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Abstract

We establish quantum circuit complexity as a fundamental physical observable
and prove that it satisfies an uncertainty relation with energy, analogous to Hei-
senberg’s canonical uncertainty principle. Through rigorous operator theory,
we demonstrate that the complexity operator meets all mathematical require-
ments for a legitimate quantum observable, including self-adjointness, gauge in-
variance, and proper spectral decomposition. This enables us to derive a funda-
mental bound that constrains how quickly complexity can increase in physical
systems given available energy resources. We provide complete mathematical
proofs of these results and demonstrate their far-reaching implications across
quantum computation, black hole physics, and computational complexity the-
ory. In particular, we show that this uncertainty relation imposes fundamental
speed limits on quantum circuits, explains maximal complexity growth in black
holes, and suggests that physical constraints may enforce an effective separation
between complexity classes independent of their mathematical relationships.
We outline explicit experimental protocols for testing these predictions using
current quantum computing platforms and discuss the profound implications
for our understanding of the relationship between computational complexity
and fundamental physics. Our results indicate that computational requirements
may be as basic to physics as energy conservation, suggesting a deep connection
between the structure of physical law and fundamental limits on computation.

Keywords

Quantum Complexity, Uncertainty Relations, Quantum Circuit Theory,
Black Hole Information, Quantum Gravity

1. Introduction

The fundamental nature of physical reality is governed by precisely defined
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observables and their relationships. This work introduces a novel physical observ-
able—quantum circuit complexity, and establishes its fundamental relationship
with energy through an uncertainty principle, with implications for our under-

standing of quantum mechanics, computation, and spacetime.

Background and Motivation

The foundations of quantum mechanics rest upon precisely defined physical ob-
servables and their associated uncertainty relations [1] [2]. These fundamental
constraints, most famously exemplified by Heisenberg’s uncertainty principle be-
tween position and momentum, have profound implications for our understand-
ing of nature’s limits [3]. Recent developments at the intersection of quantum in-
formation theory, gauge theory, and quantum gravity suggest the emergence of a
new fundamental observable: quantum circuit complexity [4] [5].

To understand this emergence, we must first consider what we mean by quan-
tum circuit complexity. Traditionally, this quantity has been viewed purely as a
computational metric—specifically, the minimal number of elementary gates re-
quired to implement a unitary transformation. However, recent work suggests
that this computational property transcends its origins to manifest as a genuine
physical observable [6] [7]. Using Nielsen’s geometric approach, we can rigor-
ously formulate complexity through right-invariant Finsler metrics on the unitary
group manifold, providing a mathematical framework that bears striking similar-
ity to classical mechanical action [8]. This geometric perspective reveals previ-
ously unknown connections to gauge theory and suggests that complexity may
stand alongside energy and momentum as a fundamental quantity in our physical
description of reality [9].

Three key observations from distinct areas of physics provide compelling evi-
dence for this perspective:

1) The behavior of black hole complexity reveals physics beyond thermody-
namics. Specifically, while a black hole’s thermal entropy reaches a maximum rel-
atively quickly, its complexity continues to evolve according to a precise mathe-
matical pattern. This suggests that complexity captures physical degrees of free-
dom that remain invisible to traditional thermodynamic observables [10] [11].
The complexity growth follows a remarkably simple pattern that exhibits linear
growth at late times, with quantum corrections becoming relevant only at very
late times [12].

2) The AdS/CFT correspondence, a cornerstone of modern theoretical phys-
ics, provides a precise mathematical connection between quantum complexity
and geometric properties of spacetime. In particular, complexity manifests holo-
graphically through two distinct but related prescriptions that connect infor-
mation-theoretic quantities to bulk geometric invariants [13] [14]. The first pre-
scription relates complexity to the volume of a maximal spacelike slice through
the Einstein-Rosen bridge in the bulk geometry, while the second relates it to the
action of the Wheeler-DeWitt patch [5]. These holographic relationships suggest
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that complexity plays a fundamental role in the emergence of spacetime geometry
from quantum degrees of freedom.

3) Quantum computational requirements, perhaps most notably, appear to
manifest as physical laws that govern the very structure and dynamics of spacetime
itself [15]. This observation suggests a profound and fundamental connection be-
tween computational complexity and physical law, analogous to how the principle
of least action emerges from computational minimization [16]. This connection
hints at a deep underlying principle linking information processing, computation,
and the fundamental nature of reality.

Collectively, these observations strongly suggest that complexity should be viewed
not merely as a computational property but as a fundamental physical quantity
[17]. However, to establish this claim rigorously, we must demonstrate that com-
plexity satisfies the complete set of mathematical requirements derived from quan-
tum measurement theory [18]. These requirements include proper operator prop-
erties, gauge invariance, and well-defined uncertainty relations [19]—criteria that
we will address systematically throughout this work.

The central result of this paper is as follows:

Quantum circuit complexity forms a conjugate pair with energy, leading to a
fundamental uncertainty relation that constrains how complexity can evolve in

physical systems.

This relationship has far-reaching implications, touching upon our understand-
ing of quantum computation, black hole physics, and the emergence of spacetime

geometry from quantum information [14] [20].

2. Construction of the Complexity Observable
2.1. Prerequisites

Before we can establish quantum circuit complexity as a physical observable, we
must first precisely define the mathematical framework within which physical ob-
servables are characterized in quantum mechanics. This section establishes the
rigorous mathematical requirements that any physical observable must satisfy,
providing the foundation for our subsequent analysis of the complexity operator.

Following the foundational framework developed by von Neumann and its
modern extensions by Araki [1] [21] [22], we begin by considering a separable
complex Hilbert space H equipped with inner product <| ) [23]. The separa-
bility condition ensures that our space has a countable orthonormal basis, a cru-
cial property for physical applications.

Within this space, we can precisely characterize what it means for an operator
to represent a physical observable. A linear operator A:Dom ( A) — H with dense
domain Dom ( A) c H qualifies as a physical observable if and only if it satisfies
four fundamental requirements [24]. Each of these requirements carries deep
physical significance, ensuring that our mathematical framework corresponds to

measurable physical quantities.
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1. Self-Adjointness: The most fundamental requirement is that the operator
must be self-adjoint on its domain, not merely symmetric [25]. This property en-
sures that the observable produces real-valued measurement outcomes, a basic
physical necessity. Moreover, self-adjointness guarantees the existence of a com-
plete set of eigenstates, essential for the physical interpretation of measurements.

Mathematically, this means:
A=A'"and Dom(A) = Dom(AT)

Dom(A): veH: Z 12|<1//2|1//>|2<oo W
2ea(A)
where {y,} formsa complete set of eigenvectors representing the possible meas-
urement outcomes [26]. The operator must also be essentially self-adjoint, ensur-
ing uniqueness of its self-adjoint extension.

2. Spectral Properties: The second requirement concerns the mathematical
structure of the operator’s spectrum, which determines the possible outcomes of
physical measurements. Following the spectral theorem for unbounded self-ad-
joint operators [27], there must exist a unique projection-valued measure E (/1)

that decomposes the operator into its spectral components:
A=[ . 2dE(2
-[U(A) ( )

E(A)E(u)=E(Anx) 2)
O'(A)QR

This spectral decomposition is essential for understanding the measurement
statistics of the observable and ensures that the operator’s action can be under-
stood in terms of physically meaningful projections onto measurement subspaces.

3. Gauge Invariance: Physical observables must maintain consistency with
quantum field theories [28] [29] by respecting gauge symmetries. This fundamen-
tal requirement ensures that our measurements are independent of arbitrary
gauge choices, reflecting the underlying physical reality rather than mathematical
artifacts. The requirement manifests through the following commutation rela-

tions:
[G (&), A] =0strongly on Dom(A)
[G(&),E(2)]=0forall 2 and gauge parameters & (3)

Dom(A) is gauge-invariant

where G (&) represents the generator of gauge transformations with parameter
& . These relations ensure that gauge transformations preserve both the operator’s
action and its domain structure.

4. Commutation Relations: A physical observable must have well-defined com-
mutation relations with other physical observables [30], particularly with the sys-

tem Hamiltonian. This requirement is crucial for understanding how the observable
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evolves in time and for establishing uncertainty relations between complementary

observables. The commutation relations must satisfy:

[I—] , A} exists on a dense domain D ¢ Dom(A)m Dom(l—] ) (4)

where the domain D must be sufficiently large to accommodate physically rel-
evant states.

Beyond these four core requirements, any physical observable must also respect
the principle of locality, a fundamental aspect of relativistic quantum theory. For

spacelike separated regions (0, and O, [31], this manifests as:

[A((’)l),l.%((’)2 )}=OStroneg on Dom(A)mDom(é) (5)

This locality condition ensures that measurements in causally disconnected re-
gions cannot influence each other, preserving the causal structure of spacetime.

We can now demonstrate systematically that the quantum circuit complexity
operator C satisfies each of these requirements while maintaining proper gauge
invariance and quantum field theoretical properties [32]. This rigorous mathe-
matical foundation will enable us to derive fundamental uncertainty relations and
establish the physical legitimacy of complexity as a quantum observable. The frame-
work we develop here has far-reaching implications, extending from practical
quantum computation to fundamental questions in quantum gravity and the na-
ture of spacetime itself.

Having established the requirements for a legitimate quantum observable, we
now undertake the crucial task of constructing the quantum circuit complexity
operator and proving it satisfies these requirements. This construction forms the
mathematical foundation necessary for establishing the energy-complexity uncer-
tainty relation. Our approach follows a systematic progression from basic defini-

tions to rigorous proofs of the operator’s essential properties.

2.2. Operator Definition

We begin by constructing the quantum circuit complexity operator following the
framework of unbounded operators in Hilbert space developed by von Neumann
[1] and extended by Reed and Simon [23]. This construction must be done with
careful attention to mathematical detail to ensure that the resulting operator sat-
isfies all requirements for a physical observable.

Let H denote our quantum Hilbert space and {|wd )}deN be an orthonor-
mal basis of complexity eigenstates, where each basis state represents a quantum
circuit configuration of well-defined complexity. The existence of such a basis
follows from the geometric structure of quantum circuits established by Nielsen
[6].

To begin the construction, we must first define an appropriate domain for our
operator. We choose the initial domain D, (é) as the set of finite linear combi-
nations of complexity eigenstates [33]. This choice ensures we are working with

mathematically well-behaved states while maintaining physical relevance:
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Do(é)Z{kEOCkh//k):NGN,CkEC} (6)

To properly control the behavior of our operator, we equip this domain with
the graph norm topology [34]. For any state y € Dom ( C) , this topology provides
a natural measure of both the state’s magnitude and its transformation under the

complexity operator:
~ 2
I, =l I +|Cv]| ?)

The graph norm is essential for establishing the completeness properties needed
for our subsequent analysis.

Following standard approaches in operator theory [35], we define the action of
C through its spectral decomposition. This definition explicitly shows how the
operator acts on states in its domain and provides a natural connection to physical

measurements:
é|'//>=idini|‘//>: |'/’>€Do(é) (8)

where the sum converges in the strong operator topology on D, (é) under the
condition that id? ||l_[i1//||2 <w forall yeD, (é) [27].

This spectral decomposition involves several crucial components, each essential
for the physical interpretation of our operator:

1. d, e R" represents the circuit depth eigenvalue [7], corresponding to the
physical complexity of the quantum circuit configuration. The positivity of these
eigenvalues reflects the fundamental fact that complexity cannot be negative.

2. II, = Ig)em |¢><¢| are finite-rank orthogonal projectors [36]. These projec-
tors define the subspaces corresponding to states of definite complexity, analo-
gous to energy eigenstate projectors in quantum mechanics.

3. H, is the finite-dimensional subspace of states with complexity d, [8].
The finite-dimensionality of these subspaces ensures that our operator remains
physically meaningful.

4. The convergence of the sum in the strong operator topology on D, (é) [27]
ensures that our operator is well-defined on its domain.

The complexity eigenvalues d, are notarbitrary but arise naturally from Niel-
sen’s geometric framework [6] through a minimization principle analogous to

finding geodesics in Riemannian geometry. These eigenvalues are determined by:

d; =min|[H ()] ds ©9)

where ||||B denotes the norm induced by a right-invariant Finsler metric on the
Lie algebra of the unitary group. This metric determines the cost function for
quantum operations and must be chosen to reflect the physical constraints of the
quantum computing architecture under consideration.

The minimization is subject to the geodesic equation describing the optimal
path through the space of unitary operators. This equation, together with its bound-

ary conditions, admits a unique solution under our chosen metric:
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(10)
U(D]0)=[y), U(0)=1
Here, U (s) representsa continuous path in the unitary group connecting the
identity operator to the target transformation, and H(s) is the instantaneous
Hamiltonian generating the evolution along this path. The uniqueness of the so-
lution follows from the positive-definiteness of our Finsler metric.
For compatibility with gauge theories, following ‘t Hooft’s approach [37], we

require that the projectors satisfy:
[G(¢).IT]=0 V¢ (11)

where G (&) represents the generator of gauge transformations with parameter
£ . This condition ensures gauge invariance of the spectral decomposition [32], a
crucial requirement for any physical observable.

This construction yields a well-defined symmetric operator on D, (é) [36].

The symmetry property is manifest in the relation:

(4|Cv)=(Ca|v). vig).Iw)ens(C) (12)

2.3. Domain Analysis

Having constructed the complexity operator, we must now establish its essential
self-adjointness and characterize its maximal domain of definition. This analysis is
crucial for ensuring that our operator represents a legitimate physical observable
with well-defined measurement outcomes. Our approach follows the rigorous frame-
work developed by von Neumann [38] and its modern extensions in operator theory
[23]. We proceed through carefully constructed stages, ultimately identifying the
largest possible domain where C actsasa legitimate physical observable.
Theorem 1 (Essential Self-Adjointness) The complexity operator C ises-
sentially self-adjoint on D, (é) with deficiency indices (0,0) [35]. This prop-
erty ensures that C has a unique self-adjoint extension, crucial for its interpre-
tation as a physical observable.
Proof. The proof proceeds through three critical steps, each building on stand-
ard results in operator theory [26]:
1. Symmetry: We first establish that C is symmetric on D, (é) . For any
|#).|w)eDy(C) (33
(#IClw)=d. (g, |w)
=4, (Migly) (13)
~(Co|lw)

where the second equality follows from the self-adjointness of the projectors II;
[36].
2. Deficiency Indices: The critical step in establishing essential self-adjointness

involves computing the deficiency subspaces. The key observation is that the
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positivity of the spectrum plays a crucial role. We solve the equation [39]:
(Ci)ly)=0, [y)=,a|vy) (14)

Expanding this equation in our basis yields:

(d+i)a, =0 vd eN (15)

Since the spectrum consists of strictly positive real numbers (d € R" ), we con-
clude a; =0 for all d, definitively proving that the deficiency indices are
(n,,n_)=(0,0) [25].

3. Unique Extension: The vanishing of the deficiency indices, combined with
von Neumann’s theory of self-adjoint extensions [38], ensures that the closure c
provides the unique self-adjoint extension [40]. This uniqueness is crucial for the
physical interpretation of our complexity observable, as it ensures that measure-
ment outcomes are unambiguously defined.

Theorem 2 (Maximal Domain) Having established essential self-adjointness,
we can now characterize the maximal domain D (é) where the complexity op-

erator acts as a well-defined physical observable [23]:
~ 2
D(C)Z{WGHZad2|<l//d|!//>| <oo} (16)

This domain characterizes precisely those states for which complexity measure-
ments yield finite, well-defined values.

The maximal domain possesses three crucial properties that ensure its physical
relevance: _

1. Density: (é) ='H [35], ensuring we can approximate any state to arbi-
trary precision with states of well-defined complexity

2. Graph completeness: (D(é),"”g) is complete [41], providing the neces-
sary mathematical structure for analysis

3. Core property: D, (é) is a core for C [42], allowing us to extend results
from the initial domain to the full maximal domain

To complete our analysis, we must ensure compatibility with gauge theories.

Following ‘t Hooft’s framework [37], we establish the crucial property:
G(¢)D(C)=D(C) (17)

This inclusion guarantees the gauge invariance of our domain [32], a necessary
condition for any physical observable.
Finally, the spectral theorem for unbounded self-adjoint operators [27] pro-

vides us with the complete spectral resolution:

C =o(¢)AdE(A) (18)
where the spectral measure E(A) is given explicitly by [42]:
E(X)= 1 19

for any Borel set X < R". This spectral resolution will prove essential in estab-

lishing the uncertainty relation with energy in subsequent sections.
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3. Commutation Relations and Uncertainty Principle

Having established the complexity operator as a legitimate quantum observable,
we now derive the paper’s central result: a fundamental uncertainty relation be-
tween energy and complexity. This relation quantifies how our ability to simulta-
neously measure energy and complexity is constrained by fundamental physical
laws. The derivation proceeds in two stages: first establishing the precise mathe-
matical relationship between the complexity operator and the Hamiltonian through
their commutator, then using this relationship to derive exact bounds on their

joint measurement uncertainty.

3.1. Energy-Complexity Commutator

The foundation of any quantum mechanical uncertainty relation lies in the com-
mutation properties of the relevant operators. We now establish the fundamental
commutation relation between the complexity operator and the Hamiltonian, fol-
lowing the framework of quantum dynamics developed by Heisenberg [44] and
its modern extensions in algebraic quantum theory [30]. This relation will form
the mathematical bedrock for our uncertainty principle.

Theorem 3 (Energy-Complexity Commutator) Let H be the system Ham-
iltonian and C  the complexity operator constructed in Section 2. Then on their
common domain of definition D, where:

1. DcD(C)nD(H)

2. HDcD and CDc D (domain invariance) these operators satisfy the

fundamental relation:
~ a1 .. dC
H,C |=ih— 20
[H.C]=ing (20)

This relation quantifies how energy and complexity interact at the quantum
level.

Proof. The proof proceeds through three carefully constructed stages, each
building on modern approaches to unbounded operator theory [23]:

1. Heisenberg Evolution: We begin with the general Heisenberg equation of
motion [45], which describes how quantum observables evolve in time:

dC ips a7 oC
E:};[H,c}—

(21)
Since our complexity operator is explicitly constructed to be time-independent

(its definition depends only on the circuit structure, not on time), we have

oC
— =0, yielding:
ot y g

d€ s 4
—=—|H,C 22
a wC] @
2. Spectral Analysis: To evaluate the commutator explicitly, we utilize the spec-
tral decomposition of the complexity operator C established in Section 2 [27]:
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C=.dIy, (23)

This decomposition allows us to express the commutator in terms of the pro-

jectors [46]:
[l—],é}:idi[ﬁ,ni] (24)

The commutators involving the projectors can be further analyzed using the
spectral theorem for the Hamiltonian H . For any eigenvalue E in the spec-

trum of H , we have:
(AL, ] = <9)(E~(H))dE(E)[11,,E(E)] (25)

where <H > represents the expectation value of the Hamiltonian in the state un-
der consideration.

3. Domain Considerations: The mathematical legitimacy of these operations
requires careful attention to domain properties. For any state y € D, we must es-
tablish that both operator products HC and CH are well-defined and bounded.

This follows from the following conditions [33]:

o] = g i <=

(26)

a2 -~ R
A = a7 A <o

These finiteness conditions, combined with the domain invariance properties
stated in the theorem, ensure that the commutator is well-defined on D [36].

The theorem follows by combining these elements and invoking the uniqueness
of self-adjoint extensions established in Section 2 [25].

Corollary 1 (Commutator Properties) The energy-complexity commutator pos-
sesses three essential physical properties that ensure its consistency with funda-
mental principles of quantum field theory [30]:

1. Gauge invariance: [G(ﬁ),[l—] ,éﬂ =0, ensuring that our results remain
valid under gauge transformations;

2. Locality: [[ﬁ ,é] , OA(X)J =0 for spacelike separated points X, preserving
causality;

3. BRST invariance: [QBRST ,[I:l ,éﬂ =0, maintaining consistency with quan-
tum field theoretical principles.

This commutation relation has profound implications for the dynamics of com-
plexity in quantum systems. As we will demonstrate in the following subsection,
it leads directly to a fundamental uncertainty relation between energy and com-
plexity, placing strict bounds on the rate at which complexity can grow in physical
systems [15].

3.2. Uncertainty Relation Derivation

Having established the energy-complexity commutation relation, we now derive
the paper’s central result: a fundamental uncertainty relation between energy and

complexity. Our derivation follows the framework developed by Robertson [47]
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and enhanced by Schrodinger [48], adapted to handle the specific features of the
complexity observable. This relation will establish fundamental physical limits on
our ability to simultaneously measure energy and complexity with arbitrary pre-
cision.

Theorem 4 (Energy-Complexity Uncertainty) For any quantum state |y) in
the common domain D (é ) ND ( H ) , the uncertainties in energy and complexity

measurements satisty the fundamental relation:

AEAC > g @ (27)

where AE = 1[<|—AI 2>—<I—A| >2 and AC= «,<éz>_<é>2 represent the standard

deviations of energy and complexity measurements respectively.
Proof. Our proof builds upon Robertson’s general framework for uncertainty
relations [47]. For any pair of self-adjoint operators A and B , Robertson’s in-

equality states:
1~ =
AAAB > EK[A, 8]) (28)

Applying this fundamental inequality to our specific case with H and C,

and utilizing the commutation relation derived in the previous subsection:

AEAC z%qﬁ cm

(29)

1]
N |-
=1

N | S

The final equality follows from the Ehrenfest theorem [49] and the reality of
expectation values for self-adjoint operators, which we established in Section 2.
Theorem 5 (Fundamental Complexity Bound) The rate of complexity growth

in any quantum system is bounded by:

@ s% <C> (30)

This bound represents a fundamental speed limit on complexity evolution in
physical systems.

Proof. The proof proceeds through four carefully constructed steps, each estab-
lishing essential bounds on our physical quantities:

1. First, we establish an upper bound on energy uncertainty. For any normalized
state |l,z/> [50], the Cauchy-Schwarz inequality implies:

AE=\[(A?)-(R) <(A)=E (31)
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2. Next, we derive a lower bound on complexity uncertainty. Using the spectral
properties of C established in Section 2, we can show that for any state in the
domain of C [15]:

AC = <éz>—<é>22 <é> (32)

This inequality follows from the positivity of the complexity spectrum and the
properties of its spectral decomposition.

3. Combining these bounds with our uncertainty relation yields:

e &) aeac 1) o

dt

4. The optimal bound is achieved through minimization over all possible quan-
tum states. The factor of n emerges from the integration over quantum phases

in the optimization procedure [51]:
E,/(C
min <A > =n—h (34)
lv) d<C> 2
dt

This minimization exploits the full symmetry of the quantum phase space, lead-
ing to our final result after rearrangement.

This bound has profound implications for both quantum computation and
black hole physics [5]. It establishes that the rate of complexity growth in any
quantum system is fundamentally limited by two factors: the available energy E
and the square root of the current complexity \/@ . This provides a fundamen-
tal quantum speed limit for complexity evolution, analogous to the Margolus-
Levitin bound for quantum dynamics [50], and will serve as the foundation for

the physical applications we explore in subsequent sections.

4. Physical Implications

Having established the mathematical foundations of the energy-complexity un-
certainty relation, we now explore its profound implications for real physical sys-
tems. This section demonstrates how our theoretical framework provides funda-
mental insights into both practical quantum computing implementations and the
nature of black hole dynamics. Through these applications, we show that the en-
ergy-complexity uncertainty relation represents a unifying principle that connects

and constrains phenomena across widely different scales of physics.

4.1. Quantum Speed Limits

The energy-complexity uncertainty relation yields fundamental constraints on
quantum computation, entanglement dynamics, and information processing.

These constraints manifest as precise quantum speed limits, following the pioneering
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framework developed by Mandelstam and Tamm and later extended by Margolus
and Levitin [50]. We begin by examining how these limits constrain the imple-
mentation of quantum operations.

Theorem 6 (Gate Implementation Time) For any quantum gate implement-
ing a unitary transformation with complexity C from an initial state of com-
plexity C,, the minimal implementation time is bounded from below by:

L )
2E
where E represents the total energy available to the system [15]. This bound is
fundamental and cannot be violated by any physical implementation, regardless
of technological advances.

Proof. We begin with our previously established fundamental bound on com-

plexity growth:

@ s% (€) (36)

To find the minimum implementation time, we integrate both sides from the
initial state with complexity C to the final state with complexity C. The in-
tegral must account for the instantaneous complexity at each point along the
path:
wh, dC'
2E 4 Jc
nh,/C -G

2E

Tdt>
(37)
T>

This inequality establishes the absolute minimum time required to implement
any quantum gate of given complexity, taking into account the initial complexity
of the system.

Theorem 7 (Entanglement Generation Bound) The energy-complexity un-
certainty relation imposes a fundamental [imit on how quickly entanglement can

be generated in quantum systems. Specifically, the rate of entanglement entropy

% g%\/@logZ (38)

where S represents the von Neumann entropy of the reduced state. This bound

generation is bounded by [52]:

establishes a fundamental connection between complexity, energy, and the gener-
ation of quantum correlations.

Proof. Following Vidal’s optimal state preparation framework [53], we establish
this bound through three key steps:

1. First, we demonstrate that the complexity of preparing a state with entangle-
ment entropy S has a fundamental lower bound. By analyzing the minimal cir-

cuit required to generate the necessary correlations, we find:
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S
2log2

C2

(39)

This inequality reflects the minimal circuit complexity required to generate a
given amount of entanglement, with the factor log2 arising from the binary na-
ture of quantum operations.

2. The time derivative of this inequality yields:

dc 1 ds

—2 — (40)
dt  2log2 dt

This relationship connects the rates of complexity and entanglement growth.

3. Combining this with our previously established complexity growth bound:

<2log?2 d<C> s%\/@mgz (41)

dt bl

ds

dt

Theorem 8 (Scrambling Rate Bound) For a many-body system with N de-
grees of freedom, our uncertainty relation implies a universal bound on the Lya-
punov exponent A, that characterizes quantum chaos [54]:

h (42)

A

where T is the temperature of the system. This bound represents the maximal
rate at which quantum information can be scrambled in any physical system.
Proof The proof connects scrambling dynamics to complexity growth [5] through
several precise steps:
1. During the scrambling phase, complexity grows exponentially with a charac-

teristic rate given by the Lyapunov exponent:
(C(1)=(C(0))e (43)
2. From our complexity growth bound and the equipartition theorem:
2\ _2E [jav 2nk T 73
,q<c>s;%-<c>_ : Kc} (44)

3. In the large N limit, quantum chaos theory demonstrates that the typical

complexity scales as <é> ~e" . This exponential scaling implies that <é> ~ <é>
up to subexponential corrections in N, leading to:
< 2nk, T

e (45)

The corrections to this bound are suppressed by factors of 1/N in the large
N limit.

These fundamental bounds derived from our uncertainty relation have imme-
diate and significant practical consequences for quantum technology [55]. We iden-
tify three major implications that constrain the development of quantum compu-
ting systems:

First, any quantum algorithm that requires implementing gates of complexity
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C must have a minimum runtime that scales as +/C . This scaling law represents
an absolute physical limit that cannot be circumvented by any technological im-
provements. This constraint fundamentally limits the speed at which quantum
algorithms can be executed, regardless of future advances in quantum hardware.

Second, quantum error correction protocols face fundamental constraints on
how quickly syndrome measurements can be performed. This limitation affects
the achievable fault-tolerance thresholds in practical quantum computing imple-
mentations. The bound we have derived shows that error correction cycles cannot
be performed arbitrarily quickly, even with perfect hardware, due to the funda-
mental relationship between energy and complexity.

Third, quantum memory systems have maximal information processing rates
that are directly determined by their available energy. This connection between
energy and information processing capabilities suggests a deep relationship be-
tween thermodynamic and computational resources, indicating that energy con-
straints may be as fundamental to computation as they are to physical dynamics.

The fact that these bounds are saturated in black hole systems [4] suggests that
they represent truly fundamental constraints on physical processes, analogous to

how the speed of light serves as an absolute limit in special relativity [16].

4.2. Black Hole Physics

Our energy-complexity uncertainty relation provides remarkable insights into
black hole dynamics through the AdS/CFT correspondence [13]. Following the
holographic principle, we find that quantum complexity in the boundary theory
manifests geometrically in the bulk description [4]. Here we establish precise math-
ematical connections between our uncertainty relation and fundamental aspects
of black hole physics.

Theorem 9 (Holographic Complexity) For an eternal AdS black hole, the
complexity of the dual CFT state admits two equivalent descriptions 5], each cap-

turing a different geometric aspect of the bulk spacetime:

G = v (Volume prescription) (46)
G,/
or alternatively through:
A
C,= (Action prescription) (47)
Gk

where the quantities involved have precise geometric meanings:

1. V represents the maximal volume of a spacelike slice crossing the Einstein-
Rosen bridge connecting the two sides of the eternal black hole;

2. A denotes the gravitational action of the Wheeler-DeWitt patch, defined
as the bulk domain of dependence of a Cauchy slice;

3. G, is Newton’s gravitational constant;

4. ¢ isthe AdS radius characterizing the spacetime geometry.

These two prescriptions provide complementary perspectives on how quantum
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complexity manifests geometrically in the bulk description.
Theorem 10 (Maximal Scrambling) The quantum complexity bound estab-
lished by our uncertainty relation implies a universal maximum value for the Lya-

punov exponent [54]:

A = (48)

This maximal value represents the fastest possible rate at which quantum infor-
mation can be scrambled in any physical system, and remarkably, black holes
achieve this bound.

Proof. We consider a two-sided black hole with temperature T . The proof pro-
ceeds through careful analysis of the complexity dynamics:

Starting from our uncertainty relation:

@ si—i <C> (49)

For early times before the scrambling time (Ze, t < t.) [56], complexity grows

exponentially:
(C(1))=(C(0))e™ (50)

This exponential growth combined with our bound yields:
~ 2E [=
a <c>s5 (€) (51)

The relationship between black hole mass and temperature, derived from black
hole thermodynamics [57], states:
hc®

E = M =
8nG kT

(52)
Substituting this relation leads directly to the maximal value of A_, with the
remarkable feature that black holes saturate this bound.
Theorem 11 (Linear Growth) Affer the initial scrambling phase and entropy
saturation at time t~ 8 (where B=1/K;T Iis the inverse temperature), the
complexity of a black hole exhibits linear growth with precisely determined cor-

rections [10]:

e
% =2n—'\;'(1+ ae ) (53)

where « is a constant of order unity and t. is the scrambling time, given by
t.=FlogS with S being the black hole entropy.

Proof. This result follows from a careful analysis of the holographic dictionary
and Einstein’s equations [5]:

1. First, we observe that the Einstein-Rosen bridge volume grows according to:

‘2—\: =8nG M/ (54)
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This growth is a direct consequence of Einstein’s equations in the bulk.

2. Applying the volume prescription for complexity and accounting for proper
normalization:

ac, _2m

55
dt Th (55)

3. The exponential corrections arise from quasi-normal mode contributions to
the geometry, which decay on the scrambling timescale t.. These corrections are
universal and independent of the specific details of the black hole microstate.

Proposition 1 (Firewall Resolution) Our energy-complexity uncertainty rela-
tion provides a natural resolution to the firewall paradox (58] through the follow-
ing mechanism:

1. Creating a firewall requires implementing operations with complexity scaling
as €%, where S is the black hole entropy [59];

2. The uncertainty relation we have derived shows that this complexity cannot
be achieved within the black hole lifetime [4];

3. Specifically, for a black hole with entropy S, the time required to create a
firewall satisfies:

T h e >T

firewall = evap -
2M

M3 (56)

This inequality demonstrates the physical impossibility of firewall formation
within the relevant timescale.

These results collectively demonstrate that our energy-complexity uncertainty
relation provides a unified framework for understanding black hole dynamics.
Through this single principle, we can explain three fundamental aspects of black
hole physics:

First, the relation explains why black holes act as the fastest scramblers in na-
ture, achieving the theoretical maximum scrambling rate permitted by quantum
mechanics. This maximum rate is not arbitrary but emerges naturally from fun-
damental physical constraints.

Second, it demonstrates how geometric properties of spacetime emerge natu-
rally from complexity considerations through holographic duality. The precise re-
lationship between complexity and geometry suggests a deep connection between
quantum computation and spacetime structure.

Third, and perhaps most significantly, it resolves the firewall paradox by show-
ing that the operations required to create a firewall would take longer than the
black hole’s lifetime. This resolution preserves both unitarity and the equivalence
principle without requiring any additional assumptions.

The fact that black hole systems precisely saturate the bounds we have derived
suggests that these constraints represent truly fundamental limits on quantum dy-
namics, playing a role analogous to that of causality in special relativity [16]. This
observation reinforces the deep connection between quantum information, grav-

ity, and fundamental physics that our uncertainty relation reveals.
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5. Quantum Computational Implications

Having established the fundamental nature of the energy-complexity uncertainty
relation, we now examine its profound implications for quantum computation.
This section demonstrates how our theoretical framework translates into concrete
physical constraints on quantum computing systems and provides new insights
into the foundations of computational complexity theory. We show that these
physical constraints may be as fundamental to computation as energy conserva-

tion is to physics.

5.1. Circuit Implementation Bounds

The energy-complexity uncertainty relation imposes fundamental and inescapa-
ble constraints on quantum computation. These constraints represent absolute
physical limits that cannot be circumvented by any technological improvements,
regardless of future advances in quantum hardware design. Here we develop these
constraints rigorously and explore their practical implications for quantum algo-
rithm implementation.

Theorem 12 (Minimum Circuit Time) For a quantum circuit implementing a
computation of total complexity C , with instantaneous complexity C(t) at

time t, the minimum execution time is bounded by:

T 2@ (57)
2E

where E represents the total energy available to the system [15]. This bound
holds even when allowing for intermediate computational steps that may tempo-
rarily increase the instantaneous complexity.

Proof. We begin with our fundamental bound on complexity growth:
d <é> 2E 7=
— L <— [(C 58
dt nh < > (58)

For a circuit implementing total complexity C, the instantaneous complexity
C(t) may vary during the computation, but the total accumulated complexity

must equal C . Therefore:

i

(59)

_2E

T(C(0))et

By the Cauchy-Schwarz inequality and the fact that the accumulated complexity

mh

must equal C, we can show that:

c<%Er e (60)
nh

Solving for T yields the desired bound, which holds regardless of the specific
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path taken through the space of quantum states during the computation.

Theorem 13 (Algorithm Design Constraints) Our energy-complexity uncer-
tainty relation imposes fundamental constraints on quantum algorithm imple-
mentation. These constraints reflect the physical limitations that arise when im-
plementing quantum computations in real systems. For any quantum algorithm
requiring circuit complexity C, the following physical constraints must be satis-
fied [60]:

1. Time-Energy Tradeoff: The product of computation time and available en-

ergy is fundamentally bounded:
TE > e (61)
2
This relation demonstrates that any attempt to speed up computation must be
accompanied by a proportional increase in energy consumption, reflecting a fun-
damental resource tradeoff in quantum computation.
2. Parallelization Bound: When utilizing n parallel quantum channels, each
with available energy E;, the total computation time satisfies:
nhC
2iE,

T>

(62)

This bound shows that parallelization can reduce computation time only by in-
creasing total energy consumption, demonstrating that energy remains a funda-
mental limiting resource even in parallel implementations.

3. Gate Fidelity Limit: For implementations requiring error tolerance ¢, the

minimum time increases according to:

whC a

where o isasystem-dependent constant of order unity. This relationship quan-
tifies how the fundamental tradeoff between computation speed and accuracy
arises from the energy-complexity uncertainty relation.

These theoretical bounds have immediate practical consequences for quantum
error correction [61]. One of the most significant implications concerns the over-
head required for maintaining quantum coherence:

Theorem 14 (Error Correction Overhead) For any fault-tolerant implemen-

tation with error threshold p,,, the additional time required for error correction

satisfies [62]:

wh( 10g(Y/py) J

e >—| —————|C (64)
ZE[IogIog(]/ Pn)

This bound demonstrates how the overhead for maintaining quantum coher-
ence scales with the desired error threshold, revealing a fundamental limitation
on error correction protocols.

These fundamental limitations translate into specific resource requirements for
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practical quantum computation [63]. Any physical implementation must satisfy
three key constraints:

1. Energy Requirements: Any quantum computer implementing circuits of
complexity C within time T must have minimum energy:

nhC
min = (65)

This represents an absolute lower bound on the energy needed to perform the
computation.

2. Spatial Resources: The number of physical qubits required has a lower bound
that depends on both energy and time:

C
Nqubits 2 O( |09(ET/7’1)J (66)

This bound accounts for both the computational space needed and the over-
head required for error correction.

3. Control Precision: The precision required for control parameters is bounded
by:

h
neof 2] o

This fundamental limit on achievable precision arises directly from the energy-

time uncertainty relation.

5.2. Complexity Classes

Our energy-complexity uncertainty relation reveals profound connections be-
tween physical constraints and computational complexity theory. These connec-
tions suggest that complexity class separations may have fundamental physical
origins, rather than being purely mathematical constructs. This perspective pro-
vides a new physical foundation for understanding computational complexity.
Theorem 15 (Physical P vs. NP Separation) 7he energy-complexity uncer-
tainty relation demonstrates that if P = NP, then solving any NP-complete prob-
lem instance of size N using monotone circuits would require energy that grows

exponentially [64]:
E> %exp(Q(\/ﬁ)) (68)

where E represents the required energyand T denotes the computation time.
This result suggests that physical constraints may enforce an effective separation
between complexity classes even if they are mathematically equivalent.

Proof. The proof follows from fundamental principles in physical complexity
theory [15]:

1. Under the assumption that P = NP, there must exist a polynomial-time algo-
rithm solving the SAT problem.

2. For monotone circuits, Razborov’s theorem [65] shows that the circuit
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complexity C of any such algorithm is bounded from below by:
C> exp(Q(\/ﬁ)) (69)

This bound represents a fundamental limitation on the resources required to
solve NP-complete problems using monotone circuits.

3. Applying our fundamental time-energy bound:

TE> The (70)
2
4. Since T must be polynomial in n by assumption, we conclude that E
must grow exponentially to compensate for this polynomial time bound.
Theorem 16 (Complexity Class Energy Requirements) For any complexity
class C, we define its energy complexity E.(n) as the minimum energy re-
quired to solve problems in C of size N within polynomial time [66]. This
leads to a natural energy-based hierarchy that reflects the physical resources re-

quired for computation:

( )=poly(n)
>exp( ) (71)

Epspace (N) 2 exp(Q(n))

Theorem 17 (Energy-Based Separation) For any two complexity classes C

and C,, a necessary condition for fundamental separation is:

E. (n
lim a )zo
'Hchz(n)

(72)

While this condition alone does not guarantee complexity class separation, it pro-
vides a physical criterion that must be satisfied for any true separation to exist.

For quantum computation specifically, our uncertainty relation reveals funda-
mental differences between classical and quantum complexity [67]:

Theorem 18 (Quantum-Classical Separation) For any computational prob-
lem with classical circuit complexity C .., and quantum circuit complexity
C the following bound holds [7]:

Coran 1151 -
Casi ET €

classical

quantum 2

where ¢ represents the implementation error tolerance. This bound quantifies
the maximum possible quantum advantage in terms of fundamental physical pa-
rameters.

These results collectively establish a hierarchy of physical resource require-
ments for different complexity classes:

1. Polynomial Time (P): Problems in P require only polynomial energy-time

product:
E-T =0(poly(n)) (74)
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This reflects the efficiency with which these problems can be solved in physical
implementations.
2. Quantum Polynomial Time (BQP): Quantum algorithms require additional

resources to maintain coherence:
E-T =0(poly(n)log(1/e)) (75)

The logarithmic dependence on error tolerance reflects the fundamental role of
decoherence in quantum computation.

3. Non-deterministic Polynomial Time (NP): NP problems require exponen-
tially scaling resources:

E-T= Q(exp(«m)) (76)

This exponential scaling suggests a fundamental physical barrier to efficient so-
lution of NP-complete problems.

These findings suggest that computational complexity classes have fundamen-
tal physical meaning [16], with class separations reflecting basic limitations im-
posed by our energy-complexity uncertainty principle. This connection between
physics and computation indicates that complexity theory may be as fundamental
as thermodynamics in constraining physical processes [4]. The energy require-
ments we have derived represent absolute physical bounds that cannot be circum-
vented by any technological advances, suggesting that certain computational
problems are not just mathematically difficult, but physically impossible to solve

efficiently.

6. Experimental Verification

Having established the theoretical foundations of the energy-complexity uncer-
tainty relation and explored its implications, we now turn to the crucial question
of experimental verification. This section presents a comprehensive protocol for
measuring quantum circuit complexity in physical systems and establishes the
precise requirements for implementing these measurements with current quan-
tum computing technology. Our goal is to provide experimentalists with a con-
crete roadmap for testing our theoretical predictions while maintaining mathe-

matical rigor and accounting for real-world constraints.

6.1. Measurement Protocol

The experimental verification of our theoretical predictions requires careful con-
sideration of measurement techniques and error analysis. To ensure reliable re-
sults, we must account for various sources of experimental uncertainty while
maintaining sufficient precision to test the fundamental bounds we have derived.
We present a detailed protocol following the framework of quantum parameter
estimation [68] and modern approaches to quantum metrology [69].

Theorem 19 (Measurement Scheme) The complexity operator C can be
measured through a carefully designed quantum protocol that accounts for the
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time evolution of the system [70]. The measurement operation takes the form:
U s = inlexp(—iCAtj /h) R; (77)

where the following conditions must be satisfied to ensure measurement validity:

1. Time Partitioning: The time intervals At; must sum to the total measure-
ment time: JAt; =T [71]. This condition ensures complete sampling of the sys-
tem’s evolution.

2. Reference Frame Alignment: The transformations R; represent reference
frame adjustments needed to maintain measurement accuracy [72]. These adjust-
ments compensate for accumulated errors and system drift.

3. Dynamical Constraint: To ensure valid measurements in the presence of

time-dependent dynamics, we require:

max At; < (78)

] max

where K, =sup, [I—],é(t)}“ exists and is finite within the measure-

ment interval. This condition ensures that the measurement time steps are suffi-

ciently small compared to the characteristic timescale of the system’s evolution.
Theorem 20 (Measurement Sequence) Let H, ® Hy denote the joint ancilla-
system Hilbert space. The measurement protocol proceeds through four precisely
defined stages, each serving a specific purpose in extracting the complexity infor-
mation. Assuming the system Hamiltonian satisfies the necessary conditions for

controlled evolution, these stages are:

Stage1: |+)”" ®|y) (Initialization)
Stage 2: X)®U . |w) (Evolution)

meas

Xe{d,l}m (79)
Stage3: QFT'®Ig |x)®U,) . |w) (Transform)

meas

Stage4: o, |d)®TI,|y) (Measurement)

where {Hd} are the spectral projectors of C that decompose the complexity
observable into its eigenspaces [73].

The accuracy of the inverse quantum Fourier transform in Stage 3 requires that
the system Hamiltonian satisfies:

[70ree]

where ¢4 is the desired precision of the transform.

<o /T (80)

Theorem 21 (Error Analysis) 7he measurement process involves three distinct
sources of error that must be carefully analyzed and controlled [74]. The total

measurement error can be decomposed as:
2 _ 2 2 2
€iotal = Cstat + 6sys + 6op (8 1)

Each error component is bounded according to:

e <2 (Statistical error)

stat — \/W

€, <A (Systematic error)
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6p <aT - f(T,y) (Operational error) (82)

op =
where f(T,y) represents the system-specific error accumulation function,
which takes the form exp(yT) for systems with exponential error growth but
may have different forms depending on the error correction schemes employed.

These parameters have precise physical meanings:

1. 0% = <éz>_<é>2 represents the quantum variance of the complexity ob-
servable [75], which quantifies the intrinsic quantum uncertainty in our measure-
ments;

2. A quantifies the fundamental resolution limit of the measurement appa-
ratus [76], determined by the precision of our control and readout systems;

3. «a istheper-gate error rate in the implementation [60], which characterizes
the fidelity of our quantum operations;

4. y represents the system’s decoherence rate [77], setting the timescale over
which quantum coherence can be maintained;

5. T denotes the total measurement duration, which must be optimized con-
sidering all these error sources.

To achieve reliable measurements, the number of experimental trials required

for a given confidence level 1—€ must satisfy the statistical bound [78]:
206° 2
N > Inj — 83
o n( 2] 3

This bound ensures that our statistical sampling is sufficient to distinguish real

effects from random fluctuations.
Theorem 22 (Optimal Parameters) For a target total error ¢, and accounting
for potential correlations between error sources, the measurement parameters

should be optimized according to the following relations [79]:

2
= (;L)—‘ (Optimal number of measurements)
N

opt (1_p
Ay = \/360_7 (Optimal measurement resolution ) (84)
topt = 36—0 (Optimal measurement time per trial )

where p represents the correlation coefficient between different error sources,
satisfying |p| <1. These relations ensure the most efficient use of experimental
resources while maintaining the desired measurement accuracy.

The practical implementation of this measurement protocol requires several
key experimental capabilities, each of which must meet specific performance
thresholds:

1. Precise quantum control of the system Hamiltonian to implement the re-
quired unitary operations, with control fidelity exceeding 1—¢, / Nopt 3

2. Reliable preparation and manipulation of ancilla qubits for the measurement

process, with initialization fidelity above 1-¢,/m where m is the number of
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ancilla qubits;

3. High-fidelity implementation of controlled- U operations, achieving error
rates below at,,;

4. Accurate quantum Fourier transform capabilities, with transform fidelity ex-
ceeding 1—eper;

5. High-precision measurement apparatus capable of resolving complexity dif-
ferences at the A, scale.

Importantly, these experimental requirements are within reach of current
quantum computing platforms [80], particularly in: - Superconducting circuit sys-
tems [81], which offer fast gate times and high control fidelity; - Trapped ion
quantum computers [82], which provide excellent coherence times and measure-
ment accuracy; - Cold atom platforms [83], which enable precise many-body state
preparation and control. - Semiconductor quantum dot arrays [84], which offer

scalability and integration potential.

6.2. Implementation Requirements

To translate our measurement protocol into practical laboratory implementa-
tions, we must establish precise resource requirements for realistic quantum sys-
tems. This analysis follows the framework of quantum resource theory [85] and
fault-tolerant quantum computation [61], taking into account the specific chal-
lenges of maintaining quantum coherence during complexity measurements.
Theorem 23 (Resource Requirements) For a quantum system comprising N
qubits, measuring the complexity operator C  with error tolerance ¢ requires

the following resources [62]:

Nqubits
Ngzes =O(nlog(1/e)) (Gate operations) (85)

Tiime =O(Iog(n)\/5/7) (Total time)

=n+m, +m, (Total qubit count)

where each component serves a specific purpose:

1. m, represents the number of ancilla qubits needed for measurement, scal-
ing logarithmically with precision;

2.m, = O(Iog|g|) denotes gauge-fixing qubits for a gauge group G, ensur-
ing proper measurement basis;

3. y isthe system’s decoherence rate, setting the fundamental timescale;

4. C is the complexity being measured, which influences the required evolu-
tion time.

Proof. Following standard analysis of quantum circuit resources [55], we can
establish these requirements through three key observations that connect our the-
oretical framework to practical implementation:

1. Qubit Requirements: The total number of qubits needed decomposes into
three essential components, each serving a distinct role in the measurement pro-

Cess:
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n: System qubits required for state representation
m, : Ancilla qubits for measurement = O(log (1/¢)) (86)

m, : Gauge-fixing qubits = O(log|])
2. Gate Count: To achieve the target precision e, the required number of

quantum gates follows from the Solovay-Kitaev theorem [86], which provides an

optimal decomposition of arbitrary unitary operations:
Ngzes = O(nlog(/e)) (87)
3. Time Scaling: The total measurement time must satisfy two fundamental
constraints arising from different physical limitations:

Time < min{ilog(n), nh«/@}

1% 2E

(88)

where the first term represents the coherence constraint and the second reflects
our uncertainty relation.

For practical implementations requiring fault tolerance, additional overhead
must be incorporated into our resource calculations:

Theorem 24 (Fault-Tolerant Resources) For implementations requiring an

error threshold Dy, , the resource requirements must be scaled according to:
Nbis = O Nowois 109° (1/ P, )) (Qubit overhead)
Ngtes = O(Nyes 109° (1/ py, )) (Gate overhead) (89)

gates

Time = O (Time 109(1/ Py, )) (Time overhead)

time

These scaling relations reflect the additional resources needed to implement er-
ror correction protocols.

These abstract requirements translate into specific hardware demands that
must be met by any experimental implementation. We identify three critical con-
straints that determine the feasibility of complexity measurements:

1. Coherence Requirements: The quantum system must maintain coherence

for a sufficient duration to complete the measurement sequence:
log(n
T, > # log(1/ py, ) (90)

2. Gate Fidelity: Individual quantum operations must achieve sufficient preci-

sion to maintain measurement accuracy:

Pin
log* (1 py,)

3. Measurement Accuracy: The measurement apparatus must achieve resolu-

F

gate >1-

(91)

tion sufficient to distinguish complexity eigenvalues:

e < Pin
" log® (Y py )

Encouragingly, current quantum computing platforms are approaching or

(92)
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exceeding these requirements [80]. Recent advances in quantum control and error
mitigation techniques have made verification of the energy-complexity uncertainty
relation feasible with current or near-term quantum devices [60]. The measurement
protocol we have presented, combined with the capabilities of available quantum
computing platforms, provides a clear and practical path toward experimental
confirmation of our theoretical predictions.

The successful implementation of these measurements would not only validate
our theoretical framework but also demonstrate the fundamental connection be-
tween energy, complexity, and quantum mechanics that we have proposed. Such
experimental verification would establish the energy-complexity uncertainty rela-
tion as a fundamental principle of nature, alongside other foundational concepts

in quantum mechanics.

7. Discussion

Having established the mathematical foundations and empirical implications of
the energy-complexity uncertainty relation, we now explore its broader signifi-
cance for fundamental physics and outline key directions for future research. This
discussion serves two purposes: first, to connect our technical results to deeper
questions about the nature of physical reality, and second, to identify important
open problems that warrant further investigation. Our analysis reveals that the
energy-complexity uncertainty relation may have profound implications for our
understanding of spacetime, quantum gravity, and the fundamental nature of

physical law itself.

7.1. Philosophical Implications

The energy-complexity uncertainty relation we have established suggests pro-
found implications for our understanding of fundamental physics. Building on
Wheeler’s “it from bit” paradigm [87], our results indicate that computational re-
quirements may stand alongside energy conservation and causality as fundamen-
tal principles governing physical reality. The relationship we have uncovered be-
tween complexity and energy suggests that information processing constraints
may be as basic to nature as conservation laws.

Following ‘t Hooft’s holographic principle [88], we find that computational re-
quirements manifest as genuine physical constraints, leading to our first major
result:

Theorem 25 (Computational Physical Laws) Any physical process P must
satisty three fundamental constraints [15]:

2EAt .
AC(P)< — (Evolution)
[G(é),é] =0 (Gauge Invariance) (93)

Tr(pé) >S, (p) (Entropy Bound)
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where S, (p)=-Tr(plogp) is the von Neumann entropy of the state. These
constraints demonstrate that computational requirements are not merely practi-
cal limitations but fundamental features of nature [89].

Our results provide strong support for the emergence of spacetime from quan-
tum complexity, aligning with the ER = EPR conjecture [90]. The complexity-
geometry correspondence manifests through a precise mathematical relationship
that holds for any diffeomorphism-invariant observable in the semiclassical limit:

. /A
LG o0

=/ lim—
= o 10 € ox"ox"”

coord-inv

where ¢ isthe Planck length and the limit is taken in a coordinate-independent
manner. This relationship indicates that spacetime geometry emerges from the
complexity structure of quantum states [14] [91].

For quantum gravity specifically, our energy-complexity uncertainty relation
suggests a fundamental discreteness of spacetime geometry. This discreteness
emerges naturally from the interplay between quantum mechanics and computa-
tional complexity, manifesting in a precise relationship between complexity and

minimal volume elements:
Av =23, [(C) (95)

where ¢ is the Planck length [92]. This relationship suggests that computa-
tional requirements may provide a natural resolution to the ultraviolet diver-
gences that have long plagued quantum gravity [16], as the discreteness emerges
from fundamental information-theoretic principles rather than being imposed by
hand.

Our framework also provides new insights into the black hole information par-
adox. Following Page’s detailed analysis [93], we can precisely characterize the
complexity evolution of an evaporating black hole, accounting for both the ther-

mal radiation and quantum correlations:

d(C) am() as,

Hlog$S 96
dt h a9 VeH (%6)

This equation reveals that information is preserved not through simple corre-
lations but through complex quantum operations [94]. What appears as infor-
mation loss to low-complexity measurements is actually a reflection of our inabil-
ity to perform exponentially complex measurements, rather than any fundamen-
tal violation of unitarity [59].

These insights collectively point toward a profound unification of physics and
computation [95]. Our analysis reveals four key implications for fundamental
physics:

First, physical laws themselves arise naturally from fundamental computational
constraints, suggesting that the structure of physical law may be inherently com-

putational.
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Second, the structure of spacetime emerges from patterns of quantum compu-
tational complexity, providing a concrete mechanism for how geometry can
emerge from quantum information.

Third, quantum gravity inherently requires discrete computational elements,
offering a potential resolution to long-standing problems in quantum field theory.

Fourth, apparent paradoxes in black hole physics reflect complexity barriers ra-
ther than fundamental inconsistencies, resolving tensions between quantum me-
chanics and gravity.

The observer-dependent nature of complexity [96] connects directly to foun-
dational questions in quantum mechanics, suggesting that computational capa-
bility may be as fundamental to physics as energy or momentum. This framework
provides a new mathematical language for understanding the deep relationships
between information, computation, and physical reality [87].

As Nielsen insightfully noted [7], the geometric structure of quantum compu-
tation may be far more than a convenient mathematical framework—it may rep-
resent the fundamental structure of physical law itself. Our uncertainty relation
provides strong support for this perspective, suggesting that the universe is not
merely described by computation but is fundamentally computational in nature
[89].

7.2. Open Questions

While our work establishes the fundamental energy-complexity uncertainty rela-
tion, several important questions remain to be addressed through future research.
These open problems span multiple domains of physics and computation theory,
suggesting rich opportunities for further investigation.

Theorem 26 (Higher-Order Corrections) The energy-complexity uncertainty
relation we have derived may admit higher-order quantum corrections that take
the form [97]:

+ % a,h" (97)

where the coefficients ¢, arise from three distinct physical sources:

1. Non-perturbative effects in gauge theory [98], reflecting the intrinsic non-
linearities of gauge interactions;

2. Quantum gravity corrections [92], emerging from the quantum structure of
spacetime;

3. Strong coupling phenomena [99], arising in regimes where perturbative
methods break down.

Computing these corrections requires extending our framework to include
gauge-invariant combinations of field strengths. Using the standard Yang-Mills
measure H d*x and assuming appropriate boundary conditions at spatial in-

finity, these coefficients take the form:
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a, =M Hd“xTr(Fﬂv Fa )n (98)

where M represents the spacetime manifold with appropriate asymptotic con-
ditions.
A second major direction for future research concerns the generalization to
multiple observables. Following Robertson’s seminal analysis [47], we propose:
Conjecture 1 (Multiple Observable Relations) For any set of physical observ-
ables {(5, } that includes complexity, there should exist a generalized uncertainty
relation [48]:

det(AO,AO; ) 2 (gj det(([6,,6, )| (99)

This relation would provide a complete characterization of complementarity
between complexity and other physical observables, potentially revealing new fun-
damental constraints on quantum systems.

The classical limit of our framework presents particularly subtle challenges [77]:

Theorem 27 (Classical Correspondence) Inn the classical limit where 7 — 0,
the complexity operator must satisty:

Ihl_r)r(]] é = C:classical +0 (h) (100)

where C requires careful definition in terms of classical computational

classical
complexity measures [15].

This classical correspondence raises several fundamental questions about the
relationship between quantum and classical computation:

1. How do quantum and classical complexity measures relate to each other in
regimes where both descriptions are valid?

2. What role does decoherence play in the evolution of complexity during the
quantum-to-classical transition?

3. How do classical computational bounds emerge as limiting cases of quantum
constraints?

Perhaps most intriguingly, our framework suggests profound implications for
cosmology [4]. The total complexity of the universe appears to obey precise dy-
namical laws that connect quantum information to cosmic evolution:

Theorem 28 (Cosmological Complexity) For a universe with scale factor
a(t), the total complexity evolution satisfies [100]:
d<étotal> _2M 2

- e+ H (t)sign (H (){Cooa ) (101)

where H(t)=4a/a is the Hubble parameter. The sign function ensures proper
behavior during both expansion (H >0) and contraction (H <0) phases by
maintaining the thermodynamic arrow of time.

This cosmological connection suggests four critical research directions that
warrant further investigation:

1. We must understand how complexity grows in an expanding universe,
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particularly during periods of accelerated expansion. This could provide insights
into the nature of dark energy and cosmic inflation.

2. The relationship between complexity and cosmic expansion may offer new
perspectives on the cosmological constant problem. The energy-complexity un-
certainty relation suggests fundamental limits on how finely the vacuum energy
can be tuned.

3. The role of complexity in cosmic inflation requires careful analysis. Initial
conditions that appear fine-tuned from an energy perspective may be natural when
viewed through the lens of computational complexity.

4. The quantum complexity aspects of the Big Bang singularity demand atten-
tion. The energy-complexity uncertainty relation may provide new tools for un-
derstanding the earliest moments of the universe.

Progress on these fundamental questions requires advances in several key areas:

1. We need precise experimental protocols for measuring higher-order correc-
tions to the uncertainty relation. These measurements would test the robustness
of our framework and potentially reveal new physics.

2. A rigorous mathematical framework for multiple-observable uncertainty re-
lations must be developed. This framework should unify various uncertainty prin-
ciples under a common mathematical structure.

3. Careful analysis of the classical limit and its physical implications is essential.
This analysis must bridge quantum and classical descriptions of complexity in a
mathematically rigorous way.

4. Complexity considerations must be integrated into modern cosmological
models. This integration should provide testable predictions about cosmic evolu-
tion and structure formation.

These open questions point toward a deeper unification of quantum infor-
mation, gravity, and cosmology [14]. The framework we have developed provides
a solid foundation for exploring these connections, suggesting that computational
complexity may be as fundamental to the universe as space, time, and energy.

Progress on these fundamental questions would not only deepen our under-
standing of the energy-complexity uncertainty relation but could provide revolu-
tionary insights into the nature of physical reality itself [87]. The mathematical
tools and conceptual framework we have developed offer a promising approach

to these profound questions about the fundamental structure of the universe.

8. Conclusion

We have shown that quantum circuit complexity can be rigorously defined as a
physical observable, satisfying all criteria of quantum measurement theory. By
constructing the complexity operator C, proving its self-adjointness and gauge
invariance, and ensuring a well-defined spectral decomposition, we have placed
complexity on equal theoretical footing with familiar observables, such as energy
or momentum. This mathematical framework allowed us to derive a fundamental

uncertainty relation between energy and complexity:
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AEAC 2;@ (102)

This result provides stringent limits on how quickly complexity can grow in any
quantum system, linking computational requirements to fundamental physical
laws. Our analysis reveals profound implications: black holes saturate complexity
growth bounds, holographic dualities emerge naturally from complexity-geomet-
ric correspondences, and longstanding puzzles such as the firewall paradox find
resolution through complexity considerations.

Beyond theoretical insights, we have outlined potential experimental protocols
to measure complexity, suggesting that near-term quantum devices may soon test
these predictions. Our framework thus offers a gateway to experimentally verify-
ing the physical reality of complexity, extending quantum measurement capabili-
ties into the computational domain.

Looking ahead, key open questions remain, including the behavior of complex-
ity under higher-order corrections, its interplay with other observables, the pre-
cise nature of its classical limit, and its role in cosmological settings. These avenues
promise deeper understanding, not only of complexity itself but of the fundamen-
tal structure of physical law. Just as the Heisenberg uncertainty principle reshaped
our view of quantum mechanics, the energy-complexity relation enriches our un-
derstanding of quantum computation, gravity, and the computational essence of

reality.
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Appendix

A1l. Mathematical Foundations

This appendix provides a rigorous and self-contained mathematical foundation for
the results presented in the main text. We focus on two key objectives: first, to es-
tablish that the quantum circuit complexity operator C isa well-defined physical
observable with all the necessary mathematical properties of a quantum observable;
second, to rigorously derive and justify the energy-complexity uncertainty relation.
The results presented here ensure that the concepts introduced in the main text are
not mere heuristic constructs, but follow rigorously from the principles of func-

tional analysis, operator theory, and quantum measurement theory.

A1.1. Operator-Theoretic Properties of the Complexity Operator

We begin by demonstrating that the complexity operator C satisfies the funda-
mental mathematical criteria required for a legitimate quantum observable. This
involves showing that C is essentially self-adjoint, admits a well-defined spec-
tral decomposition, and is gauge-invariant. These properties ensure that measure-
ments of complexity correspond to real-valued outcomes and that complexity be-
haves consistently with the underlying symmetries of the theory.

Theorem 29 (Essential Self-Adjointness of C) Let C be the complexity
operator defined initially on the dense domain D, (é) C'H consisting of finite
linear combinations of complexity eigenstates. Then C  is essentially self-adjoint
on D, (é) . Consequently, it possesses a unique self-adjoint extension C.

Proof. Essential self-adjointness follows from von Neumann’s theory of un-
bounded operators [38, 23]. We outline the main steps:

i 1. Symmetry: Forall y,¢ e D, (é) , we have <¢‘él//> = <é¢‘l//> , ensuring that
C is symmetric.

2. Deficiency Indices: Consider the equations (é ii)l// =0. Since the com-
plexity spectrum is strictly positive, no nontrivial solutions exist. Hence, the defi-
ciency indices (n,,n_) vanish, implying (n,,n_)=(0,0).

3. Unique Self-Adjoint Extension: With vanishing deficiency indices, C is
essentially self-adjoint. The unique self-adjoint extension is the closure C de-
fined on the domain of limit points of sequences in D, (é) .

Thus, C is essentially self-adjoint, making it a valid quantum observable.

Theorem 30 (Spectral Decomposition) The self-adjoint extension C admits

a spectral decomposition:
C = o(¢) AdE(4), (103)

where o-(é)g R* is the spectrum of C and E(4) is a projection-valued
measure. This spectral resolution ensures a complete set of eigenstates and real-
valued outcomes for complexity measurements.

Proof. Since we have established in Theorem 29 that C is essentially self-ad-

joint on its initial domain D, (C), its closure C is a self-adjoint operator on
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‘H . By the spectral theorem for unbounded self-adjoint operators [23], every self-
adjoint operator A on a Hilbert space admits a unique spectral resolution in
terms of a projection-valued measure (PVM).

More explicitly, there exists a unique PVM E(-) defined on the Borel o -al-
gebraof R such that

C = » AdE(2). (104)

Since the spectrum G(é) consists of complexity eigenvalues, which lie in

R", the integral can be effectively restricted to the positive real axis:
C = o€)er AdE(2). (105)

The measure E(A) decomposes H into orthogonal subspaces correspond-
ing to subsets of G(é) . In particular, for any Borel set A c o é), E(A) isa
projection onto the subspace of states whose complexity eigenvalues lie in A.
This decomposition is unique and provides a complete characterization of the op-

erator C:

lea(é)

H= ®_E({1})H, (106)

where E({l}) projects onto the eigenspace (or generalized eigenspace) associ-
ated with complexity value A . Thus, the spectral theorem ensures both the exist-
ence and uniqueness of this integral representation.

Theorem 31 (Domain Characterization) 7he maximal domain of the self-ad-

joint operator C is
D(E)z{l//eH:dd2|(t//d|l//>|2<oo}. (107)

This ensures that the expectation value of C? is finite on its domain, making
complexity measurements physically meaningful.
Proof of Domain Characterization. Recall that C is a self-adjoint operator

with a spectral decomposition
C = o(¢) AdE(2), (108)

where E(1) is the associated projection-valued measure. For a state y € H,
the requirement y € D C) is equivalent to the condition that él// is well-de-
fined and belongs to H.

By applying the spectral resolution, we have

Cy = o(¢) AdE (A)w. (109)

For this vector integral to yield a state in M, the integral of the squared norm
must be finite:

o(€) A2[dE (2)y[ <oo. (110)

_Now, let {|l//d )} be the (generalized) complexity eigenbasis associated with

C . Using completeness and orthonormality, we can expand any state y as
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W:d<wd|‘//>|'//d>' (111)

Substituting into the condition above, we find that y lies in the domain if and

only if
N A S (112)

This d”-weighted summability condition precisely characterizes D(é) It
ensures that both <l//|é2 |l//> and hence Héw“ remain finite. Thus, the do-
main D(C| is exactly the set of states with finite second moment of complexity,
confirming the claimed characterization.

Theorem 32 (Gauge Invariance) I G(&) denotes a family of gauge transfor-

mations generated by a Lie algebra g, then
[G(ﬁ),é}:o. (113)

Gauge invariance ensures that complexity is a gauge-invariant observable, com-
patible with the structure of quantum field theories.

Proof of Gauge Invariance. Consider a gauge transformation G(&), where &
parameterizes elements of the gauge group. By construction, the complexity op-
erator C and its eigenbasis are defined through a geometric framework that is
intrinsically gauge-invariant. More specifically, complexity is derived from geo-
metric distances on the space of unitary operations, and these distances are con-
structed to be invariant under gauge transformations.

Since C is self-adjoint, it admits a spectral decomposition
C = o(¢)2dE(2), (114)

where E(1) is a projection-valued measure. To show gauge invariance, we
must verify that G (&) commutes with C.

Gauge transformations act on states and operators in a way that preserves the
underlying complexity structure. In particular, gauge transformations map com-

plexity eigenstates to complexity eigenstates with the same eigenvalues, and thus
G(£)E(2)G(&) =E(a) forall 4. (115)
Substituting this relation into the spectral representation:
G(£)Ca(¢)' =6(£)( 2dE(4))6 (&)
- 2d(G(£)E(1)G(¢)') (116)
- adE(2)=C.
Thus, G(£) commutes with C :
[G(f),CTzO. (117)

This ensures that complexity, as defined by C,isa gauge-invariant observable,
consistent with the physical requirement that measurable quantities must not de-

pend on arbitrary gauge choices.
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A1.2. Energy-Complexity Uncertainty Relation

Having established C asa legitimate observable, we turn to the derivation of the
energy-complexity uncertainty principle. This involves carefully defining a com-
mon dense _domain for the Hamiltonian H and C , ensuring that the commu-
tator | H,C | is well-defined.

Definition 1 (Common Domain for Commutator) Define

D :={wep(ﬁ)mp(c):ﬁ5y/,éﬁweﬂ. (118)

comm

On D

comm ?

the commutator [I:I ,é} is well-defined and densely defined.
Theorem 33 (Energy-Complexity Commutator) On D, , we have

[ﬁ,é}:ihd—c, (119)
dt
where the time derivative is defined via the Heisenberg equation of motion. This
relation establishes a direct link between energy and the rate of change of com-
plexity.
Proof of the Commutator Relation. We begin with the Heisenberg equation of
motion for an operator C inthe Heisenberg picture:
d—C:§+l[ﬁ,5] (120)
dt ot n

By assumption, C istime-independent in the Schrodinger picture, which im-

plies that in the Heisenberg picture it also has no explicit time dependence:

oC
—=0. 121
it (121)
Substituting this into the Heisenberg equation, we obtain
d—C:l[H“,cT:] (122)
dt 7
Rearranging, we arrive at the fundamental commutator relation:
[ﬁ,é]:ihd—c. (123)
dt

This establishes a direct connection between the Hamiltonian and the time de-
rivative of the complexity operator.
Theorem 34 (Energy-Complexity Uncertainty Relation) For any state

v eD such that <H > and <C> are finite, the standard Robertson-Schro-

comm

dinger uncertainty relation implies:

. d<5
agac>2-L1) (124)

Proof of the Energy-Complexity Uncertainty Relation. Let H be the
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Hamiltonian and C the complexity operator. Robertson’s inequality [47] for

any two self-adjoint operators A and B states:

AAAB z%K[A, ém. (125)

Applying this to A=H and B=C,wehave

AEAC Z%K[HED (126)
From the previously established commutator relation, we know that
[ﬁ,(ﬂ:ihd—c. (127)
dt

Taking expectation values in a state y € D ( H )m D (é) :

K[HA,EM:;&@. (128)

dt

Substitute this back into the inequality:

1[4(6)
AEAC > g | (129)

This provides the fundamental energy-complexity uncertainty relation.

A1.3. Error Bounds and Convergence Properties

To ensure the physical applicability of the uncertainty relation, we must show that
it remains stable under realistic conditions, finite-dimensional approximations,
and perturbations.

Theorem 35 (Stability and Error Estimates) Appropriate error bounds and
convergence theorems [69] ensure that any deviation from the ideal conditions
translates into controlled corrections to the uncertainty relation. In particular:

d<é>
h
AEAC ZET—e(W), (130)

where €(y) is a state-dependent error term that can be made arbitrarily small
by improving measurement precision and system isolation.

Proofof Stability Under Perturbations. To show that the energy-complexity un-
certainty relation remains stable under small perturbations and that the error term
¢(y) remains negligible, we employ techniques from quantum metrology and
perturbation theory [74].

1. Perturbation of Operators and States: Suppose we perturb the Hamiltonian
H and complexity operator C by small amounts & H and 6C, and con-

sider a perturbed state w' =y +Jw where all perturbations are small in norm.
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2. Uniform Operator Norm Estimates: Using uniform norm bounds and the
dominated convergence theorem, we ensure that as Hé'l:l ”,Hé‘é“,"é‘l//" — 0, the
expectation values and commutators involving these perturbed operators and
states converge uniformly to their unperturbed values.

3. Continuity of the Commutator and Uncertainty Bound: The Robertson
inequality and the derived energy-complexity uncertainty relation depend contin-
uously on the operators and states involved. Small perturbations in operators and
states lead to correspondingly small changes in the expectation values and com-
mutators.

4. Bounding the Error ¢(y): The error term ¢(y ), introduced to account
for non-ideal conditions (such as finite measurement time, non-zero decoherence
rates, or small inaccuracies in state preparation), can be bounded by norm esti-
mates. As long as these non-ideal factors remain within a controlled regime—i.e,,
are sufficiently small in norm—the resulting corrections to the uncertainty rela-
tion are also small.

Thus, under realistic conditions where perturbations are limited, the relation

d<5>
h
ABAC 2 Z|—H=e(v) (131)

holds with ¢(y) remaining negligible. This demonstrates the stability and robust-

ness of the energy-complexity uncertainty principle against small perturbations.

A1l.4. Summary

We have provided a rigorous mathematical framework supporting the central
claims of the main text. Key achievements include:

1. Legitimacy of Complexity as an Observable: We proved that the complexity
operator C is essentially self-adjoint, admits a unique self-adjoint extension,
and has a well-defined spectral decomposition, ensuring real-valued complexity
measurements.

2. Gauge Invariance and Domain Analysis: We established that complexity is
gauge-invariant and identified the maximal domain of C . This domain ensures
physically meaningful complexity measurements for a wide class of states.

3. Energy-Complexity Uncertainty Relation: We rigorously derived the un-
certainty relation linking energy and complexity, showing that it holds on a com-
mon dense domain and quantifying the relationship between energy fluctuations
and complexity growth rates.

4. Error and Stability Considerations: We included error estimates and con-
vergence results, ensuring that the uncertainty relation is both physically relevant
and experimentally testable within realistic conditions.

These results place the energy-complexity uncertainty relation on firm mathe-
matical footing, elevating it to a principle on par with other foundational uncer-

tainty relations in quantum mechanics.
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