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Abstract

It is now known that homological algebra and double duality have brought a
revolution in pure mathematics after 1950, particularly in algebraic geometry
with the use of extension modules. The aim of this paper is to prove that dif-
ferential homological algebra and differential double duality bring a similar
revolution in physics, particularly in general relativity (GR) and gauge theory
(GT) with the use of differential extension modules. Combining differential
sequences and their adjoint sequences, we prove that GR is based on two con-
fusions made by Einstein and followers. Indeed, one has been done between
the Cauchy = ad(Killing) operator and the “div” operator induced from the
Bianchi operator but one has also been done between the deformation of the
metric and the stress functions allowing to parametrize the Cauchy operator
by means of ad(Ricci) in arbitrary dimension n. We also prove that the two
sets of Maxwell equations only depend on the non-linear elations of the con-
formal group of space-time when n = 4 by using the Spencer & -cohomology
that has only been introduced fifty years later. Like in a puzzle of difficulty
increasing with n, these unifying results cannot be even imagined until the
ultimate step has been achieved in all cases, a reason for which they have been
ignored during one century, even in the cases of low dimension.

Keywords

General Relativity, Gauge Theory, Conformal Group, Differential Sequence,
Formal Adjoint Sequence, First and Second Extension Modules

1. Introduction

By analogy with Maxwell equations for electromagnetism, deciding about the ex-
istence of a potential for Einstein equations in vacuum has been proposed in 1970

as a $1000 challenge by J. Wheeler while the author of this paper was a visiting
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student of D. C. Spencer in Princeton University. No progress has been done dur-
ing the next 25 years, till I gave a negative answer, contrary to what the GR com-
munity was believing and Wheeler sent me back a letter with a one-dollar bill
attached, refusing to admit this result. Indeed, while teaching elasticity, I proposed
an exercise explaining why a dam made with concrete is a/ways vertical on the
water-side with a slope of about 42 degrees on the other free side in order to obtain
a minimum cost and the auto-stability under cracking of the surface under water
(See the Introduction of [1] and Zbl 1079.93001). The main tool was the approxi-
mate computation of the Airy function inside the dam. I discovered that the Airy
parametrization was just the adjoint of the (linearized) Riemann operator used as
generating compatibility condition (CC) for the deformation tensor by any engi-
neer. Being involved in GR with A. Lichnerowicz, I got the idea of using the ad-
joint of an operator in a systematic way.

Then I found the recently published master thesis of the Japanese student M.
Kashiwara [2]. It has been a shock to discover this mixing up of differential geom-
etry and homological algebra, ending with the use of the Differential Extension
Modules. In particular, if D& =7 has the generating CC D7 =0, then
ad (D) may not generate a//the CCof ad(D,) and ext'(M) “measures’ this
gap only depending on the differential module M defined by D [1] [3]. The
simplest example with ext" ( M ) #0 is provided by the system d,,& =77,

d,,& =7 with a first order CC, but we have indeed ext'(M)=0 if we consider
the system d,,& =n°, d,&—d,,&=7" with a second order CC. Hence, exactly
like homological algebra brought a revolution in mathematics, it will bring a rev-

«_»

olution in physics. I also noticed that GR could be considered as “a” way to para-
metrize the Cauchy =ad (Killing) operator, leading to Gravitational Waves
(GW). It follows that the same confusion has been done by E. Beltrami (1892) for
space and A. Einstein (1915) for space-time because they both used the Einstein
operator, not knowing that it was self-adjoint, confusing the Cauchyoperator with
the “div’ operator induced from the Bianchi operator on one side and the stress
functions with the deformation of the metric on another side [4]-[6].

Accordingly and until now, the GR community has never wanted to take these
new tools into account and [7] provides a good example of such a poor situation
both with the reason for which no other reference can be given. By chance, the
control community has been interested during a while by these new techniques
for studying OD or PD control systems with constant coefficients, thanks to U.
Oberst [8]. Hence, the impossibility to parametrize Einstein equations in vacuum
can only be found in books of control theory (See Springer LNCIS 256, 2000 [9]
and 311, 2005 [10]).

Studying the Lanczos problems in 2001 [11], I noticed that the
Beltrami = ad (Riemann) operator can be parametrized by the
Lanczos = ad (Bianchi) operator in the adjoint sequence. As a byproduct, the
purpose of this paper is to explain the two previous confusions without the need

of any computation. In fact, according to H. Poincaré, the geometrical and phys-
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ical long exact dual differential sequences of operators acting on tensors, giving

order of operators and number of components, are:

Killi iemann 2 2 -1 ianchi 2 2 -1 -2

N ::g n(n+1) Re_: n(n ) Ba_;h n(n )(n )
1 2 2 12 1 24

Cauch: eltrami n2 n2 -1 anczos I']2 n2 -1)(n-2

o nfne) o (11 e (0 0-2)
1 2 2 12 1 24

The first sequence is known but can only be found in textbooks from a purely
computational point of view because it only depends on the use of the Spencer §
-cohomology. We do believe that the adjoint sequence is not even known today.
We point out that both sequences are formally exact in the sense that each opera-

tor is generating the CC of the preceding one.

2. A Mathematical Problem

A jigsaw puzzle, contrary to a headache puzzle, is a tiling puzzle that requires the
assembly of often irregularly shaped interlocking and mosaicked pieces. Typically
each piece brings a portion of a picture, which is completed by solving the puzzle
and thus not known as long as you have not finished to set up a// the pieces. Of
course, the more pieces you have, the more difficult is the puzzle.

We recall that the linear Spencer sequence for a Lie group of transformations
Gx X — X, which essentially depends on the action because infinitesimal gen-
erators are needed, is locally isomorphic to the linear gauge sequence which does
not depend on the action any longer as it is the tensor product of the Poincaré
sequence by the Lie algebra G =T,(G). Indeed, we present a few basic definitions
leading to the Spencer sequence and the gauge sequence used in the present paper.
If the linear system R, <J (T) has a symbol g,=R, quT*®T with r-
prolongations g, < Sq”T* ®T , it is well known that when g, is finite type,
thatis g, =0 fo r largeenough, then R, isinvolutiveifandonlyif g, =0
that will be the situation considered in this paper. Writing the action in the form
y=f(x,a) and differentiating ¢ times, high enough as needed for eliminating
the parameters a, we obtain a non-linear system R, I, (X x X ) of order q
for the q-jets (X, yq) with the assumption that det(yi“)i 0. For example, if
y =(ax+ b)/(CX +1) one needs to differentiate 3 times in order to get the

Schwarzian OD equation (Y, / yx)—g(yXX /¥,)* =0. We have indeed succes-
sively:

Y, :(a—bc)/(cx+1)2,

Vi :—Z(a—bc)c/(cx+1)3,

Y, = 6C° (a—bc)/(cx +1)°

Linearizing this system at the q-jet of the identity y=x by setting
(yk =x*+t&k - y/‘j =t§;) , dividing by t and setting t— 0, we obtain the
system R, cJ, (T) of infinitesimal Lie equations, for example &, =0 with
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g=3 in the present example.

Using the fundamental theorems of Lie, we may exhibit a basis (HTk (X)) of
infinitesimal generators of the action with 1<z < p=dim(G) and an isomor-
phism X xG — R, 147 (X) > & (X)=2A7(x)0,0: (X) between sections for all
multi-indices = (g4, -, pt,) oflength 0<|u|= 4 +---+ u, <q.Foralater use,
we set as usual u+1 =(z4,-, 4 +1-+-, 14,) and may introduce the operator

JgiE(x) >, (&)= (6y§(x),0 < |,u| < q) in place of sections ¢, = (fﬂ (X))
[12]-[15].

DEFINITION 2.1: The Spencer operator
d:R,,— T® Ry 18q ™ 6@; (x)- fzﬂl (X) can be extended to
d:A T ®R,,; > AT ®R, by introducing a multi-index | =(i; <---<i,)
for r-forms with basis dx' = dx" A---Adx" while setting

d :(fqﬂ)k  dx! —>(8i§‘k,| —&n I)dxi Adx' and we check easily that
H : i
d®=dod =0, a result leading to the Spencer operators (D,,--+,D,). The re-

striction to the symbols is minus the Spencer map J': AT ® Jgur = AT ® J

such that 6%=505=0 and we have &:(&,,) dx' &, dx Adx with
u,

+1,

&g X AdX) =0,

U

In the present situation of Lie group actions, using the chain rule for derivations,

we obtain:

D&, =d&,., =(847(x))(8,0% (x))dx'

As dim(Rq ) =dim(G)=dim(G)=p, we obtain the following essential com-
mutative and exact diagram relating the upper gauge sequence, which is the tensor
product of the Poincaré sequence for the exterior derivative by the Lie algebra G,
with the lower Spencer sequence. Of course, though the dimensions are equal, the

respective operators are completely different as we shall see.

d d d
AT'®G - AlT"®G - -+ 5 A"T'®G — 0
{ ) d

jq N Dy - D, Dn *
0 > ©® - AT'®R, > AT ®R, - - > AT®R, — 0

The upper differential sequence is just the tensor product of the Poincaré se-
quence (in France!) for the exterior derivative by the Lie algebra G [16]. Itis not
evident at first sight to discover any relation between this diagram and its dual
obtained by using adjoint operators (thus only containing first order operators)
with the previous diagram (containing second order operators).

Accordingly, using standard notations, the main idea will be to introduce and
compare the three following Lie groups of transformations but other subgroups
of the conformal group may be considered, like the optical subgroup which is a

maximal subgroup with 10 parameters, contrary to the Poincaré subgroup which
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is not maximal though it has also 10 parameters [17]:
* The Poincare group of transformations leading to the Killing system
R, J,(T):

Q; =(L(&)e ) =, (X) & + o, (X)&] +£0,09 () =0
FE E(L(§2)7):(- Efi,-kﬂ/i} (X)gir-'_}/it(x)é:jr_?/ij( )gr +&' ar7., (X) 0

s The Weyl group of transformations leading to the system R, c J, (T):

Q; =(L(&) o), =0y (x)& + o, (x)&] +£'0,0; (x) = 2A(x) o (x)
FE E('—(fz)?’); Egi;'( +7:(j (X)gir +7ikr (X)§Jr _7i; (X)grk +§rar7ilj< (X):O

* The conformal group of transformations leading to the conformal Killing sys-
tem Iiz cJ,(T):

Q; E(L(‘fl)w)ij Ea)rj(x)gi’+a)i ( )‘f +£'0, lJ( )ZZA(X)G)U(X)

K k
Iy =(L(&)7),
=&+ 75 ()& + 7 (&) 75 (¥) & +&70, 7 (%)
=5 A (X)+ 57 A (x) =@y (x) @ (X) A (x)
where one has to eliminate the arbitrary function A(X) and 1-form A (x)dx
for finding sections, replacing the ordinary Lie derivative L(&) by the formal
Lie derivative L(§q) , that is replacing (&) by &, when needed. According
to the structure of the above Medolaghi equations, it is important to notice that
Q=L(&)weS, T andthat I'=L(&,)y €S,T ®T . Asanother way to consider
the Christoffel symbols, (J,—y)= (5,k , —75) isa R, -connection and thus also a
Iil -connection because R c R = Iil , in such a way that
_a)kjy:‘(r - wik}/]r +arwu 0.
Itis wellknown that y;, = %a)“@ia)rs = 0,7;; =0,7y; byintroducing the inverse
matrix of the metric. Accordingly, we have successively in the conformal case:
Oibr +7150i8” +6°0,71s =NOA, G+ 71y +670575 = NA
Subtracting, we obtain (aig,* —frri)+ Vs <8i§S —§is) =n(0,A-A) as a way to
produce a restricted Spencer operator d:(A/A)—d,A-A.

We make a few comments on the relationship existing between these systems.

First of all, when o= (a)ij (x)= ; (X)) is a non-degenerate metric with

det (@) = 0, the corresponding Christoffel symbols are

y{yg(x) L ()05 (x)+ 2,04 (x) 0,0 (x ))=;/'j‘i(x)j.Wehavethere—

lations R cR = F:’l and obtain therefore R, =p,(R,), R, C pl(F:’l) ,

R, = pl(lil), a result leading to the strict inclusions R, c R, c Iiz with respec-

tive fiber dimensions 10<11<15 when n=4 and ® isthe Minkowski met-
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ric with signature (1, 11, —1) .

Secondly, if we want to deal with geometric objects in both cases, we have to

introduce the symmetric tensor density c?),]- =0 / |det (a))r/n and the second or-
der object 7; =y —%(é‘ikyrrj +357% — ;0 such that |det(03)| =1, 77 =0,
in such a way that R, = { fell,|f (@=a,f,"(7)= ;7} . It follows that §, is
defined by the equations ®,;&| + @&’ —%a)lj &F=0 while §, is defined by the

equations & —%(é‘ikﬁj +5{&) - a)ljw“g,;) =0 whichonlydependon @ andno

longer on @ . Only the first of the three following technical lemmas is known:

LEMMA 2.2: §, is finite type with §;=0 when n>3.
Proof The symbol §, is defined by the equations

& —%(é‘iké;ﬂ +01 & —a)ija)ksfrrst) =0.Summingon Kk and t,we get
& —%(25,21- —a)ija)s‘fr;): 0. Multiplying by @' and summing on i and j,
we get @&, —%w”&j{ij +@"& =0, thatistosay (n—1)@"E; =0 and thus

£, =0 whenever n>2. Substituting, we obtain (n—2)&7; =0 and thus
&i =0 when n>3,aresult finally leading to é; =0 andthus §,=0,vn>3.

In this case, it is important to notice that the third order jets only vanish when

4]

y =0 locally or, equivalently, when ® is locally constant, for example when
n=4 and o isthe Minkowski metric of space-time.
O
LEMMA 2.3: §, is2-acyclicwhen n>4.
Proof As §,,, =0,Vr >0, we have only to prove the injectivity of the map &

in the sequence:

5
0> AT ®G, >AT ®G, AT ®T T

and thus to solve the linear system:
k k k
gia,ﬂy + ifya + iy.af =0

Substituting, we get the alternate sum over the cycle, where & is again the

Kronecker symbol:
C(apy )8! Gty + 8181 py ~ @8 ) =0
Summing on k and i, we get:
Capr) Sty =0 = Clafy)(04s , ~ 8L 5, ) =0
that is to say:
(02 + 01+ 0, G )~ 0 (@ gy + @+ 0, ) =0
Summing nowon K and o, we get:

(n - 3) egrri,ﬂy - (wiﬁgrrwt + wiygrrs,lﬂ ) =0
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Multiplying by " and summingon i, we get:
(n=3)0"& 5, — 0™ (8)&5 0 +8)6515) =0
Summingon j and g, we finally obtain:

2(n-2)a"&};, =0 = &, =0= &, =0, Vn=4

Accordingly, the linear system has the only zero solution and §, is thus 2 -
acyclic Vn =4, a quite deep reason for which space-time has formal properties
that are not satistied by space alone.

(]

LEMMA 2.4: §, is3-acyclic when n>5.

Proof As §,,, =0,Vr >0, we have only to prove the injectivity of the map &
in the sequence:

)
05 AT ®F, >A' T ®G, AT T ®T

and thus to solve the linear system:

k k k k
é:ia,ﬂy& - éi[i,yb‘a + éziy,saﬁ - §i5,apy =0

Substituting, we get the alternate sum over the cycle in which 6§ must not be

confound with the Kronecker symbol & :
C(aBy8) (8! Gl ps + 02 o~ DG ) = 0
Contractingin k and i the previous formula, we get:
C(apyd) &l 5 =0 = C(aByd)(SLES s — @, 0°E ,5) =0
Contractingnowin k and «, we get:
(&0 = G * Gion = Gt ) = Eho + @™ (@ = Oty + @iy ) =0
and thus:
(n _4) frri,ﬁya + o™ (a)iﬁé:rrs,yﬁt +w, rrs,b‘ﬁt + wiégrrs,ﬂyt ) =0
that we may transform into:
(N=4) & &} 5+ 0™ ()E o0 + 0}l g +OLEL 1) =0
Contractingin j and f, we finally obtain:

2(n-3)0"& ;=0 = (n-4)&; ;=0

i, fys

and §, isthus3-acyclic for n>5.

3. Motivating Examples

It now remains to explain what must be done for n=1,2 in order to preserve

the number of parameters of the conformal group which is indeed (n+1)(n+2) / 2

whenever n>3 aswe saw because, in this case, we have n translations+ n(n—1)/2

rotations+ 1 dilatation + n elations, the latter introduced by E. Cartan in 1922 [17].
EXAMPLE 3.1: (Weyl and Conformal groupsfor n=1)
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Let K be a differential field with differentials 0 and y be differential in-
determinates with formal derivatives d such that d|K =0. In order to adapt
differential algebra with differential geometry, let us set dy =y, and introduce
the differential field K(y)=K(Y,¥,, Vo You--) with d,y, =Y, and so on.

We may consider the chain of inclusions of differential fields [18]:

2
KK y__g(y_j cK<y—“>cK<ﬁ>cK(y)
Yo o 2\ Y Vs y

but we may also replace y,/y by vy, if we want to replace dilatation by trans-

lation. Setting indeed for example ® =Yy, /y, , we obtain
(ym/yx)—g(yxx/yx)2 = dxﬂb—%df while, setting ¥ =y, /y, we have

Yoo/ Yy = (Y ¥)d, ¥+ and so on.

However, a main point is that, if the affine group y=ax+b, analogue of the
Weyl group but considered as a Lie pseudogroup, is defined by the second order
infinitesimal Lie equation &, =0 with jet notation, the projective group

y =(ax+b)/ (cx+1), analogue to the conformal group but considered as a Lie
pseudogroup, is defined by the third order infinitesimal Lie equation &, =0

. . 1 1 . . .
while the elation becomes —=-—=+c¢ and such a situation will be even worst
X

when n=2.
The general section of R, < J;(T) with solution ® will be thus defined by:

¢(x) 1 x Ly A(x)
§x(x) Tlo 1 X /12()()
$(¥)) lo 0 1 JIF(x)

and we must add &, =0. The components of the Spencer operator D, thus

become when = 1:

lX2 ax/ll (X)

0,6(x)=&(x) ) [1 «x :
axgx(x)_gxx(x) = 0 1 X 6xﬂ‘2(x)
axé:xx(x 00 1 6Xﬂ3(X)

which is a rather tricky result. We obtain the fundamental diagram I:

0 0
J 2
~ is Dy
0O >0 >3 > 3 >0
\ |
is Dy
0O 1 - 4 > 3 > 0
I \ 2
~ D
0O > ®® -1 -1 > 0
\2 J
0 0
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Using now &, =0 and &, =0, a similar diagram can be obtained for the

second order system with solutions @, namely:

0 0
J 2
. I3 Dy
0O - ® » 2 - 2 > 0
\2 \2
i3 Dy
0 > 1 - 4 >3 >0
[ \ \
~ ) B
0O »>0® -1 » 2 > 1 >0
J \2 \2
0 0 0

As ©c O, the upper Spencer sequence for @ can be injected into the upper
Spencer sequence for © and the co-kernel of this injection is the sequence
1510 that only depends on the unique elation. Similarly, the lower Janet se-
quence for ©® can be projected onto the lower Janet sequence for © and the
kernel of this projection is an isomorphic sequence that thus only depends on the
unique elation. As neither the Spencer nor the Janet sequences have ever been
used in physics and the Fundamental Diagram I is not known (Compare to [7]),
we refer the reader to [19] for discovering why black holes cannot exist because
the only important object associated with a metric is thus its group of invariance
which can be of quite low dimension 2 for the Kerr metric while the Janet sequence
can be awfully complicated with a mixture of second and third order CC!.

Using finally geometric objects, we explain the reason for which we have asso-
ciated the so-called projective group with the conformal group. Indeed, writing
down the Lie form of the OD equation defining the affine group, we have
@ E%: 7(X) . Changing the source by setting X =¢(X), with y, = yiaa—i) ,

X

2 2
Vo = Vi (5_(/7j +yya—(p and so on, we notice that y is transformed like a

ox ox’
Christoffel symbol and obtain the corresponding Medolaghi OD equation

F=¢& +7(X)E,+£0,7(Xx)=0. Setting v=0,y —%yz and linearizing, we ob-

tain the Medolaghi OD equation for the Lie form (y,, /Y, ) —g( Y/ Vs )2 =v(x),

namely:

dT-yT =&, +2v(x)&, +£0,v(x)=0|

that only depends on v and no longer on y. Up to our knowledge, third order
geometric object have never been considered.

The link with the Spencer operator may be easily obtained by considering the
first order system ﬁq 4 C Jl(FAQq) in general, setting now

{Z1 =y,2°=y,,2° = yxx} and considering the first order system z.-2z°=0,
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22-7°=0, z2=0 for constructing the Spencer sequence with q=3.
EXAMPE 3.2: (Wey/ group for n=2) With m=n=2,q=3, consider the
third order involutive system R, c J, (T) defined by 8 PD equations with cor-

responding Janet tabular:

dzzégk =
dlzgk =
dy,&"

dzé:z - d1§1
d,&" +d,&°

= = =

Il
O O O o o

We have 2+2+4=8 first order CC related by 2 first order CC in the exact

Janet sequence:

D D D
0—)@)—)2—2)8—1)8—1)2—)0

Multiplying the successive CC by the test functions A, x,v and integrating by

parts, we obtain the dual adjoint differential sequence:

ad(D) ad(Dy) __ ad(D;

(T2)
0<—2<2—8<l—<1—2<—0

which is not exact at though ad(D,) is injective, a result not evident that

can be checked by computer algebra but which it coming from deep results of

homological algebra as we shall see.

For helping the reader, we recall that basic elementary combinatorics argu-
ments are giving dim (SqT*) =q+1 while dim(Jq (E)) =(q+1)(q+ 2)/2 be-

cause n=2 and m=dim(T)=2.

0 0 0
A 2 A
0 > g — ST ®E - T OF
\ \ \:
0 - R - JL(E) - J(R)
\ 2 s
0 > R - JL(E) - K
\ \ \:
0 0 0
0 0 0
2 2 s
0O > 8 - 16 —> 8
\ \ \ [
0 > 4 > 20 > 24 > 8
\ \ \ s
0 - 4 5122 - 8 > 0
2 2 A
0 0 0

0
\2
- F -0
Nl
- F -0
\2
- 0
- 0
- 0
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0 0 0 0 0
\2 \2 \2 J \2
0 > g, > ST®E —» ST ®F —» T®F > F, —> 0
{ 2 { LN
0 > R, > J(E) > J3(FR) - (R > F -0
\2 \2 \2 \! \!
0 > R, > J(E) > J(R) - R - 0
\2 \2 \2 \2
0 0 0 0
0 0 0 0
\ \ \ \’
0 - 10 > 24 » 16 —»> 2 —> 0
2 { { { I
0O > 4 > 30 > 48 > 24 » 2 > 0
\ \ 2 \ \
0 > 4 > 20 > 24 - 8 —> 0
{ 2 2 2
0 0 0 0

Using these diagrams, we obtain successively, till we stop, all the successive gen-
erating CC.

As a byproduct we have the exact sequences: Vr>0:

0— Rr+4 _>‘]r+4(T)_>‘]H—Z(FO)_)Jl’+l(F1)_>Jr(F2)—>O

Such a result can be checked directly through the identity:
4—(r+5)(r+6)+4(r+3)(r+4)-4(r+2)(r+3)+(r+1)(r+2)=0

We obtain therefore the formally exact sequence we were looking for.
In the differential module framework over the commutative ring
D =K][d,,d,]=K[d] of differential operators with coefficients in the trivially

differential field K =Q, we have the free resolution:

22 g g P
0—>D —1>D —1>D—2>D —-M-0

of the differential module M with Euler-Poincaré characteristic
rk,(M)=2-8+8-2=0. We recall that R=R, =hom, (M,K) is a differen-

tial module for the Spencer operator d:R—>T ®R:R , >T ® R, (See [20]

A
for more details). Only “fingers” could have been used.. q
Setting (6,)= (81, 0,,X'0, —X*0,, X'0, + Xzaz) with 7=1,2,3,4 asabasisof4
solutions, we may introduce the general section &f(X)=4"(x)d,60%(x) of R,
and obtain the Spencer operator as before, a result showing that the upper Spencer
sequence in the following Fundamental Diagram I is isomorphic to the tensor
product of the Poincaré sequence for the exterior derivative by a vector space V
of dimension4 over C buta similar situation can be found with the infinitesimal
generators of any Lie group action by using the Lie algebra G=T,(G) asin [16].
Using the involutive system R, and introducing the operator j, providing all

the derivatives up to order 2, we get:
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0 0 0
J J J
IO 7) Dy D,
0—>®—>4—1>8—1>4—>0
J J J
i2 Dy D,
0—>2—2>12—l>16—1>6—>0
| J J J
D 2 D,
O—>®—>2—2>8—1>8—1>2—>0
2 J \?
0 0 0

In each sequence, the Euler-Poincaré alternate sum of dimensions is indeed
vanishing. Taking the adjoint of each operator and inverting the arrows, we obtain

the commutative diagram:

0 0 0
T ) T
ad(Dy) ad(Dy)
0 « 4 < < 4
) T
ad(jp) ad(Dy) ad(D,)
0 « 2 < 12 < 16 < 6 « 0
I TN T T
ad(D) ad(ny) ad(D,)
0 « 2 < 8 < < «~ 0
T T ) T
0 0 0 0

which is not formally exact because a delicate chase allows to prove that the coho-
mology H=Z/B at is isomorphic to the kernel of ad(D,) and is thus
ext’ (M)=0 because n=2 though ext! (M)=0. Cutting the last diagram
vertically after , we notice that Z is the kernel of the north west arrow. In-
deed, starting with ae6 killed by the upper north west arrow, we get bel6
coming from a unique ¢ <8 Kkilled by the lower north west arrow and thus killed
by ad(D,),thatis ceZ . Such aresultis allowing to obtain the following com-

mutative and exact diagram:

0
T
ad(Dy)
8 « 4 « ker(ad(D,)) « 0

TNt

0 <« 6 = 6 <« 0
t T

0 « H « Z « B « 0
T T
0 0
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A snake chase finally provides the desired isomorphism. We also notice that the
two central exact sequences of these diagrams both split. Such a situation is one
of the rare ones encountered in the study of exact canonical Spencer/Janet se-
quences. We can thus use either the Janet sequence or the Spencer sequence, a fact
explaining why ext’(M)=0 when n=2 because D, is defined by the “div’
operator and thus ad(D,) is defined by the ad(div)=—grad operator, not
injective. Indeed, going one step further in the sequence as in the Introduction, if
D, generates the CC of D, then ad(D,) may not generates the CC of
ad (D, ), the gap being measured by ext’(M) and so on. This is the reason for
which ad(D,) is always injective in the Janet sequence.

EXAMPLE 3.3: (Conformal Group for n=2) When n=2, the conformal
group has therefore 6 parameters and we should follow the same procedure after

adding the two commuting elations:

0= H{(0F ~(0 Jou e, 0,20 200 - o

in such a way that [6;,6,]=0 and 0,6 =2x",0,6; =2x° (See [17] for the re-
lation with the conformal group). As we have been only using the Spencer bundles
C, and C,, these results have strictly nothing to do with C, involving 2-forms
and the so-called Cartan curvature, a result also proving that the mathematical
foundations of Gauge theory must be revisited as we have no longer any link with
the unitary group U (1) . With more details, when n=2, the Lie equations
Ii3 < J4(T) with solutions © are (See [17] for details):

"5214‘512 =0, 6222_6211 =0, 5212_‘:111 =0, 5222_‘:112 =0,
5112 _5121 =0, 5122 _5111 =0, gi;{r =0

and we may now add the two previous elations in order to obtain similarly the 6
parametric jets and the corresponding Fundamental Diagram I when
dim(R,.,)=6:

r+4

0 0 0
J J J
~ I3 Dy D,
O—>®—>6—l>l2—l>6—>0
d J {
i3 Dy D,
O—>2—3>20—1>30—1>12—>0
I J J J
~ D Dy D,
O—>®—>2—3>14—1>18—1>6—>0
J J
0 0 0

In the differential module framework over the commutative ring
D=K][d,,d,]=K[d] of differential operators with coefficients in the trivially
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differential field K =Q, we have the free resolution:

62 g g Do
0—-D —1>D —1>D —2>D —-M-0

of the differential module M with Euler-Poincaré characteristic
rkp(M)=6-18+14-2=0 if we use the Janet sequence but we can also use the
Spencer sequence similarly though the operators involved are completely different.
As a byproduct, the torsion module ext’(M) is defined by ad(D,) and it is
well known that ad(div)=—grad , a result showing that ext’(M)=0 when
n=2.

As ©cO,the upper Spencer sequence for @ can be injected into the upper
Spgnceg sequence for © and the co-kernel of this injection is the sequence
2—>4—2—0 which is the tensor product of the Poincaré sequence by the two
elations. Similarly, the lower Janet sequence for © can be projected onto the
lower Janet sequence for © and the kernel of this projection is an isomorphic
sequence that thus only depends on the two elations, with the same same com-

ments already provided.

4. Applications

Linearizing the Ricci tensor py over the Minkowski metric @, we obtain the
usual second order homogeneous Ricci operator Q—>R:S,T" —S,T" with 4
terms [5] [21]:

2R; = 0" (d,Q; +d;Q,, -d,Q —d Q)= 2R

ji
tr(R)=0'R; = 0"d;tr (Q)- 0" 0" d,Q,
PROPOSITION 4.1: The Cauchy operator can be parametrized by the formal
adjoint of the Riccioperator (4 terms) and the Einstein operator
E;=R; —%a)ijtr ( R) (6 terms) is thus useless. The gravitational waves equations
are thus nothing else than the formal adjoint of the linearized Riccioperator which

is thus going... BACKWARDS, that is from right to leffl.
Proof Introducing the test functions (Lagrange multipliers) A", we get:
ARy =" A" (d,Q; +d,Q, -d, Q4 -dQ,)
Integrating by parts while setting as usual [J=w"d, and exchanging the
dumb indices, we get:
(02" +0°dj2" - 0d 2" - 0"d29)Q, = o°Q,

that is EXACTLY the equations of the gravitational waves leading to the identities
[5] [21]-[24]:

d,o” = 0"d ;A" + 0°d A" - 0¥d ;A" - 0"d ;A7 =0

with absolutely no need to set d. A" =0 and the adjoint sequences:
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Killing Ricci

4 > 10 -—> 10
Cauchy ad(Ricci)

0«<~ 4 <« 10 <« 10

without any reference to the Bianchi operator and the induced div operator or
even to the Einstein operator. Hence, gravitational waves cannot exist, not for a
problem of DETECTION but for a problem of EQUATION, as we have only ob-

« _»

tained “a” parametrization of the Cauchy operator and the Airy; Beltramior Ein-
stein parametrizations are not responsible for earthquakes!.
]
Now, as the Spencer and Janet sequences can only be constructed for an invo-
lutive operator and §,=0 though §, =T by using the 1-form A (x)dx',we
must use the third order system F§3 < J,(T) for constructing the Fundamental
Diagram I with j, and dim (éo) =15:

0 0 0 0 0
J J J d J

~ i3 Dy D, D3 Dy
0 - O —3) 15 — 60 —l> 90 —1> 60 —1> 15
J J J J J

i3 Dy D, D3 Dy
0 - 4 —3) 140 —1> 420 —l> 504 —1> 280 —1> 60
I \2 2 s \’ {

~ D D D, Dy Dy
0 - 6 - 4 —3) 125 —1> 360 —1> 414 —1> 220 —1> 45
J J J J J
0 0 0 0 0

As for the Weyl group, we have already §, =0 like in the case n=1 and we
must also use its prolongation R, c J, (T) which is of course also involutive.
However, we may obtain directly the Spencer sequence by using the Introduction

as follows with dim(éo) =11:

. I3 D D, D3 Dy
O—>®—3>11—1>44—1>66—1>44—1>11—>0

which can be injected into the corresponding conformal Spencer sequence previ-
ously obtained.
In the quotient, we have CO/(i0 =R, /R, =R,/R, =@, =T
C/C=T'®(R,/R,)=T"®§,=T"®T
that we can project onto A°T~ by using the map & in order to obtain [5] [13]
[16] [22]:
Fy=0,(0,A-A))-0,(8,A-A)=0,A-0A

up to a factor n and thus solve the dream of H. Weyl to link EM with the con-
formal group.
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Taking finally into account the fact that the & -cohomology groups H =B/Z
are the bundles H? (9,)=Riemann and H 2 (8,) =Weyl, we obtain the Funda-
mental Diagram II in which the bottom row is just describing the above procedure
[13] [22]:

0
J
Ricci

\

\:
S
©
=

\:

Zy)

=

3

)

S

5

\:

o

6,) > Weyl —> 0
\2

T 5 ATTT o> 0

0
l
(
l l
(
l

As D, and d are involutive first order operators and both the Spencer and
Poincaré sequences are thus formally exact, we finally obtain the commutative and
exact diagram which is achieving the conformal puzzle used for relating the Ricci
bundle R; with the Maxwel/bundle F;

j°

0 0 0 0
J J J J
d2
—2> 10 —l> 20 —l> 15 —l> 4 — 0 GRAVITATION
J J 2 I
D, D, D3 Dy
4 —1> 16 —l> 24 —1> 16 —l> 4 - 0
I \2 J J
d d d d
-2 4 2 6 2 4 2 1 > 0 ELECTROMAGNETISM
0 0 0 0

Using the fact that the first vertical exact column on the left is exactly the split-

ting sequence:

5 5
05S,T ST T AT 50 = T'OT =8,T @A T =(R;)&(F)

i
obtained by setting (A“ # Aji)—> (%(AJ +A; )j@(AU - A ) In the previous

Fundamental Diagram I, a delicate circular snake chase proves that the first sec-
ond order operator of the upper differential sequence is just the linear homoge-

neous second order operator (Compare to [25]):

d?:AT 5 S, T A dA=R;
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from the linearized conformal factor to the linearized Ricci bundle which is iso-
morphic to S,T" according to a diagonal chase in the Fundamental diagram II,
in particular when there is no electromagnetism, because

Fi=d/A;—d;A=0= A =d;A up toa factor [16]. The upper sequence is thus a
formally exact Janet sequence for such an operator which is indeed involutive ac-
cording to the following Janet tabular with 1 equation of class 4, 2 equations of

class 3, 3 equations of class 2 and 4 equations of class 1:

d, |1 2 3 4
dyy 1 2 3 o
dy 1 2 3 o
dy, |1 2 e e
dyy |1 2 e @
dy, |1 2 e e
d14 1 © o e
d13 1 © o o
d12 1 o o @
d11 1 o o o

We have thus 10 equations with 20 CC by counting the number of single dots,
then 15 CC by counting the number of double dots and finally 4 CC by counting
the number of triple dots, a result leading to the Euler-Poincaré characteristic
1-10+20-15+4=0 [1][13]. More generally, as the three horizontal sequences
are formally exact, the three bottom downarrows are similarly induced by
AT ®T > A™T" for r=0,123 successively because §,=T . As a by-
product, it is important to notice the shift by one step to the left between the cen-
tral sequence which is isomorphic to the tensor product of the Poincaré sequence
by T =, and the EM bottom sequence which is just the Poincaré sequence
allowing to describe the first set of Maxwell equations (See [16] for details). This
result is thus solving the dream of H. Weyl only sketched in 1919 because the
Spencer ¢ -map has been introduced 50 years later. Hence, the main part is plaid

by the Ricci bundle and not by the Riemann bundle as we explained in [16].

5. Conclusion

The brothers E. and F. Cosserat published their book “Téorie des Corps Déform-
ables” in 1909, trying to revisit entirely the foundations of elasticity theory [26].
Their aim was to recover a//the fundamental formulas of textbooks from the only
knowledge of the action of the Lie group of rigid motions on space with 3 trans-
lations and 3 rotations. Hence, engineers should have only to use experiments in
order to measure the coefficients involved for example in stress/strain or field/in-
duction constitutive relations existing for materials. In a modern language, their
discovery has been to replace the second order Riemann operator needed as com-
patibility conditions for strain by a first order one. A long time ago, in 1983 while

correcting the proofs of my book “ Differential Galois Theory”, 1 simply discovered
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that they were just computing the first and second Spencer operators both with
their (formal) adjoints, obtaining therefore their famous “Stress and Couple-
Stress Equations” as ad (D,) that could be parametrized by ad(D,), a result
still not acknowledged today because it is involving the Spencer operators and
their adjoints [27]. Ten years later and totally independently, H. Weyl made a
similar tentative for unifying electromagnetism and gravitation while using the
conformal group of space-time [28], just introduced as a footnote in the 1905 book
of Einstein on special relativity. However, one may roughly say that the Cosserat
brothers were only using trans/ations + rotations while Weyl was only using di/a-
tation + elations. It was thus tempting to revisit the work of Weyl exactly like I did
for the Cosserat brothers. Then M. Janet introduced in 1920 the first finite length
differential sequence as a footnote of a paper [29] and this result has been ex-
tended by D.C. Spence in 1965 for studying Lie pseudogroups that are groups of
transformations solutions of systems of OD or PD equations [30] [31].

As a former student of A. Lichnerowicz, I attended the high mass held in Paris
(2015) for the centenary of gravitational waves. There was a very unpleasant at-
mosphere because everybody knew that sponsors should stop funding. Then, I
started to have more serious doubts when LIGO did stop for three years and 1
don’t speak about the lack of results for KAGRA after spending 250 million dollars
[32].Trying the effective computation myself, I discovered that Einstein (1915)
had been copying for space-time what Beltrami (1892) already did for space and
the comparison needs no comments (See [5], Prop 4.1, p 28). In fact, they have
been both using the Einstein operator but ignoring that it was self-adjoint in the
framework of differential duality. Things changed fast in 2017 when I found that
they also did the same two dual confusions, namely one between the stress func-
tions and the metric components, together with one between the
Cauchy =ad (Killing) operator and the div operator induced from the Bianchi
identities on the other side.

The purpose of this paper has been to fulfill this task in a few steps:

1) Revisit the structural definition of the conformal group in arbitrary dimen-
sions n,in particular for n=1,2 by using the Spencer methods and concepts of
differential algebra.

2) Work out explicitly the corresponding Spencer and Janet sequences while
getting in mind that they both only depend on the Spencer operator, a fact still
unknown (See [12] p 185 + 391)!!

3) Plug in all the results obtained in sequences and diagrams showing how dif-
ferent can be the Spencer and Janet sequences, in particular when they are com-
pared with the two sequences provided at the end of the Introduction as a sum-
mary of the academic Riemannian geometry involved.

4) Use differential double duality by constructing the adjoint sequences and di-
agrams.

5) Finally prove that it is sometimes useful to revisit certain theories by using

new mathematical tools as in the recent [33], even if they seem to be perfectly well
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established:

It is a mathematical fact that the results obtained in Proposition 4.1 are in fotal
contradiction with the classical Einstein general relativity and the existence of
gravitational waves. We have also proved in [34] that the only important object
associated with a metric is its group of invariance which can have a very low
dimension like 2 for the Kerr metric.

Similarly, the results obtained on electromagnetism are in fotal contradiction
with the use of the unitary group U (1) in classical gauge theory as it is not
acting on space-time but are agreeing with experiment (See the photo-elastic
beam in [35]).

Paraphrasing W. Shakespeare, we may finally say and future will judge:
“TO ACT ORNOT TO ACT, THAT IS THE QUESTION.”

Conflicts of Interest

The author declares no conflicts of interest regarding the publication of this pa-

per.

References

[1] Pommaret, J.-F. (2001) Partial Differential Control Theory. Kluwer.

[2] Kashiwara, M. (1995) Algebraic Study of Systems of Partial Differential Equations.
Mémoires de la Société Mathématique de France, 63.

[3] Rotman,].J. (1979) An Introduction to Homological Algebra. Academic Press.

[4] Pommaret, J.-F. (2017) Why Gravitational Waves Cannot Exist. Journal of Modern
Physics, 8, 2122-2158. https://doi.org/10.4236/jmp.2017.813130

[5] Pommaret, J.-F. (2023) Gravitational Waves and Parametrizations of Linear Differ-
ential Operators. In: Frajuca, C., Ed., Gravitational Waves— Theory and Observa-
tions, IntechOpen, 3-39. https://doi.org/10.5772/intechopen.1000851

[6] Pommaret, J.-F. (2024) Gravitational Waves and the Foundations of Riemann Geom-
etry. In: Advances in Mathematical Research, Volume 35, , NOV A Science Publisher,
61-95.

[7] Aksteiner, S., Andersson, L., Backdahl, T., Khavkine, I. and Whiting, B. (2021) Com-
patibility Complex for Black Hole Spacetimes. Communications in Mathematical
Physics, 384, 1585-1614. https://doi.org/10.1007/500220-021-04078-y

[8] Oberst, U. (1990) Multidimensional Constant Linear Systems. Acta Applicandae
Mathematicae, 20, 1-175. https://doi.org/10.1007/bf00046908

[9] Zerz, E. (2000) Topics in Multidimensional Linear Systems Theory (Lecture Notes in
Control and Information Sciences (LNCIS) 256). Springer.

[10] Pommaret, J. (2005) 5 Algebraic Analysis of Control Systems Defined by Partial Dif-
ferential Equations. In: Lamnabhi-Lagarrigue, F., Loria, A. and Panteley, E., Eds., Ad-
vanced Topics in Control Systems Theory, Springer, 155-223.
https://doi.org/10.1007/11334774 5

[11] Pommaret,J. (2021) Homological Solution of the Lanczos Problems in Arbitrary Di-
mension. Journal of Modern Physics, 12, 829-858.
https://doi.org/10.4236/jmp.2021.126053

[12] Pommaret, J.-F. (1978) Systems of Partial Differential Equations and Lie Pseudogroups.

DOI: 10.4236/jmp.2025.169067

1406 Journal of Modern Physics


https://doi.org/10.4236/jmp.2025.169067
https://doi.org/10.4236/jmp.2017.813130
https://doi.org/10.5772/intechopen.1000851
https://doi.org/10.1007/s00220-021-04078-y
https://doi.org/10.1007/bf00046908
https://doi.org/10.1007/11334774_5
https://doi.org/10.4236/jmp.2021.126053

J.-F. Pommaret

(13]

(14]

[15]

(16]

(17]

(18]
[19]

[20]

(21]

[22]

(23]

(24]

(25]

(26]

(27]

(28]
[29]

(30]

(31]
(32]

Gordon and Breach.

Pommaret, J.-F. (1994) Partial Differential Equations and Group Theory. Kluwer.
http://dx.doi.org/10.1007/978-94-017-2539-2.

Pommaret, J.-F. (2016) Deformation Theory of Algebraic and Geometric Structures.
Lambert Academic Publisher (LAP).

Pommaret, J.F. (2012) Spencer Operator and Applications: From Continuum Me-
chanics to Mathematical Physics. In: Yong, G., Ed., Continuum Mechanics— Progress
in Fundamentals and Engineering Applications, InTech, 1-34.
https://doi.org/10.5772/35607

Pommaret, J.-F. (2024) Cauchy, Cosserat, Clausius, Einstein, Maxwell, Weyl Equa-
tions Revisited. Journal of Modern Physics, 15, 2365-2397.

https://doi.org/10.4236/jmp.2024.1513097

Pommaret, J.-F. (2021) The Conformal Group Revisited. Journal of Modern Physics,
12, 1822-1842. https://doi.org/10.4236/jmp.2021.1213106

Pommaret, J.-F. (1983) Differential Galois Theory. Gordon and Breach.

Pommaret, J.-F. (2025) From Differential Sequences to Black Holes. Journal of Mod-
ern Physics, 16, 410-440.

Pommaret, J.-F. (2021) Minimum Parametrization of the Cauchy Stress Operator.
Journal of Modern Physics, 12, 453-482. https://doi.org/10.4236/jmp.2021.124032

Pommaret, J.-F. (2013) The Mathematical Foundations of General Relativity Revis-
ited. Journal of Modern Physics, 4, 223-239.
https://doi.org/10.4236/jmp.2013.48a022

Pommaret, J.-F. (1983) The Structure of Electromagnetism and Gravitation. Comptes

Rendus de I Académie des Sciences Paris, Serie I, 297, 493-496.

Hughston, L.P. and Tod, K.P. (1991) An Introduction to General Relativity. Cam-
bridge University Press. https://doi.org/10.1017/cbo9781139171977

Pommaret, J.-F. (2025) Why Gravitational Waves Cannot Exist! Open Access Gov-
ernment, 45, 294-296. https://doi.org/10.56367/0ag-045-11836

Osborn, H. (2025) Lectures on Conformal Field Theories in More than Two Dimen-
sions. Lecture Notes, Department of Applied Mathematics and Theoretical Physics
(DAMTP).

Cosserat, E. and Cosserat, F. (1909) Théorie des Corps Déformables. Herman.

Pommaret, ].-F. (2010) Parametrization of Cosserat Equations. Acta Mechanica, 215,
43-55, https://doi.org/10.1007/s00707-010-0292-y

Weyl, H. (1918, 1952) Space, Time, Matter. Dover.

Janet, M. (1920) Sur les Systemes aux Dérivées Partielles. Journal de Mathematique,
8, 65-151.

Spencer, D.C. (1965) Overdetermined Systems of Partial Differential Equations. Bu/-
letin of the American Mathematical Society, 75, 1-114.

Spencer, D.C. and Kumpera, A. (1972) Lie Equations. Princeton University Press.

Abbott, et al (2018) Prospects for Observing and Localizing Gravitational Waves
Transients with LIGO, VIRGO and KAGRA.

Pommaret, J.-F. (2025) From Kalman to Einstein and Maxwell: The Structural Con-
trollability Revisited. https://doi.org/10.4236/apm.2025.159031

Pommaret, J.-F. (2023) Killing Operator for the Kerr Metric.
https://doi.org/10.4236/jmp.2023.141003

DOI: 10.4236/jmp.2025.169067

1407 Journal of Modern Physics


https://doi.org/10.4236/jmp.2025.169067
http://dx.doi.org/10.1007/978-94-017-2539-2.
https://doi.org/10.5772/35607
https://doi.org/10.4236/jmp.2024.1513097
https://doi.org/10.4236/jmp.2021.1213106
https://doi.org/10.4236/jmp.2021.124032
https://doi.org/10.4236/jmp.2013.48a022
https://doi.org/10.1017/cbo9781139171977
https://doi.org/10.56367/oag-045-11836
https://doi.org/10.1007/s00707-010-0292-y
https://doi.org/10.4236/apm.2025.159031
https://doi.org/10.4236/jmp.2023.141003

J.-F. Pommaret

[35] Pommaret, J.-F. (2019) The Mathematical Foundations of Elasticity and Electromag-
netism Revisited. Journal of Modern Physics, 10, 1566-1595.
https://doi.org/10.4236/imp.2019.1013104

DOI: 10.4236/jmp.2025.169067 1408 Journal of Modern Physics


https://doi.org/10.4236/jmp.2025.169067
https://doi.org/10.4236/jmp.2019.1013104

	Electromagnetism and Gravitation: A Conformal Jigsaw Puzzle
	Abstract
	Keywords
	1. Introduction
	2. A Mathematical Problem
	3. Motivating Examples
	4. Applications
	5. Conclusion
	Conflicts of Interest
	References

