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Abstract

With the right and the left waves of an electron, plus the left wave of its neutrino, we write the
tensorial densities coming from all associations of these three spinors. We recover the wave
equation of the electro-weak theory. A new non linear mass term comes out. The wave equation is

form invariant, then relativistic invariant, and it is gauge invariant under U (1)x SU (2) , Lie group

of electro-weak interactions. The invariant form of the wave equation has the Lagrangian density
as real scalar part. One of the real equations equivalent to the invariant form is the law of
conservation of the total current.
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1. Introduction

The standard model of quantum physics uses the Dirac equation for the wave of the electron and the wave of the
electronic neutrino. Weak interactions mix the left wave of the electron and the left wave of its neutrino. We
start from the rewrite of this part of the standard model in the Clifford algebra® of space-time [1]. We use a
nonlinear homogeneous wave equation which has the Dirac equation as linear approximation. This wave equa-
tion has been extended to account for the electro-weak gauge group. It is a wave equation for both the right and
left spinors of the electron and for the left spinor of the electronic neutrino. The wave is then a function of space
and time with 12 real parameters.

A complete introduction to this mathematical tool was made in [1]-[5].
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We got with the 8 real parameters of the wave of the electron [4] 36 =8x9/2 tensorialdensities®. Now with
12 real parameters 78 =12x13/2 tensorial densities are awaited. We shall need most of them, so the first part
of this study reviews these 78 densities.

In the case of the electron alone the wave equation comes from a Lagrangian density and this is true both with
the nonlinear homogeneous equation and with its linear approximation. The difference between these two den-
sities is in the mass term. We got an invariant form for both equations. Since there are 8 real parameters, the
wave equation is equivalent to 8 equations. The real one is the cancellation of the Lagrangian density, and
another one is the conservation of the current of probability.

It is well known that the electro-weak theory has a problem with the mass term of the Dirac equation, because
this term links the left spinor and the right spinor that behave differently in the electro-weak gauge. Then this
part of the standard model begins with an electron without mass term and a complicated model of symmetry
spontaneously broken is necessary to get a mass term. The aim of this article is to study a wave equation with a
mass term that is both relativistic invariant and gauge invariant under the electro-weak gauge group. This was
previously thought as impossible.

An invariant form of this wave equation also exists; the Lagrangian density is the real part of this invariant
form. We get the wave equation by the Lagrangian mechanism. The conservation of the total current is one ofthe
numeric equations equivalent to the invariant form. The Dirac equation with mass term is the linear approxima-
tion of our wave equation for electron + neutrino when we cancel the wave of the neutrino.

2. Tensors

Each of the three spinors has 4 parameters, and then each gives 4x5/2=10 components of tensors, a space-
time vector (4 components) and a space-time bivector (6 components).
With the only right spinor ¢, of the electron

g 0
=+/2 1.1
b =2 [ J (L1
we get the space-time vector D, and the space-time bivector S, satisfying®
Dr :¢R¢;; Sk :¢R01¢7R' (1.2)

D, is a space-time vector, because it satisfies D}, = Dy .
Similarly with the left spinor ¢, of the electron

N
¢L=ﬁ( ’?f} b=+, (1.3)
0 n
we get the space-time vector D, and the space-time bivector S, satisfying
D, = ¢L¢E; S, = ¢L01¢7L' (1.4)

It is well known [6] that these currents D, D, are the fundamental ones in the Dirac theory, and the usual
currents J =D, and K =D, are sum and difference of these chiral currents

D, =Dy +D,; D,=D,-D,. (1.5)
With the left spinor ¢, of the electronic neutrino
4, =2 [O B ] (16)
0 gl
we get the space-time vector D, and the space-time bivector S, satisfying
D, =445 S, =406, 7

Next with two of these three spinors we can get 16 densities. We begin with ¢, and ¢, . We let

%Only 16 were known with the Dirac formalism.
%A detailed calculation of components is in Appendix A.
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P= 2¢R¢7L =a+Sq; P= 2¢L5R =a-Sg
| =Dg +idg = 2¢R61¢E; 1" = Dp —idg = 2¢L61¢;
a and Sy are known in the Dirac frame:
a= dEt(¢e) =0, +iQ, = peeiﬁ = ¢e¢7e = 2(51771* + 5277;) (1.9)

where Q,, Q, are the relativistic invariants of the Dirac theory, and S is the Yvon-Takabayasi angle [1] [7].
S; =Sg. [5] is the bivector which, with Q,, Q,, D, and D,, gives the 16 components of tensors known in
the complex Dirac theory. They are those invariant under the electric gauge [3]. D, =D, and d, =D, are
space-time vectors®. To see this, we can consider the form invariance of the Dirac theory. M being any complex
0 3 1 2
. . L . . XT+X X —ix
2x2 matrix, the transformation from the space-time in to itself, which to any x =[ ] asso-

(1.8)

X +ix? x0-x®
ciates X' satisfying
10 3 12
X7 +x® X" —ix
X' = =R(x)=MxM"' 1.10
[Xll + iX/Z X/O _ X13 ] ( ) ( )
is [4] [5] [8] a Lorentz dilation, product of a Lorentz rotation and of a homothety with ratio r satisfying
MM =det(M)=re", r=|det(M)]. (1.12)
We get
(=M ¢ =Mé;
¢e' ée ¢,T ,¢ ) - - 1 (1.12)
Da =droid +9(0:16x =Mro g M" + Mg oM =MD M.

So Dy, isaquantity varying like x, a contravariant vector. It is the same for D;,D,,D, or dg . We get
also

a'=MgaM =MaM = aMM = re’a. (1.13)
Then
a'a” =reare™a” =r?aa’. (1.14)
Now with ¢ and ¢, we let

P= 2¢?n‘71¢|:r =b+S,,; P= 2§3|_51¢r;r =b-S,

. P _ ; (1.15)
I = DLn +|dLn = 2¢n¢L’ "= DLn _IdLn = 2¢L¢n
Vectors D, and d,, arecontravariant vectors, S, is a bivector. We shall need
b=g0o8 +h0.4 = 2(m¢, _77251) (1.16)
b’=MbM" =MM'b=re"’b; b'b” =r’bb".
Finally with ¢, and ¢, we let
¢R¢n- Rn . ?n¢R - Rn . (117)
| = Dg, +idg, =24:014,; | = Dy, —idg, = 24,0.4,
Vectors Dy, and dg, are contravariant vectors, S, is a bivector. We shall need
C =t + e = 2(467 +687) (L18)

¢'=MbM =MMc =rec; c'c” =r?cc’.

The main invariant term of the electron wave is [1] Mp . Since we get now not only one, but three similar

i A=[a _dJ we get A=[C _b] A=A and A*:[a b].
C a

b d
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terms, the natural generalization to the wave of the electron and its neutrino is®
p=+aa +bb +cc (1.19)

mp=mrp=m'p'"

3. Getting the Wave Equation

Since this invariant term is the generalization of the invariant mass term of the electron wave, since this term is
the mass term of the Lagrangian density [1], the Lagrangian density of the wave of the electron and its neutrino
is the real scalar part £=(L) of

. ¢ &
L=¥YD¥y,, +mp; ¥=| . . 2.1
foe 770 [¢n @] e

where 7., = 7.717,, ¥ isthereverseand D is the covariant derivative satisfying

g 92 (\t 2 o) w_[# b
D=0+<2BP, +=2(W'R + W’R,+W°R,); ¥ = 1| (2.2)
2 2 6 4.

Projectors P, satisfy

Loy, : :
P, (W)= E(‘P Wy, )i = Vo

PO(\P):‘P;/21+%‘Pi+%i‘Py30 — Wy, P (V)i

Pl(‘P):%(i‘Pyo W) =P (¥) 7 23)
P, () :%(wg iy, ) =P (¥)7,

Py (W) = 2(~Wi+ ) = P (¥)(-1).

Noting PP, (¥)=P,[P,(¥)] they satisfy

PP, =R =-RR

P2P3 = Pl = _P3P2

PR =P, =-PPR, (2.4)
Plz = P22 = F’s2 =-P,

RP; =PR :—in, j=123.

Operators P, are then generators of the U (1)>< SU (2) Lie group of electro-weak interactions. We shall use

v, = P+(‘P):(¢L ¢]

&n ¢L
0
‘I’R:P(‘P):(qz;Q ; J; Y=VY.+¥, (2.5)

I:)0 (\P) Z(\PL +2\PR)7/21

With y,, =%,7, and i =y, = ¥,717,7, - The last equality (2.5) comes from:

*We recall that (D,,D,,D,,D,) is an orthogonal mobile basis in space-time, with (D0)2 =p? and (DJ )z =—p?, J=123.
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R (‘P) =%y, +P (‘P)I =Wy, +¥;i

(4 O)(i 0) (i O
= . = . 2.6
el (o ¢RJ(0 _J [0 ¢R(—i)J 0
:(¢Rio-3 X 0 ]:(% 9](0'12 0 J:\PRyzl
0 $rio, 0 4 )\ 0 oy
which results from our choice [1] of Dirac matrices:

o (0N, (0. i, [0 2.7
70—7—(| of —01,7——%—0] 0 (2.7)

R (\P) = (\PR +\PL)7/21 +¥Wera :(\PL +2\PR)7/21
@+ 245 @, ] (2.8)
&n ¢?L+2¢?R

and we get

Y, +2¥, ={

With (2.2) we get
DY = oW +%Ba(w)+%wipj (%)
_ov +%B(‘I’L +2‘{’R)y21+%[W1‘11Ly3i+W2‘PL7/3 WO ()] (2.9)
o=y"d,; B=y"B,; W =y"W/
which gives

g
DYy, = 0¥ 7010 +?18(\PL +2LPR)7/O

(2.10)
—g—zz[wl\PL WA WO g ]
Next we get, with V =0"0, =6, —(0,0, + 0,0, + 0,0;)
0V ¢e ¢n 0 —io,
Mo =| = ~a ; 3]
v o)\4 ¢ )\-log O
3 [_iv(&R +5L>O'3 _iv¢?n0'3 ] 2.11)
AiVgo,  -iV(d )0

:_i[v(_&R +€2L) V&n J
Ve V(de—9)
From (2.8) and (2.9) we get with B = B, —(B,0, + B,0, +B,03)

B(\P +2\1J) B 0 B[4 +24 ¢ (0 Ij_ 0 B % b+ 4
L R)Y0 = é 0 é\n ¢?L+2¢?R | O B é 0 ¢;Q+¢\R én

N oa A 2.12
S B(d+d) B @12
’ " é¢n é(¢e + ¢R ) .

Next we get, with W/ =W/ —(W, o, +W,) o, + W,/ 5 )
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Wl\PL=[9 wl}(@ @j:(vy% vm]
w0 )4 4) (Wi Wi

wzwz(? W](?L ‘?"j(‘ 0_]:[iVY2"’" ‘iWLJ (213)
w2 0 ¢ 4 U iW2¢L _iW2¢n
wern (8 W4 AYC 7)o e (i wi )
w?® 0 ¢ $ )\ 703 0 _W3¢n0'3 W3¢|_O'3 W3¢n _W3¢|_
We then get
(W' +iW?) g, -W3 (W' =iW?)d + W4,
WY+ W2 WY =) . S o | (2.14)
(Wh+iW02 ) g + W15, (W —iW?)g, -W g,
We next get
PD¥y,, = V¥, +%\PB(\{/L +2¥,)7, —g—;@[wl‘PL WA WP, ]
7 o\ V(b +9 V4
\’Pawm:—i(‘fe ‘ﬂ[ (¢f+¢L) i g J (2.15)
A Vg, V(g —4.)

[V (d+d)-01V4, &Vh+4¥ (4 —4)
= — _ R " " _ “ "
5V (b +0. )-8V, 6.V6,+6V (4 —4.)

With our matrix representation (2.7) of the space-time algebra, the real part of a multivector is the real part of
the scalar part of the matrix. Therefore we get

R(VO¥70a) = R[4V (de ~4 )+ V4, | (2.16)
Next we get
@BPO(\P)%HZ[@ ¢{][B(¢%+¢i) A B4, J
h e B4,  B(dk+4)
[#B(de+4.)+ 48B4 4B+ 4B (4 +4)
{‘ +4/B4, @Bénwsé(%we)]
R[PBR, (¥)7us | =R | 4B (d +4. ) + #1B4, |
From (2.10) and (2.14) we get

(2.17)

VLW Wi+ WO ]
5\ [(WHriw?)g -Wig (Wi-iw?)g +W'4 | U v (2.18)
_[Jn ¢Jj (W +iW?) g+ W%, (W —iW?) g, —W g, _(\7 Uj
U =g, [(W*+iW?) g, W34 |+ g (W' 12 g +W, |
which gives

RP[WY WP+ Wy ]
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= R(AW'G, +4 W9 )+ R(iIGW7g, +igW g )+ R(-AWd +4W ) (2.19)
We next get
2R 16,V ~4. ) +i01¥ 4, |
= —i17, 017, + 0411, — 17,0017, + 1,071, +16,008; —1€,008, +18,00&; ~i&, 0,8 +1¢,008; ~14;00¢,
+i8,008, —147 0,8, +im 0y, —im0ymp, +im,00m, —in,0u +18,0,8] —18,0, +1£,0,8, —i& 0,5, (2.20)
- ié’Zalé/; + ié’;aléll - iglalé/; + ig;algz + 771*82772 +7716277; _77;62771 _77262771* + 526251* + 5;6251
- 66182662* _51*8252 _52624/; _52*624/1 + §182§; + é’;azé/z + i771*83771 - i7718377; - i77283772 + iﬂzasﬂ;
—£,058, +18,058, +1£05¢, —1&, 054 +18,058; —14;058, —1£,0:¢ +1£,0:¢;.
For (2.17) we have
W[78( +5,) 454 ]
= By (1 +10,7, + 288 4258 + 680+ 8580 )+ B(—mm — i + 268 4268 -4185 - 641)  (2.20)
+ Byi(—mm; + 1, + 268 — 26,8 =185 + 808y )+ By (—mm + o, + 268 — 26,8 — 618y + 6085 )
And for (2.19) we have

R(GW', +dWG ) =W (&7 +m8s +Car + oty )+ W (- — s — G — )

+W,i (_771§; +11,87 =Gty + §2U:)+W31 (_Ulgf +11,85 — S + 4“2772) (2.22)
ER(iaew 2¢n +i¢JV\72¢L)=W02i (_7714/; _7724/; +4/1771* +§277;)+W12i(771§; +772§; _4177; _4’2771*)
AW (=G 414+ G = St )+ W (<G + e = G + &) (223)

R(-GWG, + GG, ) =W (< —n7ss + Gy + 685 )+ W (s, +mm; =66 =567
Wi (4177 =177, = 6185 + &80 )+ WS (= 1Ty =68t + 6585 ) (2.24)
Therefore the Lagrangian density is
2L = ~in; 01y + 00, — 1,041, +111,0017, +18,008, 15,058, +1£,0,8; ~1& 004 +1¢,00$; ~14;00¢,
+i8,008, —i8; 008, +im, Oy, — im0y, +in 0.0, —im,0u0; +15,0,8) —15,0,4 +150,&; ~1£,0,4,
—i8,0,87 +14,0,4, —18,0,8; +14,0,8, + 10,1, + 00,10, — 11,0510 = 1,07 +£,0,6, + 50,4,
~610,8, ~ 60,8, = $,0,81 —$30,8, + 10,8, + 8, 0,8, +in, 01, —ndyryy —im, 0401, +i1,0417,
—i8,05&, +1£,0,¢, +18,05&] —1£0:8 +14,0,8; —i8;058, —i8,0:¢; +i¢,0:¢,
+ 0y By (mar, + 1., + 258 + 25,8 + (17 + 6580 )+ By (—ns —mom; + 258 + 258 ~ 6~ 447
+Byi (i, + 268 — 25,8 — 685 + o8l )+ By (r s + 268 25,8 — 615 + 6043 | (2.25)
= Qo[ W (s + 1,85 + Gl + Sy ) WS (< = e + Gl + Sty )+ WG (= =ty + G5 + 283
W (=15 =m,8y = oty = Comy )W (185 + 1187 = Gy = oy )+ W (mny + oy = 6165 = 6547
Wi (=g + 108y =&ty + Sty ) WE (=G + 1,87 + Gty = Cory )W (s =y — 6185 + 6587 )
PW (g 41585 = &l + Gy )+ WS (<mi 4185 = G + oty )+ WS (s =ty = 616 + 68 )|

+2myaa” +bb" +cc”
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The Lagrange equation a—/“; =0, oL — | gives
¢ 0(0,4)

1

0:—i[(80 +63)§1+(61_i62)§2:|+91[(80 + Bs)§1+(Bl_iBz)é]"'m(aﬂl"‘CQ)
Yo,

The Lagrange equation a—ﬁ*:a# L* gives
s, 8(0,&)

u>2

0=—i[(8,+0,)& +(0y —03) & |+ Gu[(B, +1B, )& +(By — By) &, |+~ (am, + £, )
Yol

Together these equations read

0= i 60+-83 0,—-10,\(& 0 o, BO+-B3 B,—iB,\(& O Lmi n O e
0, +10, 0y—=9; )\, O B,+iB, By-B,)\& 0) p| \m, O

Multiplying by ~/2 we get
—i@qﬁR + gléqﬁR +%(aq§L +c;3n ) =
Since ¢ro, =¢; and ¢3L03 = ¢3L this also reads
V $a0 01 + 0,Bdy +%(a¢?L +Cg$n ) =
then using the conjugation M — M we get

~ ~ m, « *
V $.0,5: + 9,Bdy +;(a g +C'h)=

The Lagrange equation 6_5* =0, L* gives
on a(a,ﬂh )

0=—i[(8,—05)m + (-0, +id, ;72]+ L[ (B, — By ), +(-B, +iB, )7, |
(Wo =Wy )&+ (- + |W21)§2
-& (W W2 )&+ (W2 +iW2) | +%(a*§l+b§; )
(W5 =W )7, = (W2 +iW ),

The Lagrange equation % =0, [8(2—;2)] gives
0=—i[ (=0, —i0, ) +(8, +0, ;72}91[ (~B,—iB, ) +(B, +B,)n, |
( |W1)§1 (Wo +Wy )¢,
|:( (W +W2)é,z:| p(a*e:z—bg“f)
( |W3)771 (Wo +W33)772

Together these equations read

1008

(2.26)

(2.27)

Jom

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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0= i 0,—0; —0,+i0, \(m +gl B,-B;, -B+iB,\(n, O
-0,—10, 0,+0; \n, 0) 2{(-B-iB, By+B; Jly, O
G| Wo W5 -WHHiWS (G 0 i W72 -W, W2 +iW (¢ 0 (2.38)
2 W =iwy o wy w0 W2 —iwg o W +W (g, 0 '
CLWg-WE WE WS O Ul & 0 b S 0
W2 —iw W W, )\, 0 p & 0 £ 0
Multiplying by ~/2 this reads
s Gns D (whtaeiw2\d owdid 1oMi 2.35
o_v¢Laﬂ+?B¢L+?[ (W +iw?) g, +W ¢L]+;(a 4 —b,0,) (2.35)
Adding (2.31) and (2.35) we get the wave equation
- A My . «
0=Vgo, + 1B<¢L+2¢R) [ (Wh+iw?)g, +w3¢LJ+;(a 4, ~bpo,+C'4,) (2.36)
Without its mass term, this equation is the wave equation of the electron in the electro-weak theory [1] (6.57).

The great difference is that there is now a mass term, and since the Lagrangian density is both relativistic and
gauge invariant, we shall see that the wave equation with mass term conserves these invariant properties. The

. oL oL .
Lagrange equation —-=0, — | gives
o "la(a.4r)

0=—i[(2, —as)gl+(-al+iaz)gz]+&[(30 ~B,)¢ +(~B,+iB,) &, ]

[ (W5 =W ), + (W W5 ), |

m (2.37)
?2 [wz —W2 )iy + (W2 +|w2)772} +;(c*§l—b77;)
_(W03 _Wsa)gl _(_W13 + iW;)é’z
The Lagrange equation ;é =aﬂ[a(§f§;)] gives
0=—i[ (<0, ~10,) &, +(8 +8)¢. ]+gl[ B,~iB,)¢, +(B, +B,)<, |
|:—W1 IV\/1 771 +(W +W31)772:| (238)

Bl pif[(-w? -2 )+ (W2 W2 ), ] |+ (g, +br)
2
o G\ VA R VAR VAR i

Together these equations read
oo %0 —0:+id,)(¢ 0) g B-B B +iB)(¢ 0
- \-9,-ie, o6,+0, )\¢& 0) 2\-B-iB, B,+B, JI& 0
1 1! wwlaw? 0 2 2 W2 4 2 0
+& - Wol W3 1 W11 +IV\1I2 771 +i Woz W3 2 le —HV\? 771 (2.39)
2 W —iW, o Wy +W, )\, 0 W —-iW, o Wy W, g, O

~ W2 -W2 W2 +iw2 (¢ 0 LI -, O e &0
WeE—iw? o wriew? (g, O P 7, 0 & 0
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Multiplying by /2 this reads
- 0.2 9 . - A7 omy .
0=Véo, +?13¢n +72[(—w1 +iW?) g, _W3¢n]+;(c #s +bg o) (2.40)
Without the mass term, this equation is the wave equation of the electronic neutrino in the electro-weak

theory [1] (6.58). Following backwards the calculation from (2.10) to (2.15) we can see that the system (2.36)
(2.40) is equivalent to the wave equation

DYy, +mpy =0 (2.41)
where
_L[Fh DOl b ech J (2.42)
P —b ¢ o, +cdy ag, +b ¢,0, +cg,
or to the invariant equation
¥D¥y,, +mp¥Py =0 (2.43)

Since this wave equation is not exactly our starting one, we must explain how this equation has exactly the
Lagrangian equation £ =0 as real part. We shall next prove the relativistic invariance and the gauge inva-
riance of this wave equation under the electro-weak gauge group.

4. Invariances
With (2.2) and (2.42) we get

p%:(@ ¢{J[a¢ef¢m+g¢n Ab¢Lc?A+c¢RAJ:{L{ \{J 61)
b AN\ bhored  ag+bgorch ) VU

U =a'g,4, ~bg¢,0,+C 44, b g4 0, +chl 4.
We get

— - A bb” 0 . bc .
a ¢e¢e =aa; _b¢e¢n01_b ¢;¢Lo-l:[—bc bb*J:bb +?(_O-l+|o-2)

. ~ (0 -b'c . b'c’ .
C'h.d, +Coh b = (0 oec” J: cc (1—03)+T(—o—1 —io,)
U = p? -R(bc)o, —3(bc)o, —cc o,

‘B(mp‘i’l): mp.

Therefore the Lagrangian density (2.25) is also the real part of the invariant form (2.43) of the wave equation.
The value of V is more simple because we get

(3.2)

V =ac". (3.3)
We now review the form invariance of this wave equation; next we shall prove its gauge invariance.
4.1. Form Invariance

Under the CI; :GI(2,(C) multiplicative Lie group made of any invertible matrix M satisfying (1.10) We
got [1] [3]
V=MV'M; ¥'=NV¥

. M 0) . (M
D=ND'N; N = T OT (3.4)
0 M 0 M

0=PD¥y,, +mp¥y =PND'N¥y,, +mp¥Py =F'D'¥'y,, +mp Py
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And we shall get the form invariance of the wave equation if and only if
Yy=9"y%=¥YNy
2'=N"y

From (1.13), (1.16), (1.18) we get with (1.11)

1 ™" g rar ~ o
?(a ¢e _b¢no-l+C ¢n):

ey (re“”a*M g, —re"bM g0, +re "M, )

hS)

M iz(a*¢e _b¢n0-1 + C*¢n ) = Miliz(a*¢e _b¢no-1 + C*¢n )

oy ;
%(b’qﬁ[al + c’*¢n’) = r;z (re"ng g o, +re’c’Mg, )
= rl\e/l_iﬁiz(b¢|_0'1 + C*¢n ) =M %(bgﬁ'_al + C*¢n )

This gives (3.5) since
, (M0 -
V4 =[ MHJZ:N ‘7.

And the wave equation is form invariant under ClI; then it is relativistic invariant.

4.2. Gauge Invariance-Group Generated by Py
We shall use a convenient form of the projector P, (proofin [1] B p.143)

iy .3
PO(‘P):E\P+ET}/21
o 3,
¥ =[exp(6R,)|(¥)=e?we2 ™"

We have proved ([1] (B.14)) that
_9; £
D'¥'=e ? (D¥)e? "
0.
——i
DW'yg, =€ 2 (D\P7012)

30
e2721

Equation (3.8) reads

i ELP
(e, ¢r:]_ ez 0 [¢e %J 62 0
i d) |y o A e
i 3, 2 3,
| e?ge? e’ge?
| e, B, L2, B,
e 2¢n62 e 2¢ee2
This gives
& on ) &g e
0 —¢;)_(0 -,
0 ¢ 0 e
And we get

(3.5)

(3.6)

3.7

(3.8)

(3.9)

(3.10)

(3.11)
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[ézfj:ezm[flj; (Ufj:eia[’hj; [ng:eie(glj_ (3.12)
& &) \m m) \$ &

a’'=e’a; a'a” =aa”
b'=e?h: b'b” =bb

We then get for a,b,c:

*

_ - (3.13)
¢'=e"c; c'c” =cc
p=p
We must study
o [a'*¢g—b'¢;al+c'*¢n' gL, +c"g; 01
T2 ™7 ' 7 ' 7 7 ' 7 '
P —b" gl + ¢y a'g, +b" g0, +C'¢;
We get
. ig 3—Hio'3 . ig ﬁio'3 . ig yio’:;
a"g -b'glo +c g =e’ae2pe? " —e*be?ge? o +e’Ce?ge?
.0 30.
—e ?(a'g,—e""bg, e 0, +C' Je?
p , (3.15)
=e ?(a'g,—e"bge o, +C'g,)e?
0 %0,
=e ? (a*¢e _b¢no-1 +C*¢n )e 2
and similarly
. ig 3—gi03 . ig 3—‘gio'3
b'gl o, +c" g, =e*’be 2ge? o, +e’C'e 2402
ig " yia:; —ig giozg
=e 2bg e’ ce? " +e 2c'ge?
) _ L0 30, (3.16)
- (e 2hg e o, +e 2C ¢, je 2
S i
=e ?(bg oy +C'ey Je?
This gives
i? i, i i
. 1® 2<a¢e_b¢n01+c¢n)ez 2(b¢LO-1+C¢R)e2
P N N 3.17)
eZ(—b ¢Lal+c¢R)ez ez(a¢e+b¢nol+c¢n)e2
which reads
i ¥
xy'=e? ye? (3.18)
and we finally get
o, £
D'Y'¥o, +Mp'y' =€ 2 (D¥y,, +Mpy)e? =0 (3.19)

We may then say that the wave equation is gauge invariant under the gauge transformation generated by P, .

4.3. Gauge Invariance-Group Generated by P;

This generator acts only upon left waves: we get
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G=& &=6.
And with left waves we get
¥ =9 e’

{qx ¢3H¢L ¢nj(e"’ o]
hod) 4 d)l0 €
g =g § =%,
That reads
m=en; m,=e"n,; §l=e"C ¢ =",

We then get for a,b,c:

a'=e"a; aa” =aa’

b’=b; b’b” =bb”

¢'=e’; c'c"=cc’; p'=p
The covariant derivative is here reduced to

D=0+22 WP,
2
We let
Uy \n 13 A B
8\I’+?W P (W) Vo + Moy = i Al
We get
A=|v4 +idawsg M2, - )
= e T L 0'21"'_(3- ¢, b¢n01+c¢n)
2 P
~ - m .
B= (V¢n —I%W3¢nj0'21 +;(b¢|_o'1 +C ¢R)

Only the left column of B is not null, and the result for B is simple:
B'=e"B
For A, which has a left and a right column, we note:

A=A +A

A :[V&L +i 92W3¢?Lj0_21 +m(a*¢R _b¢n0'1>
2 p

Ag = V&RGZI +E<a*¢L +C*¢n)
P

We then get

1 __ Alf . r_ . r_ eig 0
A=A A=A A_A(o J

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

Since the same matrix multiplies the differential part and the mass part of the wave equation, we may say that
this equation is invariant under the gauge generated by P, . We must remark that, even if the wave has value in

invariance which separates completely left and right waves.

the Clifford algebra of space-time, it is much easier to use its components in the Clifford algebra of space to get
the gauge invariance. The Clifford algebra of space-time is too much symmetric to be the true frame for a gauge
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4.4. Gauge Invariance-Group Generated by P,
This generator also acts only upon left waves: we get &' =¢&;; &, =¢&,. And with left waves we get

Y =y e’
a4 (4 4 cos(9)  -isin(8)o,
(ﬂ %}{& élﬁﬂwm% cos(6) (3.30)

¢, =cos(0)¢, —isin(0) ¢, o,

¢ =cos(6)¢_—isin(0)¢,0;;
which reads with C =cos(8) and S =sin(6)
# =Cg_ +iS4,; § =Cg ~is4,
¢ =Cg, +iS.; ¢, =Cd, -S4, (3.31)
m =Cn, —iS¢y; ny =Cny —iS¢,
¢, =C¢, —iSn,; ¢, =C¢,—iSn,.

We get for a,b,c
a'=Ca+iSc; b'=b;
c¢'=Cc+iSa
p?=aa” +b'b” +c’c” (3:32)

=aa +bb" +cc” = p°.

The covariant derivative is now reduced to

D=a+g—22W1F>1 (3.33)
We let
92\t A B
8‘P+?W P(Y) |row + Moy = B Al (3.34)
We get
- O,,,17 My . .
A=Vo =W, +—(a', ~bg0, +c'¢ )
P (3.35)
~ ~ . m «
B=Vdg,on _9_22W1¢L +;(b¢LO'1 +C ¢R)
As previously, for A, which has a left and a right column, we note:
A=A +A
A = (WBL + ig—;wlﬁLjam +%(a*¢R b0 ) (3.36)
- m; « .
%:V%%ﬁ7ﬂa@+cﬁ)
We then get
A =CA -iSB
A=A (3.37)
B'=CB—iSA

Since the mass term is changed exactly in the same way that the differential term we can say that this wave
equation is gauge invariant under the gauge generated by P . Now it is not necessary to study P,, since
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P, = B,P,.. We have then proved both the form invariance and the gauge invariance of the wave equation (2.43)
under the U (1)xSU(2) Lie group generated by P,,P,P,,P,.

5. Conservative Current

We start from (2.36) and its conjugated equation:

_ < 95 LANERY T 73 me 2 =2 2
0=Vgop+2B(4 +4:)+ [(AW 402 ) g, + 0 ¢L]+p(a¢e+b hor+cd, ) (4.1)
and from (2.40) and its conjugated equation
~ ~ ~ A ~ m ~ N
0=V4,0, +%B¢n +%[(—w1 ~i0%) g, —w3¢n}+;(c¢R ~b'go,). 4.2)

The differential term of (2.44) is

[Je ¢JJ(O VJ(?F ?\n)[ 0 Uﬂj: ¢Tev¢?e621+¢rj%¢no-21 ¢Tev¢?no-21+¢r:r%¢e621 (43)
gn ¢J vV oo $ ¢ )\on 0 ¢7nv¢?eo-21+¢efﬁ¢n021 ¢Tnquno-21+¢eT%¢eo-21

A B
Then (2.43) reads (é AJ =0, which is equivalent to A=0; B =0. To get the first equation we multiply
(2.36) on the left side by ¢7e and (4.2) by ¢!, this gives
0=(AVa+4V )0+ 2] 4B(4. b )+ 4184 |
%He (W +1W?) g, + BWG -+ (W' =iW2 ) g — g4, | (44)

+%|:¢Te (a*¢e —bg,o, +C*¢n)+ ¢: (C&R _b*éLo-l):|

We shall use
WG =3[0 (0,6)+(0,8)0"d |+ ho” (0,6)-(0,4) 0”4 | (45)
We got in [1] (A.18), for any space-time vector A, the following equality:
4.Ad =AD,0"; D, =do,4 =D,o,. (4.6)
Then the first part of (4.5) reads
1r-— - N T U | L1 ,
E[qﬁea” (0,4:)+(0,8)0"4, =24, (¢e0”¢e):§6ﬂ D/’ =~(V-D,)o @4.7)
Since the second part of (4.5) satisfies
7o (0.6)-(0.4)0"0 | =-3[70" (0,6)-(0,8)0"4. (438)
It is a pseudo-vector in space-time and we let
4.0"(0,4.)-(0.8)". =(V A D, )ic*. 4.9)
This gives
4V, =%(v -D,)c" +%(V AD, )ic* (4.10)
Similarly we let
Ve :%[(V-Dn)H(VA D,)(1-03)] (4.11)
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which gives
2(AV 4.+ 4V 4, )05 ==V A(D;+D,)~(V-D,) 0y +(V-D;) o, +V A(Dy + D, ) o
—(VAD,)io,+(VAD,)ic,-V:(D,+D,)ic, +V-(D; + D, )i.
Next we get, with Appendix A:
4,84, =(B-D,)o* =B-D,~(B-D,)o,—(B-D,)o, (B D)o,
#.Bd. =%(—B-Dl+iB-DZ)(o-l+io-2)+(B-DR)(1—o-3)
#84,=(B-D,)(1-03).

This gives
N 3
%.B(d. + s )+ 4B, =B-(Dy + Dy +D,) = (B D))o
3 1 . 1 .
_E(B'Dz)o'z_B'(D3+DR+Dn)0'3+E(B'Dz)'o'l_E(B'Dl)'o'z-
We also need
(W +IW2) G, + FW G+ (W -IW? ) g g%,
=—(AW'G, + 4G )i (GG, + 4G )+ (AW A +4W', ).
We get with Appendix A:
FNG, + ', ~WCE ~ZWCE (0, -icr)
:Wj(D{‘n—id[‘n)—%Wj(D;;n+id,§’n)(al—i02)
=W-D -i(wl-D )o. —i(wl-d )o —l(wl-d )io,
Ln 2 Rn 1 2 Rn 2 2 Rn 1
+%(W1~DRn)i02—(Wl~dLn)i.
which gives
i(aewzén +¢:VQ2¢L):W2'dLn+%(W2'an)O'1_%(W2'DRn)Uz

—%(WZ . DRn)ial—%(Wz dg, )i, +(W2 D, )i

We get also with Appendix A:
GW4 — ¢ W34 =W D! (1+0,)+W3DY (-1+ as)—%chlﬂ (0, —ic,)

—WD{ (1+0,) + W Ds (_1+a3)_%w;(of +iDf ) (0, ~i,)

u=n

=W?.(D, - Dn)—%(w3 : Dl)al—%(w3 D, )o, +(W?-(D, +D,))o;

1

—E(w3 : Dz)io-1+%(W3 D, )io,.

Since the mass term satisfies (3.2) the wave equation (4.4) is equivalent to the system:

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

4.17)

(4.18)
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0=-V A(D,+D,)+9,B-(Dy+ Dy +D,)+g,[ W'D, -W?-d, +W*+(D_ -D,)]|+2mp

0=-V.D, —3—218'D1+%[W1 D, ~W2.d, —W?. D1]—2—min(bc)
0

39 g 2m _
0=V. D1—7lB~D2 +72[W1 ‘Ao, +W 2Dy, —W?. DZJ—FJ(bC)

2m .
0=V A(D,+D,)-9,B-(D;+Dg +D,)+g,W°-(D, +Dn)—7cc (4.19)

0=—vADZ+%B~DZ+%(W1.0|Rn +W2 D, ~W*-D,)

O:VADl—%B~Dl+%(—W1-DRn FW2-dg, +W2-D,)
0=-V-(D,+D,)
0=V-(Dy+D,)+g,(W"-d,,-W?*-D,).

A conservative current exists: it is the total D, + D, current where D, is the current of probability in the
case of the alone electron, and D, is the isotropic current of the neutrino. Now these currents are not separately
conservative, only the total D, + D, current is conservative. The calculation is similar for B =0. We get

0=-V ady, +0,BDy, —g,W'-(D_+D,)+2m3
Yol

0=-VAD,-g,B-d,+9,W?-(D_+D,)
0=-V-d,, - g,[W'(D_-D,)+W* D, |

0=_V'DLH+92|:W2'(DL_Dn)‘l‘Ws'dLn] (420)

Oz—V/\an+%B-DRH+%(W-D1+W2~DZ +W?-Dy,)

0=V/\DRn+%B-an+%(W1-D2 ~W2.D, +W -d,, )

6. Concluding Remarks

The conservative law V-(D0 + Dn): 0 is obviously the simplest equation in (4.19). Contrarily to the case of
the electron alone, where D, is also a conservative current [4], we get here only one conservative current.
When the electron is alone, the conservative D, current is interpreted as the probability density of presence of
the electron. It is really the relativistic generalization of the probability density of the Schrédinger wave. But it is
nonsense to think the same for the D, + D, current, since we have here both an electron and its neutrino.

The mass term of (2.43) replaces p, by p . This is enough to get a wave equation both form invariant and
gauge invariant. To get this important novelty in the electro-weak gauge theory, the use of the Clifford algebra
of the physical space is essential. It should be impossible to get this using only the algebra of Dirac matrices or
the Clifford algebra of space-time. The physical reason is the difference between left and right waves.

We previously studied [9] a wave equation for the electron, with a mass term similar to the mass term ob-
tained here to account for the electron and its neutrino. Another difference between this study and the present
one is the role of the Lagrangian density. In the case of the electron alone, or here, the link between the Lagran-
gian density and the wave equation is double: the Lagrangian density is obtained from the real part of the inva-
riant wave equation, and the wave equation is obtained from the Lagrange equations. Developing the first equa-
tion (4.19) and using (2.25) we can see that the first equation (4.19) is 0=2L. In [9], we studied a case, which
could be extended to the present study, where this double link is cut. The Lagrangian density is again obtained
from the real part of the invariant wave equation, but the wave equation cannot be obtained from the Lagrange

equations.
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The formalism with Dirac matrices ([1] (6.74)) uses W* =W!+iW? and W~ =-W*+iW?, but we prefer
W'and W?: because they are true space-time vectors, because the i term is here not the usual i of quantum
fields, generator of the electric gauge, but the i of the chiral gauge. Moreover calculations are more compli-
cated with W~ .

When we cancel ¢, ,weget b=c=0, p=p,;the wave equation is reduced to the homogeneous nonlinear
equation previously studied [1] [3]. This equation has the Dirac equation as linear approximation and in the case
of the H atom, a set of orthonormal solutions exists with a S angle everywhere defined and small. It is exactly
the sufficient condition allowing the Dirac equation to approximate our nonlinear homogeneous wave equation.
The mass term that we obtained here is also available for the magnetic monopole studied in [1] and [6] [7] [10].
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Appendix A

The space-time vector D, satisfies

D’+D: D:-iD2
DR=¢R¢;=DI§O—/1=[ R+ ¢ ¢ ! .

D; +iD? Df-D? (5.1)
Dg = 5151* +§2§;; Dga = 5152 +§2§1*; Dé = '(515; _5251*); Dg = §1§1* _égzég;
The space-time bivector S, satisfies
S _¢ o 823 831 SlZ SlO' 820' S30' =2 _5152 4:12 5.2
R =010 =Sg 0y + S50, + S5 03+ Sgloy + Sp'lo, + Spllog = 2 (5.2)
_52 51682
ok . ok 1 . .
S =-4h -85 ST =i(66-48) ST =S8 -8 +87-8)
: . (5.3)
i . . 1 « . i " .
Sv= (-GG 8 -8) ST = (S ST ) ST =S (E 5 -8
The space-time vector D, satisfies
D! +D; D;-iD}
Dn :¢n¢nT = Dnﬂo-/z = ::_1 H n2 nO _ g
D; +iD? D] -D; (54)
Dr? :‘:1;1*"'42;;; Drl1 :_4,15:;_4’24';; Dr? = i(_§1§;+§2§f); Dr? :_§1§;+§2§;
The space-time bivector S, satisfies
- 23 31 12 10; 20¢ 30; _é/;é/; _§;2
S, =¢,004, =S, 0,+S, 0,+S,°0,+ S, io, + S, io, + S io, =2 v e, (5.5)
1 6%
.k . R 1 . .
S =06~ 16 SP =G+ ST = 2G4 -07)
_ _ (5.6)
i « . 1 . . I . .
L i T T e H e (e N B (SRT RS
The space-time vector D, satisfies
D) +D} D -iD?
DL:¢L¢E:DfGy: 1L . L2 I_0_ ;
D; +iD} D! -D;} (6.7
DY =nm, +mm3; Df =—m; —npmys DY =i(=mm; +n,m, )i D =—mn; +n,m,
The space-time bivector S, satisfies
- —mn,
S, =¢.0,0, =SZ0, + S 0, + 520, + Sl io, + S, +SXic, = 2[ PR Z*J
771 771772
_ . s x w 1 . «
SU ==y —myry; ST =i, +ingary; SE =2~ + " =y’ (5.8)
i . . 1 v i v %
SU = (= = )s S =S (on = =)y ST = (=i =)

From (1.8) we get (1.9) and
SRL = ¢R5L - ¢L¢7R
Dp = ¢R01¢I:r + ¢Lo-l¢; (5.9)
idg, = ¢R01¢I:r _¢L01¢;

Next we use
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& om )0 -1 S
And since g, =0 and 44 =0 we get from (2.60) in [1]:
S :¢e0'3$e :(¢R _¢L)($R +$L) = ¢Ral_ _¢L§ZR =Sp

4 O_¢f 22(51 Oj(o 1}( 0 szz[_énz 51”1]
S g 0\l O)\- h =&l S
& ~&n, ~&1,
LO1PrR — * =2 * * * x
Ao = (O ™ ]( J[ OJ (‘51’71 So™h ]
and with (5.10) we get

D. — ( DgL + DgL DéL 'DéL] 2(_51772 - 631*’7; Sl — é:;ﬂ;}
RL = . . .
DéL + 'Dél_ DgL Dg{L =Smtém Smt+é&m
id _i(dgL"'dgL dgu_ i J 2[_51772"'6&1*77; ‘51771‘*‘52*77;}
RL =

A

We have

déL +id|§|_ dlgL dgL —&1, _51*771* St _5;771*
which gives
DR ==&ty + &t = &1, + &1 D = & = &y + &0 = &1y
Dy =i(&m+&m—&m —&n, )i D =—&m, —&m - &, —&m,
da =i(&m, ~&m-&m+&m )i da =i(~&m +&m, +&m ~&my)
A2 =&m+&m, +&m + &y da =i(Em, +Em—&m, —&n))
Comparison with (A.17) to (A.20) and with (A.23) to (A.26) in [5] proves that
Dy =D, =4,0,4!; dy =D, =4.0,4..
We let
C, =Dy +idg; C, =Dy —idg
which gives
Cl=2(-&m+&m)i CF =2(~&m, +&m;)
Cl=2(+&m-&m,); C=2(+&nm -&m;)
Cl =2i(+&m+&n,); Cl=2(-&n -&m,)
Cl=2(-&m,~&m); Ci=2(-&nm -&n)
Next from (1.17) we get (1.18) and

— — élgf - 5242 2514;
SRn = ¢R¢n _¢n¢R =2 J

2567 (&4 -&47)

which gives, with notations similar to (5.5)
St =681 —68 + 86— 58 Sm =& + 58 + 56+,
S =i(&6 —&G +56-E6,): Sm=i(-64 —6G + &6 +ES)
St =88, — &4 —EG+EG Sm=i(-84 + &G +EG-8C,)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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We have
0
=&,

=

¢Ro-1¢n*=2(§2 g}[g lj[
.00 = (0 o J( j(

and with (1.17) we get

OJZZ(_éCz §1§1j
é,l _5242 fzé,l
] 2[—554“; -&¢; j
46 &G

5 :(Dsnwfm i, - lDénj 2[—5142—554:5 516“1—6‘;52*]
"\ D, +iDE, —EGHES G+ EL
" zi[dgn+d3n dén i J 2[—51;2%:4;* :1¢1+§;c;]
"oy wid, A -d ) (66 -8G &4 -54
which gives
DS, =48, + &G —E G + 5 Dhy =84 - 60, + 56 -5¢;
D =i(&6+ &8, -84 -58,): Da=-&4,-&6-88, -6¢)
Ao =i(&6 66 -E6G + 54 ) dh =i(-E6+EG+EG -84,
Ao = &G +EG+EC + 5L U =i(88,+56 -8 -5))
We let
C, =Dy, +idg,; C, =Dg, —idg,
which gives
=2(-4,+6,4,); C = 2(—5;4; +&¢7)
=2(+£6,-58,); Ci=2(+&¢ -5¢7)
C =2 (+&44,+&0,):; c: =2i(-&¢ - 5¢)
Ci=2(-6¢,-&4): Cl=2(-6¢-8¢)

Finally from (1.15) we get (1.16) and

St = ¢?no'1¢|f + ¢?Lal¢r:r

_ 2(_77152 /.
—21,¢,
which gives, with notations similar to (5.5)
St =S, 6 +s, 14y S

Sﬁrlm :i(nlé/l +11,6, _771*41* —77242*): Stﬂ

Sty =& +mS, +méy +méy S
We have
77;52
d o = 2( .
e /A
¢n¢[ _ 2( ’724:2*
=/

and with (1.15) we get

=1mé;
=i(-m& + 8 +mes 1)
= i(¢, s~ -0

_77;4/1

/1

2m¢,
&, +1,6,

)

—11,6; +’7;§1* —77252*

7712/1 J;

M6

(5.21)

(5.22)

(5.23)

(4.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)
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0 3

DLn + DLn
Ln — .
" \D}, +iD?,

|d _i dI(_)n—i_dl?n
o dl +id?
Ln Ln

which gives

Din _IDfnJ _ 2[ 7724/; +77;§2

0 3
DLn - DLn

dtn _idEnJ: 2(
d) —d?
Ln Ln

1185 =161
7724'; - 7724:2
—h &, 1,6,

&, 11,6,
mé +1mG,
—m?; +77;§1
mé —mé&

DY, =&y +m80 +m &y +m6y DLy ==y —més —m &y —m6,

We let

which gives

C5 =Dy, +idLn; Ce =Dy, _idLn

Co=2(ms +mdy ); C=2(m¢,+m<,)
Ci=2(-m¢ -m&3 )i Co=2(-m&,-m¢s)
C2 =2i(mg —m&3 )i C2=2i(n ¢, -m4)
C2 =2(-ms; +m&3)s CF =2(-mé+m¢,)

|
|

D, =i(1.8 ~m&s +m &, =, )i DYy ==&y + 18, 16+ 1158,
dEn =i(_’71§1* _7724’;"'77;4’1"'77;;2); djl;n = i(ﬂzé/; +’71§z* _’71*412 _77;4/1)
df =18y —mGs & +méy & =i(=méy +m8s +m s —ms,)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

With 3x2 scalars, 9 vectors and 6 bivectors, we obtained the 78 =3x2+9x4+6x6 awaited densities.
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