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Symmetric Problem

1. Introduction. General Relativity Equations

The basic equation of general relativity which specifies the Einstein tensor has
the following form:

_ 1
Bl =R/ _E@JR 1)
in which R} (R=R/) are the components of the Ricci curvature tensor (we
use mixed components because for the spherically symmetric problem consi-
dered further they coincide with the physical components). The Einstein tensor

is associated with the energy tensor as

E)=,T) (2)
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where y is the relativity gravitational constant. The energy tensor expressed
with the aid of Equations (1) and (2) identically satisfies the conservation equa-
tion

vV, TX=0 3)

1
For the static problem,

T =0/, T*=0(i,j=123), T,' = uc’ (4)

where o} is the stress tensorand  is the density.

For gravitation with relatively low intensity, the general relativity must reduce
to the Newton theory in which the gravitation potential y satisfies the Poisson
equation

Ay =4nGu (5)

in which Gis the classical gravitation constant. Traditionally, the linearized ver-
sion of Equation (1) is obtained and matched to Equation (5). The result is

X =%, =8nG/c’ (6)

2. Linearized Equations and the Reduction Problem

Consider the space referred to Cartesian coordinates X' (i =1 2,3) and present

the line element of the Riemannian space as
ds? = g;dx'dx’ — g,,c%dt’

Assume that the components of the metric tensor have the following forms:
g; =0; +f; and g,,=1+f, in which the amplitude values of functions fare
much smaller than unity. Undertaking linearization of Equation (1) and taking
into account Equations (2) and (4), we arrive at the following set of the linea-
rized general relativity equations:

1

X0} = E(_ fooas = faa20 + 20008 = fas 0 - f44,33) 2
1
X0} = E( faane + foas = fiaos = foais + f44,1z) (8)
51 £ f f.,,—f f 9
X0 = E( 2213 7 Ni203 ¥ T30 = Togo + 44,13) ©)
, 1
X0, = E(_ frias = faann +2Fi300 = faans — f44,33) (10)
s 1
X0, = E( fri2s = fo0s = fiagp + foamn + f44,23) (1)
s 1
X035 = E(_ fuoe = T +2%50 = fan - f44,22> (12)

1
Z,UCZ = _E( f11,33 + f11,22 + f22,11 + f22,33 + f33,11 + f33,22 -2 f12,12 -2 f13,13 -2 f23,23) (13)

Notation (---), means the derivative with respect to X'. The linearized form

DOI: 10.4236/jmp.2020.112014

222 Journal of Modern Physics


https://doi.org/10.4236/jmp.2020.112014

V. V. Vasiliev, L. V. Fedorov

of the conservation equation, Equation (3), with regard to Equations (4) is
1 1 1
011,1 + 012,2 + Gfa D) faan (/JCZ _011)+E f44,20'12 +E f44,3013 =0 (1,2,3) (14)
Here, (1, 2, 3) means permutation which allows us to obtain two more equa-
tions from the written one (only three Equations (14) exist for a static problem).
For linear approximation, we can neglect the nonlinear terms with stresses in

Equation (14) and simplify it as
1
011v1+012'2+0'13v3—5f44'1/lcz =0 (1,2,3) (15)

This equation has a simple physical meaning—it is the equilibrium equation
for a solid element loaded with gravitation forces.

Using the traditional way to derive Equation (6) for the gravitation constant,
express the derivatives f,; .5, fj5;5, f, ), from Equations (7), (10), (12) and

substitute them in Equation (13). The resulting equation is
Af,, =;((ycz—a) (16)

in which o =0; +0; +0) is the invariant of the stress tensor. For the linear

approximation, we neglect o in comparison with zc® and finally get
Af,, = yuc? 17)

Matching Equations (5) and (17), we can conclude that f,, =2y/c* and
X =%,» Where y, is specified by Equation (6). Thus, it looks like the general
relativity reduces in the linear approximation to the Newton gravitation theory.

However, more careful analysis shows that the foregoing derivation is not
correct for solids. The problem is in Equations (7)-(13) which are, in general,
not compatible. As can be directly checked, the left-hand parts of these equa-
tions must satisfy the following relationship:

o +0r,+01;=0 (1, 2, 3) (18)

Consider first the empty space for which o) =0 and x=0. In this case,
Equation (18) coincides with Equation (15) and the set of Equations (7)-(13) is
compatible. Equation (17) is homogeneous and coincides with Equation (5)
which is also homogeneous. Thus, for the empty space, the general relativity
theory reduces to the Newton gravitation theory for gravitation with relatively
low intensity. However, the situation is different in case of solids for which the
equilibrium equation, Equation (15), must be satisfied. As follows from Equa-
tions (15) and (18), the equilibrium equations are satisfied only if f,, =0
which means the absence of gravitation. Thus, the linearized equations of gener-
al relativity do not describe gravitation and the linearized general relativity does
not reduce to the Newton theory for solids. The reason is evident—whereas the
terms with the stresses in Equation (15) are linear and refer to the first-order
approximation, the last term with f,, belongs to the second-order approxima-
tion. Naturally, this does not mean that the last term can be neglected—in this

case, the gravitation disappears. This situation is not unique in mechanics of
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solids. For example, to construct the two-dimensional theory of thin plates from
three-dimensional equations of theory of elasticity by the asymptotic method, we
need to retain small terms of the first and of the second orders. Neglecting the
second-order terms, we arrive at the plate theory which is not physically consistent
[1]. Consider further the spherically symmetric problem for which closed-form

solutions can be obtained.

3. Spherically Symmetric Problem
3.1. Classical Linear Solution

For comparison with the general relativity solutions that are discussed further,
consider the problem of the theory of elasticity for a linear elastic isotropic solid
sphere with radius R and constant density u loaded with gravitation forces
following from the Newton theory. The gravitational potential y is the solu-

tion of the Poisson equation
Al//:(//”+zl//’:4n(3,u (19)
r

Here, (), =d(--)/dr and ris the radial coordinate. For the external space
(r2R,index “¢’), =0 and the solution of Equation (19) is y, =—-Gm/r in
which m is the sphere mass. Introduce the so-called gravitational radius

2Gm

! (20)
C

Ty

Then, y, = —rgc2/2r . For the internal space (0 <r <R, index “/’), the regu-

lar solution of Equation (19) is
2 2
v, = ETCG urc+C

Determining constant C from the boundary condition y,(R)=y,(R) and
using Equation (20), we get

2 AN A

i =——nGu(R" —r°)-——

v, =3 mOu(R —r*) -

The equilibrium equation for the sphere under the action of gravitational
body forces f, =—uy] is

Gr'+§(a,—0'5)—%n(3,u2r=0 (21)

where o, and o, are the radial and the circumferential stresses. Consider the

case of the perfect fluid for which o, =0, =—p. The pressure p can be found

from Equation (21) which takes the form
p’+%nG,u2r=O (22)
The solution of this equation that satisfies the boundary condition p(r=R)=0
is

ngnGyz(Rz—rz) (23)

DOI: 10.4236/jmp.2020.112014

224 Journal of Modern Physics


https://doi.org/10.4236/jmp.2020.112014

V. V. Vasiliev, L. V. Fedorov

In general relativity, the space geometry is Riemannian and the line element in

spherical coordinates r,8,¢ is

ds® = g,,dr* +g,, (dH2 +sin? ed(pz)— g,.codt? (24)

The components of the metric tensor depend on the radial coordinate only.
For the foregoing linear solution, the general relativity interpretation of the ob-
tained results is [2]

r r
911=1+Tg’ 92 =1"> G :1_79 (25)

In case r; =0, the space is Euclidean and gravitation vanishes.

3.2. General Relativity Equations

For a spherically symmetric problem, the field equations following from Equa-

tion (1) reduce to [3]
! 2 ’ ’
[gzzj " 922044 } (26)

_922 O | 4\ 92 20,94

" ’ 2 " ! 2 ’ ! ’ ’ ’

e 1 944_1(944J +922_1(922J L 95 (944_h]_ 01104
oo L

201 | 94 2\ 94 Un 2(0, 20\ 9as O ) 29194

g _i_i{l

(27)
" ’ 2 ’ ’

geol 1 g_z[g_j _ 90 28)

4=

gZZ gll gZZ 4 922 2g11922
in which in accordance with Equations (2) and (4)
B, =4 =0, B =11 =0, Ei=,T,=uc’ (29)
The only one conservation equation, Equation (3), becomes
(1) + 22 (1 12) 4 D2 o1) =0 (30)
92 20,

The solution of the external (r > R) problem must satisfy the asymptotic con-
ditions and to reduce to Equations (25) for r — oo . The solution for the internal
(0<r<R) problem must satisfy the symmetry condition at the sphere center
according to which g;,(0)=1, g,,(0)=0. Both solutions must satisfy the
boundary conditions on the sphere surface, i.e.

glel(R) = g{l(R) > 05 (R) = gizz (R) > Ui (R) = gzitA(R) (31)

Substitution of the obtained equations for T, in Equation (30) identically sa-
tisfies this equation. So, only three of four Equations (26)-(28) and (30) are mu-
tually independent. Traditionally [3], the simplest set of equations including
Equations (26), (28) and (30) is used. The obtained solution identically satisfies
Equation (27). To solve the problem, we should supplement Equations (26), (28)
and (30) which include three components of the metric tensor g,,,9,,,9,, and
two stresses o,,0, with one coordinate condition for the metric tensor [4] and

one equation for the stresses [5]. For the case of perfect fluid which is considered
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further, o, =0, =—p and we have four unknown functions and need only one

coordinate condition for the metric tensor.

3.3. Linearized Solution

Decompose the components of the metric tensor in Equation (24) as g,, =1+ f,,
9, =r*(1+f,), g, =1+ f, and assume that the absolute values of functions
f (r) are much less than unity. Undertaking linearization of Equations (26)-(28),

we arrive at

1 ' 2\ _ 1 n 1 !
(B), == (f-rh)s (ED), =5 (F=rfd) (B, =—(rt)  (2)
where f =1 —(rf, )l . Using Equations (29), we can present these equations as
1 , 1 N 1, v
;(0,=r—2(f—rf4), ]{GQZE(f—rfA), Zﬂc2=r—2(rf) 33)

The conservation equation, Equation (30), transformed with aid of Equation
(29) becomes

’ 1 !
oi+ 2o} 3 i, -a7) 0 o

Neglecting o, in comparison with c’® in the last term of this equation, we
can conclude that it is analogous to the equilibrium equation, Equation (21).
Proceeding, express ffrom the first equation of Equation (33), f' from the

second of these equations, ‘e,
f=r’yo, +rf), f'=2ryc,+f/+rf/

and substitute in the third equation to get
2
f4"+? f,= ;((,ucz - G)

in which o =0, +20, is the invariant of the stress tensor. Neglecting o in

comparison with xc?, we arrive at
Af, = yuc® (35)

Formally, taking f, =2y/c®> and y =8rG/c*, we can reduce this equation
to the Newton theory equation, Equation (19). However, as in Section 2, the
foregoing derivation is not correct. For the external space o, =0, =0 and
4 =0.Both Equations (19) and (35) are homogeneous and the linearized gener-
al relativity reduces to the Newton theory. Taking o, =0, =0 in Equations
(33), we can conclude that the second equation is a derivative of the first one.
Thus we have only two independent Equations (33) for three functions f,,,
and need a coordinate condition to find these functions. For the internal space,
the first two Equations (33) have different left-hand parts and include one un-
known function F = f —rf, in the right-hand parts. This means that, in gener-
al, these equations are not compatible. To derive the compatibility condition,
express Ffrom the first equation and substitute in the second one. The resulting
equation is
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G;+%(0'r _0'9)20

This equation coincides with the equilibrium equation, Equation (21) only in
the absence of gravitation which is, naturally, not the case. Thus, the linearized
equations of general relativity are not compatible for a solid sphere and to arrive

at the consistent theory, we need to construct the second-order approximation.

3.4. Second-Order Asymptotic Approximation

Present the components of the metric tensor entering Equation (24) as

Oy =1l+ef, +&%0;, gzz=r2(1+5fz+52€02)» 0, =1l+ef, +&%, (36)

in which & isa small parameter. Substitution in Equation (1) yields

E'=¢(E) +&*(El), (37)
Here, the components (Eii )1 are specified by Equations (32) and
1
(E11)2 :r_z(% —g,+ 1 - flz)
1 ’ ’ ’ ’
+?[—¢2 —@,+(f+ ) f+(f+ 1) 1]
f, ’ ’
+ IZ( f,+2f))
1 ’ ! ! ’ ’ ’
(Ezz)z :E[(pl_z% P +(f1+ f4) f4 +2( f1+ fz) fz _2f1f1]
1
P22t ol)+ () +(0) #2(LEH L0 L 8 69
+ £+ - 18]
4 1 2 2 1 ’ ’ ’ ’ ’
(E), :r—z(gol—goz — 2+ f )+?(¢1—3(p2 — 21, f/+3f,f, +31,1))
+%[—4¢g +20 8+ (£ +4(f+ 1) 1)

Recall that the Einstein tensor E] must satisfy the conservation equation,

Equation (30), which can be written as

¢g+%4q_gpii¢;fg=o

22

Substituting expressions (36) for the metric tensor, we arrive at the following

two equations corresponding to ¢ and &°:

(gx+§ﬂgh_¢gjzo (39)
(EL+§Uﬁk—ﬁﬂj+Uﬁﬁl—ﬁﬂj+%ﬁﬂﬁh—¢ﬂj=0<@>

Substituting Equations (32) and (38), we can conclude that both equations,

Equations (39) and (40), are satisfied identically. Thus, the second approxima-

tion, in contrast to the first one discussed in Section (2.3), is consistent. This
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means that only two of three Equations (38) are mutually independent and we
can proceed using only two equations, namely those for E! and E,.However,
these two equations include three unknown functions with indices 1, 2 and 4. To
solve the problem, we need to supplement the aforementioned two equations
with a coordinate condition. According to the condition used further, the
so-called space density d =,/g;/g; in which g, and g. are the determi-
nants of the metric tensor in Riemannian and Euclidean three-dimensional
spaces is minimized [5]. For the spherically symmetric problem, the introduced

coordinate condition has the form [5]

\ 0119, = I’2 (41)

For the internal space, this condition has a simple physical meaning - gravita-
tion transforming the Euclidean geometry into Riemannian does not affect the

volume element and the sphere mass, ie,
R R 4
m =4Tt,u_|.,/gllgzzdr =47I/JI r’dr =§TE,uR3 (42)
0 0

So, the sphere mass is the same that in Euclidean space [6].

Using Equations (36), we can write Equation (41) as

f e £2ff
L4 f |+ _1+ __1+# =0
8(2 Zj ¢ [2 27Ty

and get two coordinate conditions for the first and the second approximations,
Le,
f,=-2f,, ¢ =3f7-2¢, (43)

Taking into account these results, we can transform Equations (32) and (38)
for E} and E; to

(Ell)l =—ri2(3f2 +rf, +1f)) (44)

(E), =—ri2[r(3f2 +rf))] (45)

(E2), = —3%—%(@ IR f;)-%( fr26)f  (46)
(E;1 )2 = —{¢2”+%¢2 +?((p§ +f, fz’)+%( £, +1, fz"} (47)

Consider the external space (R<r <) for which (Eii )1 = (E.i )2 =0. Inte-

gl‘ati()l‘l ()f Equatl()l‘l (45) yi eldS
r e ! 3f e :
( 2 ) 2

Further integration and the first equation of Equations (43) give
C, C, C, 2C,

feo_iyze ge
z 2r 7t ot

(48)
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Applying Equation (44) and using Equations (48), we get
e ! e e ! C
r(fe) =-3f5—r(f;) :Tl
Thus,
fi=——= (49)

Transforming Equation (47) with the aid of Equations (48), we have

9C? 15CZ 3CC,
16r2  4r® 4rt

*(p5) +5r(03) + 305 =

This is the Euler equation whose solution is

: (50)

From the second equation of Equations (43) it follows that

. 2C, 2C, 15C! 7CZ 5CC,
=+ + - 51
“ rr* 8 2r® 2rf U

Using Equation (46) and taking into account Equations (48)-(50), we get
() _26, _CG,

¢)4 = rz r_5
Integration yields
= 2, + Clciz +C; (52)
r 4r

Substituting Equations (48)-(52) in Equations (36), we arrive at the following

expressions for the components of the metric tensor in the external space:

2 2
gfl=l+se(&—2—(§2j+8§[—&—&+lscl +7C2 —5C1C2j
r r

o o8rr  2r®  2rt

C, C c, C, 9c? c? ccC
S=rltg| 24+ =2 |4gf| By 4T T2 72
9z { e( 2r rBJ ‘Lror® o16r® 4r®  art

95 :1—(>;e%+g2 (&+ C.C, +C5j

Lrooart

For r — «, the asymptotic behavior of the metric tensor is specified by Equ-
ations (25). Matching the obtained solution to these equations, we can conclude
that C,=1,C,=C,=0 and ¢, =r;. Thus, for the external space, parameter
&, is equal to the gravitational radius in Equation (20) and the solution be-

comes
1 2C 2C, 15 7C% 5C
S =l4r | SR |4 A S22 53
9u g(r re j g( r* 8r? 2r° 2r4] (53)
1 C C 9 cz cC
e =r?|l4r | —— 2 | A = T2 T2 54
922 l: g( 2r r3j “\r3 16r* 4r® 4rt (54)
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95, :1—%’+ rgzd% (55)

The integration constants that enter this solution should be found from the

boundary conditions on the sphere surface. To formulate the boundary conditions,

we need to consider the internal (0 <r < R) problem. Assume that the sphere con-

sists of the perfect fluid for which o, =0, =-p. Thus, E; =E=-yp and
E; = yuc?. In addition to Equations (36) and (37), decompose the pressure as

P=&p +&D, (56)
Then, we should take in Equations (37)
(E}),=(E), =—zp> (ED),=(E2),=—zP, (57)

Substituting the first of these equations in Equation (39), we get p, =0. Tak-
ing into account the boundary condition for the pressure p,(r =R)=0, we can
conclude that p, =0. This result explains the problem discussed in Section 2.3
in connection with the linearized solution. The pressure corresponding to this
solution is zero which means that the linearized solution does not describe gra-
vitation in solids.

To proceed, specify the parameter ¢ for the internal problem. Assume that
& = yuc’. Then, the corresponding equation in Equations (37) yields

(E),=1. (E2), =0 £

Then, Equation (45) becomes

o] -

The solution of this equation is
2
°LoB B
15 r r
This solution is regular at the sphere center r=0 if B, =B, =0. Using the

first equation of Equations (43), we get
;oo (i 2r’

SSRGS
Taking p, =0 in Equations (57) and applying Equation (44), we arrive at

(59)

3 +r(f,) +r(f) =0
Substituting the first equation of Equations (59) and integrating, we have

f=(r"+8,) (60)

Now, we can find the pressure in the fluid. Recall that p, =0, so that
p=¢'p, = 2 1’c’p, (61)
Here, p, can be determined from Equation (40) which can be transformed
with the aid of Equations (57), (58) and (60) to
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, I
V4 p2+g:0
The solution of this equation which satisfies the boundary condition
p,(r=R)=0 is

1
P, :E<R2 - rz)

Substituting this result in Equation (61), we finally get

p :—"’I;‘:A (R*-r?) (62)

This solution must coincide with Equation (23) corresponding to the Newton
theory. Matching Equations (23) and (62), we can conclude that y = y,, where
X, is given by Equation (6). Thus, Equation (6) is proved for the second-order
asymptotic solution for the spherically symmetric problem. Using the obtained
result and applying Equations (19) and (42) for r; and m, we can obtain the

final form for parameter ¢, ie,
& = yUC =— (63)

Thus, for the internal problem, the parameter is also expressed in terms of the
gravitational radius.

Determine the metric tensor components for the second-order approximation.
Consider Equation (47) whose left-hand part is zero because of Equations (58).
Substituting the first equation of Equations (59), we obtain the following equation:

iV 50y, 3 2
(€Dz) +F<(P2) +r_2(/72:_{_5

The solution of this equation is

i__r4+B4+BS
2= T

Using the regularity condition and the second equation in Equations (43), we
get B,=B,=0 and

=, o= 64
?, 2 175 (64)

The function ¢, (r) can be found from Equation (46) in which (Ell )2 =—xp,.
Using Equations (59), (60), (62) and (64) and integrating, we find

2
¢j=6—2|:r2(%+2R2+§B3]+ Be} (65)

Finally substituting Equations (59), (60), (64) and (65) in Equations (36) and
using Equation (63) for ¢, we arrive at the following expressions for the metric
tensor components of the internal space:

2 2.4
2r,r 271,

g =142

66
5R®  175R® (66)
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2
i —r2 1_i_£ (67)
9z = 5R® 175R®
. r 3r? 2
gjm=1+2—és(rz+B3)+ﬁ[rz[%+gR2+§B3j+Be} (68)

Determine the integration constants using the boundary conditions in Equa-
tions (31). Equating the terms with r; in Equations (53) and (66) and doing
the same for the terms including rg2 , we get

sziRz, B, =—3R?, C4:%, 86=E
10 14 4

R4

Thus, the boundary conditions (31) for g,, and g, are satisfied. The
boundary condition for g,, is satisfied because of Equation (41). Finally, we
arrive at the following expressions for the components of the metric tensor in

the external and internal spaces:

. (1 3) ,(15 9 3 63
IV o A i T T

g, =r? 1+T(—i+ 3 j+9T2(— t ,r_t 1 j
z 9\ 2r 107 9 1672 147° 1207* 4007°
= 2
e rg 3rg
=1-24
ez T 4ort
i 2__, 27 ,_
gllzl+§rgrz+ﬁrgzr6 (69)

=2

Here,
_r _
r=—, rg =_g
R R

For real objects, the ratio T, is rather small. For example, for Earth
[ =1.4x10"°, for Sun [ =4.25x10°, for the largest of the observed visible
stars—red supergiant UI Scutti (R =11.9x10""'m, m=64x10"kg), T, =8x10"°
[7].

Thus, the classical expression for the gravitational constant in Equation (6) is
proved, but under the following conditions:

e The problem is spherically symmetric and static.

The sphere consists of a perfect fluid with constant density.

The asymptotic equations are of the second order, not of the first.

The coordinate condition in Equation (41) is valid.
If the last of these conditions is violated, the result can be different. For exam-

ple, take the coordinate condition in the form g,, =r* or f,=¢, =0 which
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corresponds to the Schwarzchild solution of the spherically symmetric static
problem for a fluid sphere [3]. Using decompositions in Equations (36) and (37)
under the conditions f, =¢, =0, we arrive at the following equations analog-
ous to Equations (44)-(47):

(E), =ri2( forf)) (70)

(E). =ri2(rfl)' (71)

(E), :riz((pl— ff)-%ﬁ%(fﬁ f,) (72)
(£8), == [r(a-1)] 73)

Consider the external problem for which E/ =0. Integration of Equations
(71) and (73) yields

=S g- (&jz (74)
Using Equations (74), we can transform Equations (70) and (72) to

(1) = (o) = (8 10)(12)
Integration gives

fe=_Siic,, =S (75)
r r

Using Equations (74) and (75), we can present Equations (36) for the external

Space as

2
C C
gf1:1+ge 1+8ez(_lj 5 g;zzrz, gi4:1+ge[_&+czj+€ez(_clc2+C3j

r r r r

Comparing these expressions with Equations (25), we can conclude that
C, =1, C,=C;=0 and ¢, =r,. Thus, the components of the metric tensor

for the external space become
e rg rg ’ e 2 e rg
O =1+ r + r U =15 Qg =1- r (76)

This result demonstrates a specific feature of the Schwarzchild solution for the
external space—it does not include the integration constants which allow us to
satisfy the boundary conditions on the sphere surface. This result follows from
the form of the coordinate condition used to obtain the solution. Indeed, the
Einstein equation, Equation (28), includes gj, which is zero if g,, =r°. So,
Equation (28), being initially of the second order, reduces to the equation of the
first order, and its solution contains only one integration constant which is
found from the asymptotic condition. The second constant that could be used to

satisfy the boundary condition for g, is missing and this condition is not sa-
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tisfied in the Schwarzchild solution [8].

Consider the internal space for which, as earlier, assume that & = yuc’.
Then, Equations (71) and (73) allow us to find f' and ¢|. The regular solu-
tions of these equations are

Thus, the radial component of the metric tensor for the internal space be-

comes

2
gl 1 2 +(MJ r (77)
3 3

Matching this expression with the first equation in Equations (76), we can con-
clude that the boundary condition on the sphere surface gf, (r =R)= gy, (r =R)
can be satisfied if yuc’R® = 3r, . Formally, Equation (77) can be used to find
X Indeed, using Equation (20) for r,, we arrive at the following expression for
the gravitational constant:

6mG
X R% 1c° (78)

If m is specified by Equation (42), then y = y,, where y, is specified by
Equation (6). However, this not the case for the Schwarzchild solution for which

R
m= 4nﬂjx/g_1lgzzdr
0

R 2 2\?
= dmu| 14 ZEC g2 | HEC e gy
) 3 3

R 2 2 2.4
z47t,uj.(l+ AHC 2 X HC r“Jrzdr
A 18

2p2 2 2. 4p4
=f7wR3 L AR TR
3 10 42

Substituting this result in Equation (78), we arrive at

2. 2
IH op2 X H 4ps
= 1+ 2—c°R°*+%~——cC'R
d Z°( 10 42 J

As can be seen, y # y,. Moreover, the obtained equation cannot be used to
find y because y is the gravitational constant and cannot depend on R and
4 . Thus, the asymptotic analysis of the Schwarzchild solution does not allow us

to derive the proper expression for the gravitational constant.

4. Light Ray Deviation in the Vicinity of Sun

Having proposed the new metrics in Equations (69), we need to check whether it
allows us to predict the experimentally found shift angle which specifies the light

ray deviation from the straight trajectory in the vicinity of Sun. For the gravitat-
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ing sphere with radius R, this angle can be determined from the following equa-
tion [4]:

a=2l-n (79)
in which [9]

9 dr (80)

92292 J
g, | 22% 1
22(9;2944
and g =g, (r=R).

Consider the linearized solutions for which

Oy =1+f,, 9, =r?(1+1,), g, =1+f, (81)
For the Schwarzchild solution in Equations (76), we have

f=2, f,=0, f,=—2 (82)

and Equation (81) becomes

r2f4R—R2f4]

- ﬁ[ o)

2 r r,r
=R j NI R M (83)
«/ r R2 2r 2R(r+R)
2r
L
2 R
Substitution in Equation (79) yields
a=2r (84)

9

in which, as earlier, T. = . / R. Calculation for Sun [4] gives the traditional re-

sult a=1.75" Wthh is in good agreement with the existing experimental data
[10].

For the obtained linearized solution in Equations (69),

1 3r? 1 3R? g
flzl‘g [F—S?j, f2 :rg (_E+10R3]’ f4 =—Tg (85)

Substitution in Equation (80) yields

o 2¢R _ Q2 2¢ p2gR
| =R dr [_r f4 R f4 1 —f2+f2R+f4)_&] (86)

lrm 2(r* -R?) Sl 2(r*-R?)

The first two terms in this equation are the same that in Equation (83), be-
cause function f, is the same in Equations (82) and (85). As can be directly
checked, the result of integration of the two last terms in Equation (96) is zero.
Thus, the result of integration in Equation (86) is the same that in Equation (83),
and the shift angle is specified by Equation (84).

Now, calculate the integral in Equation (80) using the second-order approxi-
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mation of the metric tensor in Equations (69). Omitting rather cumbersome
transformations, present the final result which is

a=2r, +—139g2_0128 T2 = 2T +0.9557

Taking into account that for Sun T, =4.25x10°°, we can conclude that the
second term is negligible in comparison with the first one, and that the shift an-
gle for the obtained metric coefficients in Equations (69) is specified by the tra-

ditional Equation (84) which is in good agreement with experiment.

5. Conclusion

As follows from the foregoing analysis, the general relativity theory reduces for
low intensity gravitation to the Newton theory only for the empty space. For
solids, the linearized equations of the general relativity do not describe gravita-
tion and the second-order asymptotic equations should be applied. For this ap-
proximation, the traditional expression for the gravitational constant is found for
spherically symmetric static problem under special coordinate condition. The li-
nearized Schwarzchild solution is not reduced to the Newton solution. The ob-
tained solution for the metric tensor of the spherically symmetric empty space
yields the traditional result for the angle of light ray deviation in the vicinity of

Sun.
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