC' and @in BC, asshown in Figure 16 are renamed to <2 since they

are both mapped to Employeein G'. The construction of P' is performed ac-

cording to the steps in Section 6.3.

Q
cl
82
8 > >
BC)
type
BC! pl:Property p2:Property

1 memberEnd
upper:-1 upper:-1
lower:0 lower:0

gl:Generalization ownedL/l\

1:A: iati
- a:Assoctation memberEnd
specific general
ownedAttribute
c2:Class
cl:Class c2:Class cl:Class type -
hl hZ
L N S o
&= B T e
p!
type
cl:Class specific gl:Generalization pL:Propgfty S p2:Property
upper:-1 upper:-1
lower: 0 lower:0
ownedEnd q\
al:Association A
memberEnd
ownedAttribute
general
c3:Class
c2:Class type <

Figure 18. Construction of a complex template.

8.3. Classification of a Class Diagram

The ATGI-graph P' and G' are isomorphic since they are structurally iden-
tical. The class diagram in Figure 17 is classified into a class of diagrams repre-

sented by the complex template P'.

9. Evaluation of the Diagram Classification

Our classification method was evaluated with respect to the preservation of the
structure and typing of basic templates during composition, the equivalence of
class diagrams and complex templates, accuracy and efficiency.

The structure of the basic templates during the construction of a complex tem-

plate is preserved by the colimit. This is discussed in [11]. The preservation of
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typing for the basic templates with respect to the minimal UML metamodel dur-
ing composition is ensured by the composition of A7GI-graphs using the colimit.
This is shown in [19].

The equivalence of a class diagram and a complex template with respect to the
structure and typing of elements is ensured by the isomorphism of the ATGI-
graphs representing the class diagram and the complex template.

It is necessary to show that any class diagram based on the given minimal UML
metamodel can be grouped into isomorphic classes using a set of basic templates
by creating (possibly) multiple copies of the basic templates and combining them
according to the combination rules. To achieve this, we conducted an experiment
that includes the following steps.

1. Generate random diagrams that are instances of the minimal UML meta-
model and consist of class diagram elements of types covered by the basic tem-
plates.

2. For each random diagram, construct a complex template by composing cop-
ies of the basic templates.

3. If there is an isomorphism between the random diagram and the correspond-
ing complex template then this random diagram is assigned to a class represented
by the complex template.

In this experiment, the input basic templates and the UML class diagram were
developed in the open-source ArgoUML studio and mapped to A 7GI-graphs. The
number of random diagrams for which isomorphisms with the complex templates
were found were counted. The ratio of classified to all generated random diagrams
serves as the measure of coverage of the test space, Ze, the space of types of UML
diagrams. Also, the number of isomorphic classes of diagrams is counted.

We did not find any large spaces of industrial class diagrams. Therefore, we
conducted diagram classification experiments on two kinds of diagram spaces that
simulate a common structure of real-world diagrams and are efficient for testing
with respect to structural diversity and size. The spaces are based on patterns ob-
served in the standard modeling documentation and practice. A space is efficient
for testing if it includes a significant number of varied diagram characteristics
while minimizing trivial variations, Ze. changes that do not meaningfully affect
the overall diagram structure. Spaces dominated by trivial variations tend to be
unnecessarily large and less informative. The diagrams in the constructed spaces
have arbitrary element names (e.g. cl, 2, ..., cn for classes and al, a2, ..., an for
associations). The diagram structure varies over an initial set of classes with given
names. The following steps outline a general procedure for constructing synthetic
spaces of UML class diagrams that reflect commonly occurring structures in prac-
tice. We applied this procedure to define the two specific spaces used in our eval-
uation.

1. Decide the size of diagrams in terms of number of classes.

2. Decide a level of design (e.g. Domain-Driven Design [30], Logical Design
[31], or Detailed Design [31]).
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3. Decide a type of system (e.g. system with multiple responsibility layers).

4. Define a space with representative structure with respect to common model-
ing patterns.

Defining a space with representative structure is inspired by the following
methods. The method of combinatorial testing in [32] identifies representative
combinations of parameters of the system to be tested. The method in [33] pro-
poses testing of model transformations using partial representative models instead
of full detailed models. The method in [34] extracts representative behavioral
property patterns from an UML/OCL model of the system to generate efficient
test cases for testing.

An example of a common modeling pattern is inheritance hierarchies that have
up to 4 levels with up to 3 subclasses per class. This is found in a large number of
diagrams from the UML superstructure [35] and SysML specifications documen-
tation [36].

The first constructed space assumes that the design is created at logical level,
where there are lots of directed associations and few generalization and bidirec-
tional associations. There are no compositions/aggregations. Also, there are very
few attributes per class. We pursue a type of system that is hierarchical with re-
spect to dependencies. The space has the following characteristics.

e 10 classes.

e 2 -3 attributes per class.

e There is at most one generalization.

e There is at most one bidirectional association.

e No compositions/aggregations.

e There is at most one association path between any pair of classes.

e There is at most one direct relationship between any pair of classes.

e The maximum number of relationships per class is 3.

e The maximum association path length between any two indirectly related clas-
ses is 3.

Trivial variations of diagram characteristics were minimized as follows.

e For each diagram structure in terms of directed/bidirectional associations and
generalizations there are 3 variations of class attributes: 1) all classes have 2
attributes, 2) all classes have 3 attributes, and 3) classes with exactly one rela-
tionship have 2 attributes, while all others have 3 attributes.

e For each diagram structure in terms of associations and generalizations the
direction of directed associations is fixed and arbitrary.

The second constructed space assumes that the design is created at a logical
level, where there are very few attributes per class. We want to consider a system
that has lots of abstraction and structure (e.g. UML superstructure). The space has
the following characteristics.

e 18 classes.

e 2 -3 attributes per class.

e There is an inheritance hierarchy and an aggregation hierarchy, each with a
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depth of 2 levels and consisting of 7 classes. Aggregations are represented by
directed associations.

o There is an association (directed or bidirectional) between two hierarchies.

o There are 4 additional classes connected via directed associations to the inher-
itance and aggregation hierarchies (2 classes for each hierarchy).

e The maximum number of relationships per class is 3.

Trivial variations of diagram characteristics were minimized as follows.

o The variations of class attributes follow the same pattern as in the first con-
structed space.

o Theassociation between the two hierarchies is defined over a subset of 3 classes
from each hierarchy (instead of all 7 classes). If the association is directed, it
always points to the aggregation hierarchy.

e The associations connecting the additional classes to the hierarchies also vary
over a subset of 3 classes in each hierarchy. These associations are always di-
rected toward the additional classes.

The experiments were carried out on the Northeastern University Discovery
Cluster [37] with node speeds ranging from 1.8 to 2.8 GHz.

For the first constructed space, we generated 250,000 random diagrams and
identified 1324 equivalence classes as shown in Figure 19. Figure 20 shows the
percentage of class diagrams that were classified where 1) basic templates 1 - 4 are
used, 2) basic templates 1 - 3 are used, and 3) basic templates 1 - 3 and a basic
template with two directed associations (shown in Figure 21) are used. The ex-
perimental lower bound of the size of the space (total number of structurally dif-
ferent diagrams) is 71,924. The number of equivalence classes found significantly
reduces the number of diagrams to be used from the testing space. For the second
constructed space, we generated 160,000 random diagrams and identified 1942
equivalence classes as shown in Figure 22. The results of class diagrams that were
classified are similar to those in the first space. The experimental lower bound of
the size of the space is 5397 while the total size of the space is close to this number.
The number of equivalence classes found effectively reduces the number of dia-
grams to be used from the testing space.

By using basic templates 1 - 4, we were able to classify all the generated class
diagrams. This suggests that basic templates 1 - 4 are optimal for the diagram

classification method.

1500 +

1000 -

500 -

Number of different
equivalence calsses

0 50000 100000 150000 200000 250000

Number of generated random diagrams

Figure 19. Distribution of equivalence classes of diagrams from the first constructed space.
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Figure 20. Evaluation of classification of class diagrams from the first constructed space.

<<var=> &l <<var=> 22 <<vars>

<<vars== <<var=>
cl c2 c3

<<var>>p2 <<var>>p1 <<var>> p4 <<var>> p3

Figure 21. Diagram of basic template with two directed associations.
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Figure 22. Distribution of equivalence classes of diagrams from the second constructed
space.

We also conducted a performance evaluation experiment for diagram classifi-
cation based on basic patterns 1 - 4. We tested classification of random diagrams
with 10, 18, 30, and 40 classes (1000 diagrams for each size). The diagrams with
10 and 18 classes were generated from the first and second constructed spaces. For
diagrams with 30 and 40 classes, we constructed two additional spaces similar to
the second constructed space. These spaces have more inheritance and aggrega-
tion hierarchies. For each set of experiments with random class diagrams of a
given size, the arithmetic mean and standard deviation of the execution time were
calculated. This is shown in Figure 23.

We obtained a reasonable average execution time for the classification of large
diagrams with 40 classes. In addition, the standard deviation for these diagrams

indicates that, in most cases, the average execution time does not have a significant
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deviation. Further investigation of execution times for diagrams of all sizes re-
vealed that it takes less than a second to calculate the A7GI-graph isomorphism.
The bulk of the execution time comes from the composition of the given basic
templates into a complex template. The graph in Figure 23(a) suggests a polyno-
mial execution time for this composition. This agrees with the time complexity of

the basic template composition algorithm mentioned in Section 6.3.

10

Mean of execution
time (sec)

20

Standard deviation
of execution time
o N b O

30 40 10 20 30 40

10
Diagram size (number of classes) Diagram size (number of classes)
(a) Arithmetic mean of execution time for random (b) Standard deviation of execution time for random
diagrams of given size diagrams of given size

Figure 23. Performance evaluation of classification of class diagrams of different sizes.

10. Conclusions

We developed a formal method for grouping class diagrams into isomorphic clas-
ses with the following properties: 1) the number of isomorphic classes is finite, 2)
the isomorphic classes are disjoint, 3) the isomorphic classes are concerned with
the structure of class diagrams, 4) the isomorphic classes have a basis (the given
collection of basic templates), and 5) the isomorphic classes are based on the UML
metamodel. We showed experimentally that any class diagram that is an instance
of the minimal UML metamodel and consists of class diagram elements of types
covered by the basic templates shown in Section 7 can be grouped into isomorphic
classes using our method.

Our method can be used to improve the efficiency of testing operations on class
diagrams. A chosen method can be tested using spaces of diagrams that simulate
the common structure of real-world diagrams and are efficient for testing in terms
of structural diversity and size. The given space is partitioned on isomorphic clas-
ses of diagrams. Then at least one diagram from each class can be used for testing.

Another usage of our method is to improve the efficiency of Machine Learning
methods that operate on class diagrams. The training of a model can be done on
spaces of diagrams that simulate the common structure of real-world diagrams
and are efficient for training with respect to structural diversity and size. The given
space is partitioned on isomorphic classes of diagrams. Then one diagram from
each class can be used for training.

Our method is beneficial for finding groups of similar refactored diagrams in a
large set of diagrams. This is important for design version control. It also supports
managing multiple concretized versions of a design [38], because it can detect

similar detailed diagrams that refine the same abstract idea.
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Using our method, it is possible to evaluate the space of class diagrams for the
structural diversity of diagrams. A diverse space should include a large number of

classes of class diagrams.
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