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Abstract 
This paper develops a novel interval type-2 fuzzy Proportional-Derivative 
(PD) control scheme for electrically driven flexible-joint robots using the di-
rect method of Lyapunov. The controller has a simple design in a decentra-
lized structure. Compared to the previous controllers reported for the flexi-
ble-joint robots which use two control loops, it has a simpler structure using 
only one control loop. It guarantees stability and provides a good tracking 
performance. The controller considers the whole robotic system including the 
manipulator and motors by applying the voltage control strategy. Stability 
analysis is presented and the effectiveness of the proposed control approach is 
demonstrated by simulations using a three link flexible-joint robot driven by 
permanent magnet DC motors. Simulation results show that the interval 
type-2 fuzzy PD controller can handle external disturbance better than the 
type-1 fuzzy PD controller. In addition, it spends less control effort than the 
type-1 in order to deal with disturbance. 
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1. Introduction 

Fuzzy control as a model-free approach is simply designed to control compli-
cated systems. In recent years, there has been an increasing attention to type 2 
fuzzy logic system (FLS) in order to overcome the uncertainties. Type-1 FLS has 
difficulties in modeling and minimizing the effect of uncertainties [1]-[6]. This is 
because type-1 fuzzy set is certain in the sense that the membership grade for a 
particular input is a crisp value [7]. Type-2 fuzzy sets are characterized by mem-
bership functions (MF) that are themselves fuzzy [1]-[6]. The type-2 FLS (T2FLS) 
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can be used when circumstances are too uncertain to determine exact member-
ship grades such as when training data is corrupted by noise. The most fre-
quently used T2FLS is interval T2FLS (IT2FLS) for their reduced computational 
cost [4]. Though the T1FLS is the most widely used application of fuzzy set 
theory, the T2FLS have been used in a few control applications such as nonlinear 
control and mobile robot navigation [1], decision making [6], sliding mode con-
trol design [2] and chaotic control [8]. The direct and indirect adaptive interval 
type-2 fuzzy control has been proposed for nonlinear systems [5] [7]. However, 
an analytical proof should be given to guarantee stability and provide a desired 
performance. 

Control of a flexible-joint robot as a complex system can highlight the capa-
bilities of the T2FLS. In order to improve industrial productivity, it is required to 
reduce the weight of the arms and/or to increase their speed of operation. How-
ever, as a bad effect, the flexibility in joints and links may occur. On the other 
hand, compared to the conventional heavy and bulky robots, flexible manipula-
tors have the potential advantage of lower cost, larger work volume, higher op-
erational speed, greater payload-to-manipulator-weight ratio, smaller actuators, 
lower energy consumption, better maneuverability and better transportability 
due to reduced inertia [9] [10]. As a result, several applications such as space 
manipulators [10] [11] necessitate using flexible joint robots. 

The most important reason of joint flexibility is the essential use of power 
transmission systems which show the flexibility [12]. The control schemes pro-
posed for the rigid manipulators are limited in their applicability to real robots 
[13]. Compared with rigid robots, number of degrees of freedom in the flexi-
ble-joint robots becomes twice as number of control actions while the matching 
property between nonlinearities and inputs is lost [10] [12]. As a result, to im-
prove the performance and avoid unwanted oscillations for practical applica-
tions, joint flexibility must be taken into account in both modeling and control 
[10]. During the past two decades, trajectory tracking control study of robotic 
manipulators with joint flexibilities has attracted considerable attention includ-
ing singular perturbation theory [14], feedback linearization [15], adaptive con-
trol [16], sliding mode control [17], fuzzy control [18] and neural control [19]. 
The principal limitation existing in the aforementioned control schemes is that 
these schemes assume that torques can be directly applied to the robot links. In 
the other words, the control is designed at dynamic level with torque as input 
namely, torque control strategy while the actuator dynamics is excluded. How-
ever, the actuator dynamics represents an important component of complete 
electromechanical systems, especially in the case of high-velocity movement and 
highly varying loads [20] [21]. Furthermore, the additional sensing requirements, 
actuator saturation, and long processing time should be considered to imple-
ment the torque control strategy [12] [22]. As an example of torque control 
strategy [23], one can consider the complexity of the robust control of flexi-
ble-join robots. In some papers such as [20] the actuator dynamics is considered. 
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However, the control problem may become more complicated due to consider-
ing the actuator dynamics. 

To solve these problems, voltage control strategy has been devoted to the elec-
trically driven robot manipulators [24]. In this strategy, the electric motors of 
the robot are controlled while the robot manipulator behaves as a load on the 
motors. Thus, a nominal model of the motor is required to design the controller 
with an advantage that the used model is simpler than the robot model. Recently, 
robust control [22] and nonlinear adaptive control [12] of flexible-joint robots 
have been developed using the voltage control strategy. 

A model of robot may face uncertainties such as unmodelled dynamics, para-
metric uncertainty and external disturbances. In [25], the set-point regulation 
control design for an electrically driven flexible-joint robot with model uncer-
tainty was proposed. In [16], an adaptive controller was developed to solve the 
tracking problem for electrically driven flexible-joint robot with time-varying 
uncertainty. 

The contribution of this paper is to present an interval type-2 fuzzy PD 
(IT2PD) control approach for electrically driven flexible-joint robots. The pro-
posed voltage control law has a simpler structure in the form of decentralized 
control yet more efficient than the torque control that is multivariable coupled 
control. As a result, the proposed control approach is free of many effects caused 
by manipulator dynamics. This is an important advantage of the proposed con-
trol approach over the torque based control approaches. Compared to the pre-
vious controllers reported in the literature for the flexible-joint robots which use 
two control loops, it has a simpler structure using only one control loop. This is 
the main novelty of this paper. Stability analysis is presented and the effective-
ness of the proposed control approach is demonstrated by simulations. 

The rest of the paper is organized as follows: Section 2 presents modeling of 
the flexible-joint robots. Section 3 introduces Interval type-2 fuzzy logic. Section 
4 develops the proposed method. Section 5 presents the simulation results and 
finally, Section 6 concludes the paper. 

2. Electrically Driven Flexible-Joint Robot Dynamics 

In a simplified model of the flexible-joint robot [23], the manipulator links are 
assumed rigid and motors are elastically coupled to the links. The motor tor-
queses are assumed as inputs of the robotic system. In this paper, the simplified 
model is applied for an electrically driven robot with some modifications to ob-
tain them motor voltages as the inputs. Consider an electrical robot with revo-
lute joints driven by the geared permanent magnet dc motors. If the joint 
flexibility is modeled by a linear torsional spring, the dynamic equation of mo-
tion can be expressed as [12] [22] 

( ) ( ) ( ) ( ), m+ + = −g D C K rθ θ θ θ θ θ θ θ             (1) 

( )m m m+ + − = J B rK rθ θ θ θ τ                      (2) 

https://doi.org/10.4236/jsea.2017.1011048


M. M. Zirkohi, S. Izadpanah 
 

 

DOI: 10.4236/jsea.2017.1011048 857 Journal of Software Engineering and Applications 
 

where nR∈θ  is a vector of joint angles, n
m R∈θ  is a vector of rotor angles. 

Thus, this system possesses 2n coordinates as [ ]mθ θ . The matrix ( )D θ  is a 
n n×  matrix of manipulator inertia, ( ), nR∈C θ θ θ  is the vector of centrifugal 
and Coriolis forces, ( ) nR∈g θ  is a vector of gravitational forces and nR∈τ  is 
a torque vector of motors. The diagonal matrices ,J B  and r  represent coef-
ficients of the motor inertia, motor damping and reduction gear, respectively. 
The diagonal matrix K  represents the lumped flexibility provided by the joint 
and reduction gear. To simplify the model, both the joint stiffness and gear coef-
ficients are assumed constant. The vector of gravitational forces ( )g θ  is as-
sumed function of only the joint positions as used in the simplified model [24]. 
Note that the vector and matrix are represented in bold form for clarity. 

System (1)-(2) is highly nonlinear, extensively computational, heavily coupled 
and multi-input/multi-output system with the 2n coordinates. Complexity of the 
model has been a serious challenge in robot modeling and control in literature. 
It is expected to face a higher complexity if the proposed model includes the ac-
tuator dynamics. In order to obtain the motor voltages as inputs, consider elec-
trical equation of the geared permanent magnet dc motors in the matrix form 

a a b m= + +u I I R L K θ                        (3) 

where nR∈u  is a vector of motor voltages, n
a R∈I  is a vector of motor cur-

rents and m
θ  is a vector of rotor velocities. The diagonal matrices ,R L  and 

bK  represent the coefficients of armature resistance, armature inductance and 
back-emf constant, respectively. The motor torques τ  as input for dynamic 
Equation (2) is produced by the motor currents as 

m a =IK τ                              (4) 

where mK  is a diagonal matrix of the torque constants. Equations (1)-(4) form 
the robotic system such that the voltage vector u  is the input vector and the 
joint angle vector θ  is the output vector. 

The dynamics of the electrical robot (1)-(4) in the state space is formed as 

( )= +f bux x                            (5) 

where 
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3. Interval Type-2 Fuzzy Logic System 

A fuzzy logic system that uses at least one type-2 fuzzy set is called a type-2 fuzzy 
logic system. It is very useful in circumstances where determination of an exact 
membership grade for a fuzzy set is difficult [4]. As illustrated in Figure 1, a 
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type-2 fuzzy membership function (MF) can be obtained by starting with a 
type-1 MF and blurring it. The extra mathematical dimension provided by the 
blurred area, referred to as the footprint of uncertainty (FOU), and represents 
the uncertainties in the shape and position of the type-1 fuzzy set. The FOU is 
bounded by upper and lower MF, and points within the “blurred area” have 
membership grades given by type-1 MF. The most frequently used type-2 fuzzy 
sets are interval fuzzy sets where each point in the FOU has unity secondary 
membership grade [3]. 

An interval type-2 fuzzy set A  in X is defined as [4]: 

[ ]
X

1A / , 0,1
x

x
x u J

x J
u∈ ∈

 
= ⊆ 

  
∫ ∫                    (6) 

where x is the primary variable with domain X; u is the secondary variable, 
which has domain xJ ; xJ  is called the primary membership of x. Uncertainty 
about A  is conveyed by the union of all of the primary memberships called the 
footprint of uncertainty (FOU) of A ; i.e. 

( )FOU XA ,xJ x= ∈                       (7) 

The structure of a typical type-2 fuzzy logic system is shown in Figure 2 It is 
similar to its type-1 counterpart, the major difference being that at least one of 
the fuzzy sets is type-2 and a type-reducer is needed to convert the type-2 fuzzy 
output sets into type-1 sets so that they can be processed by the defuzzifier to 
give a crisp output. General type-2 FLSs are computationally intensive because 
type-reduction is very intensive [4]. Therefore, we will use in this work the in-
terval type-2 fuzzy logic systems for their simplicity and efficiency. 

In the following subsections the operations in an interval singleton type-2 FLS 
are described in details. 

 

 
Figure 1. Type-2 fuzzy logic membership function. 

 

 
Figure 2. Scheme of a type-2 fuzzy logic system. 
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3.1. Fuzzification 

In practice the computations in an IT2FLS can be consisting of M  rules as-
suming the following form: 

1 1X X: if is and is , then is Y 1,, 2, ,i i i i
p pR x x y i M=





        (8) 

where ( )1x , , px x=   is the input vector, y  are linguistic variables, 
( )X 1,2, ,i

j j p=

  is an interval type-2 fuzzy set and Y ,i i i
l ry y =   , which can 

be understood as the simplest Takagi-Sugeno-Kang (TSK) model. The fuzzifier 
maps a crisp point ( )1x , , px x=   into a type-2 fuzzy set A  [26]. 

3.2. Inference 

The inference engine matches the fuzzy singletons with the fuzzy rules in the 
rule base. To compute unions and intersections of type-2 sets, compositions of 
type-2 relations are needed [9]. The first step in the extended sup-star operation 

is to obtain the firing set ( )1 X
F xi

j

p i
j µ
=

=∏


 by performing the input and ante- 

cedent operations. As only interval type-2 sets are used and the meet operation is 
implemented by the product t-norm, the firing set is the following type-1 inter-
val set [26]: 

( ) ( ) ( )F x x , x ,i i i i if f f f   = =                    (9) 

where ( ) ( ) ( )
1

1X X
x i i

p

i
pf x xµ µ= × ×

 


 and ( ) ( ) ( )

1
1X X

x i i
p

i
pf x xµ µ= × ×

 


 the 

terms 
Xi

j
µ


 and 
Xi

j
µ


 are the lower and upper membership grades of 
Xi

j
µ


, re-

spectively. 

3.3. Type-Reduction 

The type-2 fuzzy inference engine produces an aggregated output type-2 fuzzy 
set. The type reduction block operates on this set to generate a centroid type-1 
fuzzy set known as the “type-reduced set” of the aggregate type-2 fuzzy set. Sev-
eral type-reduction methods have been suggested in the literature, such as the 
center-of-sums, the height, the modified height and the center-of-sets, for exam-
ple [4] [5] [26]. In this article, we consider the center-of-sets type reduction 
technique due to its computational efficiency. That may be expressed as [3] 

( ) [ ]
( )

1

F x 1
Y

Y x ,
i i

i i

N i i
i

cos l r M i
f i

y

f y
y y

f
=

∈ =
∈

= = ∑
∑



               (10) 

where Ycos  is the interval set determined by two end points ly  and ry , and 
firing strengths ( ), F xi i i if f f = ∈  . ly  and ry  can be expressed as [27]: 

1 1

1 1

L Ni i i i
l li i L

N i
L

l L i
i i

f
y

y f y

f f
= = +

= = +

+
=

+

∑ ∑
∑ ∑

                  (11) 

1 1

1 1

R Ni i i i
r ri i R

N i
R

r R i
i r

f
y

y f y

f f
= = +

= = +

+
=

+

∑ ∑
∑ ∑

                  (12) 
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Two end points ly  and ry  can be computed efficiently using the Kar-
nik-Mendel (KM) algorithms [28]. For example The EKM algorithm for compu-
ting ry  is given as: 

1) Sort ( )1, ,ix i N= =   in increasing order 

2) Initialize if  by setting ( )1,2, ,
2

i i
i f

f i N
f +

= =   and then compute 

1

1

N i
ii

N i
i

x f
y

f
=

=

= ∑
∑

 

3) Find switch point k (1 1k N≤ ≤ − ) such that 1k kyx x≤ ≤ +  

4) Set ( )i if f i k= ≤  and ( )i if f i k= >  then compute 1

1

N i
ii

N i
i

x f
y

f
=

=

′ = ∑
∑

 

5) Check if y y′ = . If yes, stop, set ly y= , and call k, L. If no go to step 6 
6) set y y′=  and go to step 3 

3.4. Defuzzification 

Since the type-reduced set is an interval type-1 set, the defuzzified output is [27]: 

( ) ( )x 0.5 l ry y y= +                      (13) 

4. Proposed Control Law 

To control such a complicated system a novel simple controller is proposed us-
ing voltage control strategy. Electrical equation of a permanent magnet dc motor 
is written as 

a a b mu RI LI k θ ϕ= + + +                   (14) 

where R , L  and bk  denote the armature resistance, inductance, and back 
emf constant, respectively. u  is the motor voltage, aI  motor current, and mθ  
the rotor position. ϕ  represents the external disturbance. 

The motor angle mθ  as an output can be controlled via the voltage u  as an 
input. It is very interesting to note that (7) is a single-input/single-output (SISO) 
system while the robot manipulator is a multivariable multi-input system. The 
motor current aI  contains effects of coupling between the motor and the ma-
nipulator. 

From (2), we have 

( )1r Km lθ τ θ−= +                      (15) 

In addition, Equation (3) can be rewritten as 

( )1
1rlτ τ ϕ−= +                       (16) 

where 1ϕ  include unmodeled dynamics. Substituting (16) into (15) and using (5) 
yields 

( )( )1 1
1r K r Km m aIθ ϕ θ− −= + +                 (17) 

Taking the time derivative of the above equation yields 
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1 2 1 1 2
1K r K r K rm m aIθ θ ϕ− − − − −= + + 

                 (18) 

Substituting (18) into (14) gives 
1

2rm a bu L I k θ ϕ−= + +                      (19) 

where 1 2K r Km b mL L k − −= +  and 1 2
2 1K rb ak RIϕ ϕ ϕ− −= + +  

The current of the motor can be directly controlled using a PI controller as 
follows: 

da p iI k e k e t= + ∫                        (20) 

where dk  and ik  are positive constant gains. e  is tracking error expressed 
by de θ θ= − . In the meantime, θ  is the actual joint angle and dθ  is the de-
sired joint. 

Substituting (20) into (19) yields 

( ) ( )1
2rm p i bu L k e k e k θ ϕ−= + + +                 (21) 

Using (21) a control law is proposed as 

( ) ( )( )1
2ˆrm p i b d du L k e k e k θ β θ θ ϕ−= + + + − +

            (22) 

where β  is a positive constant and 2ϕ̂  is the estimation of 2ϕ . After some 
manipulation, one can obtain 

( ) ( )1
2ˆb d p du k r k e k eθ ϕ− ′ ′= + + +

                  (23) 

where 1
m i bpk L k k r β−′ = +  and m pdk L k′ = . 

Equation (23) includes three terms. The first term is 1
b dk r θ−   and the second 

term can be considered as a PD controller. The third term is the estimation of 
uncertainty. As a result, we can conclude from (23) that a flexible joint robot can 
be controlled directly using a simple PD controller plus uncertainty estimation 
with an extra term expressed by 1

b dk r θ−  . It should be stated that the IT2FLC can 
be used instead of the PD control plus uncertainty estimation. This is why the 
IT2FLC can handle the uncertainty. Compared to the previous controllers re-
ported for the flexible-joint robots which use two control loops, it has a simpler 
structure and more efficiency using only one control loop. 

Suppose that y  is the output of an IT2PD in the normalized form with the 
inputs of 1x  and 2x . If three fuzzy sets are given to each fuzzy input, the whole 
control space will be covered by nine fuzzy rules. The linguistic fuzzy rules are 
proposed as 

1 1 2 2 1 1 2 2 0: if is X and is X then 1,2 ,, , 9i i i i
i i iR x x y a x a x a i= + + = 


   (24) 

where iR  denotes the ith fuzzy rule for 1, ,9i =  . In the ith rule, 1Xi
  and 

2Xi
  are type-2 fuzzy membership functions belonging to the fuzzy variables 1x  

and 2x , respectively. 1ia , 2ia  and 0ia  are the gain in consequent part and 
iy  is the crisp output. The proposed interval type-2 fuzzy controller is for the 

case when antecedents are interval type-2 fuzzy sets (A2) and consequents are 
crisp numbers (C0). Three Gaussian membership functions with uncertain mean, 

( )
1

1Xi xµ


, named as Positive (P), Zero (Z), and Negative (N) are defined for input 
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1x  in the operating range of manipulator as shown in Figure 3. Three Gaussian 
membership functions with uncertain mean, ( )

2
2Xi xµ



, named as P, Z, and N in 
the same shape as Figure 3, are used for input 2x . As shown in Figure 3 all un-
iverses of discourses are normalized and arranged in [–1 1] with scaling factors 
external to the FLC used to give appropriate values to the variables. The role of 
input scaling factors becomes more important for using the Gaussian MFs for 
inputs. The input scaling factors are employed to take the input into the operat-
ing range covered by MFs otherwise the controller will not respond to the input. 
Input variables and output variable have scaling factors 

1
k p , 

1
kd  and 

1ok  for 
joint 1, 

2
k p , 

2
kd  and 

2ok  for joint 2, 
3

k p , 
3

kd  and 
3ok  for joint 

3,respetively. The IT2PD controllers should be designed in such a way that the 
stability of control system is guaranteed. 

5. Stability Analysis of the Control System 

In other words, ly  in (11) can be rewritten as 

( ) ( )1 1 2 2 0 1 1 2 2 01 1
L Mi i

l l i i i l i i ii i Ly q a x a x a q a x a x a
= = +

= + + + + +∑ ∑       (25) 

where i i
l lq f D=  and i i

l lq f D= . In the meantime, we have 

1 1
L Mi i

l i i LD f f
= = +

= +∑ ∑ . 
In the similar manner, ry  in (12) can be rewritten as 

( ) ( )1 1 2 2 0 1 1 2 2 01 1
R Mi i

r r i i i r i i ii i Ry q a x a x a q a x a x a
= = +

= + + + + +∑ ∑      (26) 

where i i
r rq f D=  and i i

r rq f D= . In the meantime, we have 

1 1
R Mi i

r i i RD f f
= = +

= +∑ ∑ . 
From (13) after some manipulation, one can obtain 

( ) ( ) ( ) ( )1 1 2 2 0x C x C x C xy x x= + +                (27) 

where 

( ) ( )1 1 1 1 11 1 1 1C x 0.5 L M R Mi i i i
l i l i r i r ii i L i i Rq a q a q a q a

= = + = = +
= + +∑ ∑ ∑ ∑        (28) 

( ) ( )2 2 2 2 21 1 1 1C x 0.5 L M R Mi i i i
l i l i r i r ii i L i i Rq a q a q a q a

= = + = = +
= + + +∑ ∑ ∑ ∑     (29) 

( ) ( )0 0 0 0 01 1 1 1C x 0.5 L M R Mi i i i
l i l i r i r ii i L i i Rq a q a q a q a

= = + = = +
= + + +∑ ∑ ∑ ∑     (30) 

 

 
Figure 3. Membership function of the input e. 
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The obtained analytical structure of the fuzzy controller improves our study to 
develop the analysis and design. Using the scaling factors the input vector is 
formed as 

T

1 2x k k
i ip dz z  =                       (31) 

where for the ith joint 1z  and 2z  are defined as 
T

1 2x k k
i ip dz z  =                       (31) 

1 di iz θ θ= −                            (32) 

2 di iz θ θ= −                             (33) 

where diθ  and iθ  are the desired and actual joint position, respectively. From 
(32) and (33) we have 1 2z z= . 

Using 1 1k z
ipx =  and 2 2k z

idx = , one can obtain 

1 2x xα=                          (34) 

where k k 0
i ip dα = > . 

Fuzzy controller by the use of scaling factors is formed as 

( ) ( ) ( ) ( )( ) 1
0 1 1 2 2 0u x k C x C x C x

i b dx x k r θ−= + + +            (35) 

This general structure shows a nonlinear variable gain controller that finds 
many applications in control. The nonlinear gain ( )iC x  covers the nonlineari-
ty of controller by parameters in hand. The control purposes are simply de-
scribed by linguistic rules in fuzzy controller transformed to a nonlinear func-
tion as stated by (35). 

Substituting (35) into (3) forms the closed loop system as follows 

( ) ( ) ( )( ) 1
1 1 2 2 0 0C x C x C x k

i b d a a b mx x k r RI LI kθ θ−+ + + = + +       (36) 

Assume that the motor voltage u  expressed by (3) is limited such that 

maxa a b mRI LI k uθ+ + ≤                     (37) 

where max 0u >  is a maximum permitted voltage for the motor. This assump-
tion is a technical regard to protect motor against over voltages. The complexity 
of design and analysis has been changed to simplicity for using the model of 
motor in place of model of manipulator. Here, we should know only the upper 
limits for the motor voltages as inputs of robotic system. Because electrical mo-
tors drive the electrical manipulator, the motor voltages are the system inputs. 
The desired trajectory should be planned with regarding the maximum permit-
ted voltages for motors somehow each motor is so strong such that can track the 
desired trajectory under the permitted voltage. Moreover, the desired trajectory 
should be smooth such that its derivatives up to the required order are available 
and limited. To find a control law for the convergence of error, a positive defi-
nite function is proposed as 

( )1
2 1 10

V C x d
x

x x= ∫                        (38) 
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where V  is a positive definite function of 1x  if ( )2C x  is positive. To satisfy 

( )20 C x≤  it is sufficient that 20 ia≤ . 
Proof: Assume that ( )2 20 C C x< <  where 2C  is a positive constant. Thus, 

( )1 1
2 1 1 100 2 1C d C x d

x x
x x x x<∫ ∫                     (39) 

we have 1 2
2 1 1 2 10

C d 0.5C
x

x x x=∫ . Hence, ( )12
2 1 2 1 10

0.5C C x d
x

x x x< ∫ . Thus (39) im-

plies that V 0>  for 1 0x ≠ . Since ( )0
2 1 10

C x d 0x x =∫  and ( )2 1C x x  is limited, 

V 0=  if 1 0x = . Thus, V  is a positive definite function of 1x . 
The time derivative of V  is calculated as 

( ) ( )2 1 1 2 1 2V C x C xx x x xα= =


                   (40) 

From (36) we can write 

( ) ( ) ( ) ( ) 1
2 2 1 1 0 0 0C x C x C x k k

i ia a b m b dx x RI LI k k rθ θ−= − − + + + −     (41) 

Substituting (41) into (40) yields 

( ) ( ) ( )2 1
1 1 0 1 1 0 1 0V C x C x k k

i ia a b m b dx x x RI LI k x k rα α α θ α θ−= − − + + + −    (42) 

Since ( ) 2
1 1C x 0xα− ≤  for ( )10 C x≤ , to satisfy V 0≤  for stability, it is re-

quired that 

( ) ( )1
1 1 0 0 1k C x

ia a b m b dx RI LI k x k r xθ θ−+ + − ≤             (43) 

Using the Cauchy-Schwartz inequality, one can obtain 

( ) 1
1 1

1
1 1 1 max

a a b m b d

a a b m b d

x RI LI k x k r

x RI LI k k r x x u

θ θ

θ θ

−

−

+ + −

≤ + + + ≤

 

 

           (44) 

Suppose that dθ γ≤  where γ  is a positive constant. To satisfy (44), it is 
sufficient that 

( ) ( )1
1 max 0 0 1k C x

ibx u k r xγ−+ ≤                   (45) 

Since 0k 0> , to guarantee stability ( )1 00 C xx< . This means that ( )0C x  
must be designed with the same sign as 1x . This condition is simply satisfied if 

0ia  is selected with the same sign as 1x . 
From (45) and ( )1 0C x 0x > , we obtain 

( ) ( )1
max 0 0C x k

ibu k r γ−+ ≤                    (46) 

From (30), one can obtain 

( )0,min 0 0,maxc C x c≤ ≤                       (47) 

where 0,minc  and 0,maxc  are to constant. To select a constant value, we should 
select a value for 0k  that satisfies (46) in all cases. The maximum permitted val-
ue for 0k  is then selected as 

( )1
max 0,max 0c k

ibu k r γ−+ =                    (48) 

Therefore, stability is guaranteed under assumptions ( )1C x 0> , ( )2C x 0> ,

( )1 0C x 0x >  and ( )1
max 0,max 0c k

ibu k r γ−+ = . 
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In the ith  rule, 0ia  is selected with the same sign as 1x  to satisfy 

( )1 0C x 0x > . We can select 1 0ia ≥  and 2 0ia ≥  in all subsections but i∃  that 

1 0ia >  and 2 0ia >  to satisfy ( )2C x 0> , ( )1 0C x 0x > , respectively. 
Fuzzy rules in the 9 subsections for 1, ,9i =   are designed where the follow-

ing cases occur: 
Case 1 Assume that 1 2 0x x <  resulting in asymptotic stability by V 0<  in 

(40). Thus, a small control effort is given to u . 
Case 2 Assume that 1 0x =  or 2 0x =  resulting in Lyapunov stability by 

V 0=  in (40). Thus, a medium control effort is given to u . 
Case 3 Assume that 1x  and 2x  both are positive or negative resulting in in-

stability by V 0>  in (40). Thus, a very high effort is given to u . 
The fuzzy rules for the first and second controllers are then given as: 

1 2Rule1: if is P and is P then 1x x y =  

1 2Rule 2 : if is P and is Z then 0.75x x y =  

1 2Rule 3: if is P and is N then 0.25x x y =  

1 2Rule 4 : if is Z and is P then 0.5x x y =  

1 2 1 2Rule 5 : if is Z and is Z then 150 10x x y x x= +  

1 2Rule 6 : if is Z and is N then 0.5x x y = −  

1 2Rule 7 : if is N and is P then 0.25x x y = −  

1 2Rule 8 : if is N and is Z then 0.75x x y = −  

1 2Rule 9 : if is N and is N then 1x x y = −  

Therefore, using the above analysis the 1 2,x x  are bounded. Then one can 
imply the boundedness of u  because of boundedness 1x  and 2x . 

Proof: From (28), ( )1C x , ( )2C x  and ( )0C x  are bounded as 

( )1 1C x 0.5α≤                           (49) 

( )2 2C x 0.5α≤                          (50) 

( )0 0C x 0.5α≤                          (51) 

where 

1 1 1 1 11 1 1 1

L M R Mi i i i
l i l i r i r ii i L i i R

q a q a q a q a α
= = + = = +

+ + + ≤∑ ∑ ∑ ∑           (52) 

2 2 2 2 21 1 1 1

L M R Mi i i i
l i l i r i r ii i L i i R

q a q a q a q a α
= = + = = +

+ + + ≤∑ ∑ ∑ ∑          (53) 

0 0 0 0 01 1 1 1

L M R Mi i i i
l i l i r i r ii i L i i R

q a q a q a q a α
= = + = = +

+ + + ≤∑ ∑ ∑ ∑          (54) 

where 1α , 2α  and 0α  are constant. 
Considering (9) we have 

( ) 1if x ≤                            (55) 

( ) 1if x ≤                            (56) 
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Thus, one can imply that i
lq , i

lq  and i
rq , i

rq  are bounded. The coefficient 

1ia  is a constant parameter. As a result, the inequality (52) is verified. 
Similarly, the inequality (53) and (54) are proven. Therefore, u  is bounded 

using (35) as 

( ) 1
0 1 1 2 2 0k

i bu x x k rα α α γ−≤ + + +                 (57) 

According to the proof given by [22], since the input u  is bounded variable 

aI  is bounded. 
Since the desired joint angle dθ  and its time derivative dθ  are bounded. The 

bound variables 1x  and 2x  imply that 1d xθ θ= −  and 2d xθ θ= −   are 
bounded. 

Since aI  is bounded, (4) implies that τ  is bounded. From (2) we have 
2

m m mJ B r K rKθ θ θ τ θ+ + = +                     (58) 

System (58) is a second order linear system with positive gains 2,B r K , and a 
limited input rKτ θ+ .This system is stable based on the Routh-Hurwitz crite-
rion and implies that mθ , mθ  and mθ  are bounded. 

Since all states associated with each joint i.e. θ , θ , mθ , mθ , and aI  are 
bounded, vectors θ , θ , mθ , mθ  and aI  are bounded. As a conclusion, based 
on the stability analysis, all required signals are bounded. 

6. Simulation 

The proposed type-2 PD fuzzy controller is simulated using an electrical 
flexible-joint articulated robot manipulator. The articulated manipulator is a seri-
al link manipulator with three revolute joints as shown in Figure 4. The Denavit 
Hartenberg parameters of the articulated robot are given in Table 1, where the 
parameters , ,i i id aθ  and iα  are called the joint angle, link offset, link length 
and link twist, respectively. The dynamic parameters of manipulator are given in 
Table 2, where for the ith link, im  is the mass, [ ]Tci ci ci cir x y z=  is the center of 
mass of the ith frame and iI  is the inertia tensor in the center of mass frame 
with the details as 
 

 
Figure 4. Symbolic representation of the articulated robot. 
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xxi xyi xzi

i yxi yyi yzi

zxi zyi zzi

I I I
I I I I

I I I

 
 =  
  

                       (59) 

The parameters of motors are given in Table 2. The desired joint trajectories 
are smooth as given by ( )1 cos 0.05πd tθ = − . The maximum voltage of each mo-
tor is set to max 50 Vu = . To consider the parametric uncertainties, b̂k  and r̂  
are assumed to be 80% of their real values. Moreover, 

1pk , 
1dk  and 

1ok  are set 
to.01,200 and 30, 

2pk , 
2dk  and 

2ok  are set to 0.09, 400 and 200, 
3pk , 

3dk  and 

3ok  are set to 0.07, 200 and 100, respectively. 
Simulation 1: In This simulation, the proposed IT2PD controller is simulated. 

The performance of control system is shown in Figure 5 while the joint tracking 
error is reduced well. The external disturbance is zero by given 0ϕ =  in system 
(14). The control system overcomes disturbances very well. The control efforts 
are shown in Figure 6. The motor voltages behave well under the maximum 
permitted value of 50 V as shown in Figure 6. In other words, both two figures 
indicate the fact that the tracking performance can be guaranteed. The simulation 
results confirm the effectiveness of the proposed method. 
 
Table 1. The Denavit-Hartenberg parameters. 

Link θ  d  a  α  

1 1θ  1d  0 π 2  

2 2θ  0 2a  0 

3 3θ  0 3a  0 

 
Table 2. Motor parameters 

Motors R kb L J B r K 

1, 2, 3 1.26 0.26 0.001 0.0002 0.001 0.02 500 

 

 
Figure 5. Performance of the interval type-2 fuzzy PD controller. 
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Simulation 2: in this case a comparison between type-1 PD (T1PD) controller 
and T2PD controller is presented. In order to consider the robustness evaluation 
of the controllers, external disturbances are added to the robot system. The dis-
turbance is inserted to the input of each motor as a periodic pulse function with a 
period of 2 S, amplitude 4  V, time delay of 0.7 S, and pulse width 30% of pe-
riod. This form of disturbance is an example of any form that can be applied but 
it includes jumps to cover the complex cases. To better assess the performance of 
both types of controllers in the face of external disturbance and unmodeled dy-
namics, the integral of squared errors (ISE) and the integral of absolute control 
input (ISU) are considered as a criterion 

( )10 2 2 2
1 2 30

ISE de e e t= + +∫                     (60) 

( )10
1 2 30

ISU du u u t= + +∫                   (61) 

where 1 2,e e  and 3e  are the tracking error of first, second and third link, re-
spectively. In the meantime, 1 2,u u  and 3u  are the voltage of first, second and 
third motor, respectively. 

The responses of control system using T1PD controller and IT2PD controller 
in the presence of disturbance are shown in Figure 7 and Figure 8, respectively. 
The tracking performance is shown in Figure 9 and it shows that the tracking 
error of T1PD controller is larger than the IT2PD controller. The ISU criterion 
for both controllers is shown in Figure 10, as well. From above simulation results, 
we obviously see that the T2PD controller can handle external disturbance very 
well. From Figure 9, the tracking performance of the IT2PD controller is much 
better than the tracking performance of the T1PD controller and in order to deal 
with external disturbance, as shown in Figure 10 the T1PD controller must 
spend more control effort. As a result, the simulation results confirm that IT2PD 
can outperform T1PD in controlling the flexible joint robot. 
 

 
Figure 6. Control effort of the interval type-2 fuzzy PD controller. 
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Figure 7. The response of control system using T1PD controller in the 
presence of noise. 

 

 
Figure 8. The response of control system using IT2PD controller in the 
presence of noise. 

 

 
Figure 9. The tracking performance (ISE) of T1PD controller and T2PD 
controlle. 
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Figure 10. The ISU criterion for both controllers. 

7. Conclusion 

A novel interval type-2 fuzzy PD control was developed for tracking control of a 
flexible-joint robot using the voltage control strategy. The proposed method is 
free from manipulator dynamics and very simple in the form of a decentralized 
control. In addition, there are no restrictions on the joint stiffness gains. The sta-
bility analysis has verified the control method and the simulation results have 
confirmed its effectiveness. Compared to the previous controllers reported for the 
flexible-joint robots which use two control loops, it has a simpler structure using 
only one control loop. A comparison between interval type-2 fuzzy PD and 
type-1 fuzzy PD controller has been done and simulation results confirmed that 
type-2 fuzzy PD controller can handle external disturbance better than the type-1 
fuzzy PD controller. In addition, it spends less control effort than the type-1 in 
order to deal with disturbance. Note that in the present paper a novel control ap-
proach has been proposed whereas in [29] type-2 fuzzy system has been directly 
used as a controller and Particle Swarm Optimization (PSO) used to optimize the 
control structure. 
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