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Abstract

Recently we proposed the linguistic Copenhagen interpretation (or, quantum
language), which has a great power to describe both classical and quantum
systems. Thus we think that quantum language can be viewed as the language
of science. Therefore, it makes sense to study, from the quantum linguistic
point of view, Wittgenstein’s picture theory, since he must have wanted to
create a language of science. In this paper, we show that the proposition that
Wittgenstein studied in his book “Tractatus Logico-Philosophicus” can be
regarded as a binary projective measurement in classical quantum language.
And thus, we conclude that Wittgenstein’s language (e, the language that he
supposed in his book) is realized by classical quantum language. Hence, now
we can fully understand Wittgenstein’s picture theory since the reason his
book is incomprehensible is that he did not define his language.

Keywords

Wittgenstein’s Picture Theory, Quantum Language, Linguistic Copenhagen
Interpretation

1. Introduction

Wittgenstein’s book “Tractatus Logico-Philosophicus” (in short, “TLP”; ref. [1])

is surely one of the most important philo

sophical books of the 20" century.

However, there are various opinions about his picture theory (which is the main

theory in TLP). For example, some people have even declared his picture theory

to be nonsensical (cf refs. [2] [3]). Therefore, I don’t think the evaluation of his

theory is yet settled from the scientific point of view. He said, in the (6.53)-th

sentence of TLP, that

e (6.53): The correct method in philosophy is to say nothing but what can be

said (i.e., propositions of the natural sciences).
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Therefore, he must have been thinking about the language of science to an-
swer “what is a scientific proposition?”
For almost 30+ years, I've been studying quantum language (abbreviated and

» o«

cited as QL) (or, “measurement theory”, “the linguistic Copenhagen interpreta-

tion of quantum mechanics”, “the quantum mechanical worldview”), which was
proposed by myself (cf refs. [4] [5] [6] [7] [8]). As seen in ref. [9] (in which
most of my results concerning QL are written), roughly speaking, QL has three
aspects such as the linguistic turn of quantum mechanics (cf refs. [10] [11]
[12]), the scientific turn of Descartes=Kant philosophy (c£ refs. [13] [14] [15])
and the dualistic turn of statistics (c£ refs. [16] [17] [18] [19] [20]). And thus, it
has a great power to solve many philosophical unsolved problems (e.g., Zeno’s
paradox, Hume’s problem of induction, Hempel’s raven problem, etc. ¢£ Chap.
12 in ref. [21]). Thus, I think that QL is a language of science.

The purpose of this paper is to propose my understanding of Wittgenstein’s
picture theory in the framework of QL. This is reasonable since both Wittgens-
tein’s picture theory and QL are closely related to propositions of science. In
Section 2, I review measurement theory, which is composed from Axiom 1
(Measurement), Axiom 2 (Causality) and the linguistic Copenhagen interpreta-
tion. In Section 3, I discuss “Why does logic arise in classical system?”, and assert
that a class of classical binary projective measurements has a logical structure. In
Section 4, I study Wittgenstein’s picture theory, which is constructed on inspira-
tion from the results obtained in Section 3. In Section 5, I note that syllogism does
not always holds in quantum systems. After all, I conclude that the proposition
Wittgenstein studied in his TLP can be regarded as a binary projective measure-
ment in classical quantum language. Therefore, we think that Wittgenstein’s lan-
guage (Ze, the language that he supposed in TLP) is realized by classical QL.

2. Review: Quantum Language (=QL = Measurement Theory)

In this section, we shall review quantum language (Ze., the linguistic Copenha-
gen interpretation of quantum mechanics, or measurement theory), which has

the following form:

|Quantumlanguage|

(=measurement theory)

=|measurement [+ causallty+|llngmst|c Copenhagen |nterpretat|on|

(Axiom1) (Axiom 2) (how to use Axioms Land 2)

My all results concerning QL are summarized in Research report (Keio Uni-
versity): [9] [21]. Also, the sections 4.3 and 11.6 in ref. [21] should be regarded
as the preprint of this paper.

2.1. Mathematical Preparations

Consider an operator algebra B(H ) (Ze., an operator algebra composed of all
bounded linear operators on a Hilbert space H with the norm
||F||B(H) =sup [Ful,, » [22] [23] [24]), and consider the pair [A,N]B(H) (or,
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the triplet [.A c N cB(H )] ), called a basic structure. Here, A(«; B(H )) isa
C-algebra, and N (A< N cB(H )) is a particular C-algebra (called a
W -algebra) such that A is the weak closure of .4 in B(H).

QL (= quantum language = measurement theory) is classified as follows.
@ 0 (A,):quantum QL (when A =C(H))
~ |(A,): classical QL (when A =C, (Q))

That is, when A = C( H ), the C-algebra composed of all compact operators
on a Hilbert space H, the quantum QL (A,) is also called quantum measurement
theory (or, quantum system theory), which can be regarded as the linguistic aspect
of quantum mechanics. Also, when A is commutative (that is, when A is cha-
racterized by C, (Q) , the C'-algebra composed of all continuous complex-valued
functions vanishing at infinity on a locally compact Hausdorff space Q (cf. refs.
[23] [24])), the classical QL (A,) is also called classical measurement theory.

Also, note that, when A =C ( H ), Le., quantum cases,

i A" =TI’(H) (=trace class), N = B(H) , N :Tr(H) (ie., pre-dual
space), thus, (2. T)) =Tri (0T) (peTr(H).T eB(H)).

Also, when A = G, (Q) , Le., classical cases,

(i) A" =M(Q) (=“the space of all signed measures on Q )7,
N=L (Q,v)(g B(LZ(Q,V))), N, =L'(Q,v), where v is some measure on

Q, thus, (e} )(p T)L"“(Q v) .[Qp(a))T (w)v(da))
(p el (Qv) Tel”(Q ,v)) (cf ref. [23]).

Let A(g N cB(H )) be a C-algebra, and let A" be the dual Banach space
of A.Thatis, A" ={p|pisa continuous linear functional on A}, and the norm
o] is defined by sup{|o(F)|IF A such that |F| , E: [Flly) <1} - Define
the mixed state p(e A*) such that |p],- =1 and p(F)>0 forall Fe.A
such that F >0. And define the mixed state space G" (.A*) such that

&" (A7) ={pe A"| pisa mixed state}.

A mixed state p(e G" (A*)) is called a pure state if it satisfies that
p=0p + (1— 9)/)2 for some p,p,eG" (.A*) and 0<é#<1 implies
p=p =p, Put

&P (A*):{p cG" (A*)|p is a pure state},

which is called a state space. It is well known (cf£. ref. [23]) that
&°(C(H )) = {|u>(u|(i.e.,the Dirac notation ) | Jul|, :1} , and
GP(C ( ) )—{ |6, is a point measure at o, eQ} , where
_[ f( dw)=f(w,) (Vf eCy(Q )) The latter implies that
C (Q) 3 can be also identified with Q (called a spectrum space or simp-
ly spectrum) such as

&P (c0 (Q) ) 28, oo O
(statespace)
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Thus, @ and Q isalso called a stateand state space respectively.

For instance, in the above (ii) we must clarify the meaning of the value” of
f (a)o) for fel” (Q,v) and @, € Q. An element f (e L (Q,v)) is said to
be essentially continuous at ®, (e Q), if there uniquely exists a complex num-
ber a such that
o if p (el'(Qv), ||p"L1(Q.v) =1, p20) converges to g, (€ M(Q)) in

the sense of weak” topology of M(Q) , that is,

p(G) - G(am,) (VG €Cy(Q)(c Lw(Q,V))),

then p(f)(=], f(@)p(e)v(de)) convergesto .

And the value of f (a)o) is defined by the « .

Definition 1. [Observable] According to the noted idea (c£ ref. [25] [26]), an
observable O = (X F, F) in A is defined as follows:

(i) [o-field] Xis aset, F (< 2%, the power set of X) is a o-field of X, that is,
“E,8,eF=>J B, eF“EeF=>X\EeF

(ii) [Countable additivity] Fis a mapping from F to N satisfying: (a): for every
Z=eF, F (E) is a non-negative element in N such that 0<F (E) <lI, (b):
F(@)=0 and F(X)=1, where 0 and /s the 0-element and the identity in

N respectively. (c): for any countable decomposition {El,Ez,---,En,---} of

= (1.6., E,EnEF(nzlazy:al"')) UleEn:E > E,HEIZQ ( I¢J ))’ lt
holds that F(Z)=3" F(Z,) in the sense of weak’ topology in N\ .

Let (Y G ) be a measurable space, andlet ®:X —Y be a measurable map.
Then, @(O) = (Y,g, F (@’1(~))) in AN is also an observable in A (which is
called an image observable). If F(Z)=F (E)2 (VE € .7:), then O :=(X,J’:, F)
in N is a projective observable O:=(X,F, F) in A is also called an
X-valued observable. I will devote myself to binary valued (e, {1,0}-valued)

projective observables in most of the cases in this paper.

2.2. Axiom 1 [Measurement] and Axiom 2 [Causality]

Measurement theory (A) is composed of two axioms (Ze., Axioms 1 and 2) as
follows. With any system S, a basic structure [A, N ]B(H) can be associated in
which the measurement theory (A) of that system can be formulated. A state of
the system S is represented by an element p(e Ch (A*)) and an observable is
represented by an observable O:=(X,F,F) in A . Also, the measurement of
the observable O for the system S with the state p is denoted by M (O, S[p]>

(or more precisely, M, (O, S[p]), M, (O =(X,F,F), Syl ) ). An observer can
obtain a measured value X(E X ) by the measurement M|O, S[p] ) .

The Axiom 1 presented below is a kind of mathematical generalization of
Born’s probabilistic interpretation of quantum mechanics. And thus, it is a
statement without reality.

Now we can present Axiom 1 in the W'-algebraic formulation as follows.

Axiom 1 [Measurement]. Consider a basic structure [.A c N cB(H )] The
probability that a measured value X(e X) obtained by the measurement
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M, (O =(X,F, F),S[p]) belongs to a set Z(e F) is given by p(F(2)) if
F (E) is essentially continuous at p(e Gl (A*)) .

Remark 2. Recall that a statement whose truth or falsity is determined is
called a proposition. Also, Axiom 1 says that a measured value is determined by
a measurement M, (O =(X,F,F), S[p]) . Therefore, there is a point in think-
ing that “measured value” is a generalization of “truth value”. That is, we can
regard “measurement” as a kind of generalizations of “proposition”. This idea is
essential to Sec. 3.

Next, we explain Axiom 2 (which is not used in this paper). Let [A4, NV, ], Ho)
and [A,, N, ], (H2) be basic structures. A continuous linear operator ®,,: N,
(with weak” topology) — N, (with weak’ topology) is called a Markov opera-
tor, if it satisfies that (i): @1‘2(F2)2 0 for any non-negative element P2 in
N,, (i)): ®;,(1,)=1,, where 1, is the identity in N, (k=12). In addi-
tion to the above (i) and (ii), we assume that @, (./42 ) cA and
sup{"(l)lyz(F2 )||Al | F, e A, such that |, ﬁl} =1.

It is clear that the dual operator @, : A — A, satisfies that

qajyz(em (A[))gesm (A7) Ifit holds that @}, (&P (A)) = &°(4;), the o,
is said to be deterministic. If it is not deterministic, it is said to be
non-deterministic. Also note that, for any observable O, :=(X,F,F,) in AN/,
the (Xx]::q)u':z) is an observable in M.

Definition 3. [Sequential causal operator; Heisenberg picture of causality] Let
(T.<) be a tree like semi-ordered set such that t, <t, and t, <t, implies
t, <t, or t, <t . The family {(Dtl,tz N, & Ml}
causal operator, if it satisfies that

(i) For each t(eT), a basic structure [A c N, < B(H, )] is determined.
N, > ./\/t1 is defined

4.t t2

fota (v(tl,tz),v(tz,ta)eT;). Here, @, : N, > N, is

, is called a sequential
(t1,tp)eTS

(ii) For each (t,t,)e T; , a causal operator @
such as &, @, =
the identity operator.
Now we can propose Axiom 2 (Ze., causality). (For details, see ref [9].)
Axiom 2 [Causality]; For each £(eT = “tree like semi-ordered set”), consid-

er the basic structure:
|:"4t cN,cB ( H, )]

Then, the chain of causalities is represented by a sequential causal operator

{cD ‘N, >N,

t,ty tp fy }(tlvtz )ETSZ :

2.3. The Linguistic Copenhagen Interpretation
(=The Manual to Use Axioms 1 and 2)

Since so-called Copenhagen interpretation is not firm (c£ ref. [27]), we propose
the linguistic Copenhagen interpretation in what follows. In the above, Axioms 1
and 2 are kinds of spells, (ie, incantation, magic words, metaphysical state-
ments), and thus, it is nonsense to verify them experimentally. Therefore, what
we should do is not to understand” but to use”. After learning Axioms 1 and 2

by rote, we have to improve how to use them through trial and error.
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The most important statement in the linguistic Copenhagen interpretation is
as follows.

(B) Only one measurement is permitted. Thus, Axiom 1 can be used only
once. And therefore, the state after a measurement is meaningless since it can-
not be measured any longer. That is, the state is only one.

Referring ref. [9], we have the following definition:

Definition 4. [(i; a)] Simultaneous observable]: Let O, = (X H F|)
(i=1,2,---,N) be commutative projective observables in A/ . Let

(xiN:lXi,Xﬂlfi ) is a product measurable space of {(X F )} . Then, there un-

iquely exists a projective observable x',0, = (><|N: X BN F xR ) such that

[gFi}(Xlxxzx---ij_lej ><Xj+1><-~><XN)
i-1

-F(=) (= Rim120)

This %O, is called a simultaneous observable (or, product observable) of
{Oi li=1,2,-, N} . Note that the existence and uniqueness is guaranteed (cf,
ref. [9]).

[(i; b)] Simultaneous measurement]: A measurement
M, (><iN:1Oi :(xllxi,gﬂlfi,xﬁl Fi),S[p]) is called a simultaneous measure-
ment concerning commutative O, (i=1,2,---,N) in N,

[(ii; a)] Parallel observable]: Let O, :=(X;, 7, F,) be a projective observable
in N, (i=1,2,---,N). Let (xiN:lXi,Eﬂl]-'i) is a product measurable space of

N
{( X F )}H. Then, there uniquely exists an observable
®,0, = (><iN:1Xi XY 7, e F.) in a tensor algebra ®'; \; such that

! i=1" i
N —
[gFi}(xlxxzx-..x XigXEjx X xeeex XN)

=1,81,8-®1,,®F (2,)81,,0--®1, (VI eF,j=12N)

j+l

This ®Y,0, is called a parallel observable (or, tensor observable) of
{Oi |i:1,2,---,N} in a tensor algebra ®',

[(ii; b)] Parallel measurement]: A measurement |\/|®N_ (@,Nloi,s[@_N PJJ is

N
called a parallel measurement concerning { /v-( =(XLFLR), S[p_])} .
)=

3. Why Does Logic Arise in Classical QL?

It is well-known that logic holds in the class of mathematical propositions.
However, it should be noted that it is not guaranteed that logic holds among
non-mathematical propositions. Thus, the question “Why does logic arise in
classical QL?” is significant.

From here, we devote ourselves to classical QL (in the classical basic structure
[CO Q)L (Qv)c B(L2 (Q, v))}) and not quantum QL (in the quantum ba-
sic structure [C( < B(H)< B( ])
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The close relationship between measurement and logic was first discussed in
ref. [4]. The argument in this section is regarded as a slight variation of the ar-

gument in ref. [4].

3.1. Logic (i.e.,, =, A, v, —)inClassical QL

We have the following theorem:

Theorem 5. In a class of binary projective measurements in classical QL,
measurement has properties like logic:

In this section we will devote ourselves to the above proof as follows.

Consider a classical basic structure
[C(Q)c L (Qv)=B(L(Qv)]

Here, assume that Q is a locally compact space with a Borel measure v on
Q such that V(D) >0 (for any openset D (= Q, D= &). Also, without loss
of generality, we assume that V(Q) =1. Consider many tomatoes, that is,
roughly speaking, consider 7T"as the set of all tomatoes. Assume that any tomato
t(e T) is represented by a state @, which is an element of the state space Q.
Thus, we have the map @:T — Q. That is, the quantitative property of a to-
mato ¢ is represented by @(t) For example, it suffices to consider Q such
that Q c R" (=N-dimensional real space), where Nis sufficiently large natural

number (or, N = ). That is,
Qow= (a)(l) (= weight), »'”) (= diameter ), »® (= diameter),
") (= color value), o (= calorie),
" (= sugar content),---, @™ (= -- )) eR"
Consider a binary projective observable (e, {1, 0} -valued projective observa-
ble, or {Xl,XO} -valued projective observable) O E(X,ZX , F) in L”(Qyv),
where X ={1,0} (or, X ={%,%})and F(2)=[F(E)] (vEeF).

Further, as shown in Figure 1 below, we, for the sake of simplicity, assume
that {w eQ|[F ({l})(a)) =1, a.e.}(s T') isan open set such that

r=[rJ, v(Q\(FU[FCT))zo
where D° is the complement of D, e, Q\D, D = “the closure of D", D’

= “the interior of D”. Note that we can assume that '° = [FC] in the sense of

“almost everywhere concerning v” (Ze, “V(FC \[FCT)=O”), which will be

Q

Figure 1. Venn diagram: T < Q.

DOI: 10.4236/jqis.2020.104007

110 Journal of Quantum Information Science


https://doi.org/10.4236/jqis.2020.104007

S. Ishikawa

frequently used without refusal in this paper. The {1,0} -valued projective ob-
servable O = (X 2%, F) in L”(Q,v) isalso denoted by

ofz(x,zx,FF) 2)

Remark 6. (i): Someone might say that the term “the set of all tomatoes” is as
ambiguous as “the set of all dinosaurs”. However, for the sake of convenience,
here we use the term “the set of all tomatoes”. This problem is the same as that
of the Hempel’ raven paradox. For further discussion about this, see ref. [20]
[21].

(ii): If we want to both tomato’s world €2, and apple’s world €, , it suffices
to start from the product space Q, xQ, . Thus, in general we consider the world
also is represented by a large state space Q.

Definition 7. [Measured value] Consider a measurement ML““ @) (Or , S[w] ) R
where O" = (X (: {1,0}),2>< : Fr) is a binary projective observable in L* (Q,v).

Denote the measured value of M () or, S[w] by
[MV] ( M () (Or, Si) )) . Then, we see that
1 (wel)
r _
[MV](ML‘"‘(Q‘V)(O ’S[W]))_{o (a)er)

(with probability 1).

Let X = {1,0} , Q and aA)(t) be as before. Put '=RD,or I'=SW in the
formula (2) (see Figure 2 below). Consider a binary projective observables
or® E(X (: {l,O}),ZX , FRD) and O% = ()(,2X , FSW) in L* (Q,v) . Consider
a measurement ML"‘ (
three are equivalent (Ze, Axiom 1 (measurement) says that (C,) < (C,). Also,

o) ORD,S[{I)(t)] . That is, we consider that the following

(Gs) is the expression of (C,) in ordinary language):

(C1) A measured value 1 is obtained by the measurement M (o) (ORD, S[a)(t)])
(ie, [MV](MLm(Q‘V) (ORD ’ S[(Z)(t)] )) =1) (strictly speaking, the probability that a
(0% Sy i

measured value 1 is obtained by the measurement ML°° @)

equal to 1.)
(C) (t)eRD(={weQI[F™({1})(0)=1)
(Cs) A tomato tis “red”.

Similarly, as shown in Figure 2 below, consider a measurement

> (Qv)
lent:

M (OSW , S[é(t)}) . That is, we consider that the following three are equiva-

Figure 2. Venn diagram: RD,SWc Q.
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(C;) A measured value 1 is obtained by the measurement
My o (O S[W) Gie, [MV](ML [ ])) 1),
(c;)a“)(t)esw(s{a)em[FSW({l )(@)=1})

(C;) A tomato tis “sweet”.

[Not]

It is clear that the following four are equivalent:

@) MV](M., (0™§5])=0-

(D) A measured Vafue lis oLtamed by the measurement

SwW . . SW
M @ )(Gﬂ (O ),S[é([ﬂ) (which is also denoted by ﬂMLw(Q’V)(O ,S[é)(l)])),

*(Q,v
where ©_ :{1,0} - {1,0} is defined by ©_ (1) =0, 6_ (0) =1 (cf Definition
1; image observable). Thus, [MV](—M o) (osw, S[(a(t)] )) -1

(D) (1) e[SW] (={wel[F({0})]()=0})
(D3)A tomato tis not “sweet”.
[And]
We see that the following four are equivalent:
(Eo) A measured value (1,1) is obtained by the measurement
IVI(E ) A(rg::su(r)ej vSa[hie2 1 is obtained b
y the measurement

ML”(Q,V) ( ) (Osw % OR° )’ [La(t)]) (which is also denoted by

Lw<n,v)(osw’s[ra<t)J)AM (@ w(ORD [&(tﬂ))’ where ©, :{1,0}" > {1,0} is de-
fined by O, (1,1)=1, ©, (1,0)=0,(0,1)=0,(0,0)=0 (c£ Definition 1; im-
t

age observable). Thus,
MVI(M,. o (0850 ) A Mo, (0810 ))
a(t) esw(z {a)e Q| [FSW ({2)](@)=1})
NRD(={weQl[F™ ({1})](e) -1}
(E;) A tomato tis “sweet” and “red”
Remark 8. When a)l # ,, it should be noted that the simbol
“ML“’( (OSW,S[%]) (o (ORD,S[wZ])” is not yet defined. Recall the lin-

guistic Copenhagen 1nterpretat10n ‘Only one measurement is permitted”. Thus,
“there is only one state”. Therefore, this should be defined by the parallel

(®A (OSW ® ORP ), S[(wbwz)]) . More generally, the simbol

(E2)

L~ (Q,v)@L00 (Q,v)

“NeaM = (0,m) (OU ) S[MA_] ) ” is defined by
)
MA(:)A L (@2) (4%\ o S[(’”l Jien ] )
[Or]

We see that the following four are equivalent:

(Fo) A measured value (Xl, X2) obtained by the measurement
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A(osw x 0%, S[l a )]1) belongs to {(1,1),(1,0),(0,1)}
(F ) measured value 1 is obtained by the measurement

Mo oy (€. (0% %0™), 8151 ) (which s also denoted by
Mo 1 (0™ 81 | ¥ My (O Spay ) > where @, (1,0} (1,0} s de-
fined by ©,(11)=0,(1,0)=0, (01)=1, ©,(0,0)=0.
Thus, [MV](My o (0% S 50 )Y Mic o (07 815 ) =L
D]ie)=1)
1)

)
) a)(t)eSW(E {a)eQ|[FSW ({1}) (@)
(1)](«)=1))

URD(z{wem[FRD

(F;) A tomato tis “sweet” or “red”

[Implication]

We see that the following four are equivalent:

(Go) A measured value (X1 X, ) obtained by the measurement

(o) (osw x O%° S[ ( )]) belongs to {(l,l),(o,l),(0,0)}
(G1) A measured value 1 is obtained by the measurement

M o (@_) (Osw % OR° ) , S[a‘)(t)] ) (which is also denoted by
SW RP . 2 .
ML”(Q,V) (O ’SW‘)])_) MLDO(Q,V) (O ,S[&,}(t)]) ), where ©_ :{1,0}" > {1,0} is

defined by ©,(11)=0,(01)=0,(0,0)=1 , ©,(1,0)=0 . Thus,

[MV](MBC(M(OSW [a(0] ) (ORD ]))zl.

B(t)esw* (= {wem[FSW({l})]( o)
URD(={ocQ|[F™({1})](e)

(Gs) A tomato tis not “sweet”, or it is “red”

Il

o
—_—
S —

(G2)

Il
[y

)

Summing up the above, we have the following theorem:
Theorem 9. We see that foreach we Q,

@ [MV[-M, ) (0780 )| =1 [MVI(M o, (0781 )

Mv](M (0780 ) A Moy (07 S )
mln{[MV = Orl [,;(‘)] ))'[MV](ML*(Q,V) (Orz’s[@(tﬂ))}
[MV (M t)]) o (07 St ))

{[MV](MLW(Q:V) (Orl ' S[(ﬁ(t)] )) ' [MV](M (@) (Orz ' S[{:)(t)] ))}
[MV](M L*(Qw) (Or1 ' S[(z)(t)] ) - M L (Qw) (Orz ' S[(D(tﬂ ))

- max{l‘[MV](MmQ,v) (07 Sgsp)) [MVI(M. o, (0 S[&(r)]))}

Therefore, we can expect that a class of classical binary projective measure-

(d)
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ments has a logical structure. In this sense, this class can be regarded as a class of
“propositions”.

Remark 10. Note that propositional logic (e, =, A, v, — ) and predict
logic (Ze, =, A, v, =, V, 3) are essentially the same since
R AP, AP, A--=(Vn)[R,] and P, vP,vPv--=(3n)[P,]. Thus, this paper

does not distinguish propositional logic and predict logic.

3.2. Syllogism

Further, consider a measurement M (ORP,S[@([)]). That is, we consider

that the following three are equivalent: ne
(H,) A measured value 1 is obtained by the measurement

ML°°(0~V) (ORP ' S[fb(t) :
(H) o(t)e RPﬁz {oecal[F({1))](e) :1})
(Hs) A tomato ¢is “ripe”.
Theorem 11. [Syllogism]:
Let ¢£be a tomato, and let cf)(t)(e Q) be the state of £ Assume the followings:
(Io) A measured value (Xl, Xz) obtained by the measurement

MLw(Q'V)(OSWXORP’S[&)“)]) belongs to {(1,1),(0,1),(0,0)}

which is equivalent to
W [ MV]( (O S00) 2 Mo (07 S ) =1
eSW(E{a) Q[ F({ )](a;):l})

)eRP(={weQI[F* ({1})](w) =1}

(I3) A tomato tis not “sweet”, or it is “ripe”.

(Iz)

and
(1) A measured value (Xz, X3) obtained by the measurement

Lw(Q,v)(ORP XORDvS[r?)(t)]) belongs to {(1,1),(0,1),(0,0)}

which is equivalent to
AD[MVI(M, (07 8] = My, (O 1) =1
which is equivalent to
a(t)eRP(={0<QI[F* ({1})](w) =1})
va(t)eRD(={weQl[F™ ({1})](e) =1}
(13) A tomato ¢is not “ripe”, or it is “red”.
Then the following holds:

(Jo) A measured value (X1 X3) obtained by the measurement
M (OSWXORD 3[0( ]) belongs to {( ,1),(0,1),(0,0)}

(@,
Me (o) (ORD Sa] )) =1

0 [MV( (@,
(E 0eQ|[F™( {1})](0)):1})
va)(t)eRD(E{a)eQ|[FRP({1})](@):1})

(1)

(J2)
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(J3) A tomato tis not “sweet”, or it is “red”.

[Proof]: Recalling the linguistic Copenhagen interpretation “Only one mea-
surement is permitted” (in Sec. 2.3), we have enough to see the simultaneous
observable O xO xO™, which uniquely exists (c£ Definition 4 (i)). Thus,
@) (OSW x O x O, S[(z,(t)] ) Let (Xl, Xy, X3) be
the measured value. We easily see that (X,X;) belongs to {(1.1).(0,2),(0,0); .
Thus, (J) holds.

However, we should add the following. This proof is not self-evident since the

we have the measurement MLw

existence and uniqueness of the simultaneous observable O® x O xO"® is not
trivial (c£ Definition 4 (i)). Also, see Sec. 5 (i.e., Syllogizm does not always hold

in quantum sistems).

3.3. Elementary Measurements

Consider the state space Q, which is finite (or, countable) with a metric d (ie,
d(o,0,)=1(o,#0,), =0(0,=,).
Definition 12. Let A be any element of Q. Putting Fz{/i} in the for-
mula (2), define the elementary binary projective observable
oM = (X (: {1,0}),2X , F{l}) in L (Q,v) such that
1 (if o=2)

[F* ({1})](“’)2{0 (if 0 2)
[Fw ({0})}(60) :1_[% ({1})]((0) (Vo e Q)

The measurement M o) (o{i} , s[w]) (LweQ) is called an elementary
measurement.
It is clear that it holds that

(K1) A measured value 1 is obtained by the elementary measurement
4 -
(o) (O , S[w]) & A=w

(K>) A measured value 1 is obtained by the elementary measurement

Lw(g,v)(o{l}'s[w]) e Aro

Under the above preparation, the following theorem is clear
Theorem 13. Let I" be asubset of Q. Andlet w e . Then we see that

M

M

L (Qw) (Or ' S[w] ) =V M L () (OM} ' S[a)] )

Remark 14. Many readers may not consider the above theorem to be particu-

M

larly important. I have the same view. However, this theorem was prepared in
preparation for Sec.4 (Theorem 23). Of course, the spirit of expressing complex
observables in simple observables is quite important. In quantum language, this
spirit is realized by von Neumann’s spectral decomposition theorem (see the
formula (3), or [22]) and Holevo’s theorem (cf ref. [26]), that is, “Any observa-
ble can be represented by the product of commutative binary projective obser-
vables in QL (Ze., both classical and quantum QL)”,

Remark 15. In this section, I devoted myself to the classical cases. Our argu-

ments in this section are invalid in quantum cases. Consider a binary projective
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observable O = ({1,0} 20 F) in B(H ) , where F ({1}) = P (= projection) ,

F({0})=1-P . Define the state p by |6> <E| (where eeH such that

||e||H =1). Axiom 1 say that

e The probability that a measured value 1 (e X ={1, O}) is obtained by the mea-

surement M (O = (X 20 F ), S[p]) is given by Tr [pF ({1})](= [Pe]., )

Thus, if e¢ PHU(1- P) H (ie, in most case) the “probability” belongs to

the open interval (0,1). That is, in quantum cases, the probability concept

cannot be covered up. Thus, the arguments in this section are invalid in quan-

tum cases.

4. My Understanding of Wittgenstein’s Picture Theory

In Wittgenstein’s book “Tractatus Logico-Philosophicus” (c¢£ [1]), he studies the
following:

(L) Assume a certain language L. Then, the following problems are essential:

(i) What is a proposition in the language Z? Or, why does logic (e, —, A,
v, ---)arise in the language ?

(ii) Everyone knows that complex propositions can be created by logically
combining simple propositions. Now, let’s think about the opposite. Is there a
class of “simplest propositions (or, elementary propositions)” in the language L?
Or, can any proposition be constructed from elementary propositions?

I think that the above is quite important. However, Wittgenstein’s answer is
not sufficient, since he did not answer “What is the language £?”

In the preface of Wittgenstein’s book “Tractatus Logico-Philosophicus” (cf
[1]), he said that

(L,) This book will perhaps only be understood by those who have themselves
already thought the thoughts which are expressed in it—or similar thoughts.

This is a very significant sentence for me. That is because, as I answered in the

Table 1. Logic in quantum language (Sec. 3) vs. logic in Wittgenstein’s picture theory
(this section).

Logic in quantum language (Sec. 3) Logic in Wittgenstein’s theory (Sec. 4)

Axiom 1 in Section 2.2 (what is a measurement?) Definition 17 (what is a proposition?) Naive
the linguistic Copenhagen interpretation in Sec. 2.3  set theory (=<Venn diagram: Figure 3)

system, particle, object, tomato object, thing, tomato

state space (state) logical space (case, fact,, atomic fact)

[MV], measured value {1, 0} [TV], truth value {T, F}

classical binary projective measurement proposition

M. (@) (Or = ( X (: {1 0}) 25 ) ' S[fuu)]) Pa (F, S[«wm])

Theorem 11 (Syllogism in measurements) Theorem 19 (Syllogism in propositions)

elementary measurement elementary proposition

Theorem 13 (Remark 14) Theorem 23 (Remark 24)

Elementary measurements are not fundamental Elementary propositions are fundamental
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previous section 3, I already know the answers to question (L;) before reading
this TLP (if the language L = classical QL).

In this section, I propose my understanding of Wittgenstein’s picture theory,
which is inspired from the arguments in the previous section. The above table
will promote the reader’s understanding of the arguments in this section.

I encourage you to read the following, referring to the table. If you understand
Sec. 3, you should be able to understand this section immediately. Using the
above table, we can translate the language of Wittgenstein’s theory into quantum

language.

4.1. Logic (i.e., -, A, v, —)inMy Understanding
of Wittgenstein’s Picture Theory

The question “What is a proposition?” is easy in mathematics. However, outside
of mathematics, this question is not easy. Wittgenstein’s purpose is to clarify
“proposition” in science.

Let Q,F,co,cf)(t),SW, RP,RD,-:- be the same as in the previous section. Let
us start from the following definition.

Definition 17. [Proposition, Truth value] A pair (F, a)) (F cQwe Q) is
called a proposition in Q (ie, “a system with a state @ has T -property”),
which is denoted by P, (F,S[w]). Define the truth value of the proposition
P, (F, S[w]) (which is denoted by [TV](F’Q (F, S[w] )) ) by

[TV](PQ (F, s, )) _ {T (true) (if weT)

F(false) (if wel)

That is, truth values {T, F} (= X ) correspond to measured values {1, O} (= X )
(or, X = {Xv XO} ). Thus, I think that the above is essentially the same as naivie
set theory (cf. ref. [28]).

If [TV](PQ (F, S[[U(t)] )) =“T”, we may say that

(M) atomato thas T -property.

As shown in Figure 3 below, consider a proposition P, (RD, S[é(t)]). Thus,
the following three are equivalent (Ze., (N;) < (N3). Also, (N;) is the expression

of (N,) in ordinary language):

(Ny) [TV](PQ (RD' S[af)] )) =T

(N;) @(t)eRD

(N;) A tomato tis “red”.

Similarly, consider a proposition P, (SW’S[é)(I)])' Thus, we see that the fol-
lowing three are equivalent:

() [TV](Pa (SW. S5 ) =T

(0)) @(t)eSW

(0;) A tomato tis “sweet”.

[Not]

It is clear that the following three are equivalent:
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Figure 3. (=Figure 2) Venn diagram: RD,SWc Q.

(Rl) [TV](PQ (SWC’ S[“A’(t)] )) ="T". (Here, PQ (SWC ) S[(D(t)}) is also denoted
by —P, (SW, s ) ), Thus, [Tv](ﬁPQ (SW. S50 )) T

R) a&(t)e[SW]

(R3) A tomato ¢is not “sweet”.

[And]

We see that the following three are equivalent:

(S1) A truth value of the proposition P, (SWﬂ RD,S[&)O)]) is equal to “T”
(which is also denoted by P, (SW, S[ff)(t)] ) AP, (RD, 3[&)(0]) ).
thus, [TV](P" (SW’ Stao)] ) "Fa (RD’ Staw) )) =T

(S)) &(t)eSWNRD

(S;) A tomato tis “sweet” and “red”
[Or]
We see that the following three are equivalent:

(T)) A truth value of the proposition P, (@v (SWURD),S[ (t)]) (which is

@

also denoted by P, (SW’S[@(t)])V PQ(RD,S[&)O)])) is equal to “T”) That is,

[TV](PQ (SW, o] )v P, (RD, ot )) —T
(T,) @(t)eSWURD
(T3) A tomato tis “sweet” or “red”
[Implication]
We see that the following three are equivalent:

(U)) A truth value of the proposition P, (SWc URD, S[(:)(t)]) (which is also
denoted by P, (SW, S[a.)(t)] ) - P, (RP, S[a‘)(t)] ) ) is equal to “T”, That is,

[TV](PQ (SW.S507) = Pa (RD.S 5 )) =T

(Uy) a)(t) eSW°URD

(U) a tomato tis not “sweet”, or it is “red”

Remark 18. Note that the above is essentially the same as logical operation
(Boolean algebra; [ —, A,v,— ]). However, it should be noted that Definition 17

is essential to the above argument.
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4.2. Syllogism

Further, consider a proposition P, (RP'S[;U(t)])' That is, we consider that the

following three are equivalent:
(V) [TV](PQ (RP.S e )) — T

(V,) @(t)eRP

(V3) A tomato tis “ripe”.

Theorem 19. [Syllogism]:

Let ¢be a tomato, and let é)(t)(e Q) be the state of £ Assume the followings:

(W) [TV](PQ (SW.S ) = Pa (R Sy )) T

which is equivalent to
(W2) [@(t)eSW]v[a(t)eRP]
(W3) A tomato ¢is not “sweet”, or it is “ripe”.

And further, assume
(W) [TV](PQ (RS ) Po (RD. S5 )) e

which is equivalent to

(W;) [@(t)gRP]v[a(t)eRD]

(W;) A tomato ¢is not “ripe”, or it is “red”.
Then the following holds:

(X2) [TV](PQ (SW.8) = Pa (RS )) e

(X:) [@(t)eSW]v[@(t)eRD]
(X3) A tomato tis not “sweet”, or it is “red”.
[Proof using Definition 17]

A simple calculation shows that
[sw°URP|N[PR*URD]
=[Sw°NPR* JU[SW*NRD |U[RPNPR® |U[RPNRD]
=[SW°NPR* JU[SW*NRD JU[RPNRD] < SW* URD

Recalling (W>) and (W, ), we immediately see (X;). and thus, (X1), (X3).

Remark 20. Note that the proof of this theorem (due to Definition 17) is simple
compared to Theorem 11 (using Axiom 1 and the linguistic Copenhagen interpre-
tation in Sec. 2.3). That is, in the proof of Theorem 19 we do not need to check the
existence and uniqueness of the simultaneous observable 0% x 0% x 0%,

The following exercise will promote the reader’s understanding of “proposition”.

Exercise 21. Let T Q and A < Q. Then, we have the following question.
o Isthe statement “ A < I" ” a proposition?

[Answer]:

AcT
@(VleA)[leF]

(), € xT, (wherew,=2(VieA)),T, =T (ViecA)
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©2)jen

A - -
eP, LQD’S[( ﬂ (where Q" is A-dimensional product space)

Thus, the statement “ A < I"” is a proposition in Q" .

4.3. Elementary Propositions

Consider the state space Q, which is finite (or, countable) with a metric d (ie,
d(@,0,)=1(® #®,), =0(w, = ®,). Further, assume that the Borel measure
v is defined by the point measure, ie., v({a)}) =1(VoeQ).

Definition 22. Let A be any element of Q. Putting I' = {4}, define the

proposition P, ({l} , S[w]) , which is called an elementary proposition.

It is clear that it holds that
e A truth value of the elementary proposition P, ({ﬁ},S[w]) is equal to “T”
& A=w
e A truth value of the elementary proposition P, ({/1},8[@]) is equal to “F”
& A#o
Theorem 23, Let I" be asubsetof Q).Andlet @ e Q. Then we see that

Py (F, S[M]) =VerPo ({]’} ! S[“’])

That is, every proposition can be represented by the sum of elementary prop-
ositions. This is not trivial since Exercise 21 is not trivial.

[Proof].

We see that

The true value of P, (F, S[w]) is equal to “T”

S wel

= EI/l(e F)[a} € {/1}]
< The true value of v, P, ({ﬂ.} , S[w]) is equal to “T”

Remark 24. I believe that the above is the main assertion in Wittgenstein’s
picture theory. However many readers may not consider the above theorem to
be particularly important. I have the same view. In fact, this theorem holds only

in special cases such as Q isa finite (or Q has a discrete topology).

5. Syllogism Does Not Always Hold in Quantum Systems

I was devoted to classical systems in Sections 3 and 4. In this section, I note the
fact such that

(Y) syllogism does not always hold in quantum systems.

Although this (Y) is not main in this paper, this will promote the understand-
ing of “logic” in QL.

Let us prove it as follows. The proof is a slightly modification of the argument
about EPR-paradox and Heisenberg’s uncertainty relation (c£ [29] [30]).

Note that an observable O=(R,B,F) in B(H) can be identified with a

self-adjoint operator Z on a Hilbert space A such as
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O0=(R,B,F)¢—rze—>

identification

3
L = | AF(d2):(spectral decomposition theorem) @

(¢£[22] [9]). Thus we mainly use self-adjoint operator representations below

A quantum two particles system S is formulated in a tensor Hilbert space
H=H ®H, =" (R, )OL (R, )= (R}, ). The state
uo(eH =H,®H, = *(R? )j

(a.) (or precisely, p, =|uo>(uo|) of the system §
is assumed to be

Uo (qlqu) =

! exp{—i(q -q +a)2—i(q +q )2}
2nec g2t ¢ 8o\

where a#0, a positive number ¢ is sufficiently small, and a positive number
o is sufficiently large. Thus, we see that

0o (ug)| =

: exp{—i(p 0 e (m )2}
2nec 8o\t Tt 82t 2

where U, is the Fourier transform of u,

For each k =1,2, define the self-adjoint operators
2 (o2 2 (12 2 (2 2
QL (R(w))e K (R(qqu)) and P L (R(w))a L (R?, )) by
ho
-q, P=
Ql ql 1 Iaql

fi0
-q, P =
Q, =0, 2 ioq,

where we assume, for simplicity, that 7 =1
Thus, we see:

(Z,) Let O, =(R3 B 3,F1) in B ( (L2 (RZ )) be the observable re-
presentation of the self-adjoint operator (Q ® Pz)x(l ® PZ). And consider the

measurement MB( )(O <R3 B.s.F ’SUUO )to ) Assume that the measured
value (ql , Py, P )(e R3). That is,
(af. p3) =

2
(the position of Ay, the momentum of Ay)  the momentum of A,

Q2 s A D2
// ~
i ~
S @—g+a=0 N
a |’ N a
~ N N
4
// N
“ ~
rd
P o @ o|". p1
s .
/’ D1 + P2 = 0
s »
. .

?the dashed line” ~ ”the support of ug”

"the dashed line” a "the support of ug
Figure 4. The supports of U, and L/J\0 (0< e,i <«1).

(o2
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(Z,) Let O, =<R2,BR2 \ Fz) in B(H )(= B(L2 (RZ))) be the observable re-
presentation of (1 ®P,)x(P,®1). And consider the measurement
M B(H) 0, = (RZ B2, F, ) , S[\Uo><Uo\] . Assume that the measured value
(pg,—pg)(e Rs) . That is,

0 0
P; = -p;
the momentum of A, the momentum of A

(Z5) Therefore, if syllogism holds, we may conclude that

C = -
(the position of Ay, the momentum of A,) ~ the momentum of A
(that is, the momentum of 4, is equal to —p3 ).
But, the above argument (particularly, syllogism [ie, (Z;) and (Z,) imply
(Z5)]”) is not true. That is because
(Zs) (Q®P,)x(1®P,) and (1®P,)x(P,®1) (therefore, O, and O,)
do not commute, and thus, the simultaneous observable does not exist.

Thus, we cannot test the (Z;) experimentally.

6. Conclusions

From the scientific point of view, Wittgenstein’s picture theory is unintelligible
and cannot be called a theory. However, it is true that this theory has fascinated
a lot of ordinary philosophy enthusiasts. Therefore, if their intuition is correct, it
is reasonable to think that his theory is an incomplete description of a part of the
very great theory (which qualifies as the “language of science”).

Statistics is a kind of language of science, and it is very useful. However, it has
little power to solve theoretical and philosophical problems. Thus, I cannot ex-
pect that statistics are behind Wittgenstein’s picture theory. On the other hand,
quantum language may not be handy, but it is theoretical. And thus, quantum
language has a great power to solve many unsolved theoretical problems (e.g.,
Brain in a vat, Peirce’s abduction, Monty-Hall problem, etc.) as listed in Chap.
12 of ref. [21]. Therefore I expected quantum language in this paper.

First I discussed logic in quantum language in Sec. 3. And I concluded that a
class of classical binary projective measurements has local structure. This result
reminds us of Wittgenstein’s TLP (ie,Tractatus Logico philosophicus), in which
he should have discussed “logic in the language of science” without the defini-
tion of “the language of science”.. From this perspective, in Sec. 4, I proposed my
understanding of Wittgenstein’s picture theory. That is, I concluded that the
proposition that Wittgenstein studied in TPL has a similar logical nature to a
binary projective measurement in classical QL. If I believe in Wittgenstein’s say-
ing “The limits of my language mean the limits of my world”, I can say that
Wittgenstein’s picture theory is realized by classical QL.

It should be noted that QL has a great power to solve a lot of fundamental
philosophical unsolved problems (e.g., Leibniz-Clake correspondence, the prob-
lem of qualia, Mctaggart’s paradox, etc. ¢f Chap. 12 in ref. [21]). Thus, I believe
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that QL is the unified theory of metaphysics and further, the language of science.

Therefore, I think that our result in Sec. 3 is exactly what Wittgenstein wanted to

write about in TLP. If so, Sec. 4 is not needed.

Also, it should be noted that QL (e.g., Sec. 3 in this paper) bridges between
Descartes = Kant philosophy (Ze., epistemology) and analytic philosophy (e.g.,
Sec. 4 in this paper) in term of “measurement”.

TLP ends with the following famous sentences:

o (6.54): My propositions are elucidatory in this way: he who understands me
finally recognizes them as senseless, when he has climbed out through them,
on them, over them. (He must so to speak throw away the ladder, after he has
climbed up on it)) He must transcend these propositions, and then he will see
the world aright.

o (7): What we cannot speak about we must pass over in silence.

I believe that Wittgenstein’s language (i.e., the language that he supposed in
TLP) will be replaced by classical QL. However, a lot of verification is needed to
solidify my belief. Someone may propose another stronger theory in which
Wittgenstein’s picture theory can be fully understood. However, it should be
noted that my purpose is to create a powerful language for science (like Newton,
Einstein, Bayes, Fisher, etc.), not to understand Wittgenstein’s theory.

I hope that many readers will examine my proposal from various aspects.
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