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Abstract

The kinetic energy of a particle confined in a finite volume decreases with in-
creasing volume. In the covalent bonding, the delocalization of electrons ex-
changed between atoms of the molecule is equivalent to an increase in their
localization volume compared to their localization volume in the individual
atoms. This results in a decrease in their kinetic energies, which is at the origin
of the attraction mechanism of the atoms in the molecule. The quantum me-
chanical approach to the covalent bonding (Valence Bond Picture) used to de-
scribe the delocalization of the two exchanged electrons in the hydrogen mol-
ecule is used to describe the delocalization of the two exchanged pions in the
nucleon-nucleon system. In particular, the increase in the average localization
radius of each pion in the nucleon-nucleon system compared to its average
localization radius in an individual nucleon is calculated. This increase in av-
erage localization radius is correlated with the Lattice QCD data on the de-
crease in the residual mass of a pion confined in a finite volume with increas-
ing volume. The decrease of the residual masses of delocalized pions in the
nucleon-nucleon system compared with their residual masses in individual
nucleons is at the origin of the mechanism of nucleon-nucleon attraction. An
expression for the central nucleon-nucleon potential due to two-pion exchange
is obtained.
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1. Introduction

The relationship between the finite size effects and the mechanism of attraction

between two particles is well illustrated in the covalent bonding. Hellmann pro-
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posed that covalent bonding should be understood as a quantum mechanical ef-
fect [1]. There is a decrease in the ground state kinetic energies of valence elec-
trons associated with the delocalization of their motions between atoms in a mol-
ecule. In other words, there is an increase in the size of the localization volume of
the exchanged electrons in the molecule, compared to their localization volume
in the individual atoms. This results in a decrease in the kinetic energies of the elec-
trons, and thus the total energy of the system decreases. This is at the origin of the
attraction mechanism of the atoms in the molecule. A comprehensive analysis of
this approach to covalent bonding, for the case of the hydrogen molecule H,, is
presented in [2]. It is interesting to note that before the work of Hellmann, Hei-
senberg suggested an attractive force between proton and neutron in analogy to
that in the hydrogen molecular ion Hj, an “electron” without spin being the ex-
changed particle [3].

Yukawa was the first to propose the pion as the particle exchanged in the nu-
cleon-nucleon ( N — N ) interaction and introduce the Yukawa potential in anal-
ogy with the scalar potential of electromagnetic field, to describe the nuclear inter-
action [4]. The basic mechanism of intermediate-range attraction between nucleons
is still under debate. The two-pion exchange seems to be among the most favored
candidates [5]-[13].

Feynman made a simple and unitary analysis of the mechanism of both covalent
bondingand N - N interaction [14]. The probability amplitude for a particle to
get from one nucleon to the other a distance R was the key ingredient used to
describe the delocalization of the exchanged particle, the electron in the covalent
bonding and the pioninthe N - N interaction. Feynman assumed that the inter-
action energy is proportional to this probability amplitude [14].

Starting from Feynman analysis, a quantitative approach to the mechanism of
N - N attraction was presented in [15] [16]. By analogy to the decrease in the
kinetic energy of the exchanged electrons in the molecule (a decrease of electron
dynamical mass from a relativistic point of view), it has been proposed that the
decrease of the dynamical masses of the exchanged pions in the N—N interac-
tion is the main mechanism responsible for N —N attraction. The delocalization
of the exchanged pions is strongly limited by the probability amplitude of pions
to tunnel from one nucleon to the other.

In this paper, we apply the quantum mechanical approach to the covalent bond-
ing in H, (Valence Bond Picture) to describe the delocalization of the two exchanged
pions in the N—N system and we use the results of the rigorous Lattice QCD
treatment of the finite size effects on the dynamical mass of a pion.

In Section 2, we calculate the increase in the average value of localization radius
of a pion due to its exchange between the nucleons. In Section 3, this increase in
the average localization radius of each pion in the N—-N system, compared to
its average localization radius in an individual nucleon, is correlated with the de-
crease of the residual mass of a pion due to finite size effects. An expression of the
central N—N potential due to two-pion exchange is obtained. We end with Dis-

cussion and Conclusions.
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2. Average Localization Radius of the Pion in the
Nucleon-Nucleon System

We begin with the basic physics of the quantum mechanical approach to covalent
bonding in the case of hydrogen molecule H,, in which two hydrogen atoms ex-
change their electrons to form the molecular bound state [2]. The simplest molec-
ular wave function is constructed from the exact atomic orbitals (AOs) of a hy-
drogen atom (Valence Bond Picture). The spatial component of the normalized

molecular wave function is [2]:

L [6.04,2)+41)42)] M

s3]

where a and b are the coordinates of the two protons, R is the distance be-

‘//(H2§a0sR):

tween the two protons, 1 and 2 are the coordinates of the two electrons and ¢,
is the Bohr radius. This valence bond (VB) wave function, being the linear com-
bination of atomic configurations, dissociates to H atoms.

The normalized atomic orbital (AOs) is just the ground state function of the
hydrogen atom:

4, = l.eXp[—r—“] 2)

(7ap )
where r, is the distance of the electron from the nucleus a.

S, is the overlap integral:
Sab(aO’R):<¢a ¢b>:_[¢a(ra)¢b(rb)dr (3)

where 7, is the distance of the electron from the nucleus 5.

At each inter-nucleon distance R , one can calculate a physical quantity asso-
ciated with each of the two electrons exchanged into the molecule. For instance,

the expression of the average kinetic energy 7 of one electron in H, is:

_ T;m + Sab];h

T(H,;a,,R)= (4)
(Hasa,.R) 1+ 82

where T, =<¢a T ¢a> =T, and T, :<¢a T |¢b> is the off-diagonal term.
We will apply this VB wave function approach (Valence Bond Picture) to the case

of N—N system. The nucleon structure having a non-chiral “core” and a pion
“cloud” surrounding the core is extensively analyzed in the literature [17]-[19]. Pi-
ons exchange plays a major role in medium- and long-range N— N interaction.
Like in the H, molecule case, where there is a real process of reciprocal exchange
of the two electrons between the two atoms, in the nuclear case, we assume a real
process of reciprocal exchange of the two pions between the two nucleons.

The VB wave function approach, in which the H; molecule dissociates into H
atoms, is appropriate in the case of the N— N interaction. In the other quantum
mechanical approach, the Molecular Orbital Picture, there are terms in the mo-
lecular wave function corresponding to “ionic” configurations in which both elec-

trons are on one atom and neither on the other atom. The H atom can separate
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into the proton and the electron with the formation of H*/H™ ions at molecule
dissociation. These “ionic” states specific to Molecular Orbital Picture have no ana-
logue in the two-nucleon system.

The nucleon cannot be separated into the non-chiral core and the pion. If a pion
leaves from nucleon A to tunnel to nucleon B, a pion from nucleon B must tunnel
simultaneously to nucleon A, to replace it. A nucleon can emit a real pion only
receiving simultaneously an amount of energy equal to the pion mass or directly
another pion. Like in the Valence Bond Picture, a simultaneous and reciprocal ex-
change of the two pions takes place between the nucleons.

The atomic orbital (Equation (2)), which describes the electron cloud in the H
atom, is replaced by a “nucleonic orbital” of Yukawa type, which describes the pion
cloud in the nucleon:
exp(—r,/R,)

Ty

¢A =K (5)

The coordinates ¢ and b ofthe protonsinthe H, molecule are replaced
with the coordinates 4 and B of the nucleon cores; r, isthe position vector
of the pion with respect to the nucleon core 4.

After normalization, (g, |4,)=1, the Yukawa orbital becomes:

1 exp(-r,/%,)
(271'7l i )1/2 ry

¢A = (6)

Let’s calculate the average value of the pion localization radius in a nucleon:

1 " e—ZrA/X,, 5
”AAE’”N:<¢A|FA|¢A>:2”K _[0 ry ’”Az 4zrydr,
i (7)
:xi'f:r/‘e'zﬂ/x”dr/‘ 2%

T

This value (Z,/2) isin satisfactory agreement with the value of the radius of
maximum pion charge density in the nucleon, equal to 0.8 fm, calculated in the
cloudy bag model [17].

To calculate the average value of the localization radius of each pion in the
N—N system, we must use Equation (4) written for the N-N system:

v +S
ro (R R)=1a4T248"48 (8)
vor (. R) 1+53,
where r,, =r,, =r,, calculated in Equation (7), r,, =(¢,|r|#,) isthe off-diag-
onal term and S, (%,,R)=(g,|d,) isthe overlap integral.

We need to solve the overlap integral:
SAB(xn’R):I¢A(rA)¢B(rB)dr ©)

where R is the inter-nucleon distance, and r, and r, are the position vec-
tors of a pion with respect to the nucleon cores A and B, respectively.

We lie the two nucleon cores on the z-axis, with the nucleon core A at the origin
and the nucleon core B at z=R. Using the standard spherical coordinates

(r.0,9), it follows that the pion is positioned at 7, =» with respect to nucleon
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V2
core A and at 7, = (r2 +R*—2rRcos 6’) with respect to nucleon core B. Equa-
tion (9) becomes:

Sis(R,.R)
(rz + R’ —2rRcos 0)1/2
1 2 exp[ ., J exp| — % (10)
=— 'l 2. = rdrsin 0dodg
27k, r <r2 +R*—2rRcos 9)

With the notations: x=r/&, and X =R/A_ itresults:

exp[—(x2 +X* —2xX cos 9)]/2}
xdxsin 6d 6 (11)

Sw(X)=[; [T

(x2 + X% —2xX cos 6’)1/2
where we already performed the ¢ integral.

Now, we solve the @ integral. For this, we introduce the variable:
y(H) = (x2 +X? —2xX cos 0)1/2 .
929

By derivation, we obtain sinéfd
xX

It follows that:

1/2
i exp[—(x2 + X% ~2xXcos)

B sin6d @
0 2 2
(x +X —2xXcost9) (12)
_ L b ey e
XX ILX*XJe dy = xX<e ¢ )

We substitute this expression in Equation (11):

S(X)= _%J‘: e’ (67(”)() - efLX’XJ)dx

(13)
= _ie_xr e"zxdx+ie'XJ.de+Lerwe"2xdx
X 0 X 0 X X
After integration, we obtain:
Sp(X)=e" (14)
It remains to calculate the off-diagonal term:
(%, R)
2 2 1/2
(r +R —ZrRCOSH)
1 eXp[_{j exp| - - (15)
_ NN = s r’drsin0dodg
2R, 70 0 r <r2+R2—2chos€)

Using the notations: x=r/A, and X =R/A_, it results:

2 2 12
exp[—(x +X —2xXcos€) }
x’dxsinfdd  (16)

(=L e

12

(x2 +X? —2xXcos@)

where we already performed the ¢ integral.
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The 6 integral is given by Equation (12). Relation (16) becomes:

r(X)= —%I: xe " (e_(”X) —elx] )dx
(17)

= —Le'xrxe'zxdx+he'xj.xxdx+Lex wae"“dx
X 0 X 0 X Jx
After integration, we obtain:
rAB(X):K_;(“X)e#:”N(HX)GJ (18)

where we have taken into account that r, =X / 2 (see Equation (7)).

Now we are able to calculate the average value of the localization radius of each
pioninthe N-N system. We need to substitute the expressions for §,, (Equa-
tion (14)) and r,; (Equation (18)) in Equation (8). It results:

Tt Suplus _ Ty +e ¥ (14 X)e ™™ _, l+(1+X)e?" (19)
1+5%, 1+e2¥ A T

. (X )

where X =R/X .
The average value of the localization radius of each pion in the N—-N system

as function of the inter-nucleon distance (relation 19) is shown in Figure 1.
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Figure 1. The average value of the localization radius of a pion inthe N—-N systemasa
function of the inter-nucleon distance.

It can be said that for each inter-nucleon distance R, there is a spherical vol-

ume of radius 7 (X,,R) in which the pion is localized.

3. Residual Mass of Pion: The Central Nucleon-Nucleon
Potential

In a finite spatial box of volume L, the pion has an additional mass to its physical
mass called residual mass. This mass has a dynamical origin and decreases if the

size L oftheboxincreases [20]-[22]. For L — o, the residual mass gets zero.
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The physics behind this residual mass is described by a simple quantum mechan-
ical rotator [20]. In [22], the predictions of the chiral effective theory for the re-
sidual pion mass as a function of size L are compared to the QCD lattice calcu-
lations (see Figure 5 from [22]). In the range L e (1.61 - 1.81) fm , the predictions
of chiral effective theory to NNL (NL) order are almost identical to those of QCD
lattice calculations.

The Lattice QCD calculations have shown that for a size L =1.61fm, the re-
sidual mass of the pionis m/“c* =172 MeV andfor L=1.81fm theresidual
mass has decreased to a value of m/“c* =144 MeV (Table 3 and Figure 5 in [22]).
The values of residual masses calculated in [22] in therange L e (1 61-1.8 1) fm are

reproduced quite well by the following formula:

m’* (L)'C2 =khe/L (20)

4

where k& variesslowly from 1.4for L=1.61fm to1.32for L=1.81fm.Extrap-
olating the results of the Lattice QCD calculations [22] towards lower values of
L , we obtained a value of approximately k=1.5 for L=1.41fm.

The spatial extent L of the localization volume is identical in all directions (x,
¥ 2) in the case of the cubic box. The same is true for a spherical box whose spatial
extent is the diameter D . The dynamics represented by the momentum p = fic/L
in the case of cubicboxand p=hc/D in the case of spherical box is almost iden-
tical for both geometries if D =L . Therefore, the dynamical masses are approx-
imately equal.

Indeed, the kinetic energy of a particle confined in a cubic box of size L,
E =37°h*/2mI?*, is equal to 3/4 of the kinetic energy of a particle localized in a
spherical box of diameter D =L . The two kinetic energies are in fact dynamical
masses. Taking into account the above arguments, we assume that the residual
mass of a pion localized in a cubic box of size L , which is also of dynamical origin,
is approximately equal to the residual mass of a pion localized in a spherical vol-
ume of diameter D=1L.

Taking into account that D =27, , (X), Equation (20) becomes:

m (X)) =khe/2r (X) (21)

T

We have calculated that the pion average localization radius in a nucleon is
ry = 7&”/2 (Equation (7)). This means a size L=2r, =1.41fm.

The average value of the localization radius 7, (X) ofeachpioninthe N-N
system has a maximum value »y% =0.8 fm for R=0.9 fm (Figure 1). Thiscor-
responds to a maximum size L =2y =1.6fm.

So, in the present work, the range of interest for the localization size is
L e(1.41-1.6)fm . As previously shown in this range of localization size, the value
of k varies slowly from 1.5 for L=1.41fm to 1.4 for L=1.6fm. Atthe max-
imum value of the localization size (1.6 fm), the decrease in the residual masses of
the exchanged pions is maximum and, consequently, the attractive N—N poten-
tial is at its minimum. To properly describe this minimum of the N - N potential,

we take the value 1.4 for k& correspondingto L =1.6fm . Equation (21) becomes:
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m® (X)) =14he/2r . (X) (22)
The decrease of the residual mass of a pion (de)localized inthe N—N system
compared to its residual mass in a single nucleon is:
Am® (X)-? =m® (2 ) ¢ —m (2ry) -7

T T T

:1.4;?{;;] @3)
ZrN_N (X) 2rN

Substituting in this formula, the expression of 7 (X) from Equation (19)

results that the decrease of residual mass of each pion inthe N—N system is:

1+e?* 1
2 [1+(1+ X)e™ ] 2

Am’® (X )-c* =1.4hc
(24)
he Xe?*

S
A, 1+(1+X)e™

where r, =X _ /2 (Equation (7)).

There are two pions exchanged between the two nucleons. The total decrease
of the dynamical mass of the system, which is just the central N—N potential,
is two times that given by Equation (24):

hc Xe ¥

V, (X)=—28— —F——— 25
2 (X) A, 1+(1+X)e™ (25)

Substituting X = R/ K, inrelation (25), it results:

V,,(R)=-2.8m,¢* — == (26)

R _2R
I+ 1+~ |e

where we have taken into account that #fc/&, =m,c’.
The potential ¥, (R) (relation 26) as a function of the inter-nucleon distance

R is shown in Figure 2.

20

-25 ]

V(MeV)

304
354
404

451

o —
0 1 2 3 4 5 6 7

R(fm)

Figure 2. The central nucleon-nucleon potential (relation 26) due to two-pion exchange.

DOI: 10.4236/jmp.2026.171005

89 Journal of Modern Physics


https://doi.org/10.4236/jmp.2026.171005

N. B. Mandache

It has a minimum value of —-48 MeV at R =0.9 fm . The CDBonn potential has
a minimum value of —50 MeV at about R=0.9 fm [9]. The fall of the potential
(Figure 2) takes place at a slightly larger inter-nucleon separation R thanin the
case of the Bonn potential.

For inter-nucleon distances less than about 0.6 fm, a hard-core repulsion [5]-
[13] must be added to this potential.

4. Discussion and Conclusions

In this work, we attempt to clarify the mechanism of intermediate-range attraction
between nucleons by two-pion exchange. We do not address other essential features
of the nuclear force, such as short-range repulsion or spin-dependent terms.

There is a direct relationship between the kinetic energy of a particle localized
in a finite volume and the size of the volume, well documented in quantum me-
chanics. In the covalent bonding, the delocalization of the exchanged particles de-
termines an increase in the size of their localization volume and implicitly a decrease
in their kinetic energies. In the case of H, molecule, this delocalization of the elec-
trons exchanged between the two atoms is well described in the frame of Valence
Bond Picture approach. The lowering of the kinetic energy of the two electrons is
the key contribution to the attraction mechanism, in fact, to the molecular poten-
tial.

We have applied the quantum mechanical approach of molecular bonding in H,
(Valence Bond Picture) to the case of N —N interaction by two-pion exchange. In
particular, we have calculated the increase of the average value of localization radius
of each exchanged pioninthe N—-N system, compared to the average value of
localization radius in a single nucleon. This increase was correlated with the finite-
size effects shown by the pion mass. A pion localized into a box has a residual mass
of dynamical origin which depends on the size of the box. We used the results of
the Lattice QCD calculations of the lowering of the residual mass of a pion with
the increase in the size of the box, to calculate the decrease of the residual masses
of the two pions (de)localized in the N—N system. This decrease means a low-
ering of the total energy of the N —N system, which is the principal mechanism
of N—-N attraction by two-pion exchange. This mass decrease could be a mani-
festation of the partial chiral symmetry restoration in nuclear matter [23].

The expression (19) of the average value of the localization radius of each pion
inthe N—N system can be rewritten as:

1+(1+X)e" Xe ¥
rN_N(X):rN%:VN{l‘FW (27)

The main term controlling the behavior of the localization radius as a function
of the inter-nucleon distance R is the product Xe >* . The delocalization of each
pion exchanged between the two nucleons increases with the increasein X = R/X _,
but this increase is strongly limited by the exponential factor, e*, which is di-
rectly related to the probability amplitude of the two pions to tunnel simultaneously

from one nucleon to the other [14] [16].
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This term Xe* was used in [15] [16] to describe the delocalization of pions
and to estimate the decrease of their dynamical masses. A pure dynamical mass for
the pion: m_c® =hc/L, where L=%, +Re """ =} (1+X)e™ was assumed

n [15] [16].

The central N—N potential ¥, (R) calculated in the present work (rela-
tion 26) is similar to the expression of the potential derived in [16]. A difference
is given by the multiplicative factor, which is 2.8 in relation (26), compared to the
value 2 in [16]. The other difference is given by the presence of the factor (1+ R/ )
in the denominator of relation (26) instead of factor R/ %, in the denominator
of the potential derived in [16].

Relation (26) can be written in the form:

(R)=-2.8m,c*- Ay R (28)
1+ 1+£ e "
R

The presence of factor 2m_ in exponential function emphasizes the key role

v,

2z

played by the two-pion exchange in the intermediate-range attraction between the
nucleons. The potential calculated in the present work reproduces well the mini-

mum value of CDBonn potential at R=0.9 fm.
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