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Abstract 
With the right and the left waves of an electron, plus the left wave of its neutrino, we write the 
tensorial densities coming from all associations of these three spinors. We recover the wave 
equation of the electro-weak theory. A new non linear mass term comes out. The wave equation is 
form invariant, then relativistic invariant, and it is gauge invariant under ( ) ( )U SU1 2× , Lie group 
of electro-weak interactions. The invariant form of the wave equation has the Lagrangian density 
as real scalar part. One of the real equations equivalent to the invariant form is the law of 
conservation of the total current. 
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1. Introduction 
The standard model of quantum physics uses the Dirac equation for the wave of the electron and the wave of the 
electronic neutrino. Weak interactions mix the left wave of the electron and the left wave of its neutrino. We 
start from the rewrite of this part of the standard model in the Clifford algebra1 of space-time [1]. We use a 
nonlinear homogeneous wave equation which has the Dirac equation as linear approximation. This wave equa-
tion has been extended to account for the electro-weak gauge group. It is a wave equation for both the right and 
left spinors of the electron and for the left spinor of the electronic neutrino. The wave is then a function of space 
and time with 12 real parameters. 

 

 

1A complete introduction to this mathematical tool was made in [1]-[5]. 
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We got with the 8 real parameters of the wave of the electron [4] 36 8 9 2= ×  tensorialdensities2. Now with 
12 real parameters 78 12 13 2= ×  tensorial densities are awaited. We shall need most of them, so the first part 
of this study reviews these 78 densities. 

In the case of the electron alone the wave equation comes from a Lagrangian density and this is true both with 
the nonlinear homogeneous equation and with its linear approximation. The difference between these two den-
sities is in the mass term. We got an invariant form for both equations. Since there are 8 real parameters, the 
wave equation is equivalent to 8 equations. The real one is the cancellation of the Lagrangian density, and 
another one is the conservation of the current of probability. 

It is well known that the electro-weak theory has a problem with the mass term of the Dirac equation, because 
this term links the left spinor and the right spinor that behave differently in the electro-weak gauge. Then this 
part of the standard model begins with an electron without mass term and a complicated model of symmetry 
spontaneously broken is necessary to get a mass term. The aim of this article is to study a wave equation with a 
mass term that is both relativistic invariant and gauge invariant under the electro-weak gauge group. This was 
previously thought as impossible.  

An invariant form of this wave equation also exists; the Lagrangian density is the real part of this invariant 
form. We get the wave equation by the Lagrangian mechanism. The conservation of the total current is one ofthe 
numeric equations equivalent to the invariant form. The Dirac equation with mass term is the linear approxima-
tion of our wave equation for electron + neutrino when we cancel the wave of the neutrino. 

2. Tensors 
Each of the three spinors has 4 parameters, and then each gives 4 5 2 10× =  components of tensors, a space- 
time vector (4 components) and a space-time bivector (6 components). 

With the only right spinor Rφ  of the electron 
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2

0
2

0R

ξ
φ

ξ
 

=  
 

 (1.1) 

we get the space-time vector RD  and the space-time bivector RS  satisfying3 

 †
1; .R R R R R RD Sφ φ φ σ φ= =  (1.2) 

RD  is a space-time vector, because it satisfies †
R RD D= . 

Similarly with the left spinor Lφ  of the electron 
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η

φ φ φ φ
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 −
= = + 
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 (1.3) 

we get the space-time vector LD  and the space-time bivector LS  satisfying 

 †
1; .L L L L L LD Sφ φ φ σ φ= =  (1.4) 

It is well known [6] that these currents RD , LD  are the fundamental ones in the Dirac theory, and the usual 
currents 0J D=  and 3K D=  are sum and difference of these chiral currents 
 0 3; .R L R LD D D D D D= + = −  (1.5) 

With the left spinor nφ  of the electronic neutrino 
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0n
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=  

 
 (1.6) 

we get the space-time vector nD  and the space-time bivector nS  satisfying 

 †
1; .n n n n n nD Sφ φ φ σ φ= =  (1.7) 

Next with two of these three spinors we can get 16 densities. We begin with Rφ  and Lφ . We let 

 

 

2Only 16 were known with the Dirac formalism. 
3A detailed calculation of components is in Appendix A. 
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† † †

1 1

2 ; 2

2 ; 2
R L RL L R RL

RL RL R L RL RL L R

P a S P a S

I D id I D id

φ φ φ φ

φ σ φ φ σ φ

= = + = = −

= + = = − =
 (1.8) 

a  and RLS  are known in the Dirac frame: 

 ( ) ( )* *
1 2 1 1 2 2det e 2i

e e e ea i βφ ρ φ φ ξ η ξ η= = Ω + Ω = = = +  (1.9) 

where 1Ω , 2Ω  are the relativistic invariants of the Dirac theory, and β  is the Yvon-Takabayasi angle [1] [7]. 
3 RLS S=  [5] is the bivector which, with 1Ω , 2Ω , 0D  and 3D , gives the 16 components of tensors known in 

the complex Dirac theory. They are those invariant under the electric gauge [3]. 1RLD D=  and 2RLd D=  are 
space-time vectors4. To see this, we can consider the form invariance of the Dirac theory. M  being any complex  

2 2×  matrix, the transformation from the space-time in to itself, which to any 
0 3 1 2

1 2 0 3

x x x ixx
x ix x x

 + −
=  

+ − 
 asso-

ciates x′  satisfying 

 ( )
0 3 1 2

†
1 2 0 3

x x x ixx R x MxM
x ix x x

 ′ ′ ′ ′+ −′ = = = ′ ′ ′ ′+ − 
 (1.10) 

is [4] [5] [8] a Lorentz dilation, product of a Lorentz rotation and of a homothety with ratio r  satisfying 

 ( ) ( )det e , det .iMM M r r Mθ= = =  (1.11) 

We get 

 
† † † † † † †

1 1 1 1

;

.
e e n n

RL R L L R R L L R RL

M M

D M M M M MD M

φ φ φ φ

φ σ φ φ σ φ φ σ φ φ σ φ

′ ′= =

′ ′ ′ ′ ′= + = + =
 (1.12) 

So RLD  is a quantity varying like x , a contravariant vector. It is the same for , ,R L nD D D  or RLd . We get 
also 

 e .i
e ea M M MaM aMM r aθφ φ′ = = = =  (1.13) 

Then 

 * * 2 *e e .i ia a r ar a r aaθ θ−′ ′ = =  (1.14) 
Now with Lφ  and nφ  we let 
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† † †
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 (1.15) 

Vectors LnD  and Lnd  are contravariant vectors, LnS  is a bivector. We shall need 

 
( )† †
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† † * 2 *

ˆ ˆ 2
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 (1.16) 

Finally with Rφ  and nφ  we let 
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 (1.17) 

Vectors RnD  and Rnd  are contravariant vectors, RnS  is a bivector. We shall need 

 ( )* *
1 1 2 2

* 2 *

2

e ; .

R n n R

i

c

c MbM MMc r c c c r ccθ

φ φ φ φ ξ ζ ξ ζ= + = +

′ ′ ′= = = =
 (1.18) 

The main invariant term of the electron wave is [1] mρ . Since we get now not only one, but three similar 
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terms, the natural generalization to the wave of the electron and its neutrino is5 

 
* * *

.
aa bb cc

m m r m
ρ
ρ ρ ρ
= + +

′ ′ ′= =
 (1.19) 

3. Getting the Wave Equation 
Since this invariant term is the generalization of the invariant mass term of the electron wave, since this term is 
the mass term of the Lagrangian density [1], the Lagrangian density of the wave of the electron and its neutrino 
is the real scalar part L=  of 

 012 ; ˆ ˆ
e n

n e

L m
φ φ

γ ρ
φ φ

 
= Ψ Ψ + Ψ =   

 
D  (2.1) 

where 012 0 1 2γ γ γ γ= , Ψ  is the reverse and D  is the covariant derivative satisfying 

 ( )
†
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D B W W W  (2.2) 

Projectors Pµ  satisfy 
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Noting ( ) ( )P P P Pµ ν µ νΨ = Ψ    they satisfy 
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2 3 1 3 2
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 (2.4) 

Operators Pµ  are then generators of the ( ) ( )1 2U SU×  Lie group of electro-weak interactions. We shall use 
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With 21 2 1γ γ γ=  and 0123 0 1 2 3γ γ γ γ γ= =i . The last equality (2.5) comes from: 

 

 

5We recall that ( )0 1 2 3, , ,D D D D  is an orthogonal mobile basis in space-time, with ( )2 2
0 eD ρ=  and ( )2 2

j eD ρ= − , 1, 2,3j = . 
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( )

0 21 21

3 12
21

123

00 0
ˆˆ 0 00

0 0 0
ˆ ˆ 00 0

R

RR
R

RR

R R
R

R R

P P

ii
i i

i

i

γ γ

φφ

φφ

φ σ φ σ
γ

σφ σ φ

−Ψ = Ψ + Ψ = Ψ +Ψ

   
Ψ = =       − −    

    
= = = Ψ          

i i

i  (2.6) 

which results from our choice [1] of Dirac matrices: 
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and we get 
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With (2.2) we get 
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which gives 
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Next we get, with ( )0 1 1 2 2 3 3
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From (2.8) and (2.9) we get with ( )0 1 1 2 2 3 3B B B B Bσ σ σ= − + +  
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Next we get, with ( )0 1 1 2 2 3 3
j j j j jW W W W Wσ σ σ= − + +  
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With our matrix representation (2.7) of the space-time algebra, the real part of a multivector is the real part of 
the scalar part of the matrix. Therefore we get 
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From (2.10) and (2.14) we get 
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n L e Li W Wφ φ φ φ+ +ℜ − )† 3ˆ

n nWφ φ+
        

(2.19) 

We next get 

 

( ) †

* * * * * * * * * *
1 0 1 1 0 1 2 0 2 2 0 2 2 0 2 2 0 2 1 0 1 1 0 1 2 0 2 2 0 2

* * * * * * * * *
1 0 1 1 0 1 1 1 2 1 1 2 2 1 1 2 1 1 2 1 1 2 1 1 1 1 2

ˆ ˆ ˆ2 e R L n ni i

i i i i i i i i i i

i i i i i i i i i i

φ φ φ φ φ

η η η η η η η η ξ ξ ξ ξ ξ ξ ξ ξ ζ ζ ζ ζ

ζ ζ ζ ζ η η η η η η η η ξ ξ ξ ξ ξ ξ

ℜ ∇ − + ∇

= − ∂ + ∂ − ∂ + ∂ + ∂ − ∂ + ∂ − ∂ + ∂ − ∂

+ ∂ − ∂ + ∂ − ∂

 

+ ∂ − ∂ + ∂ − ∂ + ∂



−



*
1 1 2

* * * * * * * * * *
2 1 1 2 1 1 1 1 2 1 1 2 1 2 2 1 2 2 2 2 1 2 2 1 2 2 1 2 2 1

* * * * * * * * * *
1 2 2 1 2 2 2 2 1 2 2 1 1 2 2 1 2 2 1 3 1 1 3 1 2 3 2 2 3 2

* *
2 3 2 2 3 2 1 3

i i i i

i i i i

i i i

ξ ξ

ζ ζ ζ ζ ζ ζ ζ ζ η η η η η η η η ξ ξ ξ ξ

ξ ξ ξ ξ ζ ζ ζ ζ ζ ζ ζ ζ η η η η η η η η

ξ ξ ξ ξ ξ ξ

∂

− ∂ + ∂ − ∂ + ∂ + ∂ + ∂ − ∂ − ∂ + ∂ + ∂

− ∂ − ∂ − ∂ − ∂ + ∂ + ∂ + ∂ − ∂ − ∂ + ∂

− ∂ + ∂ + ∂ * * * * * *
1 1 3 1 2 3 2 2 3 2 1 3 1 1 3 1.i i i i iξ ξ ζ ζ ζ ζ ζ ζ ζ ζ− ∂ + ∂ − ∂ − ∂ + ∂

 (2.20) 

For (2.17) we have 

 

( )
( ) ( )
( ) ( )

†

* * * * * * * * * * * *
0 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1

* * * * * * * * * * * *
2 1 2 2 1 1 2 2 1 1 2 2 1 3 1 1 2 2 1 1 2 2 1 1 2 2

ˆ ˆ ˆ

2 2 2 2

2 2 2 2

e R e n nB B

B B

B i B

φ φ φ φ φ

ηη η η ξ ξ ξ ξ ζ ζ ζ ζ ηη η η ξ ξ ξ ξ ζ ζ ζ ζ

ηη η η ξ ξ ξ ξ ζ ζ ζ ζ ηη η η ξ ξ ξ ξ ζ ζ ζ ζ

ℜ + +

= + + + + + + − − + + − −

+ − + + − − + + − +




+




+ − −

(2.21) 

And for (2.19) we have 

 ( 1 ˆ
e nWφ φℜ ) ( ) ( )† 1 1 * * * * 1 * * * *

0 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1
ˆ

n LW W Wφ φ η ζ η ζ ζ η ζ η η ζ η ζ ζ η ζ η+ = + + + + − − − −  

( ) ( )1 * * * * 1 * * * *
2 1 2 2 1 1 2 2 1 3 1 1 2 2 1 1 2 2W i Wη ζ η ζ ζ η ζ η η ζ η ζ ζ η ζ η+ − + − + + − + − +  (2.22) 

 ( 2 ˆ
e ni Wφ φℜ ) ( ) ( )† 2 2 * * * * 2 * * * *

0 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1
ˆ

n Li W W i W iφ φ η ζ η ζ ζ η ζ η η ζ η ζ ζ η ζ η+ = − − + + + + − −  

( ) ( )2 * * * * 2 * * * *
2 1 2 2 1 1 2 2 1 3 1 1 2 2 1 1 2 2W W iη ζ η ζ ζ η ζ η η ζ η ζ ζ η ζ η+ − + + − + − + − +  (2.23) 

 ( 3 ˆ
e LWφ φℜ − ) ( ) ( )† 3 3 * * * * 3 * * * *

0 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1
ˆ

n nW W Wφ φ ηη η η ζ ζ ζ ζ ηη η η ζ ζ ζ ζ+ = − − + + + + + − −  

( ) ( )3 * * * * 3 * * * *
2 1 2 2 1 1 2 2 1 3 1 1 2 2 1 1 2 2W i Wηη η η ζ ζ ζ ζ ηη η η ζ ζ ζ ζ+ + − − + + − − +  (2.24) 

Therefore the Lagrangian density is 
* * * * * * * * * *
1 0 1 1 0 1 2 0 2 2 0 2 2 0 2 2 0 2 1 0 1 1 0 1 2 0 2 2 0 2

* * * * * * * * * *
1 0 1 1 0 1 1 1 2 1 1 2 2 1 1 2 1 1 2 1 1 2 1 1 1 1 2 1 1 2

* *
2 1 1 2 1

2 i i i i i i i i i i

i i i i i i i i i i

i i

η η η η η η η η ξ ξ ξ ξ ξ ξ ξ ξ ζ ζ ζ ζ

ζ ζ ζ ζ η η η η η η η η ξ ξ ξ ξ ξ ξ ξ ξ

ζ ζ ζ ζ

= − ∂ + ∂ − ∂ + ∂ + ∂ − ∂ + ∂ − ∂ + ∂ − ∂

+ ∂ − ∂ + ∂ − ∂ + ∂ − ∂ + ∂ − ∂ + ∂ − ∂

− ∂ + ∂



* * * * * * * *
1 1 1 2 1 1 2 1 2 2 1 2 2 2 2 1 2 2 1 2 2 1 2 2 1

* * * * * * * * * *
1 2 2 1 2 2 2 2 1 2 2 1 1 2 2 1 2 2 1 3 1 1 3 1 2 3 2 2 3 2

* * * * *
2 3 2 2 3 2 1 3 1 1 3 1 2 3 2 2

i i

i i i i

i i i i i i

ζ ζ ζ ζ η η η η η η η η ξ ξ ξ ξ

ξ ξ ξ ξ ζ ζ ζ ζ ζ ζ ζ ζ η η η η η η η η

ξ ξ ξ ξ ξ ξ ξ ξ ζ ζ ζ

− ∂ + ∂ + ∂ + ∂ − ∂ − ∂ + ∂ + ∂

− ∂ − ∂ − ∂ − ∂ + ∂ + ∂ + ∂ − ∂ − ∂ + ∂

− ∂ + ∂ + ∂ − ∂ + ∂ −

( ) ( )
( ) ( )

* * *
3 2 1 3 1 1 3 1

* * * * * * * * * * * *
1 0 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1

* * * * * * * * * * * *
2 1 2 2 1 1 2 2 1 1 2 2 1 3 1 1 2 2 1 1 2 2 1 1 2 2

1
2 0

2 2 2 2

2 2 2 2

i i

g B B

B i B

g W

ζ ζ ζ ζ ζ

ηη η η ξ ξ ξ ξ ζ ζ ζ ζ ηη η η ξ ξ ξ ξ ζ ζ ζ ζ

ηη η η ξ ξ ξ ξ ζ ζ ζ ζ ηη η η ξ ξ ξ ξ ζ ζ ζ ζ

η

∂ − ∂ + ∂

+ + + + + + + − − + + − −
+ − + + − − + + − + + − − + 

− ( ) ( ) ( )
( ) ( ) ( )
( )

* * * * 2 * * * * 3 * * * *
1 1 2 2 1 1 2 2 0 1 1 2 2 1 1 2 2 0 1 1 2 2 1 1 2 2

1 * * * * 2 * * * * 3 * * * *
1 1 2 2 1 1 2 2 1 1 1 2 2 1 1 2 2 1 1 1 2 2 1 1 2 2 1

1 * * * * 2
2 1 2 2 1 1 2 2 1 2 1

W i W

W W i W

W i W

ζ η ζ ζ η ζ η η ζ η ζ ζ η ζ η ηη η η ζ ζ ζ ζ

η ζ η ζ ζ η ζ η η ζ η ζ ζ η ζ η ηη η η ζ ζ ζ ζ

η ζ η ζ ζ η ζ η η

 + + + + − − + + + − − + +

+ − − − − + + − − + + − −

+ − + − + + −( ) ( )
( ) ( ) ( )

* * * * 3 * * * *
2 2 1 1 2 2 1 2 1 2 2 1 1 2 2 1

1 * * * * 2 * * * * 3 * * * *
3 1 1 2 2 1 1 2 2 3 1 1 2 2 1 1 2 2 3 1 1 2 2 1 1 2 2

* * *2

W i

W W i W

m aa bb cc

ζ η ζ ζ η ζ η ηη η η ζ ζ ζ ζ

η ζ η ζ ζ η ζ η η ζ η ζ ζ η ζ η ηη η η ζ ζ ζ ζ

+ + − + − − +

+ − + − + + − + − + + − − + 

+ + +

 (2.25) 
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The Lagrange equation 
( )* *

1 1
µ

µξ ξ

 ∂ ∂ = ∂
 ∂ ∂ ∂ 

   gives 

 ( ) ( ) ( ) ( ) ( )0 3 1 1 2 2 1 0 3 1 1 2 2 1 10 mi i g B B B iB a cξ ξ ξ ξ η ζ
ρ

 = − ∂ + ∂ + ∂ − ∂ + + + − + +     (2.26) 

The Lagrange equation 
( )* *

2 2
µ

µξ ξ

 ∂ ∂ = ∂
 ∂ ∂ ∂ 

   gives 

 ( ) ( ) ( ) ( ) ( )1 2 1 0 3 2 1 1 2 1 0 3 2 2 20 mi i g B iB B B a cξ ξ ξ ξ η ζ
ρ

  = − ∂ + ∂ + ∂ − ∂ + + + − +  +   (2.27) 

Together these equations read 

 0 3 1 2 0 3 1 21 1 1 1
1

1 2 0 3 1 2 0 32 2 2 2

0 0 0 0
0

0 0 0 0
i B B B iB mi g a c

i B iB B B
ξ ξ η ζ
ξ ξ η ζρ

∂ + ∂ ∂ − ∂ + −          
= − + + +          ∂ + ∂ ∂ − ∂ + −          

 
 
 

 (2.28) 

Multiplying by 2  we get 

 ( )1
ˆ ˆˆ ˆ 0.R R L n

mi g B a cφ φ φ φ
ρ

− ∇ + + + =  (2.29) 

Since 3R Rφ σ φ=  and 3
ˆ ˆ
L Lφ σ φ=  this also reads 

 ( )21 1
ˆ ˆˆ ˆ 0R R L n

mg B a cφ σ φ φ φ
ρ

∇ + + + =  (2.30) 

then using the conjugation ˆM M  we get 

 ( )* *
21 1

ˆ ˆ 0R R L n
mg B a cφ σ φ φ φ
ρ

∇ + + + =  (2.31) 

The Lagrange equation 
( )* *

1 1
µ

µη η

 ∂ ∂ = ∂
 ∂ ∂ ∂ 

   gives 

 

( ) ( ) ( ) ( )

( ) ( )
( ) ( )
( ) ( )

( )

1
0 3 1 1 2 2 0 3 1 1 2 2

1 1 1 1
0 3 1 1 2 2

2 2 2 2 * *2
0 3 1 1 2 2 1 2

3 3 3 3
0 3 1 1 2 2

0
2

2

gi i B B B iB

W W W iW
g mi W W W iW a b

W W W iW

η η η η

ζ ζ

ζ ζ ξ ζ
ρ

η η

 = − ∂ − ∂ + −∂ + ∂ + − + − + 

 − + − +
 
 − + − + − + + + 
  − − − − +

  

 
 



 (2.32) 

The Lagrange equation 
( )* *

2 2
µ

µη η

 ∂ ∂ = ∂
 ∂ ∂ ∂ 

   gives 

 

( ) ( ) ( ) ( )

( ) ( )
( ) ( )
( ) ( )

( )

1
1 2 1 0 3 2 1 2 1 0 3 2

1 1 1 1
1 2 1 0 3 2

2 2 2 2 * *2
1 2 1 0 3 2 2 1

3 3 3 3
1 2 1 0 3 2

0
2

2

gi i B iB B B

W iW W W
g mi W iW W W a b

W iW W W

η η η η

ζ ζ

ζ ζ ξ ζ
ρ

η η

 = − −∂ − ∂ + ∂ + ∂ + − − + + 

 − − + +
 
  − + − − + + + −  
  − − − − + 

  

 (2.33) 

Together these equations read 
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0 3 1 2 0 3 1 21 11

1 2 0 3 1 2 0 32 2

1 1 1 1 2 2 2 2
1 10 3 1 2 0 3 1 22

1 1 1 1 2 2 2 2
2 21 2 0 3 1 2 0 3

0 0
0

0 02

0 0
0 02

i B B B iBgi
i B iB B B

W W W iW W W W iWg i
W iW W W W iW W W

η η
η η

ζ ζ
ζ ζ

∂ − ∂ −∂ + ∂ − − +      
= − +      −∂ − ∂ ∂ + ∂ − − +      

   − − + − − +   
− +      − − + − − +      




3 3 3 3 *

1 1*0 3 1 2 2
3 3 3 3 *

2 21 2 0 3 1

0 0 0
0 0 0

W W W iW m a b
W iW W W

η ξ ζ
η ξρ ζ

   − − +    
− + +      − − + −     




  
 




   

 (2.34) 

Multiplying by 2  this reads 

 ( ) ( )1 2 3 *1 2
21 1

ˆ ˆ ˆ ˆ0
2 2L L n L R n
g g mB W iW W a bφ σ φ φ φ φ φ σ

ρ
= ∇ + + − + + + − 

   (2.35) 

Adding (2.31) and (2.35) we get the wave equation 

 ( ) ( ) ( )1 2 3 * *1 2
21 1

ˆ ˆ ˆ ˆ ˆ0 2
2 2e L R n L e n n
g g mB W iW W a b cφ σ φ φ φ φ φ φ σ φ

ρ
= ∇ + + + − + + + − + 

   (2.36) 

Without its mass term, this equation is the wave equation of the electron in the electro-weak theory [1] (6.57). 
The great difference is that there is now a mass term, and since the Lagrangian density is both relativistic and 
gauge invariant, we shall see that the wave equation with mass term conserves these invariant properties. The  

Lagrange equation 
( )* *

1 1
µ

µζ ζ

 ∂ ∂ = ∂
 ∂ ∂ ∂ 

   gives 

 

( ) ( ) ( ) ( )

( ) ( )
( ) ( )
( ) ( )

( )

1
0 3 1 1 2 2 0 3 1 1 2 2

1 1 1 1
0 3 1 1 2 2

2 2 2 2 * *2
0 3 1 1 2 2 1 2

3 3 3 3
0 3 1 1 2 2

0
2

2

gi i B B B iB

W W W iW
g mi W W W iW c b

W W W iW

ζ ζ ζ ζ

η η

η η ξ η
ρ

ζ ζ

 = − ∂ − ∂ + −∂ + ∂ + − + − + 

  − − + − +  
  + + − + − + + −  
 

− − − − + 
 

  

 (2.37) 

The Lagrange equation 
( )* *

2 2
µ

µζ ζ

 ∂ ∂ = ∂
 ∂ ∂ ∂ 

   gives 

 

( ) ( ) ( ) ( )

( ) ( )
( ) ( )
( ) ( )

( )

1
1 2 1 0 3 2 1 2 1 0 3 2

1 1 1 1
1 2 1 0 3 2

2 2 2 2 * *2
1 2 1 0 3 2 2 1

3 3 3 3
1 2 1 0 3 2

0
2

2

gi i B iB B B

W iW W W
g mi W iW W W c b

W iW W W

ζ ζ ζ ζ

η η

η η ξ η
ρ

ζ ζ

 = − −∂ − ∂ + ∂ + ∂ + − − + + 

  − − − + +  
  + + − − + + + +  
 

− − − − + 
 

  

 (2.38) 

Together these equations read 

 

0 3 1 2 0 3 1 21 11

1 2 0 3 1 2 0 32 2

1 1 1 1 2 2 2 2
1 10 3 1 2 0 3 1 22

1 1 1 1 2 2 2 2
2 21 2 0 3 1 2 0 3

0 0
0

0 02

0 0
0 02

i B B B iBgi
i B iB B B

W W W iW W W W iWg i
W iW W W W iW W W

ζ ζ
ζ ζ

η η
η η

∂ − ∂ −∂ + ∂ − − +      
= − +      −∂ − ∂ ∂ + ∂ − − +      

    − − + − − +   
+ − +      − − + − − +      

3 3 3 3 *
1 1*0 3 1 2 2

3 3 3 3 *
2 21 2 0 3 1

0 00
0 00

W W W iW m b c
W iW W W

ζ ξη
ζ ξρ η




     − − + −   
− + +        − − +         

 (2.39) 
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Multiplying by 2  this reads 

 ( ) ( )1 2 3 *1 2
21 1

ˆ ˆ ˆ ˆ0
2 2n n L n R L
g g mB W iW W c bφ σ φ φ φ φ φ σ

ρ
= ∇ + + − + − + + 

   (2.40) 

Without the mass term, this equation is the wave equation of the electronic neutrino in the electro-weak 
theory [1] (6.58). Following backwards the calculation from (2.10) to (2.15) we can see that the system (2.36) 
(2.40) is equivalent to the wave equation 
 012 0mγ ρχΨ + =D  (2.41) 

where 

 
* * *

1 1
2 * *

1 1

1
ˆ ˆ ˆ ˆ ˆ

e n n L R

L R e n n

a b c b c

b c a b c

φ φ σ φ φ σ φ
χ

ρ φ σ φ φ φ σ φ

 − + +
=   − + + + 

 (2.42) 

or to the invariant equation 

 012 0mγ ρ χΨ Ψ + Ψ = D  (2.43) 

Since this wave equation is not exactly our starting one, we must explain how this equation has exactly the 
Lagrangian equation 0=  as real part. We shall next prove the relativistic invariance and the gauge inva-
riance of this wave equation under the electro-weak gauge group. 

4. Invariances 
With (2.2) and (2.42) we get 

 
* * *†

1 12
† * *

1 1
ˆ ˆˆ ˆ ˆ ˆ ˆ

e n n L Re n

n e L R e n n

U Va b c b c

V Ub c a b c

φ φ σ φ φ σ φφ φ
ρ χ

φ φ φ σ φ φ φ σ φ

 − + +   
Ψ = =       − + + +    
  (3.1) 

* * *
1e e e n e nU a b c bφ φ φ φ σ φ φ= − + − †

1
ˆ

n Lφ φ σ † ˆ .n Rcφ φ+  

We get 

* * *
1;e e e na aa b bφ φ φ φ σ= − − ( )

*
† *

1 1 2*

0ˆ
2n L

bb bcbb i
bc bb

φ φ σ σ σ
 

= = + − + 
− 

 

*
e nc φ φ ( ) ( )

* * * *
† *

3 1 2*

0ˆ 1
20 2n R

b c b cc cc i
cc

φ φ σ σ σ
 −

+ = = − + − − 
 

 

 
( ) ( )

( )
2 *

1 2 3

.

U bc bc cc

m m

ρ σ σ σ

ρ χ ρ

= −ℜ −ℑ −

ℜ Ψ =

 (3.2) 

Therefore the Lagrangian density (2.25) is also the real part of the invariant form (2.43) of the wave equation. 
The value of V  is more simple because we get 
 *.V ac=  (3.3) 

We now review the form invariance of this wave equation; next we shall prove its gauge invariance. 

4.1. Form Invariance 
Under the ( )*

3 2,Cl Gl=   multiplicative Lie group made of any invertible matrix M  satisfying (1.10) We 
got [1] [3] 

 †

012 012 012

ˆ ;
0 0

; ;ˆ 00

0

M M N
M M

N N N N
MM

m N N m mγ ρ χ γ ρ χ γ ρ χ

′ ′∇ = ∇ Ψ = Ψ

   
′= = =       

′ ′ ′ ′ ′ ′= Ψ Ψ + Ψ = Ψ Ψ + Ψ = Ψ Ψ + Ψ

 

      

D D

D D D

 (3.4) 
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And we shall get the form invariance of the wave equation if and only if 

 
1

N
N

χ χ χ

χ χ−

′ ′ ′Ψ = Ψ = Ψ

′ =

   



 (3.5) 

From (1.13), (1.16), (1.18) we get with (1.11) 

 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

* * * *
1 12 2 2

* * 1 * *
1 12 2

* *
1 12 2 2

* 1 *
1 12 2

1 1 e e e

1 1 .
e

1 1 e e

1 1 .
e

i i i
e n n e n n

e n n e n ni

i i
L n L n

L n L ni

a b c r a M r bM r c M
r

M a b c M a b c
r

b c r bM r c M
r

M b c M b c
r

θ θ θ

θ

θ θ

θ

φ φ σ φ φ φ σ φ
ρ ρ

φ φ σ φ φ φ σ φ
ρ ρ

φ σ φ φ σ φ
ρ ρ

φ σ φ φ σ φ
ρ ρ

− − −

−

− −

−

′ ′ ′ ′ ′ ′− + = − +
′

= − + = − +

′ ′ ′ ′+ = +
′

= + = +

 (3.6) 

This gives (3.5) since 

 
1

1
† 1

0
.

0
M N

M
χ χ χ

−
−

−

 
′ = = 

 
  (3.7) 

And the wave equation is form invariant under *
3Cl  then it is relativistic invariant. 

4.2. Gauge Invariance-Group Generated by P0 
We shall use a convenient form of the projector 0P  (proof in [1] B p.143) 

 
( )

( ) ( ) 21

0 21

3
2 2

0

3
2 2

exp e e

P

P
θ θ γ

γ

θ

Ψ = Ψ + Ψ

′  Ψ = Ψ = Ψ 
i

i

 (3.8) 

We have proved ([1] (B.14)) that 

 
( )

( )

21

21

3
2 2

3
2 2

012 012

e e

e e

θ θ γ

θ θ γ
γ γ

−

−

′ ′Ψ = Ψ

′ ′Ψ = Ψ

i

i

D D

D D
 (3.9) 

Equation (3.8) reads 

 

3

3

3 3

3 3

3
2 2

3
2 2

3 3
2 2 2 2

3 3
2 2 2 2

e 0 e 0
ˆ ˆ ˆ ˆ

0 e 0 e

e e e e

ˆ ˆe e e e

i i
e n e n

i in e n e

i i i i

e n

i i i i

n e

θ θ σ

θ θ σ

θ θ θ θσ σ

θ θ θ θσ σ

φ φ φ φ

φ φ φ φ

φ φ

φ φ

−

− −

   ′ ′      =         ′ ′      
   

 
 

=  
 
 

 (3.10) 

This gives 

 

* 2 *
1 2 1 2

* 2 *
2 1 2 1

* *
2 2
* *

1 1

e e
;

e e

0 0 e
0 0 e

i i

i i

i

i

θ θ

θ θ

θ

θ

ξ η ξ η
ξ η ξ η

ζ ζ
ζ ζ

−

−

−

−

   ′ ′− −
=   ′ ′   

   ′− −
=   ′   

 (3.11) 

And we get 
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 1 1 1 1 1 12

2 2 2 2 2 2

e ; e ; e .i i iθ θ θξ ξ η η ζ ζ
ξ ξ η η ζ ζ
′ ′ ′           
= = =           ′ ′ ′           

 (3.12) 

We then get for , ,a b c : 

 

* *

2 * *

* *

e ;

e ;

e ;

i

i

i

a a a a aa
b b b b bb
c c c c cc

θ

θ

θ

ρ ρ

′ ′ ′= =

′ ′ ′= =

′ ′ ′= =
′ =

 (3.13) 

We must study 

 
* * *

1 1
2 * *

1 1

1
ˆ ˆ ˆ ˆ ˆ

e n n L R

L R e n n

a b c b c

b c a b c

φ φ σ φ φ σ φ
χ

ρ φ σ φ φ φ σ φ

 ′ ′ ′ ′ ′ ′ ′ ′ ′ ′− + +
′ =   ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′− + + + 

 (3.14) 

We get 

 
( )

( )

( )

3 3 3

33

3

3

3 3 3
* * * 2 *2 2 2 2 2 2

1 1
3

3* 3 *2 2
1

3
* 3 3 *2 2

1

3
* *2 2

1

e e e e e e e e e

e e e e

e e e e

e e

i i i i i ii i i
e n n e n n

i iii
e n n

i ii i
e n n

i i

e n n

a b c a b c

a b c

a b c

a b c

θ θ θ θ θ θσ σ σθ θ θ

θ θ σθσθ

θ θ σθ θ

θ θ σ

φ φ σ φ φ φ σ φ

φ φ σ φ

φ φ σ φ

φ φ σ φ

− −

−

− −

−

′ ′ ′ ′ ′ ′− + = − +

= − +

= − +

= − +

 (3.15) 

and similarly 

 

( )

3 3

3 33

3

3

3 3
* 2 *2 2 2 2

1 1
5 3 3

3 *2 2 2 2
1

5 3
3 *2 2 2

1

3
*2 2

1

e e e e e e

e e e e e

e e e e

e e

i i i ii i
L R L R

i i i ii
L R

i i ii
L R

i i

L R

b c b c

b c

b c

b c

θ θ θ θσ σθ θ

θ θ θ θσ σθσ

θ θ θ σθ

θ θ σ

φ σ φ φ σ φ

φ σ φ

φ σ φ

φ σ φ

−

−

−−

−

′ ′ ′ ′+ = +

= +

 
= +  
 

= +

 (3.16) 

This gives 

 
( ) ( )

( ) ( )

3 3

3 3

3 3
* * *2 2 2 2

1 1

2 3 3
*2 2 2 2

1 1

e e e e1

ˆ ˆ ˆ ˆ ˆe e e e

i i i i

e n n L R

i i i i

L R e n n

a b c b c

b c a b c

θ θ θ θσ σ

θ θ θ θσ σ

φ φ σ φ φ σ φ
χ

ρ
φ σ φ φ φ σ φ

− − 
− + + 

′ =  
  − + + + 

 (3.17) 

which reads 

 21
3

2 2e e
θ θ γ

χ χ
−

′ =
i

 (3.18) 

and we finally get 

 ( ) 21
3

2 2
012 012e e 0m m

θ θ γ
γ ρ χ γ ρχ

−
′ ′ ′ ′Ψ + = Ψ + =

i
D D  (3.19) 

We may then say that the wave equation is gauge invariant under the gauge transformation generated by 0P . 

4.3. Gauge Invariance-Group Generated by P3 
This generator acts only upon left waves: we get 
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 1 1 2 2; .ξ ξ ξ ξ′ ′= =  (3.20) 

And with left waves we get 

 

e

e 0
ˆ ˆ ˆ ˆ 0 e

e ; e

L L

i
L n L n

i
n L n L

i i
L L n n

θ

θ

θ

θ θ

φ φ φ φ

φ φ φ φ

φ φ φ φ

−

−

−

′Ψ = Ψ

′ ′    
=       ′ ′     

′ ′= =

i

 (3.21) 

That reads 

 1 1 2 2 1 1 2 2e ; e ; e ; ei i i iθ θ θ θη η η η ζ ζ ζ ζ− −′ ′ ′ ′= = = =  (3.22) 

We then get for , ,a b c : 

 

* *

* *

* *

e ;

;

e ; ;

i

i

a a a a aa
b b b b bb
c c c c cc

θ

θ ρ ρ

−′ ′ ′= =

′ ′ ′= =

′ ′ ′ ′= = =

 (3.23) 

The covariant derivative is here reduced to 

 32
32

g P= ∂ +D W  (3.24) 

We let 

 ( )32
3 012 .ˆˆ2

A Bg P m
B A

γ ρχ
  ∂Ψ + Ψ + =        

W  (3.25) 

We get 

 
( )

( )

3 * *2
21 1

3 *2
21 1

ˆ ˆ
2

ˆ ˆ
2

e L e n n

n n L R

g mA i W a b c

g mB i W b c

φ φ σ φ φ σ φ
ρ

φ φ σ φ σ φ
ρ

= ∇ + + − +

=


 
 

∇ − + + 
 
 

 (3.26) 

Only the left column of B  is not null, and the result for B  is simple: 

 e iB Bθ−′ =  (3.27) 
For A , which has a left and a right column, we note: 

 ( )

( )

3 *2
21 1

* *
21

ˆ ˆ
2

ˆ

L R

L L L R n

R R L n

A A A
g mA i W a b

mA a c

φ φ σ φ φ σ
ρ

φ σ φ φ
ρ

= +

= ∇ + + −

= ∇ +




+


 


 (3.28) 

We then get 

 
e 0

e ; ;
0 1

i
i

L L R RA A A A A A
θ

θ  
′ ′ ′= = =  

 
 (3.29) 

Since the same matrix multiplies the differential part and the mass part of the wave equation, we may say that 
this equation is invariant under the gauge generated by 3P . We must remark that, even if the wave has value in 
the Clifford algebra of space-time, it is much easier to use its components in the Clifford algebra of space to get 
the gauge invariance. The Clifford algebra of space-time is too much symmetric to be the true frame for a gauge 
invariance which separates completely left and right waves. 
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4.4. Gauge Invariance-Group Generated by P1 
This generator also acts only upon left waves: we get 1 1 2 2; .ξ ξ ξ ξ′ ′= =  And with left waves we get 

 
( ) ( )
( ) ( )

( ) ( ) ( ) ( )

3

3

3 3

e

cos sin
ˆ ˆ ˆ ˆ sin cos

cos sin ; cos sin

L L

L n L n

n L n L

L L n n n L

i
i

i i

θ

φ φ φ φ θ θ σ
θ σ θφ φ φ φ

φ θ φ θ φ σ φ θ φ θ φ σ

′Ψ = Ψ

′ ′    − 
=        −′ ′     

′ ′= − = −

3γ i

 (3.30) 

which reads with ( )cosC θ=  and ( )sinS θ=  

 
1 1 1 2 1 2

1 1 1 2 2 2

ˆ ˆ ˆ;
ˆ ˆ ˆ;

;
; .

L L n L L n

n n L n n L

C iS C iS

C iS C iS
C iS C iS
C iS C iS

φ φ φ φ φ φ

φ φ φ φ φ φ
η η ζ η η ζ
ζ ζ η ζ ζ η

′ ′= + = −

′ ′= + = −
′ ′= − = −
′ ′= − = −

 (3.31) 

We get for , ,a b c  

 2 * * *

* * * 2

; ;

.

a Ca iSc b b
c Cc iSa

a a b b c c
aa bb cc

ρ

ρ

′ ′= + =
′ = +

′ ′ ′ ′ ′ ′ ′= + +

= + + =

 (3.32) 

The covariant derivative is now reduced to 

 12
12

g P= ∂ +D W  (3.33) 

We let 

 ( )12
1 012 .ˆˆ2

A Bg P m
B A

γ ρχ
  ∂Ψ + Ψ + =        

W  (3.34) 

We get 

 
( )

( )

1 * *2
21 1

1 *2
21 1

ˆ ˆ
2

ˆ ˆ
2

e n e n n

n L L R

g mA W a b c

g mB W b c

φ σ φ φ φ σ φ
ρ

φ σ φ φ σ φ
ρ

= ∇ − + − +

= ∇ − + +
 (3.35) 

As previously, for A , which has a left and a right column, we note: 

 ( )

( )

1 *2
21 1

* *
21

ˆ ˆ
2

ˆ

L R

L L L R n

R R L n

A A A
g mA i W a b

mA a c

φ φ σ φ φ σ
ρ

φ σ φ φ
ρ

= +

= ∇ + + −

= ∇ +




+


 


 (3.36) 

We then get 

 
L L

R R

L

A CA iSB
A A
B CB iSA

′ = −
′ =
′ = −

 (3.37) 

Since the mass term is changed exactly in the same way that the differential term we can say that this wave 
equation is gauge invariant under the gauge generated by 1P . Now it is not necessary to study 2P , since 
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2 3 1P P P= . We have then proved both the form invariance and the gauge invariance of the wave equation (2.43) 
under the ( ) ( )1 2U SU×  Lie group generated by 0 1 2 3, , ,P P P P . 

5. Conservative Current 
We start from (2.36) and its conjugated equation: 

 ( ) ( ) ( )1 2 3 *1 2
21 1

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ0
2 2e e R n L e n n
g g mB W iW W a b cφ σ φ φ φ φ φ φ σ φ

ρ
 = ∇ + + + − + + + + +   (4.1) 

and from (2.40) and its conjugated equation 

 ( ) ( )1 2 3 *1 2
21 1

ˆ ˆˆ ˆ ˆ ˆ ˆ0 .
2 2n n L n R L
g g mB W iW W c bφ σ φ φ φ φ φ σ

ρ
= ∇ + + − − − + − 

   (4.2) 

The differential term of (2.44) is 

 
† ††

21 21 21 2121
† † †

21 21 21 21 21

ˆ ˆˆ ˆ0 0
ˆ ˆˆ ˆ ˆˆ ˆ00
e n e e n n e n n ee n

n e n e n e e n n n e e

φ φ φ φ σ φ φ σ φ φ σ φ φ σσφ φ
σφ φ φ φ φ φ σ φ φ σ φ φ σ φ φ σ

 ∇    ∇ + ∇ ∇ + ∇   
=           ∇ ∇ + ∇ ∇ + ∇      

 (4.3) 

Then (2.43) reads 0ˆˆ
A B

B A
 

=  
 

, which is equivalent to 0; 0A B= = . To get the first equation we multiply 

(2.36) on the left side by eφ  and (4.2) by †
nφ , this gives 

( ) ( )† †1
21

ˆ ˆ ˆˆ ˆ0
2e e n n e e R n n
g B Bφ φ φ φ σ φ φ φ φ φ= ∇ + ∇ + + + 
   

                 ( )1 2 32 ˆ ˆ
2 e n e L
g W iW Wφ φ φ φ+ − + + ( )† 1 2ˆ ˆ

n LW iWφ φ+ − − † 3ˆ
n nWφ φ −   (4.4) 

         
( )* *

1e e n n
m a b cφ φ φ σ φ
ρ

+ − +
 + ( )† *

1
ˆ ˆ

n R Lc bφ φ φ σ− 
  

We shall use 

 ( ) ( ) ( ) ( )1 1ˆ ˆ ˆ ˆ ˆ
2 2e e e e e e e e e e

µ µ µ µ
µ µ µ µφ φ φ σ φ φ σ φ φ σ φ φ σ φ   

∇ = ∂ + ∂ + ∂ ∂ −   (4.5) 

We got in [1] (A.18), for any space-time vector A , the following equality: 

 †ˆ ; .e e e eA A D D Dν µ ν
ν µ µ µ µ νφ φ σ φ σ φ σ= = =  (4.6) 

Then the first part of (4.5) reads 

 ( ) ( ) ( ) ( )1 1 1 1ˆ ˆ ˆ
2 2 2 2e e e e e e D Dµ µ µ µ ν ν

µ µ µ µ ν νφ σ φ φ σ φ φ σ φ σ σ∂ + ∂ = ∂ = ∂ = ∇ ⋅ 
   (4.7) 

Since the second part of (4.5) satisfies 

 ( ) ( ) ( ) ( )
†1 1ˆ ˆ ˆ ˆ

2 2e e e e e e e e
µ µ µ µ

µ µ µ µφ σ φ φ σ φ φ σ φ φ σ φ ∂ − ∂ =  − ∂ ∂ −   (4.8) 

It is a pseudo-vector in space-time and we let 

 ( ) ( ) ( )ˆ ˆ .e e e e D iµ µ µ
µ µ µφ σ φ φ σ φ σ∂ − ∂ = ∇ ∧  (4.9) 

This gives 

 ( ) ( )1 1ˆ
2 2e e D D iµ µ

µ µφ φ σ σ∇ = ∇ ⋅ + ∇ ∧  (4.10) 

Similarly we let 

 ( ) ( )( )†
3

1ˆ · 1
2n n n nD i Dφ φ σ ∇ = ∇ + ∇∧ −   (4.11) 
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which gives 

 ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

†
21 3 2 1 1 2 0 3

2 1 1 2 0 3 3

ˆ ˆ2

.

e e n n n n

n n

D D D D D D

D i D i D D i D D i

φ φ φ φ σ σ σ σ

σ σ σ

∇ + ∇ = −∇∧ + − ∇ ⋅ + ∇ ⋅ +∇ ∧ +

− ∇∧ + ∇∧ −∇ ⋅ + +∇ ⋅ +
 (4.12) 

Next we get, with Appendix A: 

 

( ) ( ) ( ) ( )

( )( ) ( )( )

( )( )

0 1 1 2 2 3 3

1 2 1 2 3

†
3

ˆ

1ˆ 1
2

ˆ 1 .

e e

e R R

n n n

B B D B D B D B D B D

B B D iB D i B D

B B D

µ
µφ φ σ σ σ σ

φ φ σ σ σ

φ φ σ

= ⋅ = ⋅ − ⋅ − ⋅ − ⋅

= − ⋅ + ⋅ + + ⋅ −

= ⋅ −

 (4.13) 

This gives 

 
( ) ( ) ( )

( ) ( ) ( ) ( )

†
0 1 1

2 2 3 3 2 1 1 2

3ˆ ˆ
2

3 1 1 .
2 2 2

e e R n n R n

R n

B B B D D D B D

B D B D D D B D i B D i

φ φ φ φ φ σ

σ σ σ σ

+ + = ⋅ + + − ⋅

− ⋅ − ⋅ + + + ⋅ − ⋅
 (4.14) 

We also need 

 ( )1 2 3ˆ ˆ
e n e LW iW Wφ φ φ φ− + + ( )† 1 2ˆ ˆ

n LW iWφ φ+ − − † 3ˆ
n nWφ φ−  

( 1 ˆ
e nWφ φ= − ) († 1 2 ˆˆ

n L e nW i Wφ φ φ φ+ − ) († 2 3 ˆˆ
n L e LW Wφ φ φ φ+ + )† 3ˆ .n nWφ φ+             (4.15) 

We get with Appendix A: 
  

1 ˆ
e nWφ φ + ( )† 1 1 1

6 3 1 2
1ˆ
2n LW W C W C iµ µ

µ µφ φ σ σ= − −  

( ) ( )( )

( ) ( ) ( )

( ) ( )

1 1
1 2

1 1 1
1 2 1

1 1
2

1
2

1 1 1
2 2 2

1 .
2

Ln Ln Rn Rn

Ln Rn Rn Rn

Rn Ln

W D id W D id i

W D W D W d W d i

W D i W d i

µ µ µ µ
µ µ σ σ

σ σ σ

σ

= − − + −

= − − −

+ −

⋅ ⋅ ⋅ ⋅

⋅ ⋅

               (4.16) 

which gives 

( 2 ˆ
e ni Wφ φ ) ( ) ( )† 2 2 2 2

1 2
1 1ˆ
2 2n L Ln Rn RnW W d W d W Dφ φ σ σ⋅ ⋅+ = + −⋅  

( ) ( ) ( )2 2 2
1 2

1 1 .
2 2Rn Rn LnW D i W d i W D iσ σ⋅ ⋅ ⋅− − +

 
                  (4.17) 

We get also with Appendix A: 

 3 ˆ
e LWφ φ − ( ) ( ) ( )† 3 3 3 1

3 3 1 1 2
1ˆ 1 1
2n n L nW W D W D W C iµ µ µ

µ µ µφ φ σ σ σ σ= + + − + − −  

( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( )

3 3 1
3 3 1 2 1 2

3 3 3 3
1 1 2 2 3

3 3
2 1 1 2

11 1
2

1 1
2 2

1 1 .
2 2

L n

L n L n

W D W D W D iD i

W D D W D W D W D D

W D i W D i

µ µ µ µ
µ µ µσ σ σ σ

σ σ σ

σ σ

⋅ ⋅ ⋅

= + + − + − + −

= − − ⋅

⋅ ⋅

− + +

− +

          (4.18) 

Since the mass term satisfies (3.2) the wave equation (4.4) is equivalent to the system: 
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( ) ( ) ( )

( )

( )

( ) ( ) ( )

1 2 3
3 1 0 2

1 2 31 2
2 1 1

1 2 31 2
1 2 2

3 *
0 1 3 2

0 2

3 20
2 2

3 20
2 2

20

0

n R n Ln Ln L n

Rn Rn

Rn Rn

n R n L n

D D g B D D D g W D W d W D D m

g g mD B D W D W d W D bc

g g mD B D W d W D W D bc

mD D g B D D D g W D D cc

ρ

ρ

ρ

ρ

= −∇∧ + + + + + − − + − +

= −∇ − + − − − ℜ

= ∇ − + + − − ℑ

= ∇∧ + − + +

 ⋅ ⋅ ⋅ ⋅ 

 ⋅ ⋅ ⋅ ⋅ ⋅ 

 ⋅ ⋅ ⋅ ⋅ ⋅ 

⋅ ⋅+ + −

= −∇ ( )

( )
( )

( ) ( )

1 2 31 2
2 2 2

1 2 31 2
1 1 1

0

1 2
3 2

2 2

0
2 2

0

0 .

Rn Rn

Rn Rn

n

n Ln Ln

g gD B D W d W D W D

g gD B D W D W d W D

D D

D D g W d W D

∧ + + + −

= ∇∧ − + − + +

= −∇ +

⋅ ⋅ ⋅ ⋅

⋅ ⋅ ⋅ ⋅

⋅

⋅ ⋅ ⋅= ∇ + + −

 (4.19) 

A conservative current exists: it is the total 0 nD D+  current where 0D  is the current of probability in the 
case of the alone electron, and nD  is the isotropic current of the neutrino. Now these currents are not separately 
conservative, only the total 0 nD D+  current is conservative. The calculation is similar for 0B = . We get 

 

( )

( )
( )
( )

( )

( )

*
1

1 2

2
1 2

1 3
2

2 3
2

2 31 2
1 2

1 21 2
2 1

0 2

0

0

0

0
2 2

0
2 2

Ln Ln L n

Ln Ln L n

Ln L n Ln

Ln L n Ln

Rn Rn Rn

Rn Rn Rn

acd g B D g W D D m

D g B d g W D D

d g W D D W D

D g W D D W d

g gd B D W D W D W D

g gD B d W D W D W d

ρ
= −∇∧ + − + +

= −∇∧ − + +

 = −∇ − − + 
 = −∇ + − + 

= −∇ ∧ + + + +

⋅ ⋅

⋅ ⋅

⋅ ⋅ ⋅

⋅ ⋅ ⋅

⋅ ⋅ ⋅

= ∇ ∧ + + − +

⋅

⋅ ⋅ ⋅ ⋅

 (4.20) 

6. Concluding Remarks 
The conservative law ( )0 0nD D∇⋅ + =  is obviously the simplest equation in (4.19). Contrarily to the case of 
the electron alone, where 3D  is also a conservative current [4], we get here only one conservative current. 
When the electron is alone, the conservative 0D  current is interpreted as the probability density of presence of 
the electron. It is really the relativistic generalization of the probability density of the Schrödinger wave. But it is 
nonsense to think the same for the 0 nD D+  current, since we have here both an electron and its neutrino. 

The mass term of (2.43) replaces eρ  by ρ . This is enough to get a wave equation both form invariant and 
gauge invariant. To get this important novelty in the electro-weak gauge theory, the use of the Clifford algebra 
of the physical space is essential. It should be impossible to get this using only the algebra of Dirac matrices or 
the Clifford algebra of space-time. The physical reason is the difference between left and right waves. 

We previously studied [9] a wave equation for the electron, with a mass term similar to the mass term ob-
tained here to account for the electron and its neutrino. Another difference between this study and the present 
one is the role of the Lagrangian density. In the case of the electron alone, or here, the link between the Lagran-
gian density and the wave equation is double: the Lagrangian density is obtained from the real part of the inva-
riant wave equation, and the wave equation is obtained from the Lagrange equations. Developing the first equa-
tion (4.19) and using (2.25) we can see that the first equation (4.19) is 0 2=  . In [9], we studied a case, which 
could be extended to the present study, where this double link is cut. The Lagrangian density is again obtained 
from the real part of the invariant wave equation, but the wave equation cannot be obtained from the Lagrange 
equations. 
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The formalism with Dirac matrices ([1] (6.74)) uses 1 2W W iW+ = +  and 1 2W W iW− = − + , but we prefer 
1W and 2W : because they are true space-time vectors, because the i  term is here not the usual i  of quantum 

fields, generator of the electric gauge, but the i  of the chiral gauge. Moreover calculations are more compli-
cated with W ± . 

When we cancel nφ , we get 0b c= = , eρ ρ= ; the wave equation is reduced to the homogeneous nonlinear 
equation previously studied [1] [3]. This equation has the Dirac equation as linear approximation and in the case 
of the H atom, a set of orthonormal solutions exists with a β  angle everywhere defined and small. It is exactly 
the sufficient condition allowing the Dirac equation to approximate our nonlinear homogeneous wave equation. 
The mass term that we obtained here is also available for the magnetic monopole studied in [1] and [6] [7] [10]. 
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Appendix A 
The space-time vector RD  satisfies 

 

( )

0 3 1 2
†

1 2 0 3

0 * * 1 * * 2 * * 3 * *
1 1 2 2 1 2 2 1 1 2 2 1 1 1 2 2; ; ;

R R R R
R R R R

R R R R

R R R R

D D D iD
D D

D iD D D

D D D i D

µ
µφ φ σ

ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ

 + −
= = =  

+ − 

= + = + = − = −

 (5.1) 

The space-time bivector RS  satisfies 

 
2

23 31 12 10 20 30 1 2 1
1 1 2 3 1 2 3 2

2 1 2

2R R R R R R R R RS S S S S i S i S i
ξ ξ ξ

φ σ φ σ σ σ σ σ σ
ξ ξ ξ

 −
= = + + + + + =  

− 
 (5.2) 

 
( ) ( )

( ) ( ) ( )

12 * * 30 * * 23 2 2 *2 *2
1 2 1 2 1 2 1 2 1 2 1 2

10 2 2 *2 *2 20 2 2 *2 *2 31 2 2 *2 *2
1 2 1 2 1 2 1 2 1 2 1 2

1; ;
2

1; ;
2 2 2

R R R

R R R

S S i S

i iS S S

ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ

ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ

= − − = − = − + −

= − + + − = + + + = + − −
 (5.3) 

The space-time vector nD  satisfies 

 

( )

0 3 1 2
†

1 2 0 3

0 * * 1 * * 2 * * 3 * *
1 1 2 2 1 2 2 1 1 2 2 1 1 1 2 2; ; ;

n n n n
n n n n

n n n n

n n n n

D D D iD
D D

D iD D D

D D D i D

µ
µφ φ σ

ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ

 + −
= = =  

+ − 

= + = − − = − + = − +

 (5.4) 

The space-time bivector nS  satisfies 

 
* * *2

23 31 12 10 20 30 1 2 2
1 1 2 3 1 2 3 *2 * *

1 1 2

2n n n n n n n n nS S S S S i S i S i
ζ ζ ζ

φ σ φ σ σ σ σ σ σ
ζ ζ ζ

 − −
= = + + + + + =  

 
 (5.5) 

 
( )

( ) ( ) ( )

12 * * 30 * * 23 2 2 *2 *2
1 2 1 2 1 2 1 2 1 2 1 2

10 2 2 *2 *2 20 2 2 *2 *2 31 2 2 *2 *2
1 2 1 2 1 2 1 2 1 2 1 2

1; ;
2

1; ;
2 2 2

n n n

n n n

S S i i S

i iS S S

ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ

ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ ζ

= − − = − + = − + −

= − − + = − − − − = + − −
 (5.6) 

The space-time vector LD  satisfies 

 

( )

0 3 1 2
†

1 2 0 3

0 * * 1 * * 2 * * 3 * *
1 1 2 2 1 2 2 1 1 2 2 1 1 1 2 2; ; ;

L L L L
L L L L

L L L L

L L L L

D D D iD
D D

D iD D D

D D D i D

µ
µφ φ σ

ηη η η ηη η η ηη η η ηη η η

 + −
= = =  

+ − 

= + = − − = − + = − +

 (5.7) 

The space-time bivector LS  satisfies 

 ( )

( ) ( )

* * *2
23 31 12 10 20 30 1 2 2

1 1 2 3 1 2 3 *2 * *
1 1 2

12 * * 30 * * 23 2 2 *2 *2
1 2 1 2 1 2 1 2 1 2 1 2

10 2 2 *2 *2 20 2 2 *2 *2 3
1 2 1 2 1 2 1 2

2

1; ;
2

1; ;
2 2

L L L L L L L L L

L L L

L L L

S S S S S i S i S i

S S i i S

iS S S

η η η
φ σ φ σ σ σ σ σ σ

η η η

ηη η η ηη η η η η η η

η η η η η η η η

 − −
= = + + + + + =  

 

= − − = − + = − + −

= − − + = − − − − ( )1 2 2 *2 *2
1 2 1 22

i η η η η= + − −

 (5.8) 

From (1.8) we get (1.9) and 

 † †
1 1

† †
1 1

RL R L L R

RL R L L R

RL R L L R

S

D

id

φ φ φ φ

φ σ φ φ σ φ

φ σ φ φ σ φ

= −

= +

= −

 (5.9) 

Next we use 
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* *

1 2 1 2
3 * *

2 1 2 1

1 0
2 2

0 1e R L
ξ η ξ η

φ σ φ φ
ξ η ξ η
   −  

= = = −    − −    
 (5.10) 

And since 0R Rφ φ =  and 0L Lφ φ =  we get from (2.60) in [1]: 

 ( )( )3 3 .e e R L R L R L L R RLS Sφ σ φ φ φ φ φ φ φ φ φ= = − + = − =  (5.11) 

We have 

 

1 1 2 1 1†
1

2 2 1 2 2 2 1

* * * * ** *
† 2 1 2 2 21 2

1 * * * * *
1 1 1 2 1

0 0 00 1
2 2

0 1 0

0 10
2 2

1 00 0 0

R L

L R

ξ ξ η ξ η
φ σ φ

ξ η η ξ η ξ η

η ξ η ξ ηξ ξ
φ σ φ

η ξ η ξ η

−      
= =       − −      

    − − − 
= =     

     

 (5.12) 

and with (5.10) we get 

 

0 3 1 2 * * * *
1 2 1 2 1 1 2 2

1 2 0 3 * * * *
2 2 1 1 2 1 2 1

0 3 1 2 * * * *
1 2 1 2 1 1 2 2

1 2 0 3 * * * *
2 2 1 1 2 1 2 1

2

2

RL RL RL RL
RL

RL RL RL RL

RL RL RL RL
RL

RL RL RL RL

D D D iD
D

D iD D D

d d d id
id i

d id d d

ξ η ξ η ξ η ξ η
ξ η ξ η ξ η ξ η

ξ η ξ η ξ η ξ η
ξ η ξ η ξ η ξ η

   + − − − −
= =   

+ − − + +   
 + − − + +

= = 
+ − − − − 

 
 
 

 (5.13) 

which gives 

 
( )

0 * * * * 1 * * * *
1 2 2 1 1 2 2 1 1 1 2 2 1 1 2 2

2 * * * * 3 * * * *
1 1 2 2 1 1 2 2 1 2 2 1 1 2 2 1

;

;
RL RL

RL RL

D D

D i D

ξ η ξ η ξ η ξ η ξ η ξ η ξ η ξ η

ξ η ξ η ξ η ξ η ξ η ξ η ξ η ξ η

= − + − + = − + −

= + − − = − − − −
 (5.14) 

 
( ) ( )

( )

0 * * * * 1 * * * *
1 2 2 1 1 2 2 1 1 1 2 2 1 1 2 2

2 * * * * 3 * * * *
1 1 2 2 1 1 2 2 1 2 2 1 1 2 2 1

;

;

RL RL

RL RL

d i d i

d d i

ξ η ξ η ξ η ξ η ξ η ξ η ξ η ξ η

ξ η ξ η ξ η ξ η ξ η ξ η ξ η ξ η

= − − + = − + + −

= + + + = + − −
 (5.15) 

Comparison with (A.17) to (A.20) and with (A.23) to (A.26) in [5] proves that 

 † †
1 1 2 2; .RL e e RL e eD D d Dφ σ φ φ σ φ= = = =  (5.16) 

We let 
 1 2;RL RL RL RLC D id C D id= + = −  (5.17) 

which gives 

 

( ) ( )
( ) ( )
( ) ( )
( ) ( )

0 0 * * * *
1 1 2 2 1 2 1 2 2 1

1 1 * * * *
1 1 1 2 2 2 1 1 2 2

2 2 * * * *
1 1 1 2 2 2 1 1 2 2

3 3 * * * *
1 1 2 2 1 2 1 2 2 1

2 ; 2

2 ; 2

2 ; 2

2 ; 2

C C

C C

C i C i

C C

ξ η ξ η ξ η ξ η

ξ η ξ η ξ η ξ η

ξ η ξ η ξ η ξ η

ξ η ξ η ξ η ξ η

= − + = − +

= + − = + −

= + + = − −

= − − = − −

 (5.18) 

Next from (1.17) we get (1.18) and 

 
( )

* * *
1 1 2 2 1 2

* * *
2 1 1 1 2 2

2
2

2Rn R n n RS
ξ ζ ξ ζ ξ ζ

φ φ φ φ
ξ ζ ξ ζ ξ ζ

 −
 = − =
 − − 

 (5.19) 

which gives, with notations similar to (5.5) 

 ( ) ( )
( )

12 * * * * 23 * * * *
1 1 2 2 1 1 2 2 1 2 2 1 2 1 1 2

31 * * * * 10 * * * *
1 2 2 1 2 1 1 2 1 2 2 1 2 1 1 2

20 * * * * 30 * * * *
1 2 2 1 2 1 1 2 1 1 2 2 1 1 2 2

;

;

;

Rn Rn

Rn Rn

Rn Rn

S S

S i S i

S S i

ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ

ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ

ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ

= − + − = + + +

= − + − = − − + +

= − − + = − + + −

 (5.20) 
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We have 

 

1 1 2 1 1†
1

2 2 1 2 2 2 1

* * * * ** *
† 2 1 2 2 21 2

1 * * * * *
1 1 1 2 1

0 0 00 1
2 2

0 1 0

0 10
2 2

1 00 0 0

R n

n R

ξ ξ ζ ξ ζ
φ σ φ

ξ ζ ζ ξ ζ ξ ζ

ζ ξ ζ ξ ζξ ξ
φ σ φ

ζ ξ ζ ξ ζ

−      
= =       − −      

    − − − 
= =     

     

 (5.21) 

and with (1.17) we get 

 

0 3 1 2 * * * *
1 2 1 2 1 1 2 2

1 2 0 3 * * * *
2 2 1 1 2 1 2 1

0 3 1 2 * * * *
1 2 1 2 1 1 2 2

1 2 0 3 * * * *
2 2 1 1 2 1 2 1

2

2

Rn Rn Rn Rn
Rn

Rn Rn Rn Rn

Rn Rn Rn Rn
Rn

Rn Rn Rn Rn

D D D iD
D

D iD D D

d d d id
id i

d id d d

ξ ζ ξ ζ ξ ζ ξ ζ
ξ ζ ξ ζ ξ ζ ξ ζ

ξ ζ ξ ζ ξ ζ ξ ζ
ξ ζ ξ ζ ξ ζ ξ ζ

   + − − − −
= =   

+ − − + +  
 + − − + +

= = 
+ − − − − 

 
 
 

 (5.22) 

which gives 

 
( )

0 * * * * 1 * * * *
1 2 2 1 1 2 2 1 1 1 2 2 1 1 2 2

2 * * * * 3 * * * *
1 1 2 2 1 1 2 2 1 2 2 1 1 2 2 1

;

;
Rn Rn

Rn Rn

D D

D i D

ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ

ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ

= − + − + = − + −

= + − − = − − − −
 (5.23) 

 
( ) ( )

( )

0 * * * * 1 * * * *
1 2 2 1 1 2 2 1 1 1 2 2 1 1 2 2

2 * * * * 3 * * * *
1 1 2 2 1 1 2 2 1 2 2 1 1 2 2 1

;

;

Rn Rn

Rn Rn

d i d i

d d i

ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ

ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ

= − − + = − + + −

= + + + = + − −
 (4.24) 

We let 
 3 4;Rn Rn Rn RnC D id C D id= + = −  (5.25) 

which gives 

 

( ) ( )
( ) ( )
( ) ( )
( ) ( )

0 0 * * * *
3 1 2 2 1 4 1 2 2 1

1 1 * * * *
3 1 1 2 2 4 1 1 2 2

2 2 * * * *
3 1 1 2 2 4 1 1 2 2

3 3 * * * *
3 1 2 2 1 4 1 2 2 1

2 ; 2

2 ; 2

2 ; 2

2 ; 2

C C

C C

C i C i

C C

ξ ζ ξ ζ ξ ζ ξ ζ

ξ ζ ξ ζ ξ ζ ξ ζ

ξ ζ ξ ζ ξ ζ ξ ζ

ξ ζ ξ ζ ξ ζ ξ ζ

= − + = − +

= + − = + −

= + + = − −

= − − = − −

 (5.26) 

Finally from (1.15) we get (1.16) and 

 

† †
1 1

1 2 2 1 1 1

2 2 1 1 2 2

ˆ ˆ

2
2

2

Ln n L L nS φ σ φ φ σ φ
η ζ η ζ η ζ

η ζ η ζ η ζ

= +

− − 
=  − + 

 (5.27) 

which gives, with notations similar to (5.5) 

 ( ) ( )
( )

12 * * * * 23 * * * *
1 2 2 1 1 2 2 1 1 1 2 2 1 1 2 2

31 * * * * 10 * * * *
1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2

20 * * * * 30 * * * *
1 1 2 2 1 1 2 2 1 2 2 1 1 2 2 1

;
;

;

Ln Ln

Ln Ln

Ln Ln

S S
S i S i

S S i

η ζ η ζ η ζ η ζ η ζ η ζ η ζ η ζ
η ζ η ζ η ζ η ζ η ζ η ζ η ζ η ζ

η ζ η ζ η ζ η ζ η ζ η ζ η ζ η ζ

= − − + − = − + −

= + − − = − + + −

= + + + = + − −

 (5.28) 

We have 

 

* *
† 2 2 2 1

* *
1 2 1 1

* *
† 2 2 1 2

* *
2 1 1 1

2 ;

2

L n

n L

η ζ η ζ
φ φ

η ζ η ζ

η ζ η ζ
φ φ

η ζ η ζ

 −
=  

− 
 −

=  
− 

 (5.29) 

and with (1.15) we get 
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0 3 1 2 * * * *
2 2 2 2 1 2 2 1

1 2 0 3 * * * *
1 2 2 1 1 1 1 1

0 3 1 2 * * * *
2 2 2 2 1 2 2 1

1 2 0 3 * * * *
1 2 2 1 1 1 1 1

2

2

Ln Ln Ln Ln
Ln

Ln Ln Ln Ln

Ln Ln Ln Ln
Ln

Ln Ln Ln Ln

D D D iD
D

D iD D D

d d d id
id i

d id d d

η ζ η ζ η ζ η ζ
η ζ η ζ η ζ η ζ

η ζ η ζ η ζ η ζ
η ζ η ζ η ζ η ζ

   + − + − −
= =   

+ − − − +  
 + − − − +

= = 
+ − − + − 

 
 
 

 (5.30) 

which gives 

 
( )

0 * * * * 1 * * * *
1 1 2 2 1 1 2 2 2 1 1 2 1 2 2 1

2 * * * * 3 * * * *
2 1 1 2 1 2 2 1 1 1 2 2 1 1 2 2

;

;
Ln Ln

Ln Ln

D D

D i D

η ζ η ζ η ζ η ζ η ζ η ζ η ζ η ζ

η ζ η ζ η ζ η ζ η ζ η ζ η ζ η ζ

= + + + = − − − −

= − + − = − + − +
 (5.31) 

 
( ) ( )

( )

0 * * * * 1 * * * *
1 1 2 2 1 1 2 2 2 1 1 2 1 2 2 1

2 * * * * 3 * * * *
2 1 1 2 1 2 2 1 1 1 2 2 1 1 2 2

;

;

Ln Ln

Ln Ln

d i d i

d d i

η ζ η ζ η ζ η ζ η ζ η ζ η ζ η ζ

η ζ η ζ η ζ η ζ η ζ η ζ η ζ η ζ

= − − + + = + − −

= − − + = − + + −
 (5.32) 

We let 
 5 6;Ln Ln Ln LnC D id C D id= + = −  (5.33) 

which gives 

 

( ) ( )
( ) ( )
( ) ( )
( ) ( )

0 * * 0 * *
5 1 1 1 1 6 1 1 2 2

1 * * 1 * *
5 2 1 1 2 6 1 2 2 1

2 * * 2 * *
5 2 1 1 2 6 1 2 2 1

3 * * 3 * *
5 1 1 2 2 6 1 1 2 2

2 ; 2

2 ; 2

2 ; 2

2 ; 2

C C

C C

C i C i

C C

η ζ η ζ η ζ η ζ

η ζ η ζ η ζ η ζ

η ζ η ζ η ζ η ζ

η ζ η ζ η ζ η ζ

= + = +

= − − = − −

= − = −

= − + = − +

 (5.34) 

With 3 2×  scalars, 9 vectors and 6 bivectors, we obtained the 78 3 2 9 4 6 6= × + × + ×  awaited densities. 
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