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Abstract

This paper proposes a quantum algorithm for solving the tautology and the
satisfiability problems for a Boolean formula. Let’s say we are given a Boolean
formula. The variables of the Boolean formula can take only two values—
TRUE or FALSE. The tautology problem asks whether the Boolean formula
always evaluates to TRUE for all values of its Boolean variables. The satisfia-
bility problem asks whether the Boolean formula can evaluate to TRUE for at
least one set of values of its Boolean variables. This paper proposes that both
problems can be solved using the proposed quantum algorithm. The tautology
problem is known to be co-NP-complete. The satisfiability problem is known
to be NP-complete.
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1. Introduction

Let’s say we are given a Boolean formula with » number of Boolean variables—
Xy, %, X, ; . Each of these n variables can take two possible values: TRUE or
FALSE. Therefore, n variables cantake 2" different values in total. If the Bool-
ean formula is a tautology, then the Boolean formula will always evaluate to TRUE,
regardless of the values of the variables.

The tautology problem is co-NP-complete [1]. As we know, a problem is in co-
NP if its complement is in NP. For example, the complement of the tautology
problem asks whether the Boolean formula evaluates to TRUE for at least one
combination of values of the Boolean variables. Please note that this is the same
problem as the satisfiability problem.

The satisfiability problem is in NP. If the variables of the Boolean formula are
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assigned Boolean values, we can verify in polynomial time whether the Boolean
formula evaluates to TRUE.

Moreover, the satisfiability problem is known to be NP-complete. As the satis-
fiability problem is the complement of the tautology problem, the tautology prob-
lem is a co-NP-complete problem.

A qubit does not always take the values 0 or 1. It can take any values of the form
(a|0>+ﬁ|1>) ,where a and g are two complex numbers and |05|2 +|ﬁ|2 =1.
We can leverage this to solve the tautology and the satisfiability problem using a

quantum algorithm.

2. The Proposed Quantum Algorithm

Let’s say F is a Boolean formula consisting of n input variables. The input
variables are Boolean and can take the values TRUE or FALSE. Depending on
these n Boolean variables, F can evaluate to any value, TRUE or FALSE.

Let’s also assume that f:{0,1}" —{0,1} is a function. The » input Boolean
variables of the function /:{0,1}" —{0,1} represent the n Boolean variables
of F .And the outputof f representsthe output of the Boolean formula F .

In other words, let’s say x,,x,---,Xx,, are the »n input variables of
£:{0,1}" > {0,1}. f(x,,.x,,,-",X,) represents the value that the Boolean for-
mula F evaluates for the same set of values of its Boolean variables. Let’s also
assume that the function f:{0,1}" —{0,1} can be implemented as an oracle.

Therefore, if F isa tautology, then f:{0,1}" —{0,1} always evaluates to 1.
If F is not satisfiable, then f:{0,1}" —{0,1} always evaluates to 0. In all
other cases, if /:{0,1}" —{0,1} evaluates to 1 for at least one set of values of the
input variables, then F is satisfiable.

For our purpose, we can use the quantum circuit as shown in Figure 1. The first
n  qubits are initialized to |0)”", and the last qubit is initialized to |0).

We can apply the Hadamard gate on the first n qubits. As a result, after ap-
plying the Hadamard gate, we will obtain the following state:

1 2"-1

=2 ) 0

x=0

Now, we can apply the oracle [2] U, thatimplements the function f .There-

s
fore, if we query the oracle, we obtain the following state:

on_

§l|x>|f (x)) @)

V)=

x X

U G
|0) y " vore

Figure 1. Quantum circuit implementing the proposed quantum algorithm.
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For example, if »n =2, we will get the following state:

lw)= \/272| |f >

3)
_[00)] 1 (00))+[01)] 1 (01)) +[10)|.£ (10)) +[1 )| £ (1))
2
At this point, if F isa tautology, we will get the following state:
001)+|011)+{101)+|111
)= (o)) O 101 1) “

72 2

If F isnot satisfiable, we will get the following state:
| 1 |000)+]010)+|100) +|110)

V/>=J2—2§|x>|f(x))= : (5)

However, if F is satisfiable, it can be in any other state, like the following, for
example:
)= |000)+|011)+100)+|110)

5 (6)

lv)= \/;Zl |f

The (n +1) qubits of the quantum state |l//> now passes through the quan-
tum gate G. We will use the unitary matrix A to implement G. The construction
of the 2N x2N unitary matrix M is explained in Section 3.

The output of G is (n + 1) qubit. The measurements of the output qubits spec-
ify whether F is satisfiable, unsatisfiable, or a tautology.

3. Construction of the Unitary Matrix M

The quantum gate G is implemented using the unitary matrix M. » is the num-
ber of Boolean variables of & and N =2".
Let’s consider the quantum state |!//> .

|'// Z|x>|f > a0|x0>+a1|xl>+-~+a2N71|x2N71> (7)

) for 0<i<2N-1 has (n+1) qubits. ¢ and a,

cannot be non-zero simultaneously, as the output of f (x) for a specific x

cannot be both 0 and 1. For example, if » =2 and f(OO) =0, then the coeffi-

cient a, for |000> is L and the coefficient a, for |001> is 0.

NG

Let’s say the output of the quantum gate G is the following:
b0|x0>+b1|xl>+'”+b2N—1|x2N—]> (8)

Therefore, we can write the following:

y b,
a | b,
M : - : ©)
ANt by
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In our case, M isa 2Nx2N unitary matrix. Let’s say M is the following

A A4

As M isaunitary and real matrix, we can write the following:

block matrix:

MM =1
1[4 A4 4
or, — =]
214 —-4||l4 -4
24°
or, l 02 =/
21 0 24
LAT=T (11)

We will consider the following initial value for A:

01
AO:L 0} (12

[0 1] fo 1]_[r o]_, 13)
4 {1 0}{1 0}{0 1}

We can now put the value of A4, and construct M, as follows:

We observe that

01 0 1
OzL[AO AO}=L1 01 0 (14)
V204, -4,] V20 1 0 -1

10 -1 0

A A4
We can now set 4, =M, and calculate M, as M, =%L; 1; }
1 T

Similarly, we can continue to construct the 2""'x2""" matrix M =M,
where N =2". We will discuss the time complexity of constructing matrix M

in Section 5.

4. Some Properties of the Matrix M

Property 1: The first and second rows of Mz,,ﬂxz,,+1 will always contain 0

and alternately.

1
V2

We can use mathematical induction to prove this.

01 0 1
1 1(1 0 1 0
M, :M22X22 == 4 _AO == _ (15)
V214, -4,] V210 1 0 -1
10 -1 0

M, contains 0 and % alternately in the first and second rows. Therefore,
2
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the property holds for M. Let’s say the property holds forall M, for 0<k<n.
We will prove that the property holds for M, ,, .

1 Ak+1 Ak+1 :|
M, =—F (16)
. \/E |:Ak+1 _Ak+1
A.,=M, (17)

As per our assumption, the property holds for M, =M Jea ki - AS the number

of rows of 4,,, =M, for k>0 is more than 2, the first and second rows of
1 1 1

N NN

M

el =M2MX2k+3 will contain and 0 alternately. Hence,

the property holds forall £>0.

Property 2: Each row i of Mz,,ﬂxz,,+1 , for 2<i<2""—1, contains \/;7

N3

We can use mathematical induction to prove this.

and alternately as non-zero elements.

M,=M =

22x2? \/E

0
= ) (18)
4, -4, 2 0 -1

0
a4 Al
1 -1 0

1
0
1
0 2222

Each row i for 2<i<2°—1 contains —— and —m alternately as non-

N R

zero elements. Therefore, the property holds for M.

Let’s say the property holds for all M, for 0<k <n.We will prove that the
property also holds for M, ;.

1 Ak+1 Ak+1
M, =— (19)
! \/E |:Ak+1 _Ak+1
A, =M, (20)

As the property holds for M, , it will hold for 4,,,. And the non-zero ele-

1 1 1 -1
—X———=—- and
V2 o [5k+2 [Hk+2
nately. Therefore, the property holds for M, , . Hence, the property holds for all
k=0.

Property 3: The matrix A is unitary.

ments of M, =M will be alter-

2k+3x2k+3

M is constructed recursively from A4, . Therefore, the following holds:

01 0 1
1|4 4| 1110 1 O
O_E{AO —AJ__QO 10 -1
1 0 -1 O 202
010
MzL{AI Al}zl 101
! \/5 Al _Al \/2;2 :
2323
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010
M- 14 4110
’ \/E 4, -4, \/273
L : dotot
[0 1 0 ]
M _ 1 |:An1 Anfl j|_ 1 1 0 1 (21)

" \/5 Anfl _Anfl \/2_"

L . _2n+1><2n+]

We can use mathematical induction to prove that A4, isan involutory [3] ma-

trix for k>0.
- 0 1
“11 0

AOAOT—OIOI—I (22)
Lol o)
As 4, isasymmetric matrix, 4, = 4, . Therefore,
0 1]/0 1
P4 A = =7 23
SRR @

Therefore, A, isan involutory matrix for k£ =0. Let’s assume that 4, isan

involutory matrix for all & where 0<k<n-1.
4 4
aom, =L [ b A }
\/E Ak—l _Ak—l

A,z =AkA1;r :L Ak71 Ak71 XL Akfl A/f,l
C \/5 Ay —4, \/5 A, -4,

_l A/f-l Ak—l ’ _l 2A1c2—1 0 _ A/f—1 0
204, -4, 2| 0 24, 0 A4,
As per our assumption, 4, , isinvolutory.

A 0 I 0
.-.A,g{ o }{0 J (25)
k-1

Therefore, 4, isan involutory matrix forall & where 0<k<n-1.

4, 4
As Mk=LL" _Af‘
k k

N

T
o LA 4] 1[4 A4
e \/EAk —4;

4 47T 1f24 o] [1 0
4 -4 21 0 24| |0 I
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1
H M 1 |:An1 Anfl i| 1 1 0 1 o . it
ence, M, ,=— = . is a unitary ma-
: \/E An—l _An—l \/27 :
: 2n+lxzn+l
trix.
5. Output of the Quantum Gate G
As discussed in Section 3,
1 N-1
=—) |x x)D=a,|x, ) +a |x )+ Fa,  |x. (27)
|'/’> \/ﬁgl >|f( )> o|o> 1| 1> 2N1| 2N1>
And the output of the quantum gate G is the following:
By| %o )+ by X)) 4+ by [ X ) (28)
Therefore, we can write the following:
a4 b,
a b,
M C= . (29)
AN by

As discussed in Section 4, the first two rows of M alternate between 0 and 1.

Therefore, we can write the following:

010 - a b,
1101 |l a | | b
W = .
An- byya

b, =L(a1+a3+a5+~--)

NI
bl:ﬁ(ao+a2+a4+--~) (30)
The input of the quantum gate G is the following:
|l//>=%§|x>|f(x)>=a0|x0>+a1|xl>+m+a2N1|x2N1> (31)

The first n qubits of |xk> for 0<k<2N-1 and N=2" specify the in-
put of the given Boolean function and the (n + 1) th qubit of |xk> is the output

of the Boolean function. Therefore, g, and a,, cannot be 1 together for

1

0<i<2N-2.

If the given Boolean function is a tautology, the (n+1)th qubit of |xk> for
0<k<2N-1 and N=2" isalways l. Therefore, in that case, «,,a,,a,,-- are
zeros and a,,a,,as, - are all ones.

b, =L(a1+a3+a5+...):1

N

b= ay+a,+a,+...)=0

S
JN
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~b,=0 for 2<i<2N -1 (32)

Please note that b, =0 for 2<i<2N -1 as per Property 2. Therefore, the

output of the quantum gate G, in that case, will be the following:

0

Similarly, if the given Boolean function is not satisfiable, the (n+1) th qubit of
|xk> for 0<k<2N-1 and N=2" is always 0. Therefore, in that case,

a,,a,,4,,-- areall onesand a,,a,,a;,... areall zeros. Therefore, in that case,
b0=ﬁ(al+a3+a5+--~)=0 (33)
bl=#(ao+a2+a4+~-):1 (34)

b =0 for 2<i<2N-1 (35)

Therefore, the output of the quantum gate G, in that case, will be the following:

0
1
0

_0_
In all other cases, the output of the quantum gate G will be different from
|O-~OO> or |0---01>. The Boolean function, in that case, is satisfiable. We can
detect that by measuring the (n+ l) output qubits.
If we repeat the experiment, the (n+1) output qubits, in that case, will col-
lapse to different values each time. The (n +1) output qubits, in that case, will

notbe |0---00) or |0---01).

6. Time Complexity for Constructing M

M is constructed recursively from 4.

01 0
A4 4] 1j1o 1o
" V2l4 -4 V200 1 0 -1

1 0 -1 0],

1
M_LAI 4 | 1|1 01
1\/5‘41_‘41\/2_2

23x23
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0
oo L[4 A 1|10
? \/E Az _Az \/2>3
24x20%
010
o[ Ao 1 101 36)
i 2 An—2 _An—z - 2’!7'
2/ x2"

In the ith iteration, we compute M, . Therefore, we need O(n) iterations

to compute M, =M el gl > where 7 is the number of variables of the Bool-
ean function F .
7. Discussion on a Specific Corner Case

Let’s consider a scenario where the Boolean function has n variables. And it

evaluates to 1 in only one specific assignment of Boolean values to the set of n

variables.
N=2"
1 N-1
W)= DI ()=o)t oy o)
a, by
M 4 | _ b,
AN by
. b —L( + + +...)—i
S O_W a,+a, +a; Y
1
(N-1)—=
1
blzﬁ(a0+a2+a4+---)=T\/N:1—N
b, =L for 2<i<2N -1 (37)
"N

As discussed earlier, if the given Boolean function is not satisfiable,

a,,a,,d,,-- areall onesand a,,a,,a,, - are all zeros. Therefore, in that case,

(a1+a3+a5+---)=0

o L
(] \/ﬁ

b, :L(a0+a2+a4+~~-)=1

N

b =0 for 2<i<2N-1 (38)

Therefore, the probability of incorrectly getting |00- . -01> instead of
|00---OO> is significantly high.
To address this problem, we can use Unambiguous State Discrimination [4] [5].
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Let’s say the Boolean formula evaluates to 1 for (N —1) cases and to 0 in one
case. Let’s also assume that |l//1> is a state that indicates a tautology and |l//2> is
the state that we derive. We need to unambiguously distinguish between these two
non-orthogonal states.

Let’sassumethat M, M ,and M, bethreeoperatorssuch that if we get the
outcome M, we will be certain that the state was |l//l>. If we get the outcome
M, , we will be certain that the state was |l//2> . The outcome M, means that the
result is inconclusive.

In other words, M, must never trigger for |l//2> . M, must never trigger for
|l//l>. And, the following holds:

My+M +M,=1 (39)

Let |1//1L> and |1,yj> be the states orthogonal to |y,) and |p,), respec-

tively. Therefore, we can construct M, and M, in the following way:
M, =alys ) (v ]
My =bly; )|
M,=1-M,-M, (40)

We choose a and & insuch a way that M, is minimized. We choose the
following value for @ and b:
1

- (41)
1+ |<V’1 |V’2>|

a=>b
Let’s look at an example. Let’s say the Boolean formula has two variables. It
evaluates to 1 for 3 cases and to 0 in one case. The output state we obtain in this
case is the following:
[ 0.75 ]
0.25
0.25
-0.25
V2)=| a5 (42)
-0.25
-0.25

| 025 |

If the Boolean formula was a tautology, we would have obtained the following

state:

|l//1> = (43)

(= el el ==
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Therefore, a and b, in our case, will be:
a:b:;:L:0.57 (44)
L(ww,)| 175

Therefore, the probability of getting M, will be the following:
M, =alyy ) (v |

M, :b|l//1i><'//li|
My=1-M,-M,
P(failure) = (v, | M, |y,) = 0.75 (45)

Table 1 shows the probability of failures for different numbers of Boolean var-

iables.

Table 1. Probability of failures.

Minimum number of times the

Number of Probability of .
Boolean variables failure experiment S},I?uld be repeated
(k= a positive constant)

2 0.75 100

3 0.875 100

4 0.9375 100

5 0.96875 100

6 0.9843 100 x &

7 0.9921 100 x &

8 0.9960 100 x &

9 0.9980 100 x &

10 0.9990 1000 x &

11 0.99951 1000 x &

12 0.99975 1000 x &

13 0.999877 1000 x &

Therefore, we will get an inconclusive result 75% of the time, in which case we
need to repeat the experiment. If the number of Boolean variables is 10, then the
probability of getting an inconclusive result becomes 0.9990. In that case, if we
repeat the experiment, for example, 1000 or 2000 times, in the worst case, we can
correctly determine whether the Boolean formula is a tautology, satisfiable, or un-
satisfiable.

Hence, if we repeat the experiment the required number of times, the proposed
quantum algorithm can correctly predict whether the Boolean formula is a tautol-

ogy, satisfiable, or unsatisfiable.
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8. Time Complexity of The Proposed Quantum Algorithm

The value of M,,.,, is constant for a given value of N =2" where n is the
number of Boolean variables in F . Therefore, once A is constructed for a spe-
cific N, we can use the same value of A for all Boolean functions with »n vari-
ables.

The proposed quantum algorithm must be run a constant number of times to
test whether the corresponding qubits are consistently |00~--O> or |00-~~l> CIf
no, then the Boolean formula is satisfiable. If yes, then we need to repeat this ex-
periment as described in Section 7.

Therefore, once we construct M , we can correctly determine whether the
given Boolean function is a tautology, satisfiable, or non-satisfiable. And, con-
struction M takes O(n) timewhere 7 isthe number of Boolean variables in

the given Boolean function.

9. Conclusion

This paper proposes a quantum algorithm to solve the tautology and the satisfia-
bility problems. In a classical computer, we may need to evaluate all 2" assign-
ments on n Boolean variables in the worst case. As a result, these problems can
take 0(2”) time for n Boolean variables. However, the proposed quantum al-
gorithm shows significant improvement, as the stated problem can be solved in
O(1) time, in most cases, once M is constructed. Only when we get the result
|000- . -0> or |OOO---1> , we need to repeat the experiment as mentioned in the
paper. Constructing M takes O(n) time, where # is the number of Boolean

variables of the given Boolean function.
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