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Abstract

We propose a novel, lossless compression algorithm, based on the 2D Dis-
crete Fast Fourier Transform, to approximate the Algorithmic (Kolmogorov)
Complexity of Elementary Cellular Automata. Fast Fourier transforms are
widely used in image compression but their lossy nature exclude them as via-
ble candidates for Kolmogorov Complexity approximations. For the first
time, we present a way to adapt fourier transforms for lossless image com-
pression. The proposed method has a very strong Pearsons correlation to ex-
isting complexity metrics and we further establish its consistency as a com-
plexity metric by confirming its measurements never exceed the complexity
of nothingness and randomness (representing the lower and upper limits of
complexity). Surprisingly, many of the other methods tested fail this simple
sanity check. A final symmetry-based test also demonstrates our method’s
superiority over existing lossless compression metrics. All complexity metrics
tested, as well as the code used to generate and augment the original dataset,
can be found in our github repository: ECA complexity metrics'.

Keywords

Fast Fourier Transform, Lossless Compression, Elementary Cellular
Automata, Algorithmic Information Theory, Kolmogorov Complexity

1. Introduction

Kolmogorov complexity is a unique formalisation of complexity which quanti-

fies “information” from an algorithmic point of view [1] and has since become

Thttps://github.com/mohammedterryjack/ECA_complexity_metrics.
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very well-established [1], resolving many open problems in mathematics and
computational complexity theory. It is an ideal metric for analysing the dynami-
cal properties of systems known to exhibit chaotic and complex behaviours, like
cellular automata, by providing insights into the information content of their
evolution [1] [2].

However, kolmogorov complexity is an incomputable function [1] [3] (or
lower semi-computable [4]) and only approximable [1]. Traditionally, the way to
approach algorithmic complexity is to use a general lossless compression algo-
rithm [3] [4]. While there exist many generic lossless compression methods which
successfully compress large regions of uniformity and repetitive behaviour (e.g.
the Lempel Ziv Welch algorithm [3], Huffman coding [5] [6], Run-length en-
coding [6], Arithmetic encoding [6], etc.), most of these methods fail to suffi-
ciently compress irregular patterns or find redundancies in more exotic symme-
tries (e.g. self-similarities) as well as other common features of fractals [7] often
found in complex classes of CA dynamics. Furthermore, most of these methods
are designed to compress one-dimensional data (Ze. strings and sequences) [5]
[8], which make them less suited to two-dimensional data (i.e. images, spacetime
evolutions, etc.) which naturally contain nested structures [5] and patterns that
are only distinguishable in their natural dimension [8]. All of these compression
inaccuracies inevitably lead to poorer kolmogorov complexity approximations.

Fortunately, there also exist compression methods better suited to two-dimen-
sional images and more complex patterns (e.g. Chroma sampling, Transform
coding, Fractal compression [6], Fourier transforms, etc.) [9]. The Fourier Trans-
form, in particularly, is a very popular method for image compression, analysis,
filtering and reconstruction. Unfortunately, Fourier Trandform based compres-
sion methods and the like are lossy [10], which is not a problem for most image
compression applications (e.g. compressing large images to save disk space and
optimise databases, remote sensing or facilitating data transmission [6]), but does
exclude them as viable candidates for Kolmogorov Complexity approximations.

In this paper, we propose a novel adaptation of the 2D-FFT which produces
lossless compressions of black and white images. This, in turn, is used to more
accurately measure the Kolmogorov Complexity of ECA spacetime diagrams. To
the best of our knowledge, we are the first to propose a lossless compression

method based on the Fourier Transform.

2. Fundamental Principles

2.1. 1D Elementary Cellular Automata

An elementary cellular automaton (ECA) is the simplest CA which exists; a dis-
crete dynamical system [2] [11] [12] consisting of a configuration-transition
function, g, and a one-dimensional, W-wide lattice of identical, locally-inter-
connected, binary-state cells, {O,I}W .

ECA=(g,.{0.1}") (1)
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1D-ECA Rules. The configuration-transition function, g,, dictates how to
update the ECA’s lattice configuration, x € {O,I}W, (ie a particular combina-
tion of cell states at any given time), as a result of simultaneously applying a local

transition rule, p, to all cells in the lattice.
g,:{0.1" > {o.1)"
12, ()] = P(Zuss s Zon) (2)
woneN:0<w<W-1,n>1

The local transition rule, p, returns a cell’s new state given its current state
and the states of n neighbouring cells to either side of it. These 2n+1 consecu-
tive cells are collectively referred to as a neighbourhood (therefore, the lattice
width must at least be the size of one neighbourhood, W >2n+1).

p:{0,1}2n+1 N {0’1}
Zw =p(lw—n’“"lw’”"lw“ﬂl) (3)

The local transition rule, p, for the simplest ECA considers only nearest-
neighbour interactions (Ze. a neighbourhood with a single-cell radius, n=1),
and so its neighbourhood has three cells; those of the nearest neighbour to either
side, y,, and y,,,, and that of the central cell between them, y, . It should
be noted that an ECA lattice wraps around, such that y, = y,, , and so the cells
at either “end” of the lattice also have complete neighbourhoods (e.g.

Xwois Xoo o and x5, ¥y (5 X, respectively).

There are 2°" =256 different local transition rules that can be effectively
enumerated [13] and since they are commonly formulated as lookup tables
(making them very simple to describe [1] [2] [12] [14] [15]) they can end up
having all sorts of functional forms (including discontinuous ones [14]). This is
more apparent when they are reformulated as boolean functions (which are in-
trinsically nonlinear anyway), since the resulting expressions can be utterly ir-
regular [14].

1D-ECA Evolutions. A spacetime evolution is a binary matrix s e {O,I}WXT
representing the evolution of 1D lattice configurations over time, produced by
iteratively applying the configuration-transition function, g,, from some given

initial configuration, y,,upto 7 €Z" time steps. Suchthat te N:0<¢<T-1,
and gZO (¥)=x"-
s, =g, (1) (4)

This evolution can be behaviourally rich and permit a wide range of intriguing
spatiotemporal dynamics [1] [2] [3] [11] [16] which has been the focus of many
studies. In fact, a spacetime evolution, s, is often compared to other spatially ex-
tended dynamical systems, such as classical, discretised, partial differential equa-
tions [1] [14].

2.2. Measuring the Complexity of 1D-ECAs

Qualitative Complexity. Since the evolution of a one-dimensional CA can be
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visualised as a two-dimensional image [2] [16], Stephen Wolfram looked at
thousands of space-time diagrams [4] [5] [16] [17] and assigned each CA rule to
a class of typical behaviour based purely on the general visual appearance of the
patterns he saw [4] [5] [16]. After extensive experimentations with computer
simulations, Wolfram proposed what is now the most famous classification of
CAs, consisting of four classes that are primarily qualitative [3] [18] and ulti-
mately subjective [17] (with a considerable degree of freedom in deciding what
each class description means [17]) as opposed to being determined according to
objective definitions. Wolfram supported his heuristic classification approach
which relied on “how things look to our eyes” [5] by appealing to the superiority
of our innate pattern recognition ability (“despite all the various methods of
mathematical and other analysis that have been developed, our visual system still
represents one of the most powerful and reliable tools we have” [5]).

However, his classification had many problems which primarily stem from its
empirical underpinning [3] [12] [16] [17] [18] [19]. Without a formal mathe-
matical definition for each class [1] [17] [20], or even some statistical quantities
which sharply elaborate the characteristics of each class [16] [20], they lacked
computable qualities which prevent them from being effective (ie. determined
algorithmically) [1] [17] or usable for precise answers and predictions in the CA
universe [19] throwing the practicality and usefulness of his classification into
question [1]. It also meant that there are no quick tests to distinguish classes
from one another nor any mathematical evidence to determine whether a given
cellular automata belonged to one class or another [12]. Certain distinctions mo-
tivated by the visual detection of complex, localised structures may have also
been superficial or artificial when viewed from a deeper, dynamical systems
viewpoint [2]. Equally, far more subtle class distinctions (which are not easily
detected by the naked eye) may have been overlooked (e.g. some rules in Wol-
fram’s chaotic class III merely preserve the randomness already present in the
initial configuration, whereas rules 30 and 45 are uniquely capable of generating
randomness from an ordered initial configuration [19]). While his classification
was a breakthrough and inspiration for future research in the field, it was insuf-
ficient [19] [21] and incomplete [1] [16]. Subsequent attempts relied far less on
qualitative criteria [18], leveraging instead more numerical approaches to quan-
tify distinguishing characteristics of CAs, such as their complexity.

Quantifying Complexity. Complexity, however, is easier to identify than it is
to quantify [18] (even the meaning in everyday parlance has a lot of ambiguity;
with meanings ranging from “interwoven”, “hard to describe” [22], “random-
ness” [5] [23], etc). Complexity is, more precisely, a measure of “information”
[24] (ie. the amount of “novelty”, “surprise” or “unpredictability” something
has) and so many information-theoretic tools have been used to quantify the
complexity of CAs [1] [18], such as algorithmic (kolmogorov) complexity, index
complexity, communication complexity, integrated information (IIT) [18] [25],

causal complexity (a CA is treated as a directed causal graph and perturbed into
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all possible states to note every possible state-to-state transitions over one
time-step. The intrinsic cause-effect structure of the CA can be evaluated and
taken as the foundation for the rule’s potential for dynamical complexity, which
may or may not manifest itself under the observed circumstances [25]), mor-
phological complexity [25] (ie. block shannon entropy [4] [22] which generalis-
es the concept of shannon entropy to the number of distinct NxN block pat-
terns in an ECA evolution for a particular initial configuration [4] [25]), metric
entropy (the asymptotic mean entropy of local patterns [26]), transfer entropy
[18] (a measure of complexity via the averaged, directed exchange of informa-
tion processed between two parts of an ECA; a source cell and target cell, to de-
termine the reduction in uncertainty of the future state of the source cell given
knowledge of the target cell. ie. rules that duplicate the input in a trivial way or
annihilate to produce all Os or 1s yield a transfer entropy of 0 [18]), etc.

A few approaches measure the complexity of CAs through the underlying, lo-
cal rule [3]; by computing the rule’s lookup frequency [22] (ie. the number of
times each input neighbourhood in the table is looked up [22]) or its compres-
sion ratio [1], or minimised boolean function [22] (i.e. representing the rule ta-
ble as a boolean function and applying minimisation techniques to it from boo-
lean algebra to remove irrelevant input variables from the truth table [22]), or
the complexity of the geometrical structure of its boolean cube representation
(i.e a rule table can be represented as a boolean cube by identifying each of its
eight unique input neighbourhoods to a vertex, and assigning colours to the
eight vertices to represent their corresponding outputs [27]. The complexity is
thus the minimum number of parallel planes necessary to separate the boolean
cube’s coloured vertices [22] [27]).

Unfortunately, purely rule-based complexity measures cannot possibly pro-
vide sufficient conditions to predict the complexity of CAs because their dy-
namical evolutions depend on their initial configuration® and the CAs size, in
addition to its local rule [25] (small lattices with only a few cells are unable to
unfold the full dynamical potential of their rule, even though the local interac-
tions are the same as in larger systems [25]). Since the CAs behaviour is decided
locally (by the transition rule) it is tempting to assume the resulting global dy-
namics are indifferent to non-local CA parameters that do not inform the deci-
sion of the local transition rule (such as the CA’s lattice structure or its dimen-
sionality). However, it would be premature to conclude that the expressed CA
dynamics are solely determined by the CA transition rule (even though the glob-
al CA classification task is often equated to the local “rule characterisation task”

[14] [28]) because more and more examples are being found that demonstrate

*We can better understand why CA dynamics are sensitive to initial configurations if we take a dy-
namical systems perspective [13]. A CAs spacetime evolution represents a particular trajectory
through state-space [15] (unique to each rule). A particular seed value (an initial configuration)
might start within an attractor basin and result in a stable, periodic orbit (a periodic spacetime pat-
tern), while another seed falls within the basin of a strange attractor and follows a chaotic orbit.
State-spaces containing many attractors would produce rules that are more sensitively dependent
upon initial conditions (initial configurations).
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CA dynamics are sensitively dependent on the initial configuration [28] (a
non-local property). For example, some rules exhibit a large increase in com-
plexity when starting from more complex initial configurations [13] (e.g. ECA
rule 40 is ordered when starting from a configuration of all 0 s but chaotic when
starting from random initial configurations [3]. Likewise, ECA rule 106 gene-
rates simple dynamics when starting from an initial configuration of all 0 s con-
taining a single 1, but becomes dynamically complex when the initial configura-
tion contains a second, adjacent 1 [28]). In fact, a major shortcoming of choos-
ing the single-cell input is that many of Wolfram’s class IV rules lead to simpler
dynamics than what they are truly capable of expressing [18]. Other rules seem
less sensitive to initial configurations [11] and changes to their initial configura-
tions have no noticeable impact on their resulting dynamics [13] (e.g. rules 30,
45 and 110). However, even rule 30, which is well known for its chaotic dynam-
ics, can suddenly exhibit simple, periodic behaviour for certain initial configura-
tions (see Figure 1) [5].

Since the output of a CA rule can be highly dependent on its initial configura-
tion [18] (such that the same rule may behave differently and show patterns of
very different complexity [25] when applied to a different initial configuration [4]
[11], it can also belong to multiple classes of behaviour depending on the initial
configuration [3]. However, it is important to note that despite a CA rule being
able to take on multiple class labels, rule-based complexity measures attempt to
label the rule as a single class. Only by enumerating or perturbing a rule for ar-
bitrary initial conditions can its full potential complexity be revealed [25] and
any measure which ignores the delicate interplay of the initial configuration on
the expressed dynamics will inevitably fail to capture the nuances of a rule’s full
dynamical range. Incomplete classification methods have hastily labelled rules as
uninteresting [29], despite their potential to express dynamics of interest, and
only later are researchers stumbling upon important discoveries in previously
overlooked rules (e.g. rules 20 and 52) [29] [30], even finding complex emergent
phenomena in rules previously dismissed as ordered (Wolfram’s class I) or pe-
riodic (Wolfram’s class II).

Most approaches, therefore, attempt to quantify the complexity expressed in

the transient patterns of a CA’s spacetime evolution [3] [8] [25] (ie. the global

(b) (c) (d)

Figure 1. A chaotic spacetime pattern typically produced by ECA Rule 30 is shown (a)
next to three particular initial configurations where that same rule produces non-chaotic,
perfectly periodic patterns (b, ¢, d) [5]. (a) ECA Rule 30 (chaotic); (b) ECA Rule 30 (pe-
riodic); (c) ECA Rule 30 (periodic); (d) ECA Rule 30 (periodic).
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result of the local rule being unfolded from some initial configuration), ignoring

any specifics about the underlying rule structure itself [22].

2.3. Kolmogorov Complexity

Kolmogorov complexity [1] [24] [31] (also known as kolmogorov-chaitin com-
plexity [4], algorithmic complexity [1] [4], program-size complexity [3] [4], etc.)
is a unique formalisation of complexity derived from algorithmic information
theory (AIT) [1] [4] which quantifies “information” from an algorithmic point
of view [1] and has since become very well-established [1], resolving many open
problems in mathematics and computational complexity theory. The Kolmogo-
rov Complexity, K, of a sequence, x, (ie. a string of characters, a sentence, etc)
is the length, / in bits of the shortest computer program, p, running on a Uni-
versal Turing machine, U, written in any programming language, to output the

sequence, x, exactly (Z.e. losslessly).
K, (x):min({l(p)|U(p)=x}) (5)

The program, p, is a description of the sequence, x, [3] [24] [31]. Simpler se-
quences can be fully described with shorter programs [1] [31], resulting in a
smaller kolmogorov complexity [31]. Complex sequences, however, require
longer programs to be described fully, and so their kolmogorov complexity is
higher [31]. For example, a regular sequence (e.g. ---01010101---) with a lot of
redundant information [5] can be described more compactly by a program (e.g.
(01)n) [3]. On the other hand, a sequence with no recognisable regularities could
require the sequence to be spelt out entirely [1] [5].

Complexity vs Entropy. Shannon’s Information Entropy (also known as
Shannon entropy [31]) is an alternative way to quantify information [23]. It is a
measure of complexity [32] which connects the amount of information about an
event to the probability of the occurrence of the event (ie. more likely events
provide less novelty or new information, while highly uncertain and unpredicta-
ble events are far more informative and thus provide a lot of new information).
High entropy implies high uncertainty or unpredictability and thus high com-
plexity [32].

While it is true that entropy and complexity are both alternative measures for
information, entropy actually measures the “expected” (average rate of) infor-
mation inherent in the possible outcomes of a stochastic source of data (ie a
random variable) [24] [31] and therefore rests upon probability distributions [24]
[31]. Entropy, therefore, measures the expectation of complexity [31], while
kolmogorov complexity measures complexity itself. This subtle distinction can
lead to differing results between the two metrics, such that high complexity is
not always equivalent to high entropy [33]. Several authors speculate that the re-
lationship between complexity and entropy is unimodal (Ze high complexity
values correspond with intermediate entropy values [23] and highly ordered

states (low complexity) which are very predictable (low entropy) [23] are, oddly
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similar to highly disordered states (high complexity) since they tend to be just as
simple on average [12] (low entropy). Others highlight there is no one-to-one
relationship between complexity and entropy, rather they have a one-to-many or
many-to-one relationship [23] (Ze. given an entropy value, there are many poss-
ible complexity values, and vice-versa). It is, thus, possible that no universal rela-
tionship between complexity and entropy exists and any perceived relationship
depends purely on the measured sequence [23].

A major advantage of information entropy is that it is computable [4]. This
may be the reason entropy has been more widely adopted as the dominant
measure of complexity [32]. However, a major disadvantage of entropy is that,
unlike Kolmogorov complexity, it lacks the power of a universal measure of
complexity [4]. Entropy is unable to take into account spatial or structural cha-
racteristics of 2D patterns present in CA spacetime configurations [32] which
directly contrasts with our intuitive perception of complexity in patterns and can
be problematic as a complexity measure for CAs [32] (see Figure 2).

Computing Complexity. While algorithmic information theory provides a
natural choice for an objective measure of complexity [8] [22] [32], Kolmogorov
complexity, K, is an incomputable function [1] [3] (or lower semi-computable
[4]) and only approximable [1]. Kolmogorov Complexity is thus reliant on me-
thods of approximation [22] (i.e. using a lossless compression ratio, CR, to indi-
rectly show the complexity [4] [22], since regular patterns are more compressi-
ble [8] [31] than random ones, which tend toward incompressibility [3] [4] [8],
and thus the difference in length between the compressed and uncompressed

sequence is a good approximation of its computer program size [3] [31]).

K g ©

Depending on the compression method used, approximations can differ slightly
[22]. Examples of general lossless compression algorithms used to approximate
Kolmogorov Complexity [3] [4] include Huffman encoding (more frequently
occurring data, ie. pixels, are encoded with fewer bits) [6], Lempel-Ziv (LZ77
used with Huffman encoding in GZIP [8] [34] and LZ78 [3] variants), Lem-
pel-Ziv-Welch (LZW) algorithm (a combination of Lempel-Ziv and Huffman

H=1.58496 H=1.58496 H=1.58496

Figure 2. Since entropy ignores structural differences, it can contradict our intuitive
concept of complexity. Consider the following three patterns with identical entropies (H)
of 1.58496 [32], in spite of the periodic structure of the first two patterns which make
them appear far less complex than the third.
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encoding [3] [8]), BZIP2 (Burrows-Wheeler block sorting compression and
Huffman encoding) [8], Run-length encoding [5] [6] (a simple and fast algo-
rithm for compressing any type of data irregardless of its content [6]), Entropy
encoding [6], Arithmetic encoding [6], etc. Block Decomposition Method (BDM)
[4] [8] [22] is one of the few alternatives that approximates kolmogorov com-
plexity without compression. BDM uses the frequency of the occurrence of a
string [4] [8] instead (where frequency is connected to complexity based on a
relation established by the coding theorem [4] [8] which states that the more
frequent something is, the less unpredictable it is—ie. the less information/
complexity it has).

Despite the many lossless compression techniques available, almost all of
them were designed for one-dimensional data (Ze. strings and sequences) [5] [8],
which make them fundamentally unsuitable for measuring two-dimensional
spacetime evolutions (which naturally contain patterns and nested structures [5]
that are only distinguishable in their natural dimension and not in lower dimen-
sions [8]). Even when these methods are scaled to two-dimensional data (i.e. by
reading in one dimension of data at a time), geometrical regularities get de-
stroyed in the process (e.g. the triangular structures in rule 30—see Figure 3).
Defining a 2-dimensional complexity measure has been identified as an open
problem in complexity science [8].

2.4. Lossy vs Lossless Compression

Compression techniques are broadly categorised into either lossy or lossless
compression [6] [35]. The reconstruction loss, &, is defined as the difference
between the original image (i.e. the spacetime evolution, s) and the image recon-

structed from the compression process, §.

&RV xR S R*

W-1T-1

e(s,8)=>]

w=0 t=

™)

Sw,t - Sw,t

Figure 3. Examples of run-length encoding compressions of various elementary cellular
automata spacetimes [5]. 2D triangular patterns or nested patterns fail to be sufficiently
compressed.
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Lossless compression reconstructs an image identical to the original, but lossy
compression only reconstructs similar images since some information is lost
during the compression [6] (ie. the compression is “lossy” if 8(S,§) #0 and
“lossless” if 5(s,§) =0).

2.5. Lossy Compression Using the Fast Fourier Transform

The Fast Fourier Transform (FFT) is a computationally efficient algorithm for
computing the Discrete Fourier Transform (a mathematical representation of a
signal in its frequency domain [6]) which even has a natural extension for
processing 2D data [10]. The 2D-FFT, ./ , transforms a real-valued image ma-
trix, » e R”"", into complex-valued coefficients, ze C”", that encode the in-
formation of the original image [6] from the spatial domain into the frequency
domain [6]. The Discrete 2D-FFT is used for simplicity, since it returns the sum
of a finite set of coefficients, z large enough to fully describe the original image,
r. A spacetime evolution, § E{O,I}WXT cR"™, is also a real-valued image, r

(since binary-values are a subset of the reals).
/‘ . RWXT N (CUXV
z=.7 (s)
The 2D-FFT, ., of each coefficient is calculated as:

W-1T-1 I
woT

7 Sy, € (8)

(s

|: ( ):|u,v (W 1)( )w:Ot:
where w,f and u,v represent spatial and frequency coordinates respectively
and the exponential term represents the linearly-independent, orthogonal basis

pattern (sine and cosine waves with increasing frequencies).
B i . .t t
e (W TJ:cos 2| L2 VN sin| 20| £ 21| When every coeffi-
w T w T

cient’s basis patterns are combined together, they reconstruct the original image
(as in Figure 4).

Frequency Filtering. Traditional (ie. lossy [6]) FFT compression, which un-
derlies much of signal processing, image processing and image compression [6],
uses a process called fourier filtering; an image, s, is fourier transformed, .,
and thus encoded, z into the frequency domain where a frequency filter processes
it. Let me {O,I}UXV be a binary-mask used for filtering specific coefficients, then
the filtered coefficients, 2 e C""", are the product of the fourier coefficients and

22
+B +y -
Z

Figure 4. The 2D-FFT is able to transform any image into a linear combination of basis

themask: Z=m-z.

patterns (e.g. sine and cosine waves).
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Compression Ratio. The compression ratio, CR, (the ratio of the original
image to its compressed form [6]) can be calculated by comparing the image’s

representation length, / before and after filtering.
CR:R"" > 7*
(~(5)
I(n )

where the representation length, / is the number of non-zero fourier frequen-

CR(S) = (9)

cies.
1:CY" 577
—17-1
I(Z):ZZI_H{O} (Zu,v) (10)
u=0v=0

where 1 is the indicator function, such that:

1, (@) {1 if o {0}

0 otherwise

A higher compression ratio, CR, signifies the image has been compressed
more due to more frequencies being filtered (zeroed) and thus a filtered repre-
sentation with a smaller length, /

Inverse Transformation. By applying the inverse 2D-FFT, ./ ', to the fil-
tered coefficients, Z, (ie. the compressed representation), one obtains a recon-
struction of the original image without any noticeable loss in image quality [10]

(as the filtering process discards coefficients of little significance representing

negligible image data).
/*—I (CUXV N RWXT
U-17-1 o] WHL LY
wit u=0 v=0 ’
3. Method

Fourier compressions are normally lossy, excluding them from Kolmogorov
Complexity approximations. However, we propose a novel adaptation which al-
lows for lossless fourier compression of black and white images. Our method is
based on traditional frequency filtering, but adapted such that the filtered coeffi-

cients, Z, result in absolutely no reconstruction loss, g(s,ﬁ) =0.

3.1. Decompression

The final, binarised reconstruction of the spacetime evolution, §, is obtained by
applying the decompression function (the inverse of the compression function,
C™') to the filtered coefficients, Z.The decompression, C', is simply the in-

verse 2D-FFT, ./ ', with an additional quantisation step, Q.

v o)
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c'(2)=0,(7(2)) (12)

3.2. Quantisation

The quantisation step, Q,, is used to convert the real-valued reconstruction of
the spacetime evolution, 7€ R"*", into a binary-valued reconstruction,

A WxT . el sy s . .
Se {0,1} , by setting each value to 1 if it is equal to or above the quantisation
threshold, @€ R, and 0 if below.

0, :R"" > {0,
1 if7, >0

[0,(7)],, = { e (13)

0 otherwise

This quantisation step, Q,, limits our lossless compression to black and
white images (such as spacetime evolutions, s). However, this limitation is also a
source of strength because the quantised reconstruction, §, ends up being far
more robust to small errors that would have otherwise resulted from the fre-
quency filtering step. During the quantisation step, O, , a certain level of noise
gets removed from the reconstructed image, 7, and some loss (that would oth-
erwise result from frequency filtering) ends up being corrected. Small differences
in the noisy (ie. lossy) reconstructed image, 7, get removed so that the final,
binary-valued, reconstruction, §, is error-free (e lossless).

Example. The following example demonstrates how a lossy reconstruction
may become lossless as a side effect of the quantisation step. Let s’ be a simple
spacetime evolution such that s, =1,Vwe [O,W),Vt € [O,T ) Let 7' be a noisy
=1£AVwe[0,W),Vi€[0,T), where AcR’
represents some noise. Therefore, this reconstruction is lossy,

e(s, 7)) = ZZ:; ZIT;()I =WTA #0. Now let the quantisation threshold
< (l - A) , such that the binarised reconstruction becomes
§'=0,(#) =[5, =1|vwe[0,W -1),Vte[0,T-1)], since 7,26 holds for

w,t

reconstruction such that 7’

w,t

' fl
Sw,t w,t

all values. Thus, the binarised reconstruction is lossless
¢ oA O T NPT )
:>€(S,S )_ZW:O =0 s _ZW:O t:0|1 1|_O

3.3. Lossless Frequency Filtering

! ~t

w,t w,t

We define the space of lossless frequency filter masks, A£, as all frequency filter

masks that do not result in any reconstruction loss, g(s,§) =0.
M ={me {0 |&(s,C7 (m- 7 (5))) =0} (14)

For a given image, s, there will always exists at least one, lossless, frequency
filter mask, 3m € M , and that is the filter which leaves all frequencies unfiltered,
m'Z{I}UXV , such that m'a/"(s):./‘(s) (since no information is removed
during filtering, its corresponding reconstruction will have no loss). However,
this trivial filter has a compression ratio of 1, meaning it produces a very poor

compression (the higher the compression ratio, the better the compression),

The space of lossless frequency filter masks, A4 is actually increased due to the quantisation step, Q,
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even though it is lossless, CR(s)=

3.4. Optimal Lossless Filter

A good compression method aims to maximise the compression ratio, CR, so an
optimal lossless filter mask, m", will filter as many frequencies as possible without
becoming lossy (for a maximal compression ratio, CR). In other words, the op-
timal lossless filter mask, m", is the mask producing a filtered representation,
Z, with the smallest representation length, / (since the compression ratio is

inversely proportional to the representation length, CR ocﬁ , therefore the
z
lower the filtered representation length, / (2) , the higher the compression ratio,
CR).
m*:min{l(m-<7(s))|meM} (15)
(In Appendix C we include an alternative, non-exhaustive search method for

more quickly approaching the optimal lossless filter mask, m").

3.5. Compression

The compression method, C, is defined as the optimal lossless filter, m", applied

to the fourier transform, ., of a given spacetime evolution, s.
c:{o,1)"" v
C(s)=m*-.7(s) (16)

This compression method, G, is set apart from traditional fourier image com-
pression by virtue of its lossless nature (it will always produce an identical re-
construction of the original spacetime evolution given)

Lemma 1. C' (C(s)) =s

Proof Since m" € M by definition 15, then g(s,C" (m* -_/f(s))) =0 by

definition 14, then we get ZW%ZS

w=0

Syt —[C-' (m* ._T(s))} !t‘ =0 by substi-
tuting7 =s=C"' (m* ~.7(s)) , then by substituting 16 we get: s=C"" (C(s))
O

3.6. Complexity Metric

Using our novel lossless compression method, C, we can approximate the Kol-

mogorov Complexity, K; of a given spacetime evolution, s, as:
K, o) SR
H(c())
)

Since, by definition 6, we can approximate Kolmogorov complexity, K|, , us-

(17)

K, (s) ~
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Reconstruction Loss
g(s, 8)

substituting 9 and = ;

Examples (Figure 5). Below are some examples of the Kolmogorov Complex-
ity measured for a couple of 1D-ECA spacetime evolutions exhibiting different
classes of dynamics. The examples show the steps involved to losslessly compress
a given image by fourier transforming it into the frequency domain, filtering
coefficients and then reconstructing the spacetime via the inverse fourier trans-
form and binary quantisation step. Each example illustrates the following infor-
mation (laid out as in Figure 6).

1) An image of the given 1D-ECA spacetime evolution, s.

2) An image of the magnitude of its fourier coefficients, z returned by the
2D-FFT, .7, (ie. the real components. The phase image from the imaginary
components is not shown for simplicity).

3) An image of the magnitude of its filtered coefficients, Z, produced by the
lossless filter mask, m", (ie. the real components. The phase image from the
imaginary components is not shown for simplicity).

4) An image of the reconstructed spacetime evolution, 7, returned by the in-
verse 2D-FFT, .7 ',

5) An image of the binarised reconstructed spacetime evolution, §, returned
by the quantisation step, O, (using a default threshold, @, set to 0.5).

6) The resulting Kolmogorov Complexity, K, of the spacetime evolution, s.

Quantised Reconstructed

Original Fourier Transformed Filtered Transformation Reconstructed
SpacetimeAEvqution

Spacetime Evolution ~ Spacetime Evolution Spacetime Evolution Spacetime Evolution
A

s 0 || ||

0 0

50

100 : 0 \ SN
0 50 0 50 0 50 0 50 0 50
Kolmogorov Complexity
K=0.3
4000
3000 -
2000
1000 -
0- 3030.
10000 8000 6000 4000 2000 0

Compressj\on Length

I(z)
(a)
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Original
Spacetime Evolution

Quantised Reconstructed
SpacetimeA Evolution

Reconstructed
Spacetime Evolution
A

Fourier Transformed  Filtered Transformation
Spacetime Evolution Spacetimg\ Evolution

0

0
Kolmogorov Complexity
K = 0.5756435643564356

@ 4000 -
o
-
= 3000 1
S~
5%

2 _
£% 2000
c
3
8 1000 -

0 %14,
10000 8000 6000 4000 2000 0
Compression Length
I2)
(b)

Figure 5. An example of a relatively simple (a) and complex (b) spacetime evolution. (a) ECA rule 145 (IC
8932) has a frequency representation which relies on relatively few basis patterns, which mean more coeffi-
cients can be filtered without affecting the reconstruction loss, allowing for a higher compression ratio and a
lower kolmogorov complexity; (b) ECA rule 30 (IC 8932) requires relatively more basis patterns in its fre-
quency representation and so fewer coefficients can be filtered before the reconstruction loss becomes posi-
tive, resulting in a lower compression ratio and a higher kolmogorov complexity.

(1) o [@ e ~ @[ (a) WO | )
s ‘g’ |Z| “\’. |2| ....... » ;, Q“, §
6) K,
/
Vd
&(s, 8) (8) 1
\ r’
0.0 ] *I
I(z) 12) 0

Figure 6. Layout of information for each example.

7) The loss from iteratively filtering all NV ordered coefficients, one by one (to
search for a near-optimal, lossless filter). For more details, see Appendix C.
8) The best lossless filter found (Ze. the smallest compression length before

the filters become lossy).
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rule30 (identity)

20 ‘U.. 20

40 40

40

60‘ 60

804 so.

100 #ﬁﬂfé.’l r./f u.{é‘gﬁ% 100

0 20 60 80 0
(a)

4. Experimental Setup
4.1. Complexity Metrics and Compression Techniques

We evaluate the proposed, lossless fourier compression for approximating kol-
mogorov complexity alongside several existing compression methods: Huffman
encoding, Run-length encoding (RLE), Lempel-Ziv-Markov-Chain Algorithm
(LZMA), ZLIB, GZIP, and BZIP2, as well as one alternative information-theoretic
complexity metric: Block Decomposition Method (BDM). We restrict our evalu-
ation to complexity metrics applied to ECA spacetime evolutions (as opposed to

those applied to the ECA transition rules).

4.2. Dataset

Each metric is run over a dataset of spacetime evolutions (generated from all 256
ECA rules, always from the same initial configuration corresponding to the bi-
nary value of 8932 on 100-cell wide lattices, iterated for 110 time steps, ignoring
the initial 10 steps to allow for sufficient transient time for simpler evolutions to
settle into their characteristic patterns) and then augmented with several sym-
metry transformations (Ze. identity, reflection, inversion and rotation—see Fig-
ure 7) comprising a total of 768 spacetime patterns (256 rules x 1 initial confi-

guration x 4 symmetry transformations).

4.3. Code

We conduct all experiments in python 3, simulating elementary cellular automata
using eca* (our open-source python package published on pypi). All complexity
metrics tested, as well as the code used to generate and augment the original da-

taset, can be found on our github repository: ECA_complexity_metrics.

5. Results and Evaluation

Three evaluation phases were carried out:
1) Pearsons Correlation

2) Limits of Complexity

rule30 (reflection) rule30 (inversion)

rule30 (rotation)

A

Figure 7. The spacetime evolution of rule 30 and its augmented symmetry transformations. (a) ECA Rule 30 (Identity); (b) ECA
Rule 30 (Reflection); (c) ECA Rule 30 (Rotation); (d) ECA Rule 30 (Inversion).

*https://pypi.org/project/eca/.
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3) Symmetry Test

5.1. Pearsons Correlation

First, we observe how similar the proposed metric is to the existing complexity
metrics (Table 1). Taking the Pearson correlation coefficient reveals the pro-
posed method to be strongly correlated to all existing complexity metrics tested

(>0.8), with the exception of RLE (which has a weaker positive correlation = 0.4).

5.2. Limits of Complexity

The second test assumes that the least and most complex patterns possible are
that of absolute nothingness and absolute randomness, respectively. Therefore,
by measuring a blank image and an image of white-noise, we can obtain the
lower and upper limits of complexity (see Figure 8). The minimum and maxi-
mum complexity measurements slightly vary from metric to metric (see Table
2), however, their measurements for all images in the dataset should not exceed

these complexity limits.

Table 1. The proposed complexity metric shows a positive correlation to existing com-

plexity metrics.

Pearsons Correlation

Fourier Transform (ours) 1.000000
ZLIB 0.857042

GZIP 0.857042

BZIP2 0.854448

BDM 0.849258

Huffman Encoding 0.830718
LZMA 0.809293

RLE 0.427328

Table 2. Limits of complexity result. The minimum and maximum complexities for each
complexity metric obtained by measuring a blank image of nothingness and a random
image of white-noise. The metrics which exceed their own limits are highlighted in red.

min max count (<min) count (>max)

Fourier Transform (ours) 0.000000 0.648200 0 0

BZIP2 0.004400 0.170200 0

BDM 0.000000 9.284512 0 0

GZIP 0.004600 0.171100 80 0

Huffman Encoding 0.333400 1.038100 80 0

LZMA 0.010800 0.166400 80 0

RLE 0.004000 0.494000 82 163

ZLIB 0.003400 0.169900 80 0
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Figure 8. A sample of increasingly complex spacetime evolutions, as measured by our novel method.

BDM, BZIP2 and Fourier Transform (our proposed method) pass this simple
sanity check. However, the remaining lossless compression methods (ZLIB,
GZIP, LZMA, RLE and Huffman Encoding) exceed their own lower complexity
limits, while RLE was the only method which also exceeded its own upper com-
plexity limit, indicating these methods produce incoherent approximations of

complexity.

5.3. Symmetry Test

Lastly, we perform a symmetrical equivalence test, which assumes a group of
symmetrical images to have equivalent complexity. In other words, spacetime
evolutions which only differ by a symmetrical transformation should measure
the same complexity (this assumption is fairly prevalent in ECA literature whe-
reby experiments, classifications and complexity measurements are performed
on a reduced set of 88 symmetrically equivalent sets of rules, as opposed to using
all 256 ECA rules [5] [36]). Therefore, an ideal complexity metric should pro-
duce identical measurements across symmetrical images and any differences in
measurement can be attributed to imprecisions in the metric. To ensure we have
perfectly symmetrical patterns within the dataset, we use image augmentation
techniques to transform each rule’s spacetime according to the following sym-
metry transformations:

1) identity transformation (to include the original spacetime pattern in the

dataset).
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Table 3. Symmetry test results. The average normalised complexity difference across sym-
metrically equivalent images (Symmetrical) and a breakdown by symmetry type (Inver-
sion, Rotation, Reflection).

Inversion Rotation Reflection ~ Symmetrical
BDM 0.000 0.000 0.000 0.000
Fourier Transform (ours) 0.001 0.011 0.010 0.022
GZIP 0.000 0.028 0.004 0.032
ZLIB 0.000 0.028 0.004 0.032
LZMA 0.000 0.027 0.009 0.036
Huffman Encoding 0.000 0.030 0.008 0.038
BZIP2 0.003 0.034 0.004 0.041
RLE 0.000 0.233 0.001 0.234

2) rotation (90 degrees anticlockwise).

3) reflection (about the vertical axis—i.e. left-right reflection).

4) black-white inversion (also referred to as negation or complementation
(37D).

Our proposed method performed the best of all lossless compression methods
tested and was beaten only by BDM, the alternative information-theoretic com-
plexity metric which does not rely on lossless compression. BDM was the only
metric measuring absolutely no difference across any symmetrically equivalent
image. RLE was worst as it had the largest normalised complexity difference

across symmetrical images on average (Table 3).

6. Conclusion

In this paper, we propose a novel adaptation of the 2D-FFT which produces
lossless compressions of black and white images. This, in turn, is used to more
accurately measure the Kolmogorov Complexity of ECA spacetime diagrams. To
the best of our knowledge, we are the first to propose a lossless compression
method based on the Fourier Transform. The proposed method is strongly cor-
related to existing complexity metrics (with a Pearson correlation >0.8) and, un-
like many existing methods, is internally consistent as its measurements never
exceed the upper and lower complexity limits set using the least and most com-
plex patterns possible (7.e. that of nothingness and absolute randomness). A final
symmetry-based test quantifiably demonstrates the proposed method’s superior-
ity over existing lossless compression methods. Our novel lossless compression
method is thus a superior approximation for the kolmogorov complexity of ECA

spacetime evolutions.
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Appendices

A. Contributions

® A novel adaptation of the 2D-FFT for lossless compressions of black and
white images.

® More accurate and consistent approximations of the kolmogorov complexity
for ECA spacetime evolutions.

e First to propose a lossless compression method based on the Fourier Trans-
form.

e A symmetry-based test demonstrating the superiority of the proposed me-

thod over existing lossless compression methods.

B. Summary of Novel Method

Kolmogorov Complexity Approximation. We propose the following fourier

transform compression based approximation of Kolmogorov Complexity:
K, {01} SR
[(C())
/ ( 7z (S ))

where [ is the number of non-zero coefficients in the 2D fourier representation

K, (s) &

with dimensions UxV where U,V €Z" and 1 represents the indicator

function

1D-ECA. SE{O,I}WXT,W,TEZ+ is a binary matrix of some image to be
compressed. In our case, a spacetime evolution of a 1D Elementary Cellular Au-
tomata (1D-ECA).

s, =g, (1)
where '€ {0, I}W is the initial lattice configuration of the ECA,

teZ:0<t<T-1 and g, is the global transition function of the ECA re-

sponsible for deterministically updating the lattice configuration, defined as:
g, {01 >{o,1"
[gp (l):|w = p(lw—n’."’lw=""lwv+r1)

where weZ:0<w<W -1 and the neighbourhood radius neZ:n2>1 (thus
an ECA lattice width must be equal to or greater than one neighbourhood,
W >2n+1). Where p: {O,l}zn+l - {0,1} is the local transition rule of the ECA
(specified as a lookup table). For the simplest ECA with a neighbourhood radius
n=1, there are 2> =256 possible local rules (each yielding unique global
spacetime evolutions).

2D-FFT. . ,is the 2D Fast Fourier Transform (2D-FFT), defined as:
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w=0 =0

7 (s ls _127{%%1]
|:' ( ):|u,v (W 1)( )ZZ wit

where u,veZ:0<u<U-1,0<v<V -1 arethe frequency coordinates.
Lossless Compression. Cis the compression method based on the 2D-FFT,
defined as:

c:{o, )" >
C(s) =m -./'*(s)

where m e M and M = {m € {0,1}UXV |€(S,C_1 (m-.f(s)) = 0} is the space
of lossless filter masks and C™' is defined as:

cc? o)

1(3)=0,("(9)
The optimal lossless filter mask " :min({l(m-z)|meM}) is the mask

that leaves the fewest number of fourier coefficients z without the resulting im-

age reconstruction § becoming lossy, where loss is defined as:

c: RWXT % RWXT N R+

%

-17-1

o(5.5)= 23

%

N

w,t wt

il
o

where 2eCY" is the filtered fourier transformed representation of the image
and ./ :CY" 5> R"™" is the inverse 2D-FFT and ), is a quantisation step
introduced to retrieve a binary spacetime evolution (also limiting our lossless

compression method to black and white images), defined as:
0, :R" = f{o,1)""
1 if7, 26

[0,y

0 otherwise

where 6 €R is the quantisation threshold.

Novelty. Note that Cis distinct from traditional (Ze. lossy) fourier image com-
pression by virtue of its lossless nature. In other words, it will always produce an
identical reconstruction of the original image given, such that C~' (C (s)) =s,
which, for the first time, allows the Fourier transform to be used as a Kolmogo-
rov Complexity approximation.

C. Fast Search for Near Optimal Lossless Filter Mask
Let £ be the fourier frequencies z ordered by magnitude:

¢=[fe ] a)
where fspecifies an order of indices, f :N—> N?, such that

vie[o,(U-1)(V-1)]:
f(i)=(uj 19)

r(r)

S‘z S---S‘z

ol
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where u € [O,U),v € [O,V) and f~' specifies the inverse mapping such that
Vie[O,(U—l)(V—l)]V: (@) =i.

Let 4:N—> {O,I}UX return a fourier filter mask designed to filter the posi-
tions of the & smallest fourier frequencies:

i, =g " -

0 otherwise

Now since larger values of k result in more fourier frequencies being filtered
(i.e. multiplied to zero) and fewer non-zero frequencies in the filtered fourier
representation (Ze. smaller / (2) ). Therefore, the smallest lossless filter mask
,u(l'*) will be found at position i*, beyond which the resulting filter masks start

to become lossy
g(s,C’1 (,u(i*)-,f(s))) =0

and
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