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Abstract

Employing Boyer-Lindquist coordinates we show that the Kerr solution to the

field equations of General Relativity leads to the conclusion that relativistic
: . - L dr .
particles experience gravitational repulsion, prea >0, in the weak-field re-

gime, i.e, as measured by distant observers. We consider only particles mov-
ing in axial motion or in the equatorial plane in the Kerr field. In both cases
to the first order in weak fields relativistic particles experience gravitational

acceleration, dzl’/d'[2 =429, where g= Grll/l :

We reconcile the asymptotic

result of McGruder (1982) and Krori & Barua (1985) with a systematic weak-
field expansion, and identify higher-order Kerr corrections. The influence of
rotation only becomes apparent in the second order. Implications for ultra-
relativistic particles, ultra-high-energy cosmic rays, and compact astrophysi-
cal sources are discussed. After showing that gravitational repulsion exists in
the Kerr field, we make it clear that gravitational repulsion corresponds to
physical reality in both the Schwarzschild and Kerr fields.

Keywords

General Relativity, Kerr Metric, Gravitational Repulsion

1. Introduction

A substantial body of work has examined particle motion and acceleration in
curved spacetimes, including both invariant and coordinate-dependent descrip-
tions. Standard treatments of geodesic motion and observer dependence in Gen-
eral Relativity may be found in [1] [2]. Detailed analyses of particle trajectories

and energy extraction processes in Kerr spacetimes have also been widely studied
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in astrophysical contexts [3]-[5]. These works provide the broader theoretical
framework within which the present analysis may be situated.
As far back as 1916 it was discovered by [6] [7] and independently [8] [9] that

2

r
>0,

a particle in radial motion will experience gravitational repulsion, pres

in the Schwarzschild field, if its Schwarzschild velocity obeys the inequality:

dr 1 a
it ﬁ(l‘ﬂ M

where « isthe Schwarzschild radius:
o =2GM 2)

and where M is the mass of the gravitating body, G is the gravitational con-
stant and the speed of light, ¢ =1. See [10] for the details of the history of this
discovery.

After the discovery of gravitational repulsion decades of confusion and debate
ensured. It was not until 1982 [11] that we were able to clarify the existence of
gravitational repulsion in the Schwarzschild field. We applied our results to ex-
plain the acceleration of cosmic ray protons to ultra high energy via gravitational
repulsion [12]. Next we used it to explain the acceleration of cosmic ray neutrinos
to very high and ultra-high energy [13]. We also identified the type of sources that
emit these particles. Also, we employed the theory to delinate the sources of very
high and ultra-high energy cosmic ray protons [14].

All the above works assumed that the gravitational field of the sources are de-
scribed by the Schwarzschild metric. Others discovered that gravitational repulsion
exists in other metrics and other physical circumstances. Dickau, Kauffmann and
Robertson employ it to solve the problem of the accelerating expansion of the uni-
verse (in preparation). [15] investigated gravitational repulsion in the Einstein-zero-
mass scalar theory. [16] discussed gravitational repulsion in an expanding ball of
dust. [17] considered gravitational repulsion in the Kerr-Newman anti-de Sitter
spacetime. [18] examined into gravitational repulsion in the Reissner-Nordstrom
and Schwarzschild spacetimes. [19] showed that the emission of gravitational waves
leads to a repulsive gravitational force that diminishes with time but never disap-
pears. They speculated that the repulsive force may be related to the observed expan-
sion of the Universe. [20] pointed out that gravitational repulsion could appear in
satellite experiments with beams of relativistic particles subject to very precise time
measurements. [21] pointed out that gravitational repulsion occurs in geodesics in a
quash-spherical spacetime. [22] investigated a number of aspects of the phenomenon
of gravitational repulsion in static sources of the Reissner-Nordstrom field.

[23] studied gravitational repulsion in the Kerr and Kerr-Newman fields of
black holes. Our work differs from their work in two major respects. Firstly, their
work does not explicitly isolate the higher-order rotational contributions to the
gravitational acceleration in expanded form.

Secondly, we emphasize that our results for gravitational repulsion in the Kerr

field apply exactly to rotating black holes. However for rotating stars, brown
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dwarfs, and planetary bodies, the Kerr metric may serve as an approximation in
appropriate regimes, but does not represent the exact exterior solution. This is
important because in [13] we show that stellar mass bodies are the sources of ultra
high energy neutrinos and in [14] we show that brown dwarfs are the sources of
very high energy cosmic ray protons, while planetary mass bodies are the sources

of the most energetic ultra high energy cosmic ray protons.

2. Gravitational Acceleration in the Kerr Field

We follow the approach of [11] to derive the gravitational acceleration in the Kerr

field. The Kerr metric, Equation 3, describes the spacetime of a rotating gravitating

. J .
source. The parameter a is defined as a = where J is the total angular

momentum and M is the mass of the source (in units with ¢ =1). We express the
Kerr metric in Boyer-Lindquist coordinates because in the limit a — 0, these coor-
dinates reduce to the Schwarzschild form, so that the motion in the two fields may be

compared directly in terms of the same coordinate time t without ambiguity.

2.1. Asymptotic Interpretation and Conserved Energy

The Kerr spacetime is asymptotically flat. As r — oo, the metric reduces to Min-
kowski spacetime, whereby the coordinate time t becomes the proper time of
inertial observers at infinity. The conserved quantity, E =-p,, is therefore inter-
preted as the relativistic energy per unit rest mass measured by distant observers.

Specifically, the quantity E denotes the conserved energy per unit rest mass
associated with the stationarity, that is time independence, of the Kerr field,
E =—p, . Its conservation does not contradict gravitational repulsion in the sense
of [11]. The conserved quantity E refers to the particle’s energy integral,
whereas gravitational repulsion is determined by the sign of the radial acceleration
with respect to the distant observer’s time t. Thus a particle may have constant
E and yet exhibit positive radial acceleration dzl’/ dt* >0 for distant observers.

In the sense of [11], gravitational repulsion is defined with respect to the coor-

dinate time t of distant observers, who are located in weak fields. Thus the sign
2
of —! determines whether the field is attractive or repulsive for such observers.
dt
d’r , . , L dr ,
If pres >0, the field is repulsive for distant observers; if pres <0 the field is at-

tractive for distant observers.

2.2. Kerr Metric and Constants of Motion

The Kerr metric in Boyer-Lindquist coordinates is

2
ds’ =—(1—“—rjdt2——2“ars'” % dtdg+Zdr +2d6?
z z A 3)

sin” d¢?,

, ., oaa’rsin®é) .
et ————

DOI: 10.4236/jmp.2026.175029 681 Journal of Modern Physics


https://doi.org/10.4236/jmp.2026.175029

C. H. McGruder Il

where
Y=r?+a’cos’0, A=r’-ar+a’ (4)

The quantities: E=-p,, L,=p, and Q are constants of motion of geodes-
ics in the Kerr spacetime. Qis the Carter constant or Carter’s constant of motion.
It is an additional conserved quantity associated with motion in the polar direc-
tion. Setting Q=0 restricts the motion to a plane. These are not parameters of
the metric itself. Setting: L, =0 and Q=0 doesnot alter the Kerr metric; it re-

stricts the class of geodesics under consideration.

Moreover,
dt dg¢
L,=9,—+09,,—,
z g"’tdz' gwdr
so that even when L, =0,
dl:_%ﬁggo
dr g, dr

in general. This is the effect of frame dragging. Only on the symmetry axis, where
g, =0, does one obtain the closest Kerr analogue of purely radial motion in the
Schwarzschild field.

2.3. Axisymmetric Motion and Coordinate-Time Acceleration

In this section we restrict our attention to geodesics on the symmetry axis,
6=0,L,=0, Q=0
Then
T=r’+a’, A=r’—ar+a’

and the metric reduces to

A r’ +a’
ds® = - dt? + dr?. 5
r’ +a’ A ©)
2.3.1. Energy Integral
Using the geodesic Lagrangian
dx* dx”
2L=09,——, 6
9uv dr dr ()
and Equation (5), we have
2 2 2 2
2L=-—2 ﬂjﬁ”‘ (ﬂj 7)
r-+a°\dr A \dr
Since the metric is independent of t, the conjugate momentum is conserved:
oL A dt
E=-p =- = —. 8
P o (dydr) P ealdr ®
Thus
dt E(r*+a’
o _E(re) 0

dr A

DOI: 10.4236/jmp.2026.175029

682 Journal of Modern Physics


https://doi.org/10.4236/jmp.2026.175029

C. H. McGruder Il

2.3.2. Radial First Integral

The timelike normalization condition gives

dx* dx"”
—_— =-1, 10
“dr dr (10)

or
A (dt)\ r2sal(dr)
— — | + — | =-1 11
r’+a’ (dr) A (dr) (D)
Substituting Equation (9) yields
dr Y’ 2 A

— | =E° - . 12
(drj r’+a’ (12)

Our derivation applies to timelike test-particle geodesics and outward-moving

trajectories. Massless particles are outside the scope of this work.

2.3.3. Transformation to Coordinate Time

Define
. dr
f=—.
dt
Then
f:%_ (13)
dt/dr

Differentiating with respectto t gives

2 2 2
dr__ 1 d_g_(ﬁj im(ﬂj , (14)
dt (dt/dr) dr dr ) dr dr

From Equation (9),

d dt 2r  2r-a 2r 2(r-a/2)
—In| —|= 2 7 = 2
dr r-+a A r+a A

s . (15)

A straightforward calculation using the proper-time radial equation then yields

dzr:|:2(r—a/2) 2r :|f2

di? A r’ +a?
A2 o (rF-a?) a’(E®-1)(3r’-a?) (16)
Ez(r2+a2)2 2(r2+az)2 (r2+a2)3 .

This is the Kerr analogue of Equation (12) of [11].

2.3.4. Weak-Field Relativistic Limit
For r>a and r>a, Equation (16) becomes

dr a ., a (az a’ aazJ

=i = 4
dt?  r? 2E?r?

ot

(17)

For relativistic motion,
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rzzl—é,
so that
d’r « 3 a? a’ ga’
— = 2-—= [+ 0| =,—, . 18
dt? 2r2( Ezj (rs r* s (18)
Thus, for
E2>%, (19)

the field is repulsive for distant observers. In the ultra-relativistic limit E >1,

dr « GM «
—_——= 2 y = = — 20
T U R P 20
The corresponding critical velocity condition is
1
F>—. (21)
\2E

2.3.5. Higher-Order Expansion and the Comparison with McGruder and
Krori

Expanding Equation (16) to higher order, one obtains

d’r o« a? 3a’ 4ad’ L0 a® afa’ a’ (22)
a> > ot ot A S
The individual terms in Equation (22) have distinct interpretations:
ﬁz leading Schwarzschild term, (23)
r
aZ
—— post-Newtonian mass correction, (24)
r
aZ
—;— Boyer-Lindquist coordinate contribution, (25)
r
4@’
- genuine Kerr spin correction. (26)

r4

At first sight, Equation (22) appears to differ from the results of [11] and [23],

who obtain

ap =+29

for ultra-relativistic radial motion. There is, however, no contradiction. McGruder
and Krori evaluate the exact geodesic expression for the radial coordinate accel-
eration and then take the asymptotic limit r — oo . By contrast, Equation (22) is
a weak-field expansion of the same exact expression in powers of 1/r.

Thus,

2

. dr a
lim—-=—-=2g, 27
rﬁwdtz r2 g ( )

while Equation (22) shows the subleading corrections that appear before the as-
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ymptotic limit is taken. The result +2g is therefore the universal asymptotic be-
havior, whereas the additional terms in Equation (22) describe post-Newtonian

and rotational corrections in the weak-field regime.

2.3.6. Graphical Comparison of Schwarzschild and Kerr Repulsion

To illustrate the effect of rotation, Figure 1 compares the weak-field ultra-relativ-
istic Schwarzschild acceleration with the corresponding Kerr acceleration. For the
Schwarzschild field we use

2
r2

2
a
3

as(r)=z-7

while for the Kerr field we use Equation (22),

_a o 3% 4bad
A

The plotted Kerr curve corresponds to the illustrative choice a.=a/M =0.95.
The two curves coincide asymptotically, where both reduce to the universal limit
ap — 29, but differ at smaller radii where the spin-dependent Kerr corrections

become non-negligible.

Schwarzschild and Kerr Gravitational Repulsion vs. Radius

— Schwarzschild
--- Kerr, a, =0.95

2
0.1 9

ap M

5-1072

Figure 1. Comparison of the weak-field ultra-relativistic radial coordinate acceleration for
the Schwarzschild and Kerr fields as a function of radius. Here X = I’/ M , and the vertical
axis shows the dimensionless quantity a,M . The Kerr curve uses the illustrative spin pa-
rameter a. =0.95. At large radii the two curves approach the same asymptotic behavior,
ap — 29 , while at smaller radii the Kerr spin corrections produce a visible deviation from

the Schwarzschild result.

Note on Figure 1. Figure 1 corresponds to motion on the symmetry axis only,
for which =0, L,=0,and Q=0. A separate graph for equatorial motion is
not shown, since in the weak-field ultra-relativistic limit the equatorial accelera-

tion has the same leading behavior,

d’r «
2

~

— ~Z =2q,
dt> r g

as the axial case. Differences between axial and equatorial motion appear only in

the subleading rotational and coordinate-dependent terms.
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2.4. Equatorial Motion

For motion in the equatorial plane, the leading weak-field result has the same form as
Equation (18) for sufficiently energetic outward-moving particles. Thus the repulsive
behavior persists away from the symmetry axis to leading order, although higher-or-
der rotational corrections depend on the detailed geometry of the trajectory.

Relativistic Motion in the Equatorial Plane

We now consider motion in the equatorial plane: 9:% and Q=0. Since

frame dragging prevents motion from remaining strictly radial in the Schwarz-
schild sense, the closest equatorial analogue is obtained by taking: L, =0 so that
the particle has zero conserved axial angular momentum even though its Boyer-

Lindquist azimuthal motion need not vanish.

Define
A=r?—ar+a® C(r)=r’+a’r+aa’ r=%.
Then
d’r _ EJFZ(r—oz/Z)_3r2+aZ 2
dt> | r A C(r)
28
At | @ @(1-E®) 3qa’E? 29
+ -+ - :
EZC(r)Z 2 r 2r?

This is the equatorial Kerr analogue of Equation (16) for a particlewith L, =0.
In the weak-field limit,

r>a, r>a,

Equation (28) becomes

d’r a, a a’ 1 o’ ad® a'
=t oI5 40| s | (29)
dt® r 2E°r° r E r’oror

The term proportional to az/ r® is a Boyer-Lindquist coordinate effect, since
even for M =0 these coordinates reduce to oblate spheroidal coordinates in flat
spacetime. Removing this flat-space contribution, the gravitational part of the

weak-field acceleration becomes

2 2 2
Ir_ap @ +o(“—,ﬂ} (30)

de? 2 2B’ ot
Hence
d’r « 3 o’ ad’
—=—|2-— |+0| = ,=——|, 31
dt? 2r2( Ezj (r3 rt (31)
and therefore, for E>1,
d’r «
@~ Y (32)

Thus the equatorial Kerr case gives the same leading relativistic repulsion for
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distant observers as the axial case.
2
The condition for repulsion is again: prel >0, which yields

r> (33)

1
e
Thus, both on the axis and in the equatorial plane, the Kerr field is repulsive for
distant observers when the outward-moving particle is sufficiently relativistic. To
leading order,
d’r _
P
and the critical velocity is determined by Equation (21) or Equation (33).

29,

3. Astrophysical Implications

Ultra-high-energy cosmic rays and high-energy neutrinos provide observational ev-
idence for particles with extreme relativistic energies [24]-[27]. For particles with
3

E?» 2,
2

the radial coordinate acceleration approaches
2

% ~2Q.

Relativistic particle production is believed to occur in environments such as ac-

tive galactic nuclei, relativistic jets, and compact objects [5]. If the characteristic

particle energy scales with source mass, then more massive sources naturally pro-
duce particles satisfying the repulsion condition.

Figure 2 illustrates schematically how a source-mass scaling of particle energy

places ultra-relativistic particles well within the repulsive regime. This suggests

that gravitational repulsion may contribute to the outward propagation of ultra-

relativistic particles in astrophysical environments [12]-[14].

Energy Scaling and the Gravitational Repulsion Threshold

— Illustrative energy scaling
. 2 _
20 E? = 3/2 threshold Ultra-relativistic
particles
=
o,
B 184
=
o0
<
L ___________________________ __  lwikexgie __________
16
T T T T T T T T T T T T T T
0 20 40 60 80 100 120 140 160 180 200

Source Mass (M /Mg)

Figure 2. Illustrative particle energy as a function of source mass. The dashed horizontal
line marks the threshold E? = 3/ 2, above which the radial coordinate acceleration be-

comes positive for distant observers. The shaded region indicates the repulsive regime. Ul-
tra-high-energy particles lie well above this threshold.
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3.1. Influence of Rotation: Astrophysical Examples

The Kerr metric provides an exact solution for the exterior spacetime of rotating
black holes. For extended astrophysical bodies such as stars, brown dwarfs, and
planetary objects, however, the exterior spacetime generally differs from the Kerr
solution due to the presence of higher-order multipole moments and internal
structure. In such cases, the Kerr metric should be regarded as an approximation
that is valid in the exterior vacuum region sufficiently far from the source, where
the spacetime is well approximated as stationary and axisymmetric and where de-
viations from the Kerr form enter as higher-order corrections. More precisely,
deviations from the Kerr spacetime may be characterized by higher multipole mo-
ments beyond mass and angular momentum, which are not captured in the Kerr
geometry.

Accordingly, the results derived here apply exactly to rotating black holes, while
for stars, brown dwarfs, and planetary bodies they should be interpreted as ap-
proximate descriptions valid within this regime. The source-specific implications
discussed below are therefore restricted to situations in which the Kerr approxi-
mation provides an adequate representation of the exterior gravitational field.

The rotation parameter a is given by

J
a=—,
M
and is often expressed in dimensionless form as
a. =iziz, O<a.<l
M M

Astrophysical objects exhibit a wide range of spin parameters. Rapidly rotating
black holes provide the largest known values of a. Observations indicate that
stellar-mass black holes such as Cygnus X-1 and GRS 1915+105 [28] [29] have

a.~09-1

while supermassive black holes in active galactic nuclei may also reach [30] [31]
a.20.9.

By contrast, neutron stars typically satisfy [32] [33]
a. <03,

and for stars and brown dwarfs one has [1] [34]

a. <1.

Thus the spin-dependent terms in Equation (17),

4oa®

rt

are expected to be significant primarily in the vicinity of rapidly rotating black
holes.
For an extreme Kerr black hole with a. =1, onehas a~ M, and the spin cor-

rection scales as
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aa’® M?
r e

Relative to the leading term a/ r? , this gives

spin correction  M?
leading term  r?

Thus rotational effects are most important close to compact objects, while at
large distances the acceleration reduces to the universal form
d’r «a

—z—2:29

dt*> r
3.2. Connection to Astrophysical Acceleration Models

Gravitational repulsion in the Schwarzschild field has been invoked in the litera-
ture as a possible mechanism for accelerating ultra-high-energy particles [12]-

[14]. In such approaches, the leading-order result

ap =+29

is used as the effective acceleration for relativistic motion as measured by distant
observers.

The analysis presented here provides a more complete general-relativistic
framework for such applications. In particular, we have shown that the result
+2g corresponds to the asymptotic limit of a more general expression for the
radial coordinate acceleration, given in Equation (17). The additional terms in this
expansion represent post-Newtonian mass corrections as well as spin-dependent
contributions arising from the Kerr geometry.

Thus, while the leading-order behavior remains valid at large distances, Equa-
tion (17) demonstrates that corrections arise at finite radii. These corrections are
especially relevant in the vicinity of compact objects, where higher-order and ro-
tational effects cannot be neglected.

Furthermore, the extension from the Schwarzschild to the Kerr spacetime
shows that gravitational repulsion is not restricted to non-rotating sources. Since
astrophysical compact objects are generically rotating, the inclusion of Kerr terms
is essential for a consistent description of particle dynamics in realistic environ-
ments.

Accordingly, the present results place gravitational repulsion-based accelera-
tion mechanisms on a more general theoretical footing, while also delineating the
regime in which the leading-order approximation is valid. In this sense, the com-
monly cited result a, =+2g represents a limiting case of a more general rela-

tivistic behavior.

3.3. Spin Magnitude: Fastest Neutron Star

For the fastest known neutron star, PSR ]J1748-2446ad, with spin frequency
f =716 Hz (period 1.396 ms) [35], one can estimate the dimensionless spin pa-

rameter
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cJ

&EW, J=1Q, Q=2nrf.
Taking a representative moment of inertia | =1.4x10* g-cm? and
M =1.4M [32] [33], one finds
a.~0.35-0.4.

Thus even the most rapidly rotating neutron stars are well below the near-extremal
Kerr regime a.~1 characteristic of rapidly spinning black holes. Consequently,
spin-dependent Kerr corrections in Equation (17) are expected to be most significant

for black holes, whereas neutron stars provide a more modest contribution.

3.4. Spin Magnitude: Astrophysical Examples and Comparison
Table

A concrete example of a rapidly rotating Kerr black hole is provided by Cygnus
X-1, for which continuum-fitting analyses give

a.>0.95
[28]. Another near-extreme example is GRS 1915+105, for which
a.>0.98
has been reported [29]. For an illustrative near-extreme Kerr black hole with
a. =0.99,
one has
a=0.99M.
Then the genuine spin-dependent correction in Equation (17) scales as

4ga’  4(2M)(099°M?)  7.84m?
_bad® : . ,

r* r r*

Relative to the leading term

the ratio is

alr? r? r

Thus, for a near-extreme Kerr black hole, spin corrections can be non-negligi-
ble in the near field, while remaining subleading at large radii.
For comparison, the fastest known neutron star, PSR J1748-2446ad, spins at

716.36 Hz (period 1.39595 ms) and is commonly estimated to have
a.~0.35-04

for representative masses and moments of inertia [35]. Table 1 summarizes the
approximate spin ranges relevant for the present discussion.
The comparison makes clear that the largest astrophysical Kerr corrections are

expected for rapidly spinning black holes. Neutron stars provide an intermediate
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case, while ordinary stars and brown dwarfs are far from the relativistic Kerr re-

gime.

Table 1. Representative dimensionless spin parameters a.=a/M for selected classes of

astrophysical objects.

Object class Example Typical a.
Brown dwarfs/stars rapid rotators <1
Neutron stars PSR J1748-2446ad 0.35-0.4
Stellar-mass black holes Cygnus X-1 >0.95
Stellar-mass black holes GRS 1915+105 >0.98
Near-extreme Kerr black hole illustrative 0.99

4. Relation to Previous Work

The results obtained here are closely related to those of [11] and [23], who showed
that the radial coordinate acceleration of ultra-relativistic particles in the Schwarz-

schild field [11] and the Kerr field [23] approaches
ap =+29

as observed by distant observers, where the gravitational field is weak.

In the present work, we have derived a weak-field expansion of the same quan-
tity, given in Equation (17), which contains additional higher-order terms. These
terms do not contradict the results of [11] and [23], but rather represent sublead-
ing corrections that vanish in the asymptotic limit r— .

Thus, theresult +2g corresponds to the universal asymptotic behavior, whereas
Equation (17) provides a more detailed description of the acceleration at finite dis-

tances, including both post-Newtonian and spin-dependent Kerr contributions.

5. The Reality of Gravitational Repulsion

Observer dependence and local inertial measurements may be further clarified by
contrasting the observer-at-infinity description adopted here with the measure-
ments of local freely falling observers. In General Relativity, a freely falling ob-
server follows a timelike geodesic and therefore measures zero proper accelera-
tion, a“ =u"V u” =0.In this local inertial frame, the motion of a test particle is
always consistent with free fall, and no repulsive force is detected in an invariant
sense. By contrast, the quantity dzl‘/ dt’® considered in the present analysis is de-
fined with respect to the coordinate time t of distant observers in an asymptot-
ically flat spacetime, where t coincides with the proper time of inertial observers
at infinity. Consequently, dzr/ dt* represents the acceleration inferred by this
specific class of observers and is therefore inherently coordinate-dependent, but
not without physical content. Rather, it corresponds to an operationally well-de-

fined measurement tied to a physically realizable observer family. This distinction
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between invariant local measurements and observer-dependent coordinate de-
scriptions is standard in General Relativity (see, e.g., [1] [2]), and it underlies the
interpretation of gravitational repulsion adopted in this work.

Gravitational repulsion has been the subject of considerable debate for over a
century [11] [12]. Its very existence has often been questioned. For example, [36]-
[39] maintain that Schwarzschild coordinates do not correspond to actual physi-
cal measurements, meaning the gravitational repulsion is simply a coordinate ef-
fect without physical reality.

In General Relativity, a distinction must be made between invariant quantities
and coordinate-dependent quantities. Invariants, such as the spacetime interval
ds® or scalar curvature invariants, have the same value in all coordinate systems.
By contrast, quantities such as dzr/ dt’ depend on the choice of coordinates and
therefore on the class of observers used to describe the motion. However, coordi-
nate dependence does not imply lack of physical meaning; rather, it reflects the
fact that different observers may assign different descriptions to the same physical
trajectory.

The present work adopts the viewpoint of [11], in which gravitational repulsion
is defined with respect to the coordinate time t of distant observers. This defini-
tion is physically meaningful because both the Schwarzschild and Kerr spacetimes
are asymptotically flat. In the limit r — oo, the metric reduces to the Minkowski
form, and the coordinate time t coincides with the proper time of inertial ob-

servers at infinity.
: : I :
Thus, the radial coordinate acceleration, prek is naturally interpreted as the

acceleration measured by distant observers in a weak-field region. In this sense,
gravitational repulsion is not an arbitrary coordinate artifact, but a well-defined
physical effect relative to a specific and physically realizable class of observers.

Accordingly, gravitational repulsion can be detected only by distant observers,
for whom the time coordinate t has direct physical significance. This interpre-
tation is consistent with the asymptotic structure of the spacetime and with the
conserved energy E =-p,, which represents the particle’s relativistic energy as
measured at infinity.

A central aim of this work is to clarify the physical interpretation of gravita-
tional repulsion within the framework of General Relativity. Therefore we empha-
size the fundamental issue and the response.

The key question is whether the coordinate acceleration dzr/ dt® at large dis-
tances represents a physically meaningful quantity or merely a coordinate artifact.
The present analysis shows that, because Schwarzschild and Kerr spacetimes are
asymptotically flat, the coordinate time t coincides with the proper time of in-
ertial observers at infinity. Consequently, dzl’/ dt’ has a direct operational inter-
pretation for these observers.

This interpretation provides a consistent general-relativistic framework within
which gravitational repulsion arises naturally from the geodesic structure of

spacetime, without the need for modifications of the theory.
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6. Conclusion

We have extended the Droste and Hilbert analysis of gravitational repulsion in the
Schwarzschild field to the Kerr field. We find that the repulsive behavior persists
in rotating gravitational fields and that, for sufficiently energetic particles, the ra-
dial coordinate acceleration relative to distant observers becomes positive, that is
gravity acts repulsively. The higher-order Kerr corrections separate naturally into
post-Newtonian mass terms and genuine spin-dependent gravitational terms.
These results suggest that gravitational repulsion may be relevant to the propaga-

tion of ultra-relativistic particles produced by astrophysical sources.
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Appendix

A. Intermediate Steps in the Derivation of the Coordinate-Time
Acceleration

We provide intermediate algebra connecting conserved quantities to Equations
(16) and (28).

A.1. Transformation

2 2 2
g _ifon (orfa, a) 60
dt (dt/dz-) dr dr ) dr dr
A.2. Axial Case
d?r 1d A
- - . 35
dz? 2dr(r2+a2) (35)

Substitution yields Equation (16).

A.3. Equatorial Case

2
@r_ 14 a) )
dr 2dr| C(r)
Substitution yields Equation (28).
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