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Abstract 
This paper presents in a concise way the mathematical models and experi-
mental data of phase transitions of pure substances and solutions with new 
ansatz and calculation methods. In chap. 2 and chap. 3 we deal with the theo-
retical basics of solutions and mixtures. In chap. 4, the theory of equations-of-
state is formulated, and in chap. 5 the calculation results for four pure sub-
stances (benzene, ethanol, argon, carbon dioxide) are presented and com-
mented. In chap. 6, the equation-of-state and mixing rules for mixtures are 
formulated, and the calculation results for an example solution (benzene-eth-
anol) are discussed and compared with measured values. The paper introduces 
two novel methods: 1) Exact algebraic solution for phase diagrams based on 
Peng-Robinson and Mie-Grueneisen equation-of-state; 2) A new ansatz for 
mixture phase diagrams based on the weighted sum of partial pressures. 
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1. Introduction 

Equations-of-state (eos) are an area, which is of considerable theoretical, but also 
technological importance. 

Eos for fluid-gas phase are relatively well-understood, starting with the famous 
vdWaals equation. 

There are several cubic extensions of vdWaals eos, which are in satisfactory 
agreement with measurements. 

The best is arguably Peng-Robinson eos with 3 parameters and a precision of 
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about 10%. 
There exist more precise quartic eos (Shah’s eos), and polynomial-exponential 

eos. 
Beside this, there are individual numerical approximations for selected sub-

stances, e.g. water. 
Eos for solids are few, most prominent is Mie-Grueneisen eos. 
For saturation curves however, the situation is quite different. 
For fluid-gas saturation curves, there is only one closed solution, namely Lekner’s 

solution based on the vdWaals eos. For phase diagrams (solid-fluid-gas), there are 
only numerical parametric approximations for selected substances, based on di-
rect measurement. 

The Maxwell-Gibbs equation, which yields the exact solution for the saturation 
curve, is known in theory as the Maxwell-rule, but has not been solved for the 
Peng-Robinson and the Mie-Grueneisen eos. 

In this paper, the Maxwell-Gibbs equation is solved for both fluid-gas and the 
solid phase in the form p(Eth), based on Peng-Robinson and Mie-Grueneisen eos, 
and is used to calculate the triple point and the phase diagram  

(Eth = kB T thermal energy, is used throughout this paper in place of temperature 
T). 

As for binary mixtures, there exist only purely phenomenological ansatzes, 
there is no general theoretical treatment based on molecular data of the compo-
nents. 

In this paper we formulate a theoretical basis for binary solutions, based on the 
weighted sum of partial eos pressures, and including the 1-2-interaction of the 
components (i.e. non-ideal and irregular solutions). 

2. Basics of Classical and Quantum Statistics 

Statistical mechanics describes the thermodynamic behavior of large systems ([1]-
[3]). 

Key features of a thermodynamic ensemble are its partition function (probabil-
ity distribution) and its macroscopic function (extremal variable of the ensemble: 
e.g. entropy = max, free energy = min). They are functions of the thermodynamic 
state variables: temperature, volume pressure, number of particles, chemical po-
tential [4]. 

Fundamental variable is: partition function Z 

exp i

i B

EZ
k T

 
= − 

 
∑  classical Boltzmann statistics                       (1a) 

1

exp 1i i

B

Z
E

k T

=
 

+ 
 

∑  quantum fermion Fermi-Dirac statistics            (1b) 

1

exp 1i i

B

Z
E

k T

=
 

− 
 

∑  quantum boson Bose-Einstein statistics             (1c) 
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Important thermodynamic variables mean energy U, Helmholtz free energy F, 
Gibbs energy G, entropy S, heat capacity Cv. 

2log log
B

Z ZU E k T
Tβ

∂ ∂
= = − =

∂ ∂
 mean energy                       (2a) 

logBF E T S k T Z= − = −  Helmholtz free energy                      (2b) 
( )log1 V Z

G F PV E T S PV
Vβ

∂
= + = − + = −

∂
 Gibbs energy,             (2c) 

with beta parameter 1

Bk T
β =  

( )logBS k T Z
T
∂

=
∂

 entropy                                        (2d) 

( )
2

2
2 2

1 log log2v B
B

E Z ZC E k T T
T Tk T T

∂  ∂ ∂
= = ∆ = + ∂ ∂ ∂ 

 heat capacity     (2e) 

for  

exp
B

E
Z W

k T
 

≈ − 
 

, ( ) ( )log log logB B BS k T Z E k T W k W
T T
∂ ∂

= ≈ − + =
∂ ∂

 (2f) 

which gives the famous Boltzmann approximate formula  

logBS k W≈                             (2g) 

2.1. The Three Most Important Ensembles 

The microcanonical ensemble describes [5] a system with fixed energy and fixed 
number of particles.  

The canonical ensemble describes a system of fixed number of particles that is 
in thermal equilibrium with a heat bath of a fixed temperature.  

The grand canonical ensemble describes a system with non-fixed particle num-
bers that is in thermal and chemical equilibrium with a thermodynamic reservoir 
with fixed temperature and fixed number of particles.  

Thermodynamic classical and quantum ensembles with their partition function 
and the macroscopic function [6] are shown in Table 1. 
 

Table 1. Thermodynamic classical and quantum ensembles. 

 
Thermodynamic classical ensembles 

Microcanonical Canonical Grand canonical 

Fixed 
variables 

N, V, E N, V, T μ, V, T 

Microscopic 
features 

Number of microstates W, with 
width ω 

k

k

H EW f
ω
− =  

 
∑  

( ) ( )2expf x x= −π  

Canonical partition function 

exp k
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exp expβ β
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Tr H E

Z
 

Grand partition function 

exp k k

k B

E NZ
k T
µ −

= − 
 

∑  

( )1 2, , , exp k k
k

Z Tr N Hβ µ µ β µ
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Continued 
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Minimal 
principle 

Boltzmann entropy 
log maxBS k W= =  

v.Neumann entropy 
( )ln maxBS k Tr ρ ρ= − =  

Helmholtz free energy 
log minBF k T Z= − =  

Grand potential 
log minBk T ZΩ = − =  

 
The macroscopic function obeys the minimum principle of statistics: 

 the macroscopic function attains an extremum in equilibrium 
 microcanonical: entropy is maximal 
 canonical: free energy is minimal 
 grand canonical: grand potential is minimal 

The partition function describes the statistical properties of a system in ther-
modynamic equilibrium. 

Partition functions are functions of the thermodynamic state variables. 
For the canonical discrete ensemble the partition function reads 

classical ( )expk k
k

Z g Eβ= −∑ , 1

Bk T
β =                             

(3a)quantum ( )( )ˆexpZ Tr Hβ= −  or 
exp 1

k

k k

B

gZ
E

k T

=
 

± 
 

∑  (fermion+, boson−) 

(3b) 

probability of state s reads ( )1 exps sp E
Z

β= −                          (3c) 

The three probability distributions for the average number in a state ε, ( )N ε  
with degeneracy g(ε) and chemical potential μ are derived from the maximization 
of number of states ( )iW ν  with occupation numbers iν  of N particles for states 
with degeneracy gr and energy levels rη  1,2, ,r N ′=   under energy condition  

r r
r

Eν η =∑  and particle number condition r
r

Nν =∑ . 

 Fermions 1 2S n= +  (Pauli principle)  

Fermi-Dirac statistics ( ) ( )
!

! !
r

i r
r r r

gW
g

ν
ν ν

= Π
−

                       (4a) 

follows from Pauli-principle 0,1rν =  because the wave function is antisymmet-
ric in particles ( ) ( )i k k iν ν ν νΨ = −Ψ     

: 

( ) ( )

exp 1
B
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k T

ε
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ε µ
=
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                   (4b) 
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 Bosons S n=   

Bose-Einstein statistics ( ) ( )
( )

1 !
! 1 !

r r
i r

r r

g
W

g
ν

ν
ν

+ −
= Π

−
                     (4c) 

follows from 0,1,2,rν =   because the wave function is symmetric in particles 

( ) ( )i k k iν ν ν νΨ = Ψ     

: 

( )( )
exp 1

B

gN

k T

εε
ε µ

=
 −

− 
 

                  (4d) 

 Boltzmann-Maxwell statistics  

( ) exp
B

N
k T
εε

 
= − 

 
                   (4e) 

is derived from both FD and BM statistics for high temperature exp 1
Bk T
ε 

 
 

 . 

The second principle of thermodynamics states that d 0
d
S
t
≥  entropy is non-

decreasing in time t, or (Lorentz-invariant) d 0
d
S
τ
≥  entropy is non-decreasing in 

proper time τ. 

2.2. Statistical Mechanics Basics 

[5]  
Boltzmann theorem: The probability pα of the system being found in the micros-
tate α is proportional to  

exp
B

Ep
k T

α
α

 
= − 

 
                    (5a) 

Gibbs probability is 
1 exp

B

Ep
Z k T

α
α

 
= − 

 
,                           (5b) 

partition function exp
B

EZ
k T

α

α

 
= − 

 
∑ , where the beta-parameter is 1 Bk Tβ = , 

the thermal average (X) of any property X of the system is then  

1 exp
B

EX X p X
Z k T

α
α α α

α α

 
= = − 

 
∑ ∑               (5c) 

2.3. Thermodynamic Quantities  

Important thermodynamic quantities are [7]  

 mean energy ( )1 logexp ZU E X p E E
Zα α α α

α α
β

β
 ∂

≡ = = − = − ∂ 
∑ ∑     (6a) 

 heat capacity 
2

2
2

log
v B

V V

U ZC k
T

β
β

 ∂ ∂ ≡ =   ∂ ∂   
, d dvC T T S= , v

V

SC β
β

 ∂
= −  ∂ 

(6b) 
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where entropy reads 
log logB B

V

ZS k k Zβ
β

 ∂
= − + ∂ 

                    (6c) 

from this follows approximately ( )expZ Uβ≈ Ω −  and the famous Boltzmann 
formula  

logBS k≈ Ω                           (6d) 

where ( ),U U UδΩ = Ω +  is the number of states,  
and with ( )stdev UUδ = , ( )1 2

B vU T k Cδ =                            (6e) 

 Helmholtz free energy ( ) 1, , logF T V N U TS Z
β

≡ − = −                (6f) 

d d d dF S T p V Nµ= − − +  

 pressure pi conjugate to volume Vi is 1 logF Zp
V Vβ
∂ ∂ ≡ − = ∂ ∂ 

          (6g) 

 we introduce the average particle distance λ, and the specific volume Vv
N

= , 

where 3v λ=  

 equation-of state (eos) ( ) ( )
2

,1 log 1 1 1,
3

ZF Zp
V V Z

λ β
λ β

β β λλ
∂∂ ∂

= − = =
∂ ∂ ∂

, (6h) 

where the ideal gas law is 3
1 1p

vβ λ β
= =                               (6i) 

 Gibbs free energy ( ) ( )1, , logG T p N F pV N V Z
V

µ
β

∂
≡ + = = −

∂
        (6j) 

d d d dG S T V p Nµ= − + + , 
GV
p

∂
=
∂

 

 Entropy 
log logB B

V

ZS k k Zβ
β

 ∂
= − + ∂ 

                           (6k) 

log logB B
V

ZS k k Zβ
β

 ∂
= − + ∂ 

 

, ,p N V N

G GS
T T
∂ ∂

= − = −
∂ ∂

 

 Enthalpy H U pV≡ +  

( )1 1 loglog log

1 log log

H U pV G F U

ZV Z Z
V

Z Z
V

β β β

β β

= + = − +

 ∂ ∂
= − + − ∂ ∂ 

  ∂ ∂
= − +  ∂ ∂  

           (6l) 

( )d d dH U pV= + , ( )d d d d d dH T S V p N G T Sµ= + + = +  

 compressibility ( )
2

2
1,

T

G
V p

κ λ β
 ∂

= −  ∂ 
,                           (6m) 

from this follows heat capacity ( )
2

2,V
V

FC T
T

λ β
 ∂

= −  ∂ 
                  (6n) 
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 chemical potential of a species i
i

U
N

µ
 ∂

=  ∂ 
                         (6o) 

 activity of a species (specific = per particle) 0,exp i i
i

B

a
k T

µ µ− 
=  

 
 

or equivalently 0, logi i B ik T aµ µ= +                                  (6p) 

3. Basics of Solutions 
3.1. Basic Equations 

Partition function is ( ), ,Z Z V T αµ=   
with moles nα of chemical species α, xα = nα/n for the mole fraction of component 
α,  

( ) ( ) ( )d d d dZ Z V V Z T T Z α α
α

µ µ= ∂ ∂ + ∂ ∂ + ∂ ∂∑          (7) 

from this follows  

( ) ( )d d dZ p p Z T T nα α
α

µ∂ ∂ + ∂ ∂ =∑               (8) 

d d dp V S T nα α
α

µ− =∑  Gibbs-Duhem equation [8]-[10]                  (9) 

The chemical potential of component α is ( ), ,G p T n
nα α
α

µ ∂
≡
∂

          (10a) 

molar chemical potential of ideal gas is ( ) ( ) ( )0 0, logT p T RT p pµ µ= +    (10b) 
where p is the pressure, p0 is the reference pressure (1 bar), and μ0 is the reference 
chemical potential.  

The ideal gas eos is for n mols V G p nRT p= ∂ ∂ =                     (11) 
free energy becomes ( ) ( )( )0 0logF G pV n T RT RT nRT Vpµ= − = − +      (12) 

For perfect gas mixtures  

( ) ( )( )0, 0logmixF n T RT RT n RT Vpα α α
α

µ= − +∑           (12a) 

( ) ( )( )0, 0logmixG n T RT p pα α α
α

µ= +∑                (13) 

( )
( )

( )
1mix

T
H

T
µ µβ

β
∂ ∂

= =
∂ ∂

 Gibbs-Helmholtz equation [8]                 (14) 

for a perfect mixture 
p p x pα α

α α
= =∑ ∑  Dalton’s law                                    (15) 

where partial volume is logV p RT p p RT pα α αµ= ∂ ∂ = ∂ ∂ =            (16) 
Gibbs free energy of the mixture is ( ),p pα α′  is the partial pressure before and 

after mixing) 

( )logmixG RT n p pα α α
α

′∆ = ∑                 (17a) 

and the entropy 

( )logmix mixS G R n p p
T α α α

α

∂ ′∆ = − ∆ = −
∂ ∑            (17b) 
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A perfect solution is defined as having the same Gibbs energy of mixing as the 
perfect gas mixture 

( )logmixS R x xα α
α

∆ = − ∑                   (17c) 

( )logmix RT x xα α
α

µ∆ = ∑                  (17d) 

equivalently we have the partial pressure of perfect solution 

( ) ( ) ( )1,, , logT p T p RT xα α αµ µ= +               (18a) 

where ( )1, ,T pαµ  is the partial chemical potential of pure component. 
From μ(sol) = μ(vap) follows 

( ) ( )1, 0, 0log logRT x RT p pα α α αµ µ+ = +           (18b) 

so 

( ) ( )1, 0, 0 0, , 0log log HRT p p x RT K pα α α α α αµ µ µ= + = +        (18c) 

where 

,Hp K xα α α= , 1, 0,
, expHK

RT
α α

α

µ µ− 
=  

 
            (18d) 

is Henry’s constant, independent from xα . 
For diluted binary solutions we have for the solvent 1 1x ≈ , 2 1x  , 1 ,1Hp K= , 

and *
1 1 1p p x≈  Raoult’s law                                        (19) 

where ( )* *
1 1 ,p p T V=  is the pressure of pure solvent, is exact for perfect solu-

tions. 
Values of Henry’s constant are given for various substances in Table 2. 
 

Table 2. [8] Henry’s constant KH for dissolved gases at T = 25˚C. 

Gas KH (water) in GPa KH (benzene) in GPa 

CH4 methane 4.185 0.0569 

C2H2 acetylene 0.135  

C2H4 ethylene 1.155  

C2H6 ethane 3.06  

air 7.295  

N2 nitrogen 8.765 0.239 

O2 oxygen 4.438  

H2 hydrogen 7.16 0.367 

He helium 12.66  

CO carbon monoxide 5.79 0.163 

CO2 carbon dioxide 1.67 0.0144 

H2S hydrogen sulfide 0.055  
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3.2. Excess Energy, Freezing-Boiling Point Shift 

Excess values (compared to ideal solution) are given by [8] [11] 
Excess Gibbs energy  

( )*
EG xα α α

α
µ µ= −∑                     (20a) 

Excess volume  

E mV V x Vα α
α

= −∑                        (20b) 

where Vm is the volume of the mixture. 
As an example, excess volume VE for a mixture of water-ethanol [8] is given in 

Figure 1. 
 

 
Figure 1. Excess volume VE for a mixture of water-ethanol. 

 
Freezing point, boiling point, osmotic pressure in binary mixtures 
Freezing point depression is *

f fT T T= −∆ ,  
we have  

( ) ( ) ( )1 1 1lns l RT xµ µ= +                     (21a) 

change in Gibbs energy ( ) ( )1 1f G l sµ µ∆ ≡ − , ( )1logf G x
RT
∆

− =          (21b) 

change in enthalpy 
( )12 ln

f
x

H RT
T

∂
∆ =

∂
                             (21c) 

from which follows 
*2

2f f
f

RTT K x
H

∆ = =
∆

                            (21d) 

Correspondingly, boiling point elevation is *
b bT T T= + ∆ , 

change in enthalpy is 
*2

2b b
b

RTT K x
H

∆ = =
∆

                            (21e) 

Values of freezing-boiling constants are given for various substances in Table 3. 
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Table 3. Cryoscopic constants Kf and ebullioscopic constants Kb for some compounds [8]. 

Compound Kf (K kg/mol) Kb (K kg/mol) 

acetic acid 3.9 3.07 

benzene 5.12 2.53 

CS2 carbon disulfide 3.8 2.37 

CCl4 carbon tetrachloride 30 4.95 

naphthalene 6.94 5.8 

phenol 7.27 3.04 

water 1.86 0.51 

camphor 40  

 
Osmotic (molar) pressure of a binary mixture O p∆  is 

O Op c RT∆ = , 2
* *

1 1 2 2
O

cc
x V x V

=
+

 Hoff’s law                            (22) 

Thermodynamic variables for binary mixtures  
Given a fluid with coordination number z, interaction energies w11, w22, w12, 

molecule number N = N1 + N2, we have [8] [9] [11] 
internal energy change ( )12 11 22 02U w w w∆ = − + =                     (23a) 
entropy change ( ) ( )1 1 2 2log log logB BS k W N k x x x x∆ = = − +              (23b) 
free energy F U TS= −                                            (23c) 
the configurational partition function ( )expZ Fβ= −  reads 

2 22
1 11

1 2

! exp
! ! 2 2

N wN zZ N w
N N

β  = − +  
  

             (23d) 

and the free energy becomes  

( )1 11 2 22
1 1 2 2log log log

2 2B m B
N w N wF k T Z z k T N N N N = − = + + + 

 
   (23e) 

with partial free energy  

log
2B

zN wF k T Z α αα
α α= − =                    (23f) 

we obtain mixing free energy ( ) ( )1 1 1 1 1 1 2 2log logBF F x F x F Nk T x x x x∆ = − + = +  
(23g) 

and the mixing entropy ( )1 1 2 2log logB
FS Nk x x x x

T
∂∆

∆ = − = − +
∂

         (23h) 

the chemical potential log
2 B

zwF k T x
N

αα
α α

α

µ ∂
= = +
∂

, 0, logBk T xα α αµ µ− =  (23i) 

The activity λ is given by logBk Tα αµ λ= , and we obtain 
0,

xα
α

α

λ
λ

=       (23j) 
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3.3. Ideal and Regular Molecular Solutions 

Different types of solutions are given by Table 4. 
 
Table 4. Types of solutions. 

ideal solution 0H∆ =  idealS S∆ = ∆  

athermal solution 0H∆ =  idealS S∆ ≠ ∆  

regular solution 0H∆ ≠ , 1 2H A x x∆ =  idealS S∆ = ∆  

irregular solution 0H∆ ≠  idealS S∆ ≠ ∆  

 

Interchange energy is 
( )11 22

12 2
w w

w w
+

≡ −                          (24a) 

N = nNA, where NA is the Avogadro number, n number of moles change in 
interaction inner energy is after mixing 

2 2
1 11 2 22 1 11 2 22

1 2 12 2 2 2 2
x w x w x w x wU zN x x w

 
∆ = + + − − 

 
         (24b) 

per mole inner energy 1 2m A
UU zN x x w
n
∆

∆ = =                         (24c) 

for ideal solution  

( )1 11 2 22
1 1 2 2 2m

z x w x w
U x u x u

+
= + = , m mH U∆ = ∆ , ( )0, logidealG n RTn xα α α α

α
µ= +∑  (24d) 

for regular solution 

( )logmix mS R x xα α
α

∆ = − ∑ , ,E mix m mix m idealS S S= ∆ = ∆          (24e) 

( )( )1 2 1 1 2 2log logmix m A BG N zwx x k T x x x x∆ = + +            (24f) 

excess Gibbs energy ( )1 2 1 2E mix mix ideal AG G G N zwn n n n= ∆ −∆ = +         (24g) 
Activity coefficient of regular solutions γα  
From G nα α

α
µ=∑ , An x N Nα α= , ( )0, logRT xα α α αµ µ γ= +        (24h) 

we obtain for activity coefficient γα  

( )( )0, logG n n RT xα α α α α
α

µ γ= +∑                 (24i) 

which gives excess Gibbs energy 

( )1 2 1 2logE mix mix ideal AG G G n RT N zwn n n nα α
α

γ= ∆ −∆ = = +∑     (24j) 

so 

logEG n RTα αγ∂ ∂ = , 2
1 2log zwxγ β= , 2

2 1log zwxγ β=     (24k) 

Total pressure becomes ( ) ( )* 2 * 2
1 1 2 2 2 1exp expp p x zwx p x zwxβ β= +        (24l) 

where as usual *
1p  and *

2p  are the pressure of the pure component. 
Phase separation and vapor pressure 
The critical point for phase separation can be obtained from 
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1

1

0
x
µ∂

=
∂

, 
2

1
2
1

0
x
µ∂

=
∂

, 2

2

0
x
µ∂

=
∂

, 
2

2
2
2

0
x
µ∂

=
∂

,             (25a) 

follows 

1 0.5x = , 2 0.5x = , 2cr zwβ =  

1 2 0.5x x= = , ( ) 2crzwβ = , 2crT zw k=  

activity coefficient 1.649crγ = , activity 0.824cra xγ= = ,  
critical pressure ( ) ( )* * * *

1 2 1 20.824cr crp a p p p p= + = + ,                  (25b) 
compared to ( )* *

1 2p p p= +  for insoluble liquids                      (25c) 
Regular solutions with correlation functions and volume fractions 

 General energy calculation [8] [11] 
The volume is 

( )1 1 2 2V nV n V= +                    (26a) 

with volume fractions ( )1 1 2 2i i ixV x V x Vφ = +                          (26b) 
inner energy in dependence of correlation function is (radial-symmetrical poten-
tial u, radial distribution function g) 

( ) ( )
2

2

0

3 4 d
2 2

B
kin pot

Nk T NU E E u r g r r r
V

∞

= + = + π∫         (26c) 

with average potential energy 

( ) ( ) ( ) ( )

( ) ( )

2 2
2 2 21 2

11 11 22 222 2
1 20 0

21 2
12 12

1 2 0

2 4 d 4 d

2 4 d

pot AE V N u r g r r r u r g r r r
V V

u r g r r r
VV

φ φ

φ φ

∞ ∞

∞


π= +




+

π

π


π



∫ ∫

∫
 (26d) 

Subtracting the energy of the separate components 

( ) ( ) ( ) ( )2 2 21 2 1 2
1 2 11 11 22 222 2

1 20 0

2 4 d 4 dAU U V N u r g r r r u r g r r r
V V
φ φ φ φ∞ ∞

π π π
 

+ = + 
 

∫ ∫  (26e) 

gives mixing energy 

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

1 2

2 2
2 2 21 2

11 11 22 222 2
1 20 0

2 2
1 2 12 12 11 112

1 2 10 0

2
22 222

2 0

2 4 d 4 d

2 14 d 4 d

1 4 d

mix pot

A

U E U U

V N u r g r r r u r g r r r
V V

u r g r r r u r g r r r
VV V

u r g r r r
V

φ φ

φ φ

∞ ∞

∞ ∞

∞

∆ = − +


= +




+ −


π π π

π π

π


− 

∫ ∫

∫ ∫

∫

  (26f) 

We introduce scaling with energy scale ε and length scale σ, 

( ) ( )0ij ij iju r u rε σ= , ( ) ( )0ij ijg r g r σ=  

and obtain 
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( ) ( )
3 3 3

2 2 12 12 11 11 22 22
1 2 0 0 2 2

1 2 1 20

22 4 dmix AU V N u r g r r r
VV V V
ε σ ε σ ε σφφ

∞

π π
  

∆ = − −  
  

∫    (26g) 

Experimental approximation 
Redlich-Kister expansion of excess Gibbs energy is a Taylor series in ( )1 2x x−  

with coefficients (A, B, C) [8] [11]: 

( ) ( )( )2
1 2 1 2 1 2EG x x A B x x C x x= + − + − +          (27a) 

for ideal solution 0A = , 0B = , 0C = , 0EG = , 1 1γ = , 2 1γ =  
0A B C= = = = , 0EG = , 1 2 0ln lnRT RTγ γ= =  and 1 2 1γ γ= =      (27b) 

for regular solution 0B = , 0C = , 1 2EG Ax x= , 2
1 2logRT Axγ = ,  

2
2 1logRT Axγ =                                                  (27c) 

for deviation from regular 0C = ,  
( )( )1 2 1 2EG x x A B x x= + −  Margules equation                        (27d) 

2
1 2logRT Axγ = , 2

2 1logRT Axγ =  

In Table 5 below, are given values of Redlic-Kister parameters for various sub-
stances. 
 
Table 5. Excess Gibbs function parameters for various solutions [8]. 

Components T0 (K) A/RT0 B/RT0 C/RT0 

ethanol/methylcyclohexane 305 2.118 −0.239 0.375 

methylcyclohexane/acetone 318 1.6907 −0.0001 0.1832 

pyridine/acetone 303 0.1919 0.00050 0.0075 

chloroform/furan 303 −0.1083 −0.0177 0.0071 

pyridine/chloroform 303 −1.0271 0.2270 0.0930 

chloroform/1-4-dioxan 303 −1.2006 −0.4131 0.0318 

4. Equations-of-State 
4.1. Cubic Fluid-Gas Equations-of-State 

vdWaals eos 
The well-known vdWaals equation-of-state (eos) for real gas reads in molar 

variables 

( ) 2
m m

RT ap
V b V

= −
−

                    (28a) 

and in specific (per particle) variables 

( )
1
2

1

1 ap
v b vβ

= −
−

                    (28b) 

with critical parameters 
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1 8
27c

c

akT
bβ

= = , 3cv b= , 227c
ap
b

=              (28c) 

we obtain 2 2727
8c

c

ba b p
β

= = ,  

so 

1
8 c c

b
pβ

= , 2
27

64 c c

a
pβ

=                   (28d) 

with molecular parameters we obtain 
3

0Wa a εσ=                                      (28e) 

for Lennard-Jones potential ( )
12 6

, , 4LJu r
r r
σ σσ ε ε

    = −         
,  

0 23.4Wa =  [12] [13],                    (28f) 

for dipole-dipole potential  

( ) ( ) ( )
( )

( )3

, ,
, , 4 , , cosH

DD L
r r

u r r r
r r

σ
σ θ ε σ θ

σ

 Θ ∆
 = Θ ∆ −
 + ∆ 

, 0.1r σ∆ = ,  

0 25.7Wa =  [12] [13]                     (28g) 

Parameter mixing rules  
Parameter mixing rules determine the vdW parameters of the solution with 

component concentrations ix  from the component parameters ia  ib , in sim-
plest form [14] 

1 1,i i
i

b x b=∑ , 1 1,
,

i j ij
i j

a x x a=∑ ,                (29) 

1, 1, 1,ij i ja a a=  geometric (GMA), 1, 1, 1, 1,
1,

2
4

i j i j
ij

a a a a
a

+ +
=  expanded geo-

metric (EGA), ( )1, 1, 1, 2ij i ja a a= +  simple arithmetic (SA). 

Molecular mixing rules  
Parameter mixing rules calculate the molecular parameters ijε  (characteristic 

energy) and ijσ  (effective hard-core radius) for the partial pressure ijp  from 
the component parameters 3

i i iaε σ=  and ( )1 33 2i ibσ = , the resulting partial 
pressure is then [15] 

( )
3

23

1
2 3

ij ij
ij

ij

p
vv

ε σ

σ β
= −

−
, and the total pressure is 

,
i j ij

i j
p x x p=∑         (30a) 

A widely used rule is Lorentz-Berthelot  

( ) 2ij i jσ σ σ= + , ij i jε ε ε=                  (30b) 

which generates the simple GMA parameter mixing rule above. 
An improved rule is Halgren HHG rule [15] 

3 3

2 2
i j

ij
i j

σ σ
σ

σ σ
+

=
+

, 
( )2

4 i j
ij

i j

ε ε
ε

ε ε
=

+
               (30c) 
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A fit to experimental data gives the experimental Al-Matar rule [15] 
1 66 3 3 60.5640 0.9464 0.4896

2
i i j j

ij

σ σ σ σ
σ

 + +
=   
 

          (30d) 

3 3

6

0.0799 1.9129 0.0071
2

i i j j i j
ij

ij

ε ε ε ε σ σ
ε

σ

 + +  
 =      

 

PSRK model (Predictive Soave-Redlich-Kwong)  
The PSRK model provides reliable predictions of VLE (vapor-liquid-equilibria) 

and gas solubilities [16].  
Therefore, the PSRK model was implemented in the different process simula-

tors and is well accepted as a predictive thermodynamic model for the synthesis 
and design of the different processes in the chemical, gas proc-essing, and petro-
leum industries. But also the group contribution equation of state PSRK shows a 
few weaknesses. Because the SRK (Soave-Redlich-Kwong) equation of state is used 
in PSRK, poor results are calculated for liquid densities of the pure compounds 
and the mixtures.  

Better results are achieved with the improved Peng-Robinson eos. 
Redlich-Kwong equation  
The Redlich-Kwong equation is a real-gas equation and is formulated as (ex-

tended vdWaals) [17] 

( ) ( )m m m

RT ap
V b T V V b

= −
− +

                 (31a) 

where Vm = V/NA is the molar volume, a, b are the generalized vdWaals constants, 
the constants a, b depend on critical values of the gas: 

2 2.5

0.42748 c

c

R Ta
p

= , 0.08664 c

c

RTb
p

=  

The equation can be formulated in specific (per particle) volume v = V/N, 

51 2
0.42748

c

a
p β

= , with specific generalized vdWaals parameters 1
A

bb
N

= ,  

1 B
A

aa k
N

=  

1 2.5
0.42748

c

a
p β

= , 1
10.08664
c c

b
p β

=               (31b) 

PSRK Mixing rule  

i i
i

b x b=∑ , 
1 ln

E
ii

i i
i ii i

aa g bx x
bRT b RT A RT b

 
= + + 

 
∑ ∑ , 0.64663A = −   (32a) 

specific generalized variables  

1 1,i i
i

b x b=∑ , 1,1 1

1 1, 1,

1 lni E
i i

i ii i

aa bx g x
b b A b

ββ β
 

= + +  
 

∑ ∑ ,      (32b) 

where Eg  is the excess Gibbs energy. 
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Peng-Robinson equation  
[18] 
The Peng-Robinson equation is an improvement of the Redlich-Kwong equa-

tion in the form 

( ) ( ) ( ) ( )
1, , , ,c c

ap p v p
v b v v b b v b

αβ β ω
β

= = −
− + + −

      (33) 

where 

2
0.45723

c c

a
p β

= , ( )( )( )2
21 0.480 1.574 0.176 1 cα ω ω β β= + + − − , 10.077796

c c

b
p β

=  (33a) 

ω is the acentric factor 
( )

10
0.7

log sat c

c

p T
p

ω
 

= −  
 

. 

with critical parameters 

0.45723 5.8773
0.077796c

b b
a a

β = = , 2 2
0.077796 0.077796 0.013236

5.8773c
c

a ap
b b bβ

= = =  (33b) 

with vdWaals parameters 

81
27

W
c

c W

akT
bβ

= = , 3c Wv b= , 227
W

c
W

ap
b

=              (33c) 

32 1 0.125 1.607
3 8 0.077796W

c c

b b b
p

σ
β

= = =
π

= , 3
0 2 2

27 0.4219
64W W

c c c c

a a
p p

εσ
β β

= = = , 

so 

2
0.45723 1.083 W

c c

a a
p β

= = , 10.077796 0.62223 W
c c

b b
p β

= =  

Now we can reformulate the eos with  

1

1
3

3
00

0.622235.8773 5.8773 3.37676
1.083

3.37676 2 7.07227 ,
3

W W
c

W W

WW

b bb
a a a

aa

β

σ
εεσ

= = =

=
π

=
        (33d) 

( )

2 2 2

3
0

02 36

1.0830.013236 0.013236
0.62223

0.03702 0.00844 ,
2 3

W
c

W

W
W

aap
b b

a aεσ ε
σσ

= =

= =
π

 

( ) ( ) ( ) ( )
1, , , , ap p v
v b v v b b v b

αβ ω ε σ
β

= = −
− + + −

 

3
01.083 Wa a εσ= , 

3
320.62223 0.62223 1.303

3Wb b σ σπ
= = =  

( )
2

21 0.480 1.574 0.176 1 0.141a
b

α ω ω β
  

= + + − −      
 

Values of ω [19]: 
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0.302ω = −  vdWaals 
0.304ω =  acetone 

0.644ω = −  ethanol 
0ω =  argon 
0.353ω =  benzene 

The material parameters here are the critical parameters ,c cp β , and the acen-
tric factor ω. 

Chen mixing rule [20] 

1 1,
,

i j ij
i j

b x x b=∑ , ( )3 4
1, 1, 1

3 4 4
,
3 2ij i jb b b= + , 1,1

1 1,

E
ii res

i
i i

a ga x
b b A
= +∑ , 0.53087A = − , (34) 

where E
resg  is the residual excess Gibbs energy. 

Thermodynamic variables for Peng-Robinson 
Thermodynamic variables for Peng-Robinson eos are [21] 

pressure p  

( ) ( ) ( ) ( )
1, , , ,c c

ap p v p
v b v v b b v b

αβ β ω
β

= = −
− + + −

        (35a) 

free energy F  

( )

( ) ( ) ( )
, d

1 log , arctanh arctanh 2
2

F p v T v

b vv b a b
b

α ω β
β

= −

 + = − − − −  
  

∫
  (35b) 

including a T-term, the complete expression is  

( )

( ) ( )
, d

1 31 log log arctanh arctanh 2
2 2

F p v T v

b vv b a b
b

β α
β

= −

 +  = − − + − − −        

∫
 (35c) 

partition function 

( )

( ) ( ) ( )3 2

exp

exp , arctanh arctanh 2
2

Z F

b vv b a b
b

β

β α ω β β

= −

  + = − −       

  (35d) 

Gibbs energy G 

( )

( )

1 31 log log
2

arctanh arctanh 2
2

G F pv

v b

b va b p v
b

β
β

α

= +

 = − − + − 
 
 + − − +  

  

           (35e) 

The material parameters here are the critical parameters ,c cp β , and the acen-
tric factor ω. 
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The acentric factor ω is an independent third parameter alongside a, b. 
The parameters are functions of the critical values: ω , ( ),c ca a p β= , 

( ),c cb b p β= . 

When formulated with reduced variables r
c

TT
T

= , r
c

vv
v

= , r
c

pp
p

= , the  

Peng-Robinson equation in reduced variables depends only on material-specific 
ω, whereas a and b are material-independent 

( ) ( )
( )

( ) ( )
,1, ,

a
p p v

v b v v b b v b
α ω β

β ω
β

= = −
− + + −

           (35f) 

where 

0.45723a = , 0.077796b =  

( )( )( )2
21 0.480 1.574 0.176 1α ω ω β= + + − −  

ω is the acentric factor ( )( )10log 1 0.7satpω = − . 
Below in Figure 2, the p(v) curves for different temperature values are shown 

for 0.2ω =  (carbon dioxide) [12] [13] 
 

 
Figure 2. Peng-Robinson p(v) curves for different temperature values for 0.2ω =  (carbon 
dioxide). 
 

Tait-Tammann equation of state 
The Tait-Tammann equation [22] is adapted and intensely tested for water, it 

is an extension of the vdWaals equation in exponential form, for pressure p (bar) 
in dependence of 1w ρ=  (m3/kg) and temperature T (degree K). 

( ) 0
0

0 0

exp w wp p B B
C w

 −
= + − − 

 
, ( )0 0 0,p p w T=  normal pressure, 1w ρ=  (36a) 

where 0C  is a material constant, for water 0 0.315C = . 

( )0 1 0B B B T T= + − , with material constants 0 1,B B , for water 0 2996 barB = , 
1

1 7.555 bar KB −= ⋅  
With the introduction of molecular mass m0, it can be reformulated in standard 
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variables (per particle) p P N= , v V N= , 1 Bk Tβ =  in the form 

( ) 0
0

0 0

exp v vp p b b
C v

 −
= + − − 

 
, ( )0 0 0,p p v β= , 0

1 kg
mb B= ,    (36b) 

Comparison of eos and mixing rules results 
A comparison of eos’s for three mixing rules, namely, Geometric Mean Average 

(GMA), Expanded Geometric Average (EGA), and Simple Average (SA) for the 
ammonia-water binary system, based on absolute average deviation (AAD) in per-
cent of the measured value is presented in [11]. 

Here, the following mixing rules are used for vdWaals parameter a  
 geometric mean average (GMA)  

ij i ja a a=                         (37a) 

 expanded geometric average (EGA)  

2
4

i j i j
ij

a a a a
a

+ +
=                     (37b) 

 the simple average (SA)  

2
i j

ij

a a
a

+
=                         (37c) 

The below Table 6 gives an assessment of precision for different eos, the best 
relative error has the Peng-Robinson eos (about 10%). 
 
Table 6. Absolute average deviation for GMA, EGA, and SA for ammonia – water binary 
system [14]. 

eos mixing rule % AAD 

vdWaals 

GMA 46.8 

EGA 46.7 

SA 59.7 

Redlich-Kwong 

GMA 20.6 

EGA 20.5 

SA 29.9 

Peng-Robinson 

GMA 9.9 

EGA 9.9 

SA 18.9 

4.2. Extended Fluid-Gas Equations-of-State 

Advanced Peng-Robinson (APR)  
APR introduces an additional volume shift c in addition to the volume param-

eter b. 
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The modified (molar) Peng-Robinson eos has the form [23] [24] 

( ) ( ) ( ) ( )
, m

m m m m

RT ap p T V
V b V V b c V b

α
= = −

− + + −
 

where ( )1 3 c

c

RTc
p

χ= − , and Vm is the molar volume. 

χ  is the adjusted critical compressibility factor and for non-polar substances 

( )20.329032 0.076788 0.0211947χ ω ω= − +  

APR modifies the α-factor in the ω-polynomial 

( )( )( )2
1 1 cm T Tα ω= + − , 

where 

( ) ( )20.452413 1.3098 0.295937m ω ω ω= + −  

instead of original Peng-Robinson ( ) ( )20.480 1.574 0.176m ω ω ω= + − . 
Benedict-Webb-Rubin (BWR)  
BWR is a polynomial-exponential eos, which in molar form reads [23] [25] 

( ) ( )
2 2

2 20 0 0
2 6 5, expm

m m
m m m m

B RT A C T VRT ap p T V cT V
V V V V

γα γ
−

−− − +
= = − + + −  

with 8 parameters 0 0 0, , , , , , ,A B C a b c α γ . 
Because of the exponential term, it is no longer analytically solvable for Vm, but 

offers much higher precision. 
Quartic Shah’s eos  
The generalized quartic eos has the following molar form [26]-[28] 

( ) ( ) ( ) ( )( )
01

2
0 00

, m
m

m m m mm

aV k ck RTRTp p T V
V k V V e V kV k

ββ
β ββ

+
= = + −

− + −−
 

with four parameters: β is the hard-sphere molar volume, ( ),a T ω , ( ),c T ω  are 
T-dependent, ( )e ω  is T-independent (ω is the acentric factor). 

This model introduces a more realistic repulsive term (first and second term 
above), making it applicable for polar substances. 

Furthermore, the attractive α-term from Peng-Robinson is inverse-cubic (in-
stead of inverse-quadratic) and more precise. 

The eos is analytically solvable for v (Tartaglia’s solution), and yields four roots, 
from which one is physically not feasible (negative real part), the other three cor-
respond to the three roots of Peng-Robinson, so the calculation of saturation 
curves and phase diagrams can be handled in the same way as for Peng-Robinson. 

All considered, this quartic eos is considerably more precise than Peng-Robin-
son for pure substances, as well as for binary and ternary mixtures. 

Comparison of cubic and quartic eos  
The error of eos’s for pure substances is usually measured as relative deviation 

from measured value in partition function Z resp. enthalpy H, and in critical pres-
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sure pc and volume Vc. 
A typical relative error in enthalpy is ~30% for vdW, and ~10% for PR and APR 

([25], chap. 6). 
A typical relative error in critical variables is ~3% for PR and APR, and reduces 

to ~1% for quartic Shah-type eos [28]. 

4.3. Solid Equations-of-State 

Mie-Grueneisen eos 
The Mie-Grueneisen eos has the form [29] 

( ) ( )

( )( )

2 0
0

0 02

1 1
2
1

sv
p p E

s

ρ η η η

η η

Γ − − − 
 − = + Γ

− −
, 

0

ρη
ρ

=         (38a) 

where vs is the bulk speed of sound, ρ0 is the initial density (reference state), ρ is 
the current density, Γ0 is Grueneisen’s gamma at the reference state, s = dvs/dvp is 
the Hugoniot coefficient, vs is the shock wave velocity,vp is the particle velocity, 
and E is the internal energy density. 

The internal energy density e can be computed using 

( )0
0

1 dv vE C T c T T
V

= ≈ −∫  

From the Dulong-Petit law follows 
2
dof

v B

n
c n k= , 

( )0

2
dof Bn k T T

E
v
−

≈ , where  

n = particle density, dofn  = number of degrees-of -freedom; for solids 6dofn ≈  
3v Bc nk≈ , so ( ) ( )0 ,03 3B th thE k T T E E= − = −  per particle. 

Also, as speed of sound s
Yv
ρ

= , Y = Young modulus, we obtain  

( ) ( )

( )( )
( )

0

,0
0 02

0

1 1
2 3

1
th th

Y E E
p p

vs

η η η

η η η

Γ − − −  − − = + Γ
− −

, where the Young modulus is 

slightly dependent on particle density 1 vρ = , 1 2Y y yρ= −  per particle. 

With these relations, the Mie-Grueneisen eos reads per particle 

( )
( )( ) ( )

( )( )

0
1 0 2

0
0 2

0 0

1 1
1 12, 3

1

y v y
p p

vs

η η η η
η β

β βη η η

Γ − − − −   Γ = + + − 
− −  

, where  

0v
v

η = ,                                                        (38b) 

The equation is derived from the Mie ansatz ( )0 0 0p p E E− = Γ − . 
In solids, as opposed to fluids/gasses, the molecules are located on a crystal lat-

tice with a lattice constant a. 
For the intermolecular potential ( ), ,u u r σ ε=

  with repulsive (hardcore) ra-
dius σ , characteristic (well depth) energy ε , and well-minimum radius 0r , the 
solid’s lattice constant becomes 02a r=  (fcc) resp. 02 3a r=  (bcc). 
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At the well-minimum, the potential has the form of a harmonic oscillator  

( ) ( ) ( )
2

20
0 02

1
2

u r r
u r r r

r
∂ =

= −
∂

, 

i.e. 
( )2

0
2

0

1 u r r
Y

r r
∂ =

≈
∂

 from 
( ) ( ) ( )2

0 00
2 2

0 00

1 u r r r ru rK
A r rr r r

∂ = −∂ 
= = ∂ ∂ 

     (38c) 

From the crystal lattice ansatz follows 0 2Γ ≈  and 3 2s ≈ , which is con-
firmed experimentally. 

The Mie-Grueneisen eos is derived from the crystal lattice ansatz and from the 
Hugoniot equations for the conservation of mass, momentum, and energy [29] [30]. 

Below in Figure 3, the Mie-Grueneisen eos is shown [12] [13] for different tem-
peratures for carbon dioxide, with 1 8.44y = , 2 17.4y =  [19]. 
 

 
Figure 3. Mie-Grueneisen eos for different temperatures for carbon dioxide. 
 

Thermodynamic variables for Mie-Grueneisen eos 
Thermodynamic variables for Mie-Grueneisen eos are as follows [21]: 

pressure  

( )
( )( ) ( )

( )( )

0
1 2 0 0 0

0
0 2

0 00 0 0

1 12, 3
y y v v v v v v

p v p
vv v s v v

β
β β

Γ − − − −   Γ = + + − 
− −  

   (39a) 

free energy F  

( )
( )( )( )
( ) ( )( )

( )( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( )( )

0 0 2 1 00
0 4

0 0 0 0

2
0 2 0 0 0 0 0 1 0 2 0 2 0

4 4
0 0

2
0 2 1 1 0 0 2 0 0 2 0 0 0

4

, d

11 3 1 11 log 3
2 1

3 1
2

2 3 2 1 log

F p v v

v s v y sy s
v p

v s s s v v v

y s v v v s v v v s y v y sv y
s v s v

s v y y sy v y sv y s v v v

s

β

β
β β β

= −

− − −Γ  Γ = − − − + − −      − − +    

Γ − + − + Γ + − Γ +
− +

− + Γ + Γ − Γ + − +
−

∫

 (39b) 

Gibbs energy G 
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( )( )( )
( ) ( )( )

( )( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( )( )

( )

0 0 2 1 00
0 4

0 0 0 0

2
0 2 0 0 0 0 0 1 0 2 0 2 0

4 4
0 0

2
0 2 1 1 0 0 2 0 0 2 0 0 0

4

1 2

0

11 3 1 11 log 3
2 1

3 1
2

2 3 2 1 log

G F pv
v s v y sy s

v p
v s s s v v v

y s v v v s v v v s y v y sv y
s v s v

s v y y sy v y sv y s v v v

s

v y y v v
vp

β
β β β

= +

− − −Γ  Γ = − − − + − −      − − +    

Γ − + − + Γ + − Γ +
− +

− + Γ + Γ − Γ + − +
−

−
+ +

( ) ( )

( )( )

0
0 0 0

0
2

0 00 0 0

1 12 3
v v v v

v
vv v s v v β β

Γ − − −   Γ  + − 
− −  

 (39c) 

( )( )( )
( ) ( )( )

( )( ) ( ) ( )
( )

( ) ( )( ) ( )( )( ) ( )( )
( )

( )( )

0 0 2 1 00
0 3

0 0 0 0

0 2 0 0 1 0
3 2

3 2
1 0 2 0 2 0 0 1 0 2 0 0 1 0 2 0 0 0

23

1 2 0

0

11 3 1 11 log 3
2 1

1 log
1

2 2 1 1 4 log

1

G F pv
v s v y sy s

v p
v s s s v v v

y s v v v y s v
s s

s y v y v y s y v y s y v y s v v v

s s

y y v v v
vp

β
β β β

= +

− − −Γ  Γ = − − − + − −      − − +    

Γ − + Γ −
− +

−

− + Γ + −Γ + Γ + + Γ − + Γ − +
+

−

− −
+ +

( )

( )( )

0
0 0

0
2

0 00 0

1 12 3
v v v

v
vv s v v β β

Γ − −   Γ  + − 
− −  

 (39d) 

4.4. Fluid-Gas Transition 

The vdWaals eos is [3] 

2
kT ap

v b v
= −

−
, Vv

N
=                      (40a) 

The critical temperature Tc in the liquid-gas transition results from 

d 0
d
p
v
= , 

2

2
d 0
d

p
v

= , follows ( )3 0c cp v v− =  

8
27c

akT
b

= , 3cv b= , 227c
ap
b

=  

with reduced variables r
c

TT
T

= , r
c

vv
v

= , r
c

pp
p

= . 

vdWaals equation becomes universal 2
8 3
3 1 3

r
r

r r

Tp
v v

= −
−

               (40b) 

and also and the compressibility ratio is universal 3 0.375
8

c c

B c

p v
k T

= = . 

Below in Figure 4 are shown four isotherms of the universal vdWaals equation  

in relative coordinates with the spinodal curve 0p
v
∂

=
∂

 (black dash-dot curve) 

and the saturation curve (red dash-dot curve). The critical point lies at the turning 
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point 
2

2 0p
v

∂
=

∂
 on the orange isotherm [3] [12] [13]. 

 

 
Figure 4. dWaals eos p(T,v). 
 

The saturation curve (left wing = fluid, right wing = gas) left (low volume) wing 
ends at the triple point, its points are determined by Maxwell’s equal-area rule [3] 

( )( ) ( )( )1 2, , , ,G v p T T G v p T T= , ( )1,p p v T= , ( )2 ,p p v T=  

Saturation curve vdWaals 
For vdWaals fluid-gas the saturation curve can be calculated in closed form from 

Maxwell’s equal-area rule (Maxwell-Gibbs equation) [31], using relative variables,  

and the universal vdWaals form ( ) 2
8 1 3,

3 1 3vdWp v
v v

β
β

= −
−

 

2
8 3

3 3
1

1f f

p
v vβ

= −
−

, 2
8 3

3 3
1
1g g

p
v vβ

= −
−

 

The Maxwell-Gibbs equation reads f gG G= , ( ), 0f beqgr v v =  

( ) ( ) ( )
9 11 3

1 3 1 3 1
1, , log

4 3
g g f

f g
f f g g f

v v v
eqgr v v

v v v v v
β β

 −
= − + − + −  − − − 

  (41) 

These are two equations for the variables p, T, vf, vg, from which vf, vg can be  

eliminated, giving the saturation curve in the form ( )sat thp E , where th
c

TE
T

=  is  

the relative temperature, and p is the relative pressure relative to pc. 
The vdWaals equation is cubic in v, we insert the smallest and the largest of the 

three roots into vf,vg (second and third Cardano’s root) ( ),2 ,f vdWv v p β= ,  
( )

,3
,

vdWg vv v p β= , and obtain the condition function ( ), theqgr p E . 
The condition function (real and imaginary part) has the form Figure 5 [12] 

[13], where in the real part (left) the edge of the grey area marks the zero-condi-
tion, and in the imaginary part (right) the “wall” is the boundary of the real-valued 
region in the upper left half. 
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Figure 5. Real and imaginary part of the Maxwell-Gibbs equation for vdWaals fluid-gas. 

 
The saturation curve runs along the “wall” on the edge of the grey area, and 

ends at the end of the shaded part of the “wall” at about 0.5 cT T= , which is the 
triple point.  

( )sat thp E  is calculated numerically [12] [13] in relative coordinates (Figure 6). 
 

 
Figure 6. vdWaals saturation (fluid-gas) curve. 

 
Analytic solution for saturation curve 
Lekner [31] (Figure 7) found an analytic parametric solution for the vdWaals 

saturation curve, without use of the the cubic roots of the eos. The solution is 
analytic, but does not allow to determine the triple point. 

Starting with the ansatz 

( )* *v v vρ = −  

we obtain the Maxwell-Gibbs equation in the form 

( )( )2
log

2
f g f gf

g f g f g

ρ ρ ρ ρρ
ρ ρ ρ ρ ρ

− + + 
=   + + 

                 (42a) 

which yields the solution 
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( ) cosh sinh
sinh cosh
y y yf y

y y y
−

=
−

 

( ) ( ) ( )exp 2f y f y yρ = , ( ) ( ) ( )exp 2g y f y yρ = −  

( )* 1 1f fv v ρ= + , ( )* 1 1g gv v ρ= +  

( )( )*2 *
*

2 2

f g f g

f g

v v v v v v
p p

v v

− +
= , 

( )( )( )* * *
*

2 2
f g f g

f g

v v v v v v v
T T

v v

+ − −
=   (42b) 

As a result, one obtains the saturation curve in dependence of the parameter 
0 y≤ ≤ ∞ , critical point 0y = : ( )0 1f = , ( ) ( )0 10 2f gρ ρ= = , ( ) *0 8 27T T= , 
( ) *0 27p p= , ( ) ( ) *0 0 3f gv v v= = , triple point: y = ∞ ,  

( ) ( ) ( )~ 2 1 expf y y y− − , ( ) ( )~ 1f y yρ − , ( ) ( ) ( )~ 2 1 exp 2g y y yρ − − ,  
( ) *

fv v∞ = , ( )gv ∞ →∞ , ( ) 0T ∞ = , ( ) 0p ∞ = . 
The saturation curve ( ) ( )( ),T y p y  parametric in y is shown below in the 

middle in relative coordinates [31], the outer curves are the two spinoidal curves 
(first and third cubic root of p). 
 

 
Figure 7. Lekner’s solution for the vdWaals saturation curve. 

 
Approximate saturation curve 
For approximate solutions, the ansatz which ( ), ,r r rp p v T φ=  has been sug-

gested, where φ  is a substance-dependent dimensionless parameter, c c

B c

p v
k T

φ = ,  

a better candidate is ( )( )10log 0.7r rp Tω = − = . 
The approximate saturation curve is [22] 

( ) ( )3 61log 5.37 1 7.49 11.18 3.69 17.93logrs r r r
r

p T T T
T

ω
 

= − + − + + 
 

    (43) 

with ( )( )10log 0.7r rp Tω = − = . 
The family of saturation curves, showing the vdW curve as a member (blue 

curve), is shown in Figure 8. The blue dots are calculated from Lekner’s solution. 
The orange dots are calculated from data in the ASME Steam Tables [32]. 
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Figure 8. Saturation curves in dependence of ω, Lekner’s vdW saturation curve in blue. 

 
Saturation curve Peng-Robinson 
For Peng-Robinson fluid-gas the saturation curve can be calculated in closed 

form from Maxwell’s equal-area rule [21] 

0.45723a = , 0.077796b =  

( )( )( )2
21 0.480 1.574 0.176 1α ω ω β= + + − −  

( ) ( ) ( ) ( )
1,PR f
f f f f

ap p v
v b v v b b v b

αβ
β

= = −
− + + −

       (44a) 

( ) ( ) ( ) ( )
1,PR g
g g g g

ap p v
v b v v b b v b

αβ
β

= = −
− + + −

       (44b) 

f gG G= , ( ), 0f beqgr v v =                  (44c) 

( )

( )

( ) ( )

, , ,

log , arctanh arctanh
2 2

1 1

f b

g g f

f

g f

g fg f

eqgr v v

v b b v b v
a

v b b b

v v
a

v vv b v b

β ω

α ω β β

β

 −  + +    
= − − −        −      

  
 + − − −   − −   

   (44d) 

These are two equations for the variables p, T, vf, vg, from which vf,vg can be  

eliminated, giving the saturation curve in the form ( )sat thp E , where th
c

TE
T

=  is  

the relative temperature, and p is the relative pressure relative to pc. 
The Peng-Robinson equation is cubic in v, we insert the smallest and the largest 

of the three roots into vf,vg (second and third Cardano’s root): ( ),2 ,f PRv v p β= , 

( ),3 ,g PRv v p β= , and obtain the condition function ( ), theqgr p E  and the Max-
well-Gibbs equation ( ), 0theqgr p E = .  
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Maxwell-Gibbs equation gives a solution ( )sat thp E , where ( ), theqgr p E  is 
real ( ( )( )Im , 0theqgr p E = ), because otherwise we have two equations (real part 
and imaginary part = zero) for two variables, which yields a point instead of a 
curve. 
 Triple point 

For sufficiently low value , ,th th t th cE E E= < , ( ), theqgr p E  becomes complex, 
and the saturation curve ends at triple point ,th tE .  
 Critical point 

The upper end point of the saturation curve is the critical point ,th cE , where  

the pressure as a turning point ( )2

2

,
0thp E v

v
∂

=
∂

. 

Clausius-Clapeyron equation 
For first order phase transition fluid-gas with s discontinuous we have with 

Gibbs free energy G and entropy S we have ( ) ( ), ,f gG V T G V T=  gives  
d
d

g f

g f

S Sp
T V V

−
=

−
, with latent heat ( )gf g fQ T S S= − , we obtain ( )

d
d

gf

g f

Qp
T T V V
=

−
, 

and using ( )g f gV V V− ≈ , g BpV k T= , gives 2
d
d

gf

B

Q pp
T k T
= ,  

( ) 0 exp gf

B

Q
p T p

k T
 

= − 
 

,               (45) 

which is the Clausius-Clapeyron equation. 

4.5. Solid-Fluid, Solid-Gas Transition 

We calculate the phase diagram for solid-fluid-gaseous carbon dioxide using the 
Peng-Robinson eos for fluid-gas and the Mie-Grueneisen eos for solid-fluid tran-
sition. The substance in consideration is here carbon dioxide. 

It has the phase diagram [19] Figure 9. 
 

 
Figure 9. Phase diagram of carbon dioxide. 
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Saturation curve fluid-gas 
We use the Peng-Robinson eos with 0.2ω =  for CO2 [33] 

0.45723a = , 0.077796b =  

( )( )( )2
21 0.480 1.574 0.176 1α ω ω β= + + − −  

with the Maxwell-Gibbs condition for the volume variables ,f gv v . 

( ) ( ) ( ) ( )
1,PR f
f f f f

ap p v
v b v v b b v b

αβ
β

= = −
− + + −

,       (46a) 

solution ( ),2f PRv v p=  second Cardano’s root 

( ) ( ) ( ) ( )
1,PR g
g g g g

ap p v
v b v v b b v b

αβ
β

= = −
− + + −

,       (46b) 

solution ( ),3g PRv v p=  third Cardano’s root 

f gG G= , ( ) ( ) ( ), , , , , 0f g PR g PR feqgr v v G v G vβ ω β β≡ − = , 1thE β=  (46c) 

( )

( )

( ) ( )

, ,

log , arctanh arctanh
2 2

1 1

g g f

f

g f

g fg f

eqgr p

v b b v b v
a

v b b b

v v
a

v vv b v b

β ω

α ω β β

β

 −  + +    
= − − −        −      

  
 + − − −   − −   

  (46d) 

We obtain for the Maxwell-Gibbs equation ( ),eqgr pβ  [34] in Figure 10, 
where in the real part (left) the edge of the grey area marks the zero-condition, 
and the imaginary part (right) is zero in the area under consideration. 
 

   
Figure 10. Maxwell-Gibbs equation ( ),eqgr pβ  for fluid-gas saturation curve. 

 

( )sat thp E  is calculated numerically [12] [13] in relative coordinates in Figure 11. 
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Figure 11. Fluid-gas saturation curve Peng-Robinson eos. 

 
Saturation curve solid-fluid (melting curve) 
We use the Mie-Grueneisen eos for СO2 for the volume variable vs 

( )
( )( ) ( )

( )( )

0
1 2 0 0 0

0 02
00 0 0

1 12, 3MG

y y v v v v v v
p v p

v v s v v
β

β β

Γ − − − −    = + + Γ − 
− −  

    (47a) 

with the Young Modulus in relative coordinates ( ) ( )1 2Y v y v y= − , with  

1 0.844y = , 2 1.74y =  for CO2 [19] and the Peng-Robinson eos  

( ) ( ) ( ) ( )
1,PR

ap v
v b v v b b v b

αβ
β

= −
− + + −

            (47b) 

for the volume variable vf, 

( ),MG sp p v β= , ( ),PR fp p v β= ,              (47c) 

solution ( ),3 ,f PRv v p β=  third Cardano’s root of Peng-Robinson eos, and solu-
tion ( ),1 ,s MGv v p β=  first Cardano’s root of Mie-Grueneisen eos, and the Max-
well-Gibbs condition for the volume variables ,s fv v  

f sG G= , ( ) ( )( ) ( )( ), , , , , 0PR f MG seqgmr p G v p G v pβ β β β β≡ − = , where  

1thE β=                                                       (47d) 

We obtain for the Maxwell-Gibbs equation ( ) 0,eqgmr pβ =  [34] the real part 
(Figure 12(a)). 

The melting curve lies at the steep left edge of the “boot”. 

( )sat thp E  is calculated numerically [3] in relative coordinates in Figure 12(b). 
As depicted in the measured phase diagram above, the solid-fluid curve rises 

steeply near the triple point to about the critical pressure pc, and then bends off 
towards about 2pc near the critical temperature Tc. 

Saturation curve solid-gas (sublimation curve) 
We use the Mie-Grueneisen eos for СO2 for the volume variable vs  

( )
( )( ) ( )

( )( )

0
1 2 0 0 0

0 02
00 0 0

1 12, 3MG

y y v v v v v v
p v p

v v s v v
β

β β

Γ − − − −    = + + Γ − 
− −  

  (48a) 
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with the Young Modulus in relative coordinates ( ) ( )1 2Y v y v y= − , with  

1 0.844y = , 2 1.74y =  for CO2 [19] 

and the Peng-Robinson eos ( ) ( ) ( ) ( )
1,PR

ap v
v b v v b b v b

αβ
β

= −
− + + −

     (48b) 

for the volume variable vg, ( ),MG sp p v β= , ( ),PR gp p v β= ,            (48c) 

solution ( ),3 ,g PRv v p β=  third Cardano’s root of Peng-Robinson eos, and solu-
tion ( ),3 ,s MGv v p β=  third Cardano’s root of Mie-Grueneisen eos, and the Max-
well-Gibbs condition for the volume variables ,s gv v  

g sG G= , ( ) ( )( ) ( )( ), , , , , 0PR g MG seqgmg p G v p G v pβ β β β β≡ − =     (48d) 

 

   
(a)                                                    (b) 

Figure 12. (a) Maxwell-Gibbs equation ( ),βeqgmr p  for solid-fluid saturation curve; (b) Solid-fluid saturation curve for Peng-

Robinson & Mie-Grueneisen eos. 
 

We obtain for the Maxwell-Gibbs equation ( ),eqgmg p β  [12] [13] the real 
part in Figure 13. 

 

 
Figure 13. Maxwell-Gibbs equation ( ),βeqgmg p  for solid-gas sublimation curve. 
 

The sublimation curve lies at the bottom of the “boot”. 

( )sat thp E  is calculated numerically [12] [13] in relative coordinates in Figure 14. 
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Figure 14. Solid-gas sublimation curve for Peng-Robinson & Mie-Grueneisen eos. 

5. Equations-of-State: Ansatz, Calculation and Results 
5.1. Benzene 
5.1.1. Material Data of Benzene 

The important material data of benzene are as follows [19]. 
Benzene is an organic chemical compound with the molecular formula C6H6. 

The benzene molecule is composed of six carbon atoms joined in a planar hexag-
onal ring (Figure 15). The intermolecular potential is of Lennard-Jones type. 
 

 
Figure 15. Benzene structure. 

 
vdWaals parameters 

2 2 318.24 L bar mol 52.16 eV AWa = ⋅ = ⋅  
30.1193 L mol 198 AWb = =  

2 3
0 1.33 meV AWWp a b= =  

where 2
0.45723 1.083 W

c c

a a
p β

= = , 10.077796 0.62223 W
c c

b b
p β

= = . 

3.70σ ≈ Å, 400 KBkε ≈ . 

ε σ parameters 

( )Benzene 3.7 Aσ =  , ( ) ( )Benzene 400 K 4 3 0.0259 0.0345 eVBkε = = =  
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crit. 562 KcT =  (289˚C), 4.89 MPacp = , 7.47 Acλ =  
1 11 0.0485 eV 20.6 eVcβ
− −= = , 3

030.5 eV A 0.0229cp p−= µ ⋅ = , 7.47 Acλ =  

triple 278.5 KtT = , 4.83 kPatp = , 5.31 Atfλ = , 5.33 Atsλ = , 75 Atgλ =  
1 11 0.0240 eV 41.6 eVtβ
− −= = , 3 330.1 10 eV Atp − −= × µ ⋅ , 5.31 Atfλ = ,  

5.33 Atsλ = , 75 Atgλ =  

32 GPa 12 A500 eVY = µ=  

0.212ω =  

Phase diagram of benzene is shown in Figure 16. 
 

 
Figure 16. Phase diagram of benzene. 

5.1.2. Equation-of-State and Phase Diagram Benzene 
The eos’s are shown in Figure 17(a), Figure 17(b) and Figure 18. 

Figure 19(a), Figure 19(b), Figure 19(c) show the Maxwell-Gibbs equation 
and the diagram of the three saturation curves fluid-gas, solid-fluid, solid-gas. 

Figure 20 shows the complete calculated phase diagram of benzene. 
 

   
(a)                                                  (b) 

Figure 17. (a) Peng-Robinson fluid-gas eos in relative coordinates; (b) Mie-Grueneisen solid eos. 
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Figure 18. The three branches (real part) of the volume function ( ),v v p β=  Peng-Robinson eos. 

 

   
(a) 

   
(b) 
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(c) 

Figure 19. (a) Maxwell-Gibbs eq. (real part) and diagram of the fluid-gas curve; (b) Maxwell-Gibbs eq. (real part) and diagram of 
the solid-fluid curve; (c) Maxwell-Gibbs eq. (real part) and diagram of the solid-gas curve. 
 

 
Figure 20. Phase diagram of benzene. 

5.2. Ethanol 
5.2.1. Material Data of Ethanol 
The important material data of ethanol are as follows [19]. 

Ethanol is an alcohol with the formula CH3-CH2-OH, and has a dipole inter-
molecular potential, mainly from H-H covalent bond (Figure 21). 
 

 
Figure 21. Structure of ethanol. 

 
vdWaals parameters 

2 2 312.56 L bar mol 35.9 eV A= ⋅ = ⋅Wa  
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30.0871 L mol 144.6 A= =Wb  

where 2

0.45723 1.083
β

= = W
c c

a a
p

, 10.077796 0.62223 W
c c

b b
p β

= =   

2 3
0 1.717 meV AW Wp a b= =   

ε σ parameters  

( )Eth 0.0542 eVhε = , ( )Eth 2.6 Aσ =    

crit. 513 K=cT , 6.25 MPa=cp , 6.55 Acλ =    
crit. 1 11 0.0445 eV 22.5 eVβ − −= = , 3

039 eV A 0.0227cp p−= µ ⋅ = , 6.55 Acλ =    
triple 150 K=tT , 1 11 0.013 eV 77 eVβ − −= = ,  

10 10 34.3 10 MPa 26.9 10 eV Atp − − −= × = × µ ⋅ ,  

4.6 Aλ = 

tf , 4.4 Atsλ =    

0
32 3.66 GPa 22838 eV AsvY ρ = = µ=   

0.62ω =   

Phase diagram of ethanol is shown in Figure 22. 
 

 
Figure 22. Phase diagram of ethanol. 

5.2.2. Equation-of-State and Phase Diagram Ethanol 
The eos’s are shown in Figure 23(a), Figure 23(b) and Figure 24. 

 

   
(a)                                                     (b) 

Figure 23. (a) Peng-Robinson fluid-gas eos in relative coordinates; (b) Mie-Grueneisen solid eos. 
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Figure 24. The three branches (real part) of the volume function ( ),β=v v p  Peng-Robinson eos. 

 
Figure 25(a), Figure 25(b), Figure 25(c) show the Maxwell-Gibbs equation 

and the diagram of the three saturation curves fluid-gas, solid-fluid, solid-gas. 
Figure 26 shows the complete calculated phase diagram of ethanol. 

 

   
(a) 

   
(b) 
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(c) 

Figure 25. (a) Maxwell-Gibbs eq. (real part) and the diagram of the fluid-gas curve; (b) Maxwell-Gibbs eq. (real part) and the 
diagram of the solid-fluid curve; (c) Maxwell-Gibbs eq. (real part) and the diagram of the solid-gas curve. 
 

    
(a)                                                     (b) 

Figure 26. (a) Phase diagram of ethanol; (b) Phase diagram of ethanol and benzene, relative to ethanol. 

5.3. Argon 
5.3.1. Material Data of Argon 

The important material data of argon are as follows [19]. 
Argon belongs to the noble gasses, is practically chemically inactive, and its in-

termolecular potential is of Lennard-Jones type, it is even a typical Lennard-Jones 
substance.  

vdWaals parameters 
2 2 31.355 L bar mol 3.87 eV A= ⋅ = ⋅Wa  

30.03201 L mol 53 A= =Wb  
2 3

0 1.378 meV A= =WWp a b  

where 2

0.45723 1.083
β

= = W
c c

a a
p

, 10.077796 0.62223
β

= = W
c c

b b
p

  

ε σ parameters 

( )Ar 3.4 Aσ =  , ( )Ar 0.0123 eVε =  

crit. 150.8 K=T , 04.83 MPa 0.0218= =cp p , 5.0 Aλ =c   
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1 11 0.0130 eV 76.8 eVβ − −= =c , 330.1 eV A−= µ ⋅cp  

triple 83.7 K=tT , 0.068 MPa=tp , 347.2 A=tfv  

1 11 0.0072 eV 138.4 eVβ − −= =t , 30.42 eV A−= µ ⋅tp , 3.6 Aλ =tf ,  

25.8 Aλ =tg   

0.001ω =  

31.6 GPa 9.98 meV A= =Y  

Phase diagram of ethanol is shown in Figure 27. 
 

 
Figure 27. Phase diagram of argon. 

5.3.2. Equation-of-State and Phase Diagram Argon 
Figure 28(a), Figure 28(b), Figure 28(c) show the Maxwell-Gibbs equation and 
the diagram of the three saturation curves fluid-gas, solid-fluid, solid-gas. 

Figure 29 shows the complete calculated phase diagram of argon. 
 

   
(a) 
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(b) 

   
(c) 

Figure 28. (a) Maxwell-Gibbs eq. (real part) and diagram of the fluid-gas curve; (b) Maxwell-Gibbs eq. (real part) and diagram of 
the solid-fluid curve; (c) Maxwell-Gibbs eq. (real part) and diagram of the solid-gas curve. 
 

 
Figure 29. Phase diagram of argon. 

https://doi.org/10.4236/jmp.2026.175027


J. Helm 
 

 

DOI: 10.4236/jmp.2026.175027 604 Journal of Modern Physics 
 

5.4. Carbon Dioxide 
5.4.1. Material Data of Carbon Dioxide 
The important material data of carbon dioxide are as follows [19]. 

Carbon dioxide is a chemical compound with the chemical formula CO2, made 
up of molecules that each have one carbon atom covalently double bonded to two 
oxygen atoms [33].  

Carbon dioxide has the intermolecular potential of Lennard-Jones type, from 
O-O covalent binding (Figure 30). 
 

 
Figure 30. Structure of carbon dioxide. 

 
vdWaals parameters 

2 2 33.6 L bar mol 10.3 eV A= ⋅ = ⋅Wa  
30.0427 L mol 70.9 A= =Wb  

2 3
0 2.05 meV A= =WWp a b  

where 2

0.45723 1.083
β

= = W
c c

a a
p

, 10.077796 0.62223 W
c c

b b
p β

= =   

ε σ parameters 

( )2CO 3.03 Aσ =  , ( ) ( )2CO 125 K 1.25 3 0.0259 0.0108 eVε = = =Bk  

crit. 304.1 K=cT , 7.38 MPa=cp , 3 393.9 cm mol 156 A= =cv ,  
3 30.0106 mol cm 0.00642 Aρ −= =c , 5.38 Aλ =c   

crit. 11 0.0262 eV 38.1 eVβ −= =c , 5.38 Aλ =c , 3
046 eV A 0.0224cp p−= µ ⋅ =   

triple 216.6 K=trT , 0.52 MPa=trp , 3 31.562 g cm 0.0353 mol cmρ = =str ,  
3 31.178 g cm 0.0266 mol cmρ = =ftr ,  

3 30.00198 g cm 0.0000447 mol cmgtrρ = =   
11 0.0186 eV 53.5 eVβ −= =t , 33.2 eV A−= µ ⋅cp , 4.0 Aλ =tf , 33.6 Aλ =tg ,  

3.6 Aλ =ts , 364 A=tfv  

0.152ω =  

( )1 2= −cY y v v y  

1 8.439=y , 2 17.38=y  
3790 MPa 4.93 meV A≈ =maxY  

Phase diagram of carbon dioxide is shown in Figure 9. 
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5.4.2. Equation-of-State and Phase Diagram Carbon Dioxide 
Figure 31(a), Figure 31(b), Figure 31(c) show the Maxwell-Gibbs equation 

and the diagram of the three saturation curves fluid-gas, solid-fluid, solid-gas. 
Figure 32 shows the complete calculated phase diagram of carbon dioxide. 

 

   
(a) 

   
(b) 

   
(c) 

Figure 31. (a) Maxwell-Gibbs eq. (real part) and diagram of the fluid-gas curve; (b) Maxwell-Gibbs eq. (real part) and diagram of 
the solid-fluid curve; (c) Maxwell-Gibbs eq. (real part) and diagram of the solid-gas curve. 
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Figure 32. Phase diagram of carbon dioxide. 

6. Solutions: Ansatz, Calculation and Results 
6.1. Equation-of-State for Mixtures and Solutions 

General ansatz 
A simple and reliable ansatz for the eos of mixtures/solutions is the summing-

up of partial pressures arising from pairwise interaction of the components 

,
= ∑ i j ij

i j
p x x p  

where ix  is the relative concentration of component i, and  
( ), , , ,σ ε= ij ij ijp p v T  is the eos of the (i, j) components. This ansatz is theoreti-

cally well-founded and yields results in agreement with measurement within the 
precision margin of the Peng-Robinson eos (10%).  

Pressure is in the molecular description momentum transfer, and addition of 
momenta is linear and independent of source, therefore this ansatz is generally 
valid in thermodynamics.  

Furthermore, this ansatz has the following advantage for binary solutions. In 
this approach, the non-ideal character of a binary solution (the interaction be-
tween the two substances 1 and 2) is represented solely by the substance 12 (in the 
chosen example benzene-ethanol-50%), its parameters must be inserted in the 
model, on equal footing with the parameters of substance1 and substance 2. There 
is no need to introduce additional interaction relations in the model, in order to 
describe the non-ideal behavior of the solution.  

Using Peng-Robinson eos with 3 parameters ( ), ,ωc cp T , a binary solution is 
completely described by 3 × 3 = 9 parameters. 

The molecular parameters ( ), ,σ ε ij ij  are calculated from individual param-
eters ( ), ,σ ε i i

, ( ), ,σ ε j j  using molecular mixing rules (which introduces an 
additional error from mixing rules), or are measured directly (which is preferable 
of course). 
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Eos and mixing rules 
For ( ),σ ε  we use Lorentz-Berthelot 

( ) 2σ σ σ= +ij i j , ε ε ε=ij i j ,              (49a) 

for volume v we apply the σ-rule and we obtain 
( ) ( )1 31 3

3

2

 + =
 
 

i j
ij

v v
v      (49b) 

 vdWaals eos 
We formulate the dimensionless eos in the form in molecular parameters 

( )
3

0
23

1
2 3

ε σ

σ β
= −

π−
W ij ij

ij
ij

a
p

vv
               (50a) 

and obtain the total eos 
,

= ∑ i j ij
i j

p x x p                                (50b) 

 Peng-Robinson eos parameter mixing 
The dimensionless eos has the form in molecular parameters 

( ) ( ) ( ) ( )
1, , , , αβ ω

β
= = −

− + + −
ap p v a b

v b v v b b v b
 

where 
2

0.45723 1.083
β

= = W
c c

a a
p

, 10.077796 0.62223
β

= = W
c c

b b
p

 

( )
2

21 0.480 1.574 0.176 1 0.141α ω ω β
  

= + + − −      

a
b

 

and
0.45723 5.8773

0.077796
β = =c

b b
a a

, 
2 2

0.077796 0.077796 0.013236
5.8773β

= = =c
c

a ap
b b b

, 

3 3 0.622223 4.8214= = =c Wv b b b   
and 3 30.62223 2 3 1.3032σ σ= =π∗b , 3

01.083 εσ= Wa a ,  

For ω, we use its definition in the form ( )10logω = − rp , ( )0.7
= sat c

r
c

p T
p

p
. 

The energy ratio in pr is constant 0.7=
c

T
T

, so pr transforms like 1/v,  

( ) ( )

3

,

, ,
1 31 3

2

1 1
r ij

r i r j

p
p p

 
 =
 + 

,                  (51a) 

( ) ( ) ( )( )( )1 31
10 , 10 , , 10

33

0

3

1

log 3 log 1 1 log 2

10 103 log
2

ωω

ω = − = + −

  +
=       

ji

ij r ij r i r jp p p

    (51b) 

We apply the v-rule to b: 
( ) ( )1 31 3

3

2

 + =
 
 

i j
ij

b b
b                      (51c) 
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As for a, we see that =
aa
b

 is an energy, so we can apply the ε-rule  

ij i ja a a=   , 
( ) ( )( ) ( ) ( )( )1 3 13 33131 3

8 8
i j i jji

ij i j ij i j
i j

b b b baaa a a b a a
b b

+ +
= = =     (51d) 

 Mie-Grueneisen eos parameter mixing 

( )
( ) ( )

( )( )

0

0
0 2

0 0

1 1
1 12, 3

1

Y
p p

vs

η η η
η β

β βη η η

Γ − − −   Γ = + + − 
− −  

 per particle 

( ) ( ) ( )

( )( )

0

0 0 0
2

0 0 0 0

1 1
, 2 3

1 1
1

η η η
η β β

β βη η η

Γ − − −  Γ   = + − − 
 − −

Y
p p

p p vs
, 0η =

v
v

 

The reference point ( )0 0 0, ,p vβ  becomes the triple point ( ), ,t t tp vβ  in the 
phase diagram, so it must be calculated for the mixture/solution. 

We apply the σ mixing rule for length to v  

( ) ( ) ( )
31/31/33

3 , ,, ,
, , 2 2

t i t jt i t j
t ij t ij

v v
v

λ λ
λ

 ++   = = =      

         (52a) 

We apply the ε mixing rule for energy to β, T, pv and Yv  

, , ,t ij t i t jβ β β= , , , ,t ij t i t jT T T=                 (52b) 

, , , , , ,t ij t ij t i t i t j t jp v p v p v= , so 
( ) ( )1 31

, , , , , , , ,
, 3

,
3,

,

2

t i t i t j t j t i t i t j t j
t ij

t ij
t i t j

p v p v p v p v
p

v v v
= =

 + 
 
 

  (52c) 

, ,

,

= i j t i t j
ij

t ij

YY v v
Y

v
                   (52d) 

6.2. Example Solutions 

 benzene-ethanol solution [35] 
Ethanol dissolves in benzene because of a balance of intermolecular interactions 

and favorable mixing entropy that allows the two liquids—polar protic ethanol 
and nonpolar aromatic benzene—to form a stable homogeneous solution at com-
mon concentrations. 
- Dispersion forces dominate benzene  

Benzene is nonpolar; its primary attractive forces are London (induced-dipole) 
dispersion forces between aromatic rings. 
- Ethanol is amphiphilic 

Ethanol (CH3CH2OH) has a small nonpolar ethyl group ( 3 2CH CH− ) and a polar 
hydroxyl group (–OH). The ethyl portion is compatible with benzene’s nonpolar 
environment; the hydroxyl can form weaker interactions with benzene than with 
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water, but does not prohibit mixing. 
- Dispersion interactions between ethanol’s alkyl portion and benzene are fa-

vorable  
The ethyl group can engage in London dispersion with benzene, lowering the 

energy cost of breaking ethanol-ethanol and benzene-benzene contacts. 
- Hydrogen bonding is not an absolute barrier 

While ethanol forms hydrogen bonds with itself, those bonds are not so strong 
that they prevent disruption. In a benzene solution, some ethanol molecules retain 
hydrogen bonding clusters; many simply lose some H-bonds while gaining stabi-
lizing dispersion contacts with benzene. The net energetic change can be small or 
slightly favorable. 
- Entropy of mixing helps  

Mixing increases configurational entropy, which favors solution formation 
even when enthalpic changes are modestly unfavorable. For small organic mole-
cules like ethanol and benzene, the entropy term often offsets small positive en-
thalpy changes. 
- Concentration dependence and limits  

Ethanol is fully miscible with many organic solvents including benzene over a 
wide range, but its solubility in purely nonpolar solvents decreases as the solvent 
becomes less able to accommodate the hydroxyl group. Benzene can solvate mod-
erate amounts of ethanol because ethanol’s nonpolar tail is sufficient to integrate 
into the benzene network; at very high ethanol fractions the system tends toward 
ethanol-like behavior with retained hydrogen bonding. 

Measured values for the benzene-ethanol solution [16] are shown in Figure 33 
for γ ∞  activity coefficient at infinite dilution, iy  component concentration in 
vapor, Tm melting temperature at normal pressure, HE excess enthalpy. 
 acetone-water  

Acetone-water mixtures are miscible in all proportions and do not form a bi-
nary azeotrope. The boiling point depends on the mixture’s composition, ranging 
between the boiling points of pure acetone (56˚C - 56.5˚C) and pure water (100˚C).  
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Figure 33. Measured values for the benzene-ethanol solution. 

 
Measured values for the acetone-water solution [4] are shown in Figure 34 for 

iy  component concentration in vapor, iα  component separation factor, γ  
activity coefficient, Tb boiling temperature at normal pressure. The double curves 
on the right refer to heated liquid, resp. cooled vapor, which show a hysteresis 
effect. The continuous line is the calculated value using the NRTL model. 
 

 
Figure 34. Measured values for the acetone-water solution. 

6.3. Saturation Curves of Solutions Benzene-Ethanol  

( ), ,thE p v  are given in relative coordinates (critical values ( ), , ,th c c cE p v ) rel. 
benzene-ethanol-50 (i.e. 50%). 
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The concentration parameter x0 is the relative benzene concentration  

( )0 1,0.75,0.5,0.4,0.25,0.1,0x =  
For the eos we use here the ansatz 

,
i j ij

i j
p x x p=∑                        (53a) 

This ansatz is theoretically well-founded and yields results in agreement with 
measurement within the precision margin of the Peng-Robinson eos (10%).  

Specifically, for the Peng-Robinson eos we have  

( )
( ) ( ) ( )
( ) ( )

0

22
0 1 1 1 0 2 2 2

0 0 12 12 12

, ,

, ; , , 1 , ; , ,

2 1 , ; , ,

PR th

PR th thc c PR th thc c

PR th thc c

p E v x

x p E v E p x p E v E p

x x p E v E p

ω ω

ω

= + −

+ −

     (53b) 

where indices 1 = benzene, 2 = ethanol, 12 = benzene-ethanol-50. 
Peng-Robinson eos is calculated in the individual relative coordinates, scaled 

from benzene-ethanol-50. 
The parameters 12 12 12, ,thc cE p ω  of benzene-ethanol-50 are calculated accord-

ing to the mixing rules (see above). 
Specifically, for the Mie-Grueneisen eos we have  

( )
( ) ( ) ( )
( ) ( )

0

22
0 1 0 0 0 0 2 0 0 0

0 0 12 0 0 0

, ,

, ; , , , 1 , ; , , ,

2 1 , ; , , ,

MG th

MG th th MG th th

MG th th

p E v x

x p E v Y E v p x p E v Y E v p

x x p E v Y E v p

= + −

+ −

   (53c) 

The parameter 12Y  of benzene-ethanol-50 is calculated according to the mix-
ing rules. 

The parameters 0 0 0, ,thE v p  are set to the triple point , ,tht t tE v p  for the given 
x0, calculated from the fluid-gas curve for this x0. 

The calculated Maxwell-Gibbs eq. (real part) and the diagram of the fluid-gas 
curve for different relative benzene concentration values of the benzene-ethanol 
solution are given in the following Figures 35(a)-(g). 

The calculated Maxwell-Gibbs eq. (real part) and the diagram of the solid-fluid 
curve for different relative benzene concentration values of the benzene-ethanol 
solution are given in the following Figures 36(a)-(g). 

 

   
(a) 
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(b) 

   
(c) 

   
(d) 

   
(e) 
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(f) 

   
(g) 

Figure 35. (a) Fluid-gas curve of benzene-ethanol solution for x0 = 1 (benzene); (b) Fluid-gas curve of benzene-ethanol solution for 
x0 = 0.75; (c) Fluid-gas curve of benzene-ethanol solution for x0 = 0.50; (d) Fluid-gas curve of benzene-ethanol solution for x0 = 0.40; 
(e) Fluid-gas curve of benzene-ethanol solution for x0 = 0.25; (f) Fluid-gas curve of benzene-ethanol solution for x0 = 0.10; (g) Fluid-
gas curve of benzene-ethanol solution for x0 = 0 (ethanol). 
 

   
(a) 

   
(b) 
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(c) 

   
(d) 

   
(e) 

   
(f) 
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(g) 

Figure 36. (a) Solid-fluid curve of benzene-ethanol solution for x0 = 1 (benzene); (b) Solid-fluid curve of benzene-ethanol solution 
for x0 = 0.75; (c) Solid-fluid curve of benzene-ethanol solution for x0 = 0.50; (d) Solid-fluid curve of benzene-ethanol solution for x0 
= 0.40; (e) Solid-fluid curve of benzene-ethanol solution for x0 = 0.25; (f) Solid-fluid curve of benzene-ethanol solution for x0 = 0.10; 
(g) Solid-fluid curve of benzene-ethanol solution for x0 = 0 (ethanol). 
 

The calculated Maxwell-Gibbs eq. (real part) and the diagram of the solid-gas 
curve for different relative benzene concentration values of the benzene-ethanol 
solution are given in the following Figures 37(a)-(g). 

6.4. Phase Diagrams, Enthalpy, Characteristic Points of Solutions 
Benzene-Ethanol 

Phase diagrams 
The calculated phase diagrams for different relative benzene concentration val-

ues of the benzene-ethanol solution are shown in Figures 38(a)-(g). 
 

   
(a) 

   
(b) 
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(c) 

   
(d) 

   
(e) 

   
(f) 
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(g) 

Figure 37. (a) Solid-gas curve of benzene-ethanol solution for x0 = 1 (benzene); (b) Solid-gas curve of benzene-ethanol solution for 
x0 = 0.75; (c) Solid-gas curve of benzene-ethanol solution for x0 = 0.50; (d) Solid-gas curve of benzene-ethanol solution for x0 = 0.40; 
(e) Solid-gas curve of benzene-ethanol solution for x0 = 0.25; (f) Solid-gas curve of benzene-ethanol solution for x0 = 0.10; (g) Solid-
gas curve of benzene-ethanol solution for x0 = 0 (ethanol). 
 

The combined phase diagram of all solutions is shown below Figure 39 in co-
ordinates relative to benzene-ethanol-50%. 

Each fluid-gas saturation curve descends steeply to the triple point of the cor-
responding solid-fluid curve, the triple point is the intersection of the solid-fluid 
and the solid-gas curve at the low pressure pt < 0.01. 

 

   
(a)                                                  (b) 

   
(c)                                                  (d) 
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(e)                                                  (f) 

 
(g) 

Figure 38. (a) Phase diagram of benzene-ethanol solution for x0 = 1 (benzene); (b) Phase diagram of benzene-ethanol solution for 
x0 = 0.75; (c) Phase diagram of benzene-ethanol solution for x0 = 0.50; (d) Phase diagram of benzene-ethanol solution for x0 = 0.40; 
(e) Phase diagram of benzene-ethanol solution for x0 = 0.25; (f) Phase diagram of benzene-ethanol solution for x0 = 0.10; (g) Phase 
diagram of benzene-ethanol solution for x0 = 0 (ethanol). 
 

 
Figure 39. The combined phase diagram benzene-ethanol solution for different relative 
benzene concentrations. 

 
Enthalpy 
The excess enthalpy of the fluid-gas transition is the difference between the two 
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enthalpies 

( ) ( )( ) ( )( ), , , , , , ,E th th g th th f thH E p G E v E p p G E v E p p= − ,       (54) 

measured at normal pressure ( ) ( ),0 0,E th E thH E H E p= , 0 1 bar 0.1 MPap = = . 
Excess enthalpy ( ),0E thH E  in kJ/mol vs. relative benzene concentration x0 is 

shown below in Figure 40. 
 

 
Figure 40. Calculated excess enthalpy ( ),0E thH E  in kJ/mol vs. relative benzene concentra-

tion for the benzene-ethanol solution. 
 
Measured excess enthalpy in J/mol is [16] roughly in agreement (Figure 41). 
 

 
Figure 41. Measured excess enthalpy in J/mol for the benzene-ethanol vs. relative ethanol 
concentration. 

 
The vaporization enthalpy is the enthalpy of the gas phase at normal pressure 

( ) ( )( )0 0 0, , , ,v th th g thH E p G E v E p p=              (55) 

Vaporization enthalpy in kJ/mol is shown below in Figure 42. 
Vaporization enthalpy depends only weakly on the temperature.  
Our calculated values agree roughly with the calculation in [36], but deviate 

from the measured values for benzene at x0 = 1 in [36] (Figure 43). 
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Figure 42. Calculated vaporization enthalpy in kJ/mol for the benzene-ethanol solution. 
 

 
Figure 43. Measured and calculated [36] vaporization enthalpy in kJ/mol for the benzene-
ethanol solution at T = 35˚C. 

 
Triple point temperature 
The calculated triple point temperature ,th tE  in K is shown in Figure 44. 
 

 
Figure 44. Calculated triple point temperature in K for the benzene-ethanol solution. 
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The dependence on concentration is approximately linear. 
In order to determine the melting point, we take the point on the steep descend 

part of the fluid-gas curve at normal pressure (Figure 45). 
 

 
Figure 45. Calculated melting point for the benzene-ethanol solution vs. relative benzene 
concentration. 
 

The resulting curve shows an accumulation near the benzene melting point at 
x0 = 1.  

Pure benzene melts (at normal pressure) at 5.53˚C (278.6 K), while pure ethanol 
melts at −114.14˚C (159 K). 

The measured values of melting point [16] also show an accumulation effect 
near the melting point of benzene, and agree roughly with the calculated values 
(Figure 46). 

 

 
Figure 46. Measured melting point for the benzene-ethanol solution vs. relative ethanol 
concentration. 

7. Conclusions 

In this paper, there are two important results: 
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 Exact solution of the Maxwell-Gibbs equation and calculation of phase dia-
grams 

The Maxwell-Gibbs equation is the equality of enthalpy for both phases along 
the saturation curve, the other condition is continuity of pressure. The two equa-
tions yield the Maxwell-Gibbs condition ( ), 0theqgr p E =  after inserting an ap-
propriate branch vi(Eth,p) from the three algebraic solution (i = 1, 2, 3) of the cubic 
eos (vdWaals, Peng-Robinson and Mie-Grueneisen eos are all cubic in volume v). 
The condition ( ), 0theqgr p E =  is an algebraic-transcendent equation for (Eth, 
p),which yields the saturation curve in the form p(Eth), including the triple point, 
which is the algebraic branching point, where the three saturation curves meet. 

This method is used to calculate the complete phase diagram for four selected 
substances (benzene, ethanol, argon, carbon dioxide), and the results are com-
pared with measured data. The results agree with measured data within the accu-
racy of the Peng-Robinson eos (about 10%). 
 Exact solution for the eos of binary solutions and calculation of their phase 

diagrams 
We formulate an exact theoretical basis for binary solutions, based on the 

weighted sum of partial eos pressures, and including the 1-2-interaction of the 
components (i.e. non-ideal and irregular solutions). 

Using this ansatz, we calculate the general eos in dependence on relative con-
centration x0 of the first component. Furthermore, we calculate the eos for seven 
concentrations for the solution benzene-ethanol and compare the results with 
measurements. Again, the agreement is satisfactory and the deviation is within the 
accuracy of the Peng-Robinson eos (about 10%). 

To achieve this, we introduce two novel methods. 
 Exact algebraic solution for phase diagrams based on Peng-Robinson and Mie-

Grueneisen equation-of-state 
 A theoretically exact ansatz for mixture phase diagrams based on the weighted 

sum of partial pressures 
 Limitations of the ansatz 

The calculation ansatz for phase diagrams is based on the Maxwell-Gibbs con-
dition for saturated curves, is theoretically exact. 

The results for pure substances are limited in validity, however, by the precision 
of the underlying eos: the Peng-Robinson eos and the Mie-Grueneisen eos. In par-
ticular, Peng-Robinson is not well adapted to polar and ionic substances.  

The precision will be increased by factor ~3, when the quartic Shah’s eos is used 
instead of Peng-Robinson, furthermore this eos is also applicable for polar fluids.  

The calculation ansatz for solutions, pressure as the sum of weighted partial 
pressures, is also theoretically exact. For binary solutions, one needs reliable meas-
urement data for parameters (vc, Tc, ω, Y) for substance1, substance2, and sub-
stance12 = 50%-mixture. The data for the first two are usually available, but not 
for the latter. In consequence, the data for substance12 are calculated using mixing 
rules (Lorentz-Berthelot).  
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So, the precision is reduced by the error of the substance 12 parameters using 
mixing rules.  
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