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Abstract 

In recent years, it has been thought that the expansion of the universe has 
begun to accelerate. However, there are other views against this. Here we 
propose a new theory based on the three-dimensional spherical (S3) universe 
wherein the same observations as the present universe can also be found by 
the accelerated contraction of the universe. According to our theory, the ex-
pansion velocity of the S3 universe slowed down after the Big Bang, and all the 
kinetic energy was converted into potential energy to reach the great sphere. 
After that, accelerated contraction begins, and the universe finally converges 
to an original single point. In the S3 universe, the passage of time (referred to 
as “proper time”) changes depending on its expansion velocity. The frequen-
cy of light emitted from celestial bodies is determined by their proper time on 
emission, and when the light is observed by observers having different proper 
time, a redshift or blueshift is observed. Observers in the expansion phase ob-
serve redshifts, because the proper time of the observer progresses faster than 
that of emitted light, but observers in the contraction phase observe an acce-
lerated delay of the proper time, so the progress of the proper time is reversed 
based upon its order from nearby celestial bodies, a blueshift is observed, and 
its range of observable distance increases. The results of this early contraction 
phase are consistent with the observations of the current universe. In conclu-
sion, the S3 universe may be able to explain the geometrical structure of the 
current universe. 
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1. Introduction 

Since the discovery of Hubble, the universe is expanding in an accelerated fa-
shion according to the current cosmology [1] [2] [3] [4] [5]. The most reliable 
rationale of this expansion is the redshift of the light emitted from celestial bo-
dies, where the extent of the redshift is larger if the celestial body is farther away 
[6]-[12]. Recently, the observation precision of the cosmic microwave background 
(CMB) radiation and the redshift of large galaxies has increased, and the mea-
surement of the expansion velocity of the universe has become more accurate 
[13]. However, a basic question of what occurred at the beginning of the un-
iverse and an ultimate fate of the universe are still unknown [13]. Furthermore, 
the observation data of more distant celestial bodies are welcome, because they 
let us know what happened in the past universe. For instance, Chen et al. re-
ported a redshift of z = 6.68 in their observation data of a distant celestial body 
[14]. However, Stern et al. claim that it may be impossible to observe the redshift 
of wavelengths less than 9300 Å at such a distance, because the intensity of the 
light is too weak to observe [15]. Although the observation data of very distant 
celestial bodies are important, there are questions relative to the data’s reliability 
[15]. 

A question has also been raised against the accelerated expansion of the un-
iverse first pointed out by Hubble [1] [4]. Barrow et al. also pointed out a ques-
tion of whether the expansion of the universe is accelerating or decelerating [16] 
[17]. Furthermore, although the primary force of the currently believed accele-
rated expansion of the universe derives from the “repulsive gravity” of dark 
energy [4], some researchers doubt even the existence of dark energy [18]. We 
hereby present the following proposal to construct a clearer theory regarding 
such a problem. Lehoucq et al. presented the existence of a 3-dimensional spheri-
cal universe as a basic structure of the universe [19]. The 3-dimensional sphere is 
a manifold having a spherical structure that exists in 4-dimensional space time, 
and the universe is considered to exist on its surface according to Shibata et al. 
[20]. We think that the universe began explosively from a tiny Big Bang and ex-
panded soon after in an accelerated way. Next, the expansion velocity decreases 
and ceases, begins to contract in an accelerated fashion, and finally ends with the 
Big Crunch with contraction to a single point. According to our proposal, it is 
possible to explain the current structure of the universe without considering the 
dark energy, and to explain the expansion and contraction of the universe. Fo-
cusing on this point, we present a new concept of the current structure of the 
universe. 

2. Three-Dimensional Spherical Universe 

The 3-dimensional spherical (S3) universe model we propose in this paper is 
composed of four dimensions, in which they are shown by 3-dimensional x-, y-, 
and z-coordinates that represent a space and a w-coordinate that has a dimen-
sion of distance by coordinate time t multiplied by light speed c (Equations (1) 

https://doi.org/10.4236/jmp.2023.1413099


H. Shibata, N. Ogata 
 

 

DOI: 10.4236/jmp.2023.1413099 1695 Journal of Modern Physics 
 

and (2)). In Equation (2), R represents the maximum radius of the S3 universe.  

cw t= ,                            (1) 

and 
2 2 2 2 2w x y z R+ + + = .                     (2) 

In this S3 universe, the space expands and contracts while the coordinate time 
t advances from the birth of the universe (w = −R) to its end (w = R) in one di-
rection (Figure 1(a)). At arbitrary coordinate time t, the S3 universe can be ob-
served as a 2-dimensional sphere of radius r mapped in a 3-dimensional space 
when it is observed from one direction outside of the S3 universe fixing one of 
the space coordinates to zero (Figure 1(a)). On the other hand, for an observer 
inside the hypersphere S3 universe, the universe is observed as a 3-dimensional 
observer-centred filled-in sphere, and numerous lights from celestial bodies 
scattered at each distance are observed as if they are coming straight to us 
(Figure 1(b)). This observed universe is a map of the light from a light source of 
a hypersphere of observer-centred space inside of the 3-dimensional sphere 
(Figure 1(b)). 

3. Mathematical Characteristics of the S3 Universe 

When the S3 universe is represented in polar coordinates, it is written as shown 
in Equations (3) - (6). ψ is elevation angle of space coordinate against the w 
coordinate axis, and it represents the expansion of the observable universe. It 
changes from zero to π upon the passage of coordinate time t. This ψ will be  
 

 

Figure 1. Expansion of the universe that accompanies the expansion contraction of the observable un-
iverse. (a) This shows expansion contraction of the universe from the birth to its end as a 2-dimensional 
sphere that follows the passage of coordinate time t with one dimension omitted. Upon the passage of 
coordinate time t, the expansion angle ψ of the S3 universe increases, the radius r expands to R, but then 
returns to zero. (b) The three-dimensional spherical universe demonstrated as a 2-dimensional sphere. 
The balls represent cross sections of the observable universe at a respective expansion angle ψ of the S3 
universe with an arbitrary observation point in its centre. Upon increasing expansion angle ψ, radius ψR 
also increases, not only during the expansion but also during its contraction phase. 
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called expansion angle hereafter. θ is zenith angle at an arbitrary ψ, when the di-
rection of the z-axis is facing upward, and the zenith top is zero and the zenith 
bottom is π. Likewise, η shows a deflection angle from the x-axis; it is positive 
when a right screw rotated clockwise goes ahead. This variable moves from zero 
to 2π.  

( )cos ,w R ψ= −                        (3) 

( ) ( ) ( )sin sin cos ,x R ψ θ η=                    (4) 

( ) ( ) ( )sin sin sin ,y R ψ θ η=                    (5) 

( ) ( )sin cosz R ψ θ=                       (6) 

and 

1cos ,ct
R

ψ − − =  
 

                       (7) 

where 0 ≤ ψ ≤ π, 0 ≤ θ ≤ π, and 0 ≤ η ≤ 2π. 
A radius r of the S3 universe is shown in Equation (8), and it becomes the 

maximal R at a great sphere. The expansion velocity v of the S3 universe at coor-
dinate time t is shown in Equation (9).  

( )sinr R ψ=                          (8) 

and 

( )d ccot .
d
r v
t

ψ= = −                         (9) 

The minute distance that light runs in the S3 universe becomes cosec(ψ)-times 
larger than that when it runs on a flat space time, because the radius of the S3 
universe changes upon the passage of coordinate time t. This increase of the 
geodesic can be explained by the increase of the passage of proper time τ on the 
S3 hypersphere against the passage of proper time τ on the expansion angle ψ, if 
the concept that light speed is always constant holds (Equation (11)). Therefore, 
if the ratio cosec(ψ) is integrated by coordinate time t, the ratio of the passage of 
proper time τ against that of coordinate time t from its origin (−R/c) to the 
coordinate time t is obtained (Equation (12)). 

( )c cosec c ,tτ ψ∆ = ∆                       (10) 

( )d cosec
dt
τ ψ=                         (11) 

and 

( ) 1 1

c c

c c c ccosec d cos d cos .
t t

R R
t tt t

R R R R
ψ ψ− −

− −

− −    = = =        
∫ ∫       (12) 

4. Geodesic of Light in the S3 Universe 

The result of this integration indicates that the angular distance of the light of 
the Big Bang (CMB) that ran in the S3 universe is the same as the expansion an-
gle ψ of the S3 universe. Therefore, this expansion angle ψ is the angular distance 
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that CMB runs, and the geodesic distance Sψ is the same as the arc length ψR of 
the great sphere of radius R and angle ψ as shown in Figure 2 (Equation (13)). 
The geodesic distance Sβ that light reaches the observation point from a celestial 
body born after the Big Bang is βR, if the angular distance between an observa-
tion point and a space coordinate of the celestial body is β (Equation (14)). As 
shown in Figure 2, angular distance and the geodesic of a celestial body that re-
mains in the S3 universe are always constant despite the expansion∙contraction of 
the S3 universe. 

S Rψ ψ=                          (13) 

and 

.S Rβ β=                          (14) 

 

 

Figure 2. The geodesic of light in the S3 universe. The concentric circles of the left upper 
panel show cross sections during expansion, and those in the right upper panel show 
cross sections during contraction of the S3 universe at respective expansion angles ψ. The 
angular distance (longitude difference β) of the space coordinate formed between the sta-
tionary celestial bodies G1 and G0 is always constant despite the changes in expansion an-
gle ψ. The red arcs are the geodesic of light that reaches from G1 to G0, and their distances 
are always constant in the course of the light, because the radius of the S3 universe 
changes during the time it runs. The enlarged figures in the lower panels show that the 
incident angle of the light that reaches G0 is the expansion angle ψ. The orange arrow 
shows the distance cΔt that light runs during the passage of minute coordinate time t in a 
flat space time, the brown arrow shows the expansion vΔt of the universe, and the blue 
arrow shows the elongation cΔt cosec(ψ) of the geodesic of light due to the expansion of 
the S3 universe. 
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5. Observable Universe 

The observable universe that can be observed at the expansion angle ψ in the S3 
universe is an image mapped in the 3-dimensional sphere of the radius ψR with 
its center in the observation point. The radius ψR of the observable universe be-
comes large soon after the Big Bang, but then the expansion velocity slows down. 
Thereafter, when the S3 universe enters the contraction phase, the expansion ve-
locity decreases and the radius ψR becomes πR/2 in the great sphere of the S3 
universe and the expansion velocity increases again. The radius ψR then reaches 
maximal πR immediately before the end of the S3 universe (Equation (13) and 
Figure 3). 
 

 

Figure 3. The observable universe that has become maximal just before the end of the S3 universe. This figure shows the observa-
ble universe observed at an arbitrary observation point G0 inside the S3 universe just before it ends at an expansion angle ψ = 180˚. 
The left lower red circle that inscribes the outermost concentric circle shows optical paths of light that reach the observation point 
G0 from the same direction just before the end of the S3 universe, and the red points G0 through G6 on the circumference of the red 
circle show light sources of the galaxies of longitude difference (β) 30˚, 60˚, 90˚, 120˚, 150˚, and 180˚ (CMB), respectively. The 
points G1' through G6' on the red straight vertical line in the left figure are the points on the extended line of the light straight from 
the observation G0 to the direction of the incident angle of the red circle, and are the mappings of the celestial bodies of the re-
spective optical path length βR from G0 in the observable universe. The sphere in the right figure shows the observable universe 
that has become a maximal size just before the end of the S3 universe as a 3-dimensional space of x', y', and z' coordinates, and it 
shows the red segments of the line of the left figure which are expanded from observation point G0 to all the directions of the ob-
servable universe. θ is a zenith angle of a celestial body mapped in the observable universe, and η is a deviation angle. The distance 
to a celestial body is shown as βR, if the longitude difference between the observation point to the celestial body is β. 
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6. Redshift of Light from Celestial Bodies 

The optical path light reaches from an arbitrary celestial body to an observation 
point is always constant despite the expansion of the observable universe (Figure 
2). However, a redshift (or blueshift when minus) is observed due to a difference 
in the wavelength of light between the time of emission and that of observation, 
because the passage of the proper time of the light at the time of emission and 
that of observation differs. The redshift z is shown in Equation (15), when the 
longitude difference of the space coordinate between the light source and the 
observation points is β. λs is the wavelength of the light source and λ is the wa-
velength of light at the observation point. The ratio between them is a ratio of 
the inverse of the elongation of the proper time (Equation (12)). 

( )
( )

( )
( )

cosec sin
1 1 1.

cosec sins

z
ψ β ψλ

λ ψ ψ β
−

= − = − = −
−

           (15) 

The redshift is observed in a flat space due to the receding velocity of the light 
source, but it is observed due to the difference of the proper times between those 
of emission and observation, both stationary, in the S3 universe. From Equation 
(15), it can be concluded that the blueshift begins successively from neighbour-
ing stars of smaller to larger longitudinal difference β when the S3 universe en-
ters the contraction phase (Figure 4).  

This result agrees very well with the current observation of the universe that 
the universe apparently turned from decelerated to accelerated expansion [21]. 
In fact, the S3 universe is contracting in an accelerated way, and is not expand-
ing. In view of our theory, it would be important to mention the report of Lom-
briser [22]. He found that the redshift of galaxies can be interpreted to be an 
evolution of particle masses as a consequence of conformal transformation of 
the FLRW (Friedmann Lemaître Robertson Walker) metric to a Minkowski 
space [22]. Although his rationale behind the theory is different from that of our 
theory, he pointed out that the current universe may not be expanding based 
upon his theory. The conclusion of his theory is basically same as our conclu-
sion.  

Welch et al. recently reported observations of a distant star of redshift 6.2 ± 
0.1 and 900 million years after the Big Bang [23]. Based upon their observations 
we calculated from Equation (13) that R is 13.8/ψ billion light years. The expan-
sion angle of the light source is 9 = ψsR from Equation (13). Therefore, ψs is 9/R 
radians and ψs = (9/138)ψ = 0.0652ψ. If we assume that the expansion angle of a 
star at the time of emission is ψs, Equation (15) becomes  

( )
( )

sin
1 1.

sins s

z
ψλ

λ ψ
= − = −                     (16) 

By substituting z = 6.2 and ψs = 0.0652 in the above equation, we obtain 

( )
( )
sin

6.2 1.
sin 0.0652

ψ
ψ

= −                     (17) 
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Figure 4. Redshift observed in the S3 universe. This figure shows redshifts of celestial bo-
dies that are observed on observation points at expansion angles ψ = 30˚, 60˚, 90˚, 120˚, 
150˚, and 179˚, and changes of redshift z at longitude difference β from the observation 
point up to the celestial bodies. The redshift is defined by the ratio dτ/dt (Equation (11)) 
of the passage of proper time of light at the time of observation against that of coordinate 
time t at emission minus one (Equation (15)). The above ratio of the passage of proper 
times is larger when the longitude difference β becomes larger, because the expansion ve-
locity of the observation point becomes slower than that of the light source at its emission 
during the expansion phase of the S3 universe. During the contraction phase (ψ > π/2), 
the redshift changes to blueshift (z < 0, broken lines) successively from the light of celes-
tial bodies that have become slower in the passage of proper time of the emission than 
that at observation, because the observed recession velocity of celestial bodies increases 
due to the increase of the contraction velocity of the observation point. The blueshift of 
the light increases from neighbouring celestial bodies up to those close to the great sphere 
and then begins to decrease when they reach the great sphere. The redshift of the light 
from celestial bodies that are farther away from those of the light source of the same 
proper time as that at the observation point (z > 0, solid line) increases. 
 

From this equation we obtain ψ ≈ 113 deg (1.97 rad), indicating that the un-
iverse is in a stage after the beginning of the contraction. 

In summary, we theoretically demonstrated that the increase in receding ve-
locity of the observable universe is observed when the universe is contracting in 
an accelerated fashion even though it is not expanding. In our theory, the 
so-called unknown energy that expands the universe in an accelerated fashion in 
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terms of the energy balance of the entire universe is unnecessary. Our results 
suggest that this model can be a potential candidate demonstrating the geome-
trical structure of the current universe. 

7. Conclusion 

We proposed in this paper a novel view of redshifts of the lights emitted from 
celestial bodies based upon the structure of the three-dimensional spherical (S3) 
universe. Contrary to the common interpretation of the redshift that the un-
iverse is expanding in an accelerated fashion, we theoretically demonstrated that 
the redshift of the celestial bodies can also be observed in a contraction phase of 
the universe. In our theory, the so-called unknown energy, which is known to 
expand the universe in an accelerated fashion in terms of the energy balance of 
the entire universe, is not necessary. Our result suggests that our model can be a 
potential candidate that clearly explains the geometrical structure of the current 
universe, and it will open a new concept of the current status of the universe.  
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Abstract 
The author of this paper once attempted to propose a unified framework for 
gauge fields based on the mathematical and physical picture of the principal 
fiber bundle: that is, to believe that our universe may have more fundamental 
interactions than the four, and these fundamental gauge fields are only com-
ponents on the bottom manifold (i.e. our universe) projected by a unified 
gauge potential of the principal fiber bundle manifold; these components can 
satisfy the transformation of gauge potential, or even be transformed from 
one basic interaction gauge potential to another basic interaction gauge po-
tential, and can be summarized into a unified equation, namely the genera-
lized gauge equation expression, corresponding to gauge transformation in-
variance; so the invariance of gauge transformation is a necessary condition 
for unified field theory, and the four (or more) fundamental interaction fields 
of the universe are unified in a unified gauge field defined by the connection 
on the principal fiber bundle. In this paper, the author continues to propose a 
model of large-scale (gravitational) fundamental interactions in the universe 
based on the mathematical and physical picture of the principal fiber bundle, 
attempting to explain that dark matter and dark energy are merely reflections 
of these gravitational fundamental interactions that deviate in intensity from 
the gravitational fundamental interactions of the solar system at galaxy scales 
or some cosmic scales which are much larger than the solar system. All these 
“gravitational” fundamental interactions originate from the unified gauge field 
of the universe, namely the connection or curvature on the principal fiber bun-
dle. These interactions are their projected representations on the bottom ma-
nifold (i.e. our universe) by different cross-sections (gauge transformations). 
These projection representations of the universe certainly are described by the 
generalized gauge equation or curvature similarity equation, and under the 
guidance of curvature gauge transformation factors, oscillate and evolve be-
tween the curvatures 1 0 1 0 1→ → − → →  of the universe. 
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1. Introduction 

Dark matter and dark energy are the two biggest secrets and important frontier 
issues in the cosmology of physics in our era. Currently, this topic can be mainly 
divided into two major academic viewpoints. The first viewpoint holds that dark 
matter and dark energy are the main components of matter and energy in the 
universe; in the composition of the entire universe, conventional matter (i.e. ba-
ryonic matter) accounts for only 4.9%, while dark matter accounts for 26.8%, 
and 68.3% is dark energy (mass energy equivalent) [1] [2] [3]. Dark matter does 
not interact with electromagnetic forces, that is, it does not absorb, reflect, or 
emit light. At present, people can only know through the effects generated by 
gravity, which are mysterious and universally distributed. The detection of dark 
matter is a hot research field in contemporary particle physics and astrophysics. 
For massive weakly interacting particles, physicists may directly detect them by 
placing detectors in underground laboratories with extremely low background 
noise, or indirectly detect other particles generated by the annihilation of these 
particles at the center of galaxies, sun, or Earth through ground or space tele-
scopes. In November 2015, Gary Prézeau, a scientist at NASA’s Jet Propulsion 
Laboratory, also used the Lambda Cold Dark Matter model to simulate the flow 
of dark matter through planets such as Earth and Jupiter in the Milky Way. He 
found that this would significantly increase the density of the dark matter flow 
(for example, Earth is: 107 times, Jupiter is: 108 times), and exhibit a hairlike 
outward radiation distribution structure [4] [5]. However, although dark matter 
is currently the most popular theory in explaining observations of various galax-
ies and galaxy clusters, there is still no direct observational evidence to support 
the existence of dark matter [6]. As for dark energy, the main evidence is cur-
rently believed to be that the observed universe is accelerating expansion. Cur-
rently, it is generally assumed that dark energy is isotropic in the universe, has a 
very low density, and only interacts with gravity without electromagnetic, strong, 
or weak forces. The density of dark energy is as low as approximately 10−29 g/cm3, 
making it difficult for laboratories on Earth to directly detect it. However, be-
cause dark energy fills all space, accounting for 68.3% of the total mass and energy 
of the universe, it significantly affects the overall evolution of the universe [7] [8] 
[9]. 

The second viewpoint holds that dark matter and dark energy do not exist at 
all, but are merely illusory manifestations of human cognitive or measurement 
errors; perhaps the Newton or Einstein theory of gravity, which we believe to be 
absolutely correct, is not complete, and gravity behaves differently at different 
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scales of time and space. Among them, the interesting one is the Gravity Theory 
Correction (MOND) hypothesis, which modifies Newton’s formula of universal 
gravitation as an alternative dark matter theory to explain the problem of galaxy 
rotation. This theory was founded by Israeli physicist Modze Milgrom in 1983 
[10]. Currently, there are two main types of dark matter theories to explain dark 
energy, namely the cosmological constant theory and the basic scalar field theory, 
and both contain two important properties of dark energy, namely uniformity 
and negative pressure [11] [12] [13] [14] [15]. But at present, physics still cannot 
truly explain which type of energy by dark energy acts on the spatiotemporal 
structure itself, and how does this sort of energy also generate uniform negative 
pressure, leading to accelerated expansion of the spatiotemporal structure? What 
is the mechanism behind this [16]? 

For the first viewpoint, the author does not want to make a negative evalua-
tion, but the author believes that the biggest problem with it is that it has been 
going through many years, with humans spending a huge amount of money, 
scientists spending a huge amount of energy and time, and so far there is no di-
rect evidence of dark matter or dark energy. What does it mean that a universal 
distribution of matter and energy, which accounts for over 95% of the universe, 
should exist in large quantities around us but cannot be detected? 

The author agrees with the second viewpoint in terms of direction. But the 
problem is that the theoretical hypotheses related to systematicity still need to be 
updated and developed. For example, why does Newton’s Second Law fail at the 
scale of galaxies? What is the physical meaning of adding the cosmological con-
stant term to the Einstein equation? Is there an overall connection between the 
dark matter problem and the dark energy problem? That’s exactly what this pa-
per aims to explore and answer. Moreover, this paper aims to construct a struc-
tural picture of large-scale basic interactions in the universe from a holistic 
perspective, exploring the sources of dark matter and dark energy, as well as the 
direction of cosmic evolution. 

The tool used in this paper is the mathematical and physical theory of the 
principal fiber bundle [17] [18] [19]. The author believes that our universe, in a 
sense, is like a bottom manifold of principal bundle and various interactions are 
like connections or curvature on this bottom manifold, corresponding to the phys-
ical essence of gauge potential or gauge field strength. These gauge potentials or 
gauge field strengths are influenced by the scale of the manifold region, and their 
relationship with each other is given by the generalized gauge equation or the 
gauge similarity transformation [17] [18] [19]. The real determining factor in the 
universe is the principal bundle structure built on this bottom manifold. It can 
also be seen as a direct product manifold of the universe (i.e. bottom manifold) 
and the rules of universe (i.e. structure group), combined with numerous com-
plicated mappings, which is a manifold with higher dimensions than the un-
iverse. Its connection or curvature just corresponds to a unified gauge field in 
the universe, which is invariant to the gauge transformation [17]. 
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The remaining parts of this paper are organized as follows: Section 2 describes 
the physical and mathematical landscape of the Principle Bundle. In Section 3, 
the physical essence of dark matter and dark energy are studied in detail. The 
two branch evolution of universe is detail proposed. In Section 4, a brief discus-
sion on the large-scale kinematic equations of the universe is presented. In Sec-
tions 5 - 6, the secret of the cosmic term in the Einstein equation is discussed. 
Lastly, conclusions and expectation are given in Section 7. 

2. The Physical and Mathematical Picture of the Principal  
Bundle 

The differential geometric representation of the mathematical and physical pic-
ture of the principal bundle mentioned above in this paper can be referred to 
references [17] [18] [19] [20], and will not be repeated here for simplicity. But 
here, in order to ensure that the calculations related to general relativity can be 
directly applied without being affected, it is possible to assume that the bottom 
manifold M in the frame bundle ( ),P M G  has an adapted metric field, and this 
frame field can have orthogonal normalization properties. That is, if the dimen-
sion of M is 4n = , the adapted Riemann metric field or Lorentz metric field 
can be applied on it, and ( ){ }, |êP x x Mµ≡ ∈ , where êµ  represents an ortho-
gonal normalized basis in the tangent space xT M , and then selecting matrix 
groups ( )4SO  or ( )1,3O  as a structure group, the group elements can un-
dergo orthogonal normalized frame transformations, so that obtained principal 
bundle can be defined as an orthogonal normalized frame bundle. 

A connection on the principal bundle ( ),P M G  is a C∞  1-form field Uω  
of the Lie algebra  -value specified by a local trivial [ ]1:UT U U Gπ − → ×  on 
U, namely it is a connection on U M⊂ . At this time, if [ ]1:VT V V Gπ − → ×  is 
another local trivial, U V ≠ ∅ , and ∃  the conversion function UVg  from 
the local trivial UT  to VT , then the generalized Gauge equation is held [15], 
namely 

( )
( )

( ) ( ) ( )1
1 , ,
UVUV

V U UV xg xg x
Y d Y L g Y x U V Y T M−

−
∗∗= + ∀ ∈ ∈ω ω      (1) 

where ( )
1
UVg xL−  is an inverse mapping of left translation ( )UVg xL  generated by 

( )UVg x G∈ , and the asterisk represents the forward mapping with  

( ) ( )( )1 1
UV UVg x g xL L− −

∗ ∗
≡ .  

Furthermore, this principal bundle structure consists of a structure group, a 
principal bundle manifold, and a base manifold. The cross-section of the prin-
cipal bundle is the gauge potential, and the curvature is the gauge field strength, 
satisfying the curvature gauge transformation relationship between two different 
regions U and V. For example, generally speaking, if :UVg U V G→  is a con-
version function of local trivial transition from UT  to VT , and VΩ  and UΩ  
is the curvature of the V region or the U region on the bottom manifold, then on 
U V  there is 
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1
UV

V Ug
d −=Ω Ω                          (2) 

where, 1
UVg

d −  is the forward mapping from Lie algebra   to  , which is 
induced by the adjoin isomorphism 1

UVg
I −  defined by the group element 1

UVg−  
of structure group G with Lie algebra  .  

If the structure group is a matrix group, then Equation (2) can be further ex-
pressed as: 

1
V UV U UVg g−=Ω Ω                         (3) 

Therefore, under the cross-section transformation σ , there is U V→ω ω  on 
the bottom manifold (that is, the world we assume), namely, Equation (1) holds, 
and here 1

UVg−  and UVg  are related to a gauge transformation. 
Furthermore, it can be proven that Equation (3) is equivalent to the following 

“similarity” transformation Equation (4) [19]: 
1 1ˆ ˆ

V UV U UVg g F WF Wµν µν
− −′= ⇔ =Ω Ω                 (4) 

where F̂µν′  is defined as the gravitational gauge field strength on the V region 
of the bottom manifold; F̂µν  is defined as the gravitational gauge field strength 
on the U region of the bottom manifold. W−1 or W can be regarded as the matrix 
expression of some kind of gauge transformation. The author suggests calling it 
as the gauge similarity transformation. 

We should emphasize that this gauge similarity transformation is influenced 
by regional scale, or rather depends on changes in regional scale. The scale of U 
or V in different regions determines different gauge potentials or field strengths. 
The generalized gauge equation or the gauge similarity transformation above re-
fers to the transformation relationship between the gauge potentials or field 
strengths of two different regions at the same spatiotemporal point in the bot-
tom manifold (our universe). Moreover, after careful consideration, the author 
also believes that if the structure group is a general linear group ( ( ),GL m  ), the 
generalized gauge transformation over basic interactions should corresponds to 
the gauge transformations between several subgroups (such as U(1), SU(2), 
SU(3), O(1, 3)), while the gauge transformation within a basic interaction (such 
as electromagnetic force) only corresponds to gauge transformations within a 
subgroup (such as U(1) or SU(2)). These components are just a “representation” 
of the original connection or curvature on the principal bundle in the real world 
(bottom manifold); in this sense, “quantization” or “classicalization” is just a 
natural “picture representation” of the original connection or curvature selection 
in different regions of the real world, and cannot be replaced by each other, or 
not every physical field can or needs be quantized, especially gravity. It should be 
emphasized that the original connection (gauge potential) or curvature (gauge 
field strength) on the principal bundle is gauge invariant, while the gauge poten-
tial or field strength on the bottom manifold is only the projection component 
mapped (gauge selection) from different cross-sections of the original connec-
tion or curvature of the principal bundle, which is the physical meaning of the 
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unity of the “four” basic interactions in the world [17] [18] [19]. 

3. The Physical Essence of Dark Matter and Dark Energy 

Based on the above assumptions, this paper believes that dark matter and dark 
energy are both fictitious hypotheses generated by the differences in the gauge 
transformation of the gravitational gauge potential or gauge field strength be-
tween different regional scales on the bottom manifold. There is no dark matter 
or dark energy, but only changes in the bottom manifold relative to the original 
gauge potential or field strength caused by gauge transformation. The original 
Einstein’s equation or Newton’s second law may change its form under such a 
transformation, and may be different from the form before the transformation, 
and there is a difference, so this difference is blurred into the existence of some 
kind of dark matter or dark energy.  

The specific mathematical and physical foundations and related gauge trans-
formation that make our “theory” valid are constructed as follows: 

1

0

ˆ ˆ

ˆ ˆGauge field strength in Gauge field strength in 

ˆ ˆ

F WF W

F V F U

a
F F

a

µν µν

µν µν

µν µνγ

−′ =

′ ≡ ← ≡
↓↓

 
′ =  

 

(5) 

where, 
0

a
a

γ
 
 
 

 can be defined as a function of 
0

a
a

. The author suggests that it  

can be called the gauge similarity transformation factor, where a  is the abso-
lute value of acceleration related to the region and can be defined as the accele-
ration of a particle relative to a basic framework determined by distant matter in 
the universe. 0a  is an acceleration constant related to our galaxy, and experiments 
[10] have found that is approximately 8 2 8 2

0 0~ 2 10 cm s ~ 5 10 cm sa cH − − − −= × ⋅ × ⋅ . 
What is very surprising is that 0a  is very consistent with the measured value of 
the acceleration of the solar system in the gravitational field of the Milky Way 
(2.32 ± 0.16) × 10−8 cms−2 [21], indicating that the regional scale corresponding 
to 0a  is just the scale of our solar system! Therefore, the solar system can be 
used as a reference system to judge the applicable scope of relativity and Newto-
nian mechanics. Generally speaking, as the scale of the region corresponding to 

0a  increases, it should be more difficult for the regional matter as a whole to 
change acceleration a  under the gravitational field of galaxy. Therefore, on 
average, if the acceleration 0a  as the benchmark, then the larger the scale of the 
galaxy, the smaller its overall acceleration a  should be. For example, if 0a  is 
set as the benchmark, the corresponding solar system region scale is sunU , and 
the galaxy is uniV , there should be an inverse relationship, 

0

~ sun

uni

a U
a V

                          (6) 

Obviously, when the galaxy scale uniV  tends to the universe scale, the above 
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equation tends to 0. If the galaxy scale shrinks to the sunU  scale, the above equ-
ation becomes to 1. When the galaxy scale is much smaller than the base system 
scale, the above equation tends to ∞. The corresponding acceleration shows:  

when 0a a , 
0 0

0
a a
a a

γ
 

→ → 
 

, and when 0a a= , ( )
0

1
a
a

γ γ
 

→ 
 

, while 

when 0a a , 
0

1
a
a

γ
 

→ 
 

, so the gauge similarity transformation factor γ  

changes between 0 and 1. In order to reflect this law, we speculatively choose the 

0 0

a a
th

a a
γ
   

≡   
   

 function to “simulate” this change. But this does not take into  

account the fact that Einstein’s law of gravity and Newton’s second law normally 
hold true within the scale of the solar system. Therefore, the author generally  

believes that when 0a a≥ , there should be 
0

1
a

th
a

β
 

→ 
 

. At this time, the  

reference system should include the scale of our solar system, and an appropriate 
coefficient β  should be introduced, so that when 0a a≥ , 

0

1
a

th
a

β
 

→ 
 

                          (7) 

To ensure that within the scale of the solar system, Einstein’s law of gravita-
tional attraction remains unchanged and Newton’s law of gravity (second law) 
remains unchanged, the gauge similarity transformation should be given by 

ˆ ˆF Fµν µν′ =                            (8) 

In other cases, such as 0a a< , then 
0

0 1
a

th
a

β
 

< < 
 

, one gets 

0

ˆ ˆ ˆa
F th F F

aµν µν µνβ
 

′ = < 
 

                    (9) 

At this point, from the perspective of our solar system, Newton’s Second Law 
becomes 

0

a
mth m

a
β
 

< = 
 

a a F                      (10) 

Newton’s Second Law no longer seems to hold true, which is consistent with 
MOND’s viewpoint [21] [22] [23]. 

In fact, from the perspective that the strength of the gauge field is the curva-
ture of the bottom manifold, considering the Newton approximation, the linear 
Einstein equation can give [24] [25], 

( )
2

0020

d

d

i
ixm m

x
= − Γ                       (11) 

where, 00
iΓ  is the Christoffel symbols, which is approximated by Newton’s con-

dition, ab ab abg hη= + , etc., can be transformed into 
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( )00 0,0 0,0 00, 00,
1 1
2 2

i i
ih h h hµ

µ µ µηΓ = + − =               (12) 

Hence one can obtain 

( )
2

00,20

d 1
2d

i

i
xm m h

x
= −                      (13) 

Further consideration of Newton’s second law in the classical field of universal 
gravitation can be written as 

2

2
d
d

i

I g i
xm m
t x

ϕ∂ = − ∂ 
                    (14) 

where ϕ  is Newton’s gravitational potential. Comparing the above two formu-
las one gets: 

00
1 const
2

hϕ = +                       (15) 

Assume that the gravitational field disappears at infinity as 0ϕ = , then the 
metric should return to the Minkowski metric at this time, 00 0h = , so that the 
constant in the above formula is 0, which gives 

00 00 2
21 1g h
c
ϕ = − + = − + 

 
                  (16) 

But considering gauge transformation and Newton approximation one can 
have 

00 00 00
ˆ ˆ ˆ iF F F g hµν µν µνγ γ γ γ γ γϕ→ → → Γ → → →          (17) 

Therefore, Newton’s second law in the above classical gravitational field be-
comes 

im m m
x
γϕ γ∂ − = < = ∂ 

a a F                   (18) 

This difference in gravitation is the origin of the dark matter hypothesis. 

In addition, if uniV   base system scale, or   galaxy scale, then 
0

1
a
a
 , 

0

0
a

th
a

β
 

→ 
 

, its physical meaning is that the gravitational gauge field strength 

is 
0

ˆ ˆ 0
a

F th F
aµν µνβ

 
′ = → 

 
, which corresponds to the zero gravitational gauge  

field strength of the manifold region on the cosmic scale. So that Equation (18) 
means that Newton’s second law becomes: 

0
0 0

lim 0a
a

a
mth

a
β

→

  
→  

  
a                  (19) 

This reveals that the curvature of the entire region at the scale of the universe 
is 0, and the attraction disappears. The author speculates that at this scale, the 
universe may be driven by the energy converted from the initial kinetic energy of 
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the original big bang and the disappearing attraction to accelerate expansion, 
and producing repulsive forces are also possible. This part of the conversion 
energy from the disappearance of gravity plus the initial kinetic energy left be-
hind by the Big Bang of the original universe may be the origin of dark energy, 
thus forming a structure of regional distribution of large-scale basic interactions, 
that is 

( )

( )

( )

0

0

0

1 Newton's second law holds such as our solar system

0 1 Dark matter "region" galaxy

0 Dark energy such as the universe currently measured

a
th

a

a
th

a

a
th

a

β

β

β

  
→ ⇒  

 
   < < ⇒ ≥ 

 
   → ⇒   

(20) 

Furthermore, the above picture is just a branch of the evolution of the un-
iverse if considering original F̂µν  as a unit (such as the gauge field strength of  

the solar system). In the process of 
0

a
th

a
β
 
 
 

 causing the curvature of the un-

iverse to become 0, as the gravitational gauge field of attraction disappears, its 

energy may be converted into repulsive force, that is 
0

ˆ ˆ 0
a

F th F
aµν µνβ − 

′ = → 
 

  

may tend to be negative, causing the curvature to become negative, gradually in-
creasing the repulsive force, and in driven by the initial kinetic energy of the Big 
Bang, the universe may continue to develop in the direction of negative curva-
ture and accelerate its expansion (this is consistent with the current measure-
ment evidence that extragalactic galaxies are accelerating red shifts [26] [27] [28] 
[29]), thus evolving into another branch, namely universe with negative curva-
ture: 

0

0

0

1 Applicable regions of Newton's second law

1 0 "Dark matter" region

0 "Dark energy" universe

a
th

a

a
th

a

a
th

a

β

β

β

  
→ − ⇒  

 
  − < < ⇒ 

 
   → ⇒   

  (21) 

where a negative value is taken by β . 
Which branch is the universe currently on? Obviously, the gravity in areas 

smaller than the scale of the universe are still dominated by attraction, that is,  

the gauge similarity factor is 
0

0 1
a

th
a

β
 

< < 
 

, so the universe is in the first  

branch. However, it is not impossible for the universe to evolve to a second 
branch in the distant future. The measurement evidence that extragalactic ga-
laxies are generally accelerating their red shifts is a possible interpretation of the 
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negative gauge similarity transformation of the curvature of the bottom mani-
fold (i.e. our universe).  

Then the universe will continue to oscillate and develop, oscillating back and 
forth among the curvature of −1, 0, and 1… see the hyperbolic tangent curve 
shown in Figure 1. The hypotheses of these two branches can obtain some sup-
port from the solutions of the Friedmann equation, that is, the curvature of the 
universe evolves possible three scenarios are 0, 1 and −1, which also have similar 
cyclic characteristics to Penrose’s model of conformal cyclic cosmology [17] [25] 
[30] [31] [32] [33]. The evolution of the universe may be oscillation, cycle, and 
development among three curvature images of −1, 0, and 1. 

But the author needs to emphasize that 
0 0

a a
th

a a
γ β
   

≡   
   

 is just a speculation, 

and whether it is correct or not depends on experiments and observations. The 

more confident one is still the setting: 
0

a
a

γ
 
 
 

 is just certain function of 
0

a
a

  

which satisfies the following graph: 

( )

( ) ( )

( )

0
0

0

0
0 0

1 For Newton's second law holds i.e. solar system

0 1 "Dark matter" regions galaxies

0 For Dark energy accelerated expansion of the univers, e

,
a

a a
a

a GM GMv r
a r r

a a
a a

a a

γ

γ
γ

γ

  
→ ⇒  

 
   < < ⇒ = > ≥ 

 
   → → ⇒ 

 







 (22) 

where if ( )v r  is the rotation curve of the galaxy, i.e. GM
rγ

, then after being  

 

 
Figure 1. One possible oscillation or evolution of our universe in two branches: 

( )y th x= , 
0

a
x

a
= ; 0a a , 1y →± ; 0a a , 0y → ; Other, 0 < y < 1, or −1 < y < 

0. 
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account by 
0

0 1
a
a

γ
 

< < 
 

 in the denominator, as r increases, the observation 

result is greater than the original GM
r

, which well explains no existence of  

“dark matter” and is consistent with the observation and calculation results of 
MOND [21] [22] [23]. While for the “dark energy”, the following two sections 
can give more clear analysis. 

4. Connection or Curvature Determines the Equation of  
Motion 

In the previous analysis and discussion, we can draw an important conclusion: 
that is, the connection or curvature of large-scale space-time in the universe af-
fects the evolutionary landscape of the universe. Here, the author briefly dis-
cusses the kinematic equations related to the large-scale structure of universe: 

An important idea in the theory of principal bundles is the connection of prin-
cipal bundle ω  can induce a derivative operator ∇  on the bottom manifold, 
and this principal bundle is just the frame bundle FM, that is 

( ) ( ), ,M FM∇ ↔ ω                       (23) 

Fortunately, the principal bundle in our universe’s diagram is just the frame 
bundle, so the connection of this frame bundle will have a derivative operator 
effect on the gauge field in the corresponding region of the bottom manifold, 
which displays certain geometric kinematic features. Let the cross-section of the 
constructed associated bundle be σ̂  representing a physical gauge field, the 
kinematic equation of this physical gauge field in this cosmic scale region can be 
determined by obtaining its covariant derivative (see [17]): 

( ) ( ) ( )( ) ( )
0

d0ˆ 0
dT

t

f t T f
t

ρ∗
=

 
 ∇ = ⋅ +   

ωσ σ           (24) 

where, ( )f t  and ( )0f  are arrays composed by the components of a certain 
gauge field tensor, ( )( )Tρ∗ ω  is a square matrix, T is a tangent vector in the 
base manifold, ω  is the connection on the bottom manifold. Therefore the eq-
uation of motion is determined by the following equation: 

0 Geodesic equation
0 Equations of motion driven by connections

ˆ
ˆ

T

T

∇ = →
∇ ≠ →

σ
σ

      (25) 

For example, if the principal bundle P FM=  and the tangent bundle is the 
associated bundle Q TM= , then the associated bundle cross-section ˆ :U Q→σ  
is the tangent field, and let a coordinate system in the bottom manifold region U 
be { }xµ , utilizing auxiliary cross-sections :U P→σ , then it can be calculated 
as 

0

a
b a

b

x

vT v T v
x x

µ
σ µ ν

νσµ σ ω
  ∂ ∂ ∇ = +   ∂ ∂    

             (26) 
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where 0x U∀ ∈ , T is a vector along point 0x , av  represents the vector field 

corresponding to σ̂ , and ˆ b a
T bT v∇ = ∇σ . For example, if taking d

d
xv T
t

µ
µ µ= = , 

d
d

v vT
x t

µ µ
σ

σ
∂

=
∂

, then the equation of motion can be: 

d0 0
d

b a
b

TT T T T
t

µ
µ σ ν
νσω∇ = → + =                (27) 

The geodesic equation is thus obtained: 
2

2
d d d 0
d d d

x x x
t t t

µ ν σ
µ
νσ+ Γ =                    (28) 

In addition, considering Equation (25), it can be determined that Equation 
(26) is the general equation of kinematics of the frame bundle contact action gauge 
vector field. At this point view, the frame bundle connection is a derivative op-
erator on the bottom manifold, and the associated bundle cross-section is a 
physical field, and the effect of the connection on the physical field is to obtain 
covariant derivatives of the physical field. When this physical field is a tangent 
vector and the direction is consistent with the derivative operator, the covariant 
derivative of the tangent vector is 0, and then the equation of motion becomes a 
geodesic equation. 

5. The Secret of the Universal Term in Einstein’s Equation 

The connections or curvature of large-scale space-time can certainly affect the 
dynamical equations. In fact, the physical essence reflected in the gauge similar-
ity transformation Formula (4) can be realized by introducing a factor that 
changes with space-time scale in the universal term of Einstein’s equation, for 
example 

0

8ab ab ab
a

G g T
a

 
+ Λ = π 

 
                    (29) 

where abG  is the Einstein tensor, abg  is the metric tensor, abT  is the energy 
and momentum tensor, Λ is originally the cosmological constant, and now it is  

related to 
0

a
a

γ
 
 
 

, that is 

18ab abg Tγ
γ

 −
−Λ = π 

 
                     (30) 

Proof: From the gauge similarity transformation and Einstein’s equation, let 

0

a
th

a
γ β

 
=  

 
, we have 

1 8
2ab ab abR Rg Tγ γ− = π                      (31) 

So we can get 
1 8
2ab ab abR Rg T

γ
π

− =                       (32) 
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Consider again Einstein’s equation with the cosmological constant Λ 
1 8
2ab ab ab abR Rg g T− + Λ = π                     (33) 

And because the above equation can become 
18 2 4 4
2

a a a a
a a a aT R R R R Rδ δπ = − + Λ = − + Λ = − + Λ  

namely 
8 4R T= − π + Λ                          (34) 

So (33) can be reduced to 

( )

18
2
18 8 4
2

18
2

ab ab ab ab

ab ab ab

ab ab ab

R T Rg g

T T g g

T Tg g

= π + −Λ

= π + − π + Λ −Λ

 = π − + Λ 
 

              (35) 

Then bring Equation (34) and (35) into Equation (32), we get 

( )

8 1
2

1 18 8 4
2 2

8

ab ab ab

ab ab ab ab

ab ab

T R Rg

T Tg g T g

T g

γ
π

= −

 = π − + Λ − − π + Λ 
 

= π −Λ

        (36) 

Hence we have Equation (30) established, that is 

18ab abg Tγ
γ

 −
−Λ = π 

 
 

Under condition (30), Equation (31) can be reduced to 
1 8 8 8 8
2

18 8

8

ab ab ab ab ab ab

ab ab

ab ab

R Rg T T T T

T T

g T

γ
γ γ γ

γ
γ

π π
− = = − π + π

 −
= π + π 

 
= −Λ + π

         (37) 

So we have the Einstein Equation (33) with the cosmological term. 
Therefore, a conclusion can be drawn: when condition (30) is established, the 

Einstein equation with gauge similarity transformation and the original Einstein 
equation can be derived from each other, that is, we have 

1 8
2

1 8
2

ab ab ab

ab ab ab ab

R Rg T

R Rg g T

γ γ− = π

↓↑

− + Λ = π

                  (38) 

Let me emphasize again that γ  is defined here as the gauge similarity trans-
formation factor, Λ is the cosmological constant of Einstein’s equation, and the 
relationship between the both is Equation (30). 

So the gauge similarity transformation ab abR Rγ→  is equivalent to adding 
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the cosmological constant Λ to Einstein’s equations. This shows that in a certain 
sense, adding a certain cosmological constant to the Einstein equation is equiva-
lent to applying a certain gauge similarity transformation to the curvature. The 
cosmological constant is no longer a constant, and is related to the coefficient γ  
of the gauge field strength after the gauge similarity transformation, which is the 
physical meaning of the cosmological constant. Not only that, Λ is affected by  

0

a
a

γ
 
 
 

, Λ is also a function of the space-time scale, that is, it becomes larger as 

the time-space scale becomes larger; when the time-space scale tends to the cos-

mic scale, 
0 0

0
a a
a a

γ
 

→ → 
 

, Λ→ −∞ , the gauge gravitational field strength is  

0, and Einstein’s equation fails; when the space-time scale is smaller than the  

scale of the solar system, 
0

1
a
a

γ
 

→ 
 

, 0Λ→ , the gravitational field strength  

remains unchanged after gauge transformation, the original Einstein equation 
holds, and Newton’s second law holds. The conditions that must be met for the 
specific change of Λ are determined by Equation (30). 

6. The Λ Variable Affects the Einstein Equation 

From the above analysis of the Einstein equation’s cosmological constant, the 
author found that since the cosmological constant is now not a constant but a 
function that varies with the scale of the universe region, or the ratio to regional  

acceleration 
0

a
a

 is related, so the Einstein equation will vary with the size of the  

universe region, and take on different forms. Therefore, the Newton’s law or the 
law of universal gravitation that appears in the U region observed at the same 
point in the bottom manifold (i.e. our universe) may not necessarily be the same 
as the Newton’s law or the law of universal gravitation observed in the V region 
at the same point. The transformation between them satisfies a gauge similarity 
transformation (or generalized gauge equation); and it is precisely the difference 
between the both to cause the virtual origin of hypothesis for the dark matter 
and the dark energy. 

In fact, from Equation (36), the Einstein equation containing the cosmological 
term becomes 

0

1 8 8
2

ab
ab ab ab ab

TR Rg T g
a
a

γ
− = π −Λ = π

 
 
 

              (39) 

namely 

0

8 ab
ab

TG
a
a

γ
= π

 
 
 

                       (40) 

Here abG  certainly is the Einstein tensor. Therefore, the large-scale Einstein 
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equation of the universe is suggested to be given by the following formula: 

0

1 8
2ab ab ab ab ab

a
G R Rg g T

a
 

= − + Λ = π 
 

              (41) 

Therefore, the evolution law of Einstein’s equation in the large-scale universe 

is affected by 
0

a
a

 
Λ  
 

 or 
0

a
a

γ
 
 
 

 and is expressed as follows: 

( )

( )

(

0

0

8 , 1, The area where Einstein equation and Newton gravity hold

8 , 0 1, dark matter, Einstein's equation and Newton gravity deviation area

18 , 0, A  chaotic

,

 

ab ab

ab
ab

ab ab

G T a a
TG

g T a a

γ

γ
γ

γ γ
γ

= π →

= π < <

 −
−Λ = π →∞ → 

 



，

)

region where gravity disappears

or repulsive force appears











(42) 

In terms of details, the relevant mechanism of the two limit points with cur-
vature 0 and 1 in the above picture can also be explained as follows: 

The interval with a curvature of 0 is the fluctuation or chaos region where all 
gravitational or repulsive forces disappear or begin to occur. At the limit point of 
0, neither Einstein’s equation nor Newton’s second law completely holds. The 
repulsive energy converted from the disappearance of gravity is the source of 
dark energy. So “the problem of cosmological constant for physicists” has not 
existed [17]. 

Whether the universe ultimately continues to evolve depends on which part of 
the force disappears much more. Obviously, from the first branch to point 0, 
gravity disappears much more, so repulsive forces will inevitably occur much 
more, and the universe will evolve towards the second branch. On the contrary, 
there is a high probability that universe will evolve towards the first branch. It is 
not impossible for the universe to oscillate and evolve repeatedly in a branch 
with a certain probability. In the process of the curvature of the first branch of 
the universe tending towards 1, as 0a a , and the simultaneous surface grad-
ually tend to a closed 3-dimensional circular sphere, with its spatiotemporal 
scale compressed until it becomes a singularity, and then the Big Bang begins a 
new curvature evolution from 1 to 0; in the second branch, the author speculates 
that as the curvature of the universe tends towards −1, the simultaneous surface 
of the universe presents a continuously compressed and reduced 3-dimensional 
saddle surface under the constraint that its overall energy must be conserved, 
until the time-space becomes a singularity, and then the kinetic energy of the Big 
Bang drives the evolution of its curvature from −1 to 0. At the +1 limit point, 
both the Einstein equation and Newton’s second law hold. At the −1 limit point, 
the Einstein equation and Newton’s second law require sign changes. But it is 
still unclear whether that is a world dominated by “universal repulsion”… 

In the first branch: 0 1γ< < , or second branch: 1 0γ− < <  compared with 
the Einstein equation and Newton’s second law of the solar system, both the 
Einstein equation and the Newton’s second law are partially valid. The difference 
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between those is just the source of dark matter hypothesis. 

7. Conclusions and Outlook 

In this paper, the author proposes a hypothesis about the structure of large-scale 
gravitational interactions in the universe and the oscillatory evolution of the un-
iverse with a hyperbolic tangent function. These hypotheses are based on the 
theory of principal bundles and gauge similarity transformations. The author be-
lieves that our universe is a bottom manifold under the principal bundle, and the 
laws of cosmic evolution are hidden in the principal bundle above the bottom 
manifold. The structure group and relevant gauge transformations provide a si-
milarity transformation of the gauge field, which can reflect the connection be-
tween the strength of the physical gauge field and the large space-time scale of 
the universe, as well as the mutual relationship between the gauge field strengths 
in the two different space-time regions. The results obtained are unexpected: 

1) The unified understanding of the hypothesis of dark matter and dark ener-
gy is caused by data biases between the measured massive galaxy system and so-
lar system from the calculations of the Einstein equation or Newton’s second 
law. Actual dark matter, dark energy does not exist! 

2) The Einstein equation and Newton’s second law can only be partially true 
for these massive galaxies. Its correction can be given by the cosmological con-
stant term of the Einstein equation. But this cosmic constant actually varies with 
the size of the universe and is related to the gauge similarity transformation fac-
tor. The overall acceleration of the “solar system” 0a  can be selected as bench-
mark, which is 2.5 × 10−8 cm/s2; then the cosmological constant Λ varies with the 
absolute value a  of the overall acceleration of the large-scale cosmological  

structure by comparing to 0a , i.e. 
0

a
a

 
Λ  
 

. 

3) If the gauge field strength of the datum system is defined as the unit, then 
the universe oscillates and evolves according to the function type of the gauge  

similarity transformation factor 
0

a
a

γ
 
 
 

, which can be divided into two 

branches, i.e. 
0

0 1
a
a

γ
 

≤ ≤ 
 

 and 
0

1 0
a
a

γ
 

− ≤ ≤ 
 

. The corresponding curvatures  

are 1, 0, −1, and the universe oscillates and develops among these curvatures of 
1, 0, and −1. A curvature of ±1 corresponds to the two singularities before the 
Big Bang, and a curvature of 0 corresponds to the chaotic region where gravity 
and repulsion disappear or arise. 

4) The above results have covered almost all the most important difficult is-
sues on basic interaction theory and cosmology in current theoretical physics, 
and the progresses are obvious. They once again illustrate that the principal 
bundle picture about the evolution of universe [18] [19] based on the principal 
and associated bundles of differential geometry and the generalized gauge trans-
formation or the gauge similarity transformation may be a very important founda-
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tion and starting point for studying the basic interaction structure of large-scale 
gravity in the universe, and are expected to shine in future research on cosmol-
ogy.  
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Abstract 

A primordial field theory of Quantum Gravity resolves a number of cen-
tury-old paradoxes associated with general relativity and quantum mechanics. 
It allows re-interpretation of major experiments such as Michelson-Gale (1925) 
and Q-bounce (1999). I address herein an unexplained anomalous experi-
ment by Martin Tajmar (2006), in terms of a gravitomagnetic-based Meissner 
effect.  
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1. Introduction 

Any theory of Quantum Gravity faces an uphill climb, as evidenced in Arma’s 
“Conversations on Quantum Gravity” [1]. A century of paradox accompanies 
20th Century relativity and quantum theory, much of this due to the attempt to 
base the physics of space-time on geometry. Ashtekar says: “… if in fact geome-
try is a physical entity, as Einstein has taught us… geometry should have an 
atomic structure.” Yet, Field states: “Spacetime is just an abstraction… I believed 
all my life that spacetime exists, but I no longer do so.” Einstein early concluded 
[2] that space and time are abstractions; “there is no vacuum (aka ‘empty space’) 
absent field.” Feynman, Weinberg and others, state that geometry is unnecessary 
as a means of understanding gravity, so much quantum gravity is based on geo-
metrical concepts deemed inappropriate by some of our greatest physicists. 

Every theory is intended to describe or explain physical reality. Instead of pur-
suing highly abstract conceptions, effectively divorced from physical reality, we 
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assume that a fundamental physical field, the primordial field, came into exis-
tence at the Creation, the only physical reality in existence. The plan of this pa-
per is: 

1) Introduction 
2) The Primordial Field of the Universe 
3) Local C-field induced structure and energy distribution 
4) Definition of Momentum-space Crystal 
5) Meissner-exclusion of Gravitomagnetic field from Momentum-space Crys-

tal 
6) Primordial field explanation of Tajmar effect 
7) Summary  
8) Conclusions.  

2. The Primordial Field of the Universe 

If nothing else exists, evolution of the primordial field ψ  can occur only 
through self-interaction, and this principle is reflected in the self-interaction eq-
uation: 

( ) ( ){ }1 1: ,ψ ψψ ψ ξ ξ ψ− −∇ = = − =ξ ξ                   (1) 

where solutions are simply presented, and ∇  represents the change operator 

ξ∇ = ∂ . Defining primordial field ( ) ( ), ,t i tψ = +G r C r  with corresponding 
operator t∇ = + ∂∇ , Equation (1) becomes [3].  

( )( ) ( )( )t i i i+ ∂ + = + +G C G C G C∇                  (2) 

A Hestenes’ Geometric Calculus expansion of this equation immediately leads 
to the following:  

Self-Interaction equations       Heaviside equations 
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∇
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        (3) 

Heaviside’s generalization of Newtonian gravity is equivalent (under iteration) 
to Einstein’s GR. Terms on the left are given field energy density interpretation 
leading to Heaviside’s (1893) formulation [4] of the right side of (3). The con-
cept of field strength is absent in the derivation, other than the implicit assump-
tion of ultra-strong fields existing at the big bang. The fields are shown in Figure 
1. Encoding Energy-Density as Geometry [5] analyzes the mismatch between 
primordial field ontology and “geometric reality” and discusses the physical re-
ality associated with such. After the conceptual basis of the theory has been de-
veloped, the theory has been used to re-interpret key experiments of physics 
such as the well-known (1925) Michelson-Gale [6] and (1999) Q-bounce expe-
riments [7]. This paper advances the theory by applying it to an anomalous 
(2006) experiment by Martin Tajmar [8]. 
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Figure 1. The circulating field, the C-field, can be labeled by the (row, col) component or 
by the orthogonal axis about which the (row, col) component circulates. For example, the 
(x, z) element is labeled yC  and the (z, x) element is labeled yC−  since both of these 

terms rotate about the y-axis; similarly for the other components. These rotations are 
shown abstractly in the representation of the field strength Fµν  matrix on the left. The 

right-hand illustration maps the three bivector diagrams into 3-space. Colors are used for 
visual convenience and for suggested correlation with SU(3) × SU(2) × U(1) symmetry. 

3. Local C-Field-Induced Structure and Energy Distribution 

( ) 3
1, , di i ii

Nx y z r
=

= ×∑ ∫C p r            (4) 

Consider a slice of local C-field induced by a momentum density ρ=p v . 
The diagram in Equation (4) depicts mass m, momentum p  (green), circulat-
ing-C-field-slice (pinkish), and C-field circulation direction (red, curved arrow). 
C-fields are additive, however circulation is strongest near the momentum, so 
consider the fields of two relatively independent entities. As is evident from the 
red C-field curved arrow, for adjacent co-parallel momenta the chirality of the 
fields is such that they tend to cancel on the axis between them when added, as 
shown in Figure 2(b), in which two momenta point out of the page, with their 
induced C-field calculated at surrounding points. On the line between two iden-
tical momenta, the field at the midpoint of the axis will be zero.  

We make full use of the most powerful tools available to physicists [9] includ-
ing Hestenes’ Geometric Calculus (GC) [10] and Wolfram’s Mathematica 13+, 
and potentially ChatGPT-4 [11]; Although GC can be extended to arbitrary di-
mensions, ontological analysis implies that we are concerned only with three 
spatial dimensions { }ˆ ˆ ˆ, ,x y z  plus scalar time. Points are labelled { }, , ,x y z t ; 
GC-objects function in coordinate-free space and support scalars, 1D-points, 
2D-bivectors, 3D-trivectors, and a pseudoscalar or duality operator, i, as in 

( )i∧ = − ×a b a b , which projects a plane into an orthogonal (dual) vector. Un-
like most math, which does not mix apples and oranges, all GC-objects intero-
perate and interact algebraically. Arfken [12] shows that sometimes the local 
integral of an infinitesimal volume is equal to 
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Figure 2. (a) Random atomic nuclei with common momentum density vectors distri-
buted in local cube. (b) The C-field is summed around two nuclei with parallel momen-
tum, perpendicular to the page. C-field cancellation occurs at the midpoint, but circula-
tion around both particles form left-handed loops. The asymmetry is an artifact of the 
sampling instruction used to create the plot. 
 

3 trivectord x x y z == ∆ ∆ ∆∫                 (5) 

Thus, integration over a volume is sometimes equivalent to multiplying by the 
scaled volume. In Equation (5) we show the infinitesimal volume as integral 
formulation, as differential volume, as trivector, and geometrical equivalent. 
Specific boundary value problems defined on a volume containing distributed 
sources often require exquisite analytical integrations making use of Gauss’ 
theorem, Stokes’ theorem, and Cauchy’s theorem. On the other hand, a region 
containing many particles and associated (entangled) fields, with density n per 
unit volume, need only be multiplied by the relevant volume. Therefore, when 
appropriate, we will explicitly depict the trivector in integral form, as in Equa-
tion (4).  

Consider mass flowing through an infinitesimal volume: the momentum of any 
mass is essentially the momentum of the nuclei comprising the mass as seen in 
Figure 2(a) where particles are randomly distributed with all nuclei moving in p  
direction, but the nuclei are not locked in a lattice configuration; thermal motion 
is allowed in the plane perpendicular to p . Integrating meaningful information 
sometimes equates to simply counting particles in a given region of space, each of 
which induces a local momentum-based field; interacting particles interact through 
their fields. Fields of left-handed co-parallel momenta conflict with each other, and 
vanish at the midpoint between the two, as shown in Figure 2(b).  

Let us examine the way in which we plan to display the relevant C-field ener-
gy. Figure 3 depicts a number of momenta, located at [x = {1, 2, 3, 4}, y = 0, z = 
0] and a line through the 2-D plane perpendicular to p , left to right. We calcu-
late the C-field vector at every point on the line by summing the contribution at  
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Figure 3. (a)-(f) C-field energy density for four (green) momenta on x-axis. 
 
this point from each of the nuclei in the plane. The energy of the field is 
( ) ( ), , , ,x y z x y z⋅C C  sampled on the intersection of the y k=  plane and the 

0z =  plane. 
C-field energy surrounding mass in motion is shown around individual 

nuclei; local field energy is largely contained inside the cube. Figure 2(b) 
shows two parallel momenta perpendicular to the plane of the page, each in-
ducing a left-handed C-field circulation, such that fields vanish exactly halfway 
between the particles, while above and below the particles the field circulates 
more or less in the same direction, indicated by arrows on the contour lines. 
Having computed ( )xC  for every point on a line, we compute local energy 
density at the points on the line by calculating ( ) ( )x x⋅C C . In Figure 3, the 
base line is orange, drawn at height k above the momenta, and amplitude of the 
C-field energy density at the point on the orange line is given by the blue curve. 
The sampling curve vanishes midway between two momenta, as shown for two 
momenta in Figure 2(b), due to y-components of neighboring momenta cancel-
ling each other. As we rise above the momenta, up and down C-field compo-
nents tend to cancel, whereas horizontal C-field components add in the +x di-
rection (above the momenta), and in the -x direction if we are sampling below 
the momenta. 

It is easy to visualize the density contours for two source fluxes (momentum 
density ρv ). It is more difficult to study the density contours for all of the mo-
menta in the cube in Figure 2(a). Figure 4 shows three rows of diagrams, each a 
random displacement from lattice points. Each row shows density profiles across 
four slices. 

4. Definition of Momentum-Space Crystal  

Ontologically, a cube of mass is not solid mass, but consists of atoms with electrons  
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Figure 4. (a)-(l): A 4 × 4-array with random displacements from the 4 × 4 lattice points. The C-field energy density is sampled on 
lines midway between rows of lattice points. Randomly arranged momenta yield random C-field energy density distributions 
across the array, that is, the C-field energy varies within the material. 

 
and nuclei. Clouds of electrons keep nuclei distributed evenly over local space 
but contribute very little to momentum density ρv  where 3dm xρ = ∫  and 

nucleusm m=∑ . Ideally, the nuclei are positioned at equidistant lattice points, 
however the ideal is frustrated by thermal motion. Thus, if we cool the material, 
we expect the average positions of nuclei to move closer to the lattice points. In 
the limit, identical momenta located at the lattice points define a momen-
tum-space crystal. Depending upon constitution of the lattice, different lattices 
“freeze” at different temperatures, for example, Wang et al. [13] describe a par-
ticular lattice freezing below 50 K. To investigate the C-field behavior of mo-
menta at the lattice points, we consider two rows of momenta, located at 0y =  
and 1y =  as shown in Figure 5(a), sampled as described by Equation  

(6), with 
1
2

k = . 

( ) { }1 1, , 3 , ,0 0,0,ncol nrow
ij zi jx y z r x x y k p

= =
 = − = × ∑ ∑C         (6) 
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Figure 5. (a) C-field sampled online midway between rows of momenta shows cancella-
tion of circulation. In (b) the sampled energy density diagram is expanded (from 0.5y =  
to 0.64y = ) demonstrating that much of the C-field energy density has been excluded 
from the material. 

5. Discussion of Tajmar Effect 

Martin Tajmar and de Matos began exploring gravitomagnetism in conjunction 
with the London moment of superconductivity. The BCS Theory of supercon-
ducting related “Cooper pairs” of electrons whose anomalous mass was not un-
derstood; electron’s charge and mass occurs in relevant equations, but it’s un-
clear whether electron mass or bare mass accounts for apparent mass increase of 
niobium Cooper pairs, though they differ by about three orders of magnitude. 

Tajmar and others spun rings of various materials in a cryogenically cooled 
container and used accelerometers and later laser gyroscopes to detect the gra-
vitomagnetic field generated when the angular velocity of the spinning ring is 
varied. These detectors are positioned inside the ring and at three positions 
above the rings with detectors in mirror pairs (the “curl configuration”) to can-
cel mechanical signals. The spin vector of the disk points down and establishes 
the clockwise or counterclockwise direction of the field. The experiment varied 
the materials, the temperatures, and the velocity profiles, as seen in Figure 6. As 
expected, the gravitomagnetic field varies directly proportional to the applied 
angular acceleration of the ring, and the direction of the peak signal changes 
with the sense of rotation. Niobium gave the strongest acceleration in the tan-
gential direction when angularly accelerated, with gravitational peaks observed 
when the superconductor passed its critical temperature while rotating. 
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Figure 6. Laser Gyro output for Niobium, Aluminum, and YBCO versus Applied Angular Velocity (∆) between a Temperature of 
4 - 6 Kelvin. (a) LG 1 (Reference); (b) LG 2 (Middle).  

 
An unexpected result was the detection of parity: the gyro outputs show a par-

ity violation between clockwise and counterclockwise rotation (the CW signal is 
larger than the CCW signal), independent of the gyro’s orientation. At 4 K and a 
top speed of 420 rad/s the anomalous gyro signal is as large as one third of the 
Earth’s signal. The gyro follows the applied angular velocity, but only if the ring 
is rotated in the clockwise orientation. For example, at 4.2 K they performed 40 
successive clockwise rotations, and the gyro effect could always be measured. 
Then (again at 4.2 K) they performed 40 CCW rotations, but any effects were an 
order of magnitude reduced compared to CW results. In any case, an indepen-
dent experiment using the world’s most precise laser gyro (in a different experi-
ment configuration) shows the gyro’s response to the speed of the spinning su-
perconductor, but the parity violation is greater for the counterclockwise rota-
tion—the opposite of the above experiments. The fact that the Canterbury ring 
laser experiment was carried out in the southern hemisphere, while the above 
experiments were carried out in the northern hemisphere, suggests the origin of 
the parity effect is Earth’s C-field-inducing rotation.  

Figure 6(a) depicts the reference Laser Gyro while Figure 6(b) shows the 
signal from another Laser Gyro that is placed further above the spinning disk, 
and is therefore yields a weaker signal.  

In 2006 Tajmar, Plesescu, Marhold, and de Matos, [14] reported that the nio-
bium ring: 

“reached 30 orders of magnitude higher than what general relativity predicts 
classically!” 

In 2008, Tajmar, Plesescu, and Siefert [15] concluded that the gyro signal fol-
lows the rotating ring velocity with high correlation. 

“Compared to classical frame-dragging spin-coupling predictions, our signals 
are up to 18 orders of magnitude larger.” 
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Tajmar and others have written papers discussing their theory behind the ex-
periment and the data from the experiments. Early in the game, Tajmar and de 
Matos attempted to formulate theoretical explanations, mostly focused on Cooper 
pairs of electrons, but also including massive photons. McCulloch’s model was 
based on Unruh radiation. These efforts did not pan out, so effort shifted to ex-
cluding artifacts from the data; effort devoted to systems error analysis and 
quantification. In the end they claim that the likelihood is that these are real 
physical effects without any classical explanation so far. In (2011) Gravity Probe 
B proved the existence of the C-field [16].  

Primordial Field Theory is subject to the self-interaction principle, represented 
by self-interaction Equation (1) and nowhere supports a formulation of “field 
strength”. In fact, as implied by the big bang assumption, the equation governs 
ultra-strong fields. Nevertheless, Einstein Geometers conceive of dropping 

higher order terms to linearize his GR equations, 
1
2ij ij ijR Rg T− = , as producing 

the [erroneous] “weak field approximation”. In [17] Tajmar and de Matos be-
gin: 

“Using the weak field approximation, we can express the theory of general re-
lativity in a Maxwell-type structure comparable to electromagnetism.” 

They follow this with: “The volume integrals in Equations (9) and (12) assume 
point masses.” 

I believe assumption of the “weak field approximation” and assumption of 
“point masses” preclude a proper ontological understanding of the Primordial 
Field Theory and its conceptualization of the Meissner effect of “flux exclusion”. 
In the Momentum-space Crystal analysis note that each line between rows of 
momenta shows suppressed C-field energy density in the interior of the crystal; 
the C-field flux energy excluded from the interior appears outside of the crystal.  

6. Meissner Exclusion of Gravitomagnetic Field from Crystal 

The Meissner Effect (1933) is typically associated with the total exclusion of any 
electromagnetic flux from the interior of a superconductor. It is one of the de-
fining features of superconductivity. In the above we have postulated the exclu-
sion of gravitomagnetic flux from the interior of a “frozen lattice of momenta”. 
We have not made any assumptions about superconductivity associated with the 
C-field but will find an interesting correlation of C-field exclusion and super-
conductivity when we analyze the Tajmar anomaly. Knorzer, et al. [18] remark: 

“Electron-phonon interactions lie at the heart of several phenomena in con-
densed matter physics, including Cooper pairing (…) Generally, the low-energy 
excitations of electrons in solids are modified by this coupling to lattice vibra-
tions, which alters the transport and thermodynamics behavior.” 

McColloch [19] notes that the Tajmar anomaly is an unexplained acceleration 
observed by gyroscopes close to, but isolated from, rotating rings cooled to 5 K. 
The Tajmar effect… 
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“…is similar to the Lense-Thirring effect (frame-dragging) predicted by Gen-
eral Relativity but is 20 orders of magnitude larger and shows the added parity 
violation.” 

This was initially called the gravitomagnetic London effect, but it has been  
“…discredited because the inception of the Tajmar effect (at about 25 K) does 

not coincide with the superconducting transition temperature, only with very 
low temperatures.” 

Thus, in agreement with our common sense or intuition the C field is not ab-
solutely banished from the 2D array but vanishes midway between the neigh-
boring momenta as seen in Figure 7. We multiply the energy of two rows by N 
to sum the energies excluded between N + 1 rows of frozen momenta (Figure 8). 
Here we show only 10 momenta per row. The same approach works for Ncol 
momenta per row but smooths out the energy “bumps” between the rows.  

The diameter of the niobium atom is approximately 150 picometers or 0.15 
nanometers. Since the material is approximately 15 mm thick, then we deter-
mine the number of rows as follows: 

3
9 8

12
15 10 1 10 10

10150 10

−

−

×
= × =

×
 rows of niobium atoms 

This is where the 108 arises. 
 

 

Figure 7. Clarifying the situation for a 4 × 6 momentum array. The left diagram shows the field as sampled midway between the 
first and second rows of momentum. As expected, the field is excluded. Next, we sample the field midway between the second and 
third row of momentum. Again, the field vanishes due to the inherent cancellation of the chiral circulation. 

 

 

Figure 8. Depicting the multiplication of energy per row times the number of rows. 

https://doi.org/10.4236/jmp.2023.1413101


E. E. Klingman 
 

 

DOI: 10.4236/jmp.2023.1413101 1731 Journal of Modern Physics 
 

7. Summary 

The primordial Equation (1) has two parametric solutions, a scalar and a vector. 
In Hestenes’ Geometric Calculus these are dual with complex “i” the duality op-
erator. When treated as such, Heaviside’s equations are derived from the pri-
mordial field equation. Heaviside derived his gravitational equations from New-
ton’s equation in analogy with Maxwell’s electromagnetic equations, which are 
satisfied for E + iB where E is the electric field and B is the magnetic field. Hea-
viside’s G + iC represents gravity field G and gravito-magnetic field C, both of 
which are physical fields that have been experimentally detected; the C field by 
NASA’s 2011 Gravity Probe B experiment.  

Primordial field iψ = +G C  energy density is proportional to field ampli-
tude squared, ~ ⋅G G  and ~ ⋅C C . Gravitational field G  is effectively con-
stant over the measurement device, whereas gravito-magnetic field C  at any 
point in local space is the sum of the local fields induced by local momentum, in 
this case the momentum density of the atomic nuclei [niobium]. When the nuc-
lei are perfectly arranged on the (crystal) lattice, the field midway between the 
rows of nuclei cancel, and local field energy is minimum. In Figure 4, the nuclei 
are not in a perfect lattice arrangement [due to thermal motion] and therefore 
do not cancel at every midway point between the rows. The positioning of the 
nuclei is essentially random, so the local field at the midway point is effectively 
random, and the square of the local field is energy density, shown as the shaded 
portion between the green midway line and the blue energy density line. As shown 
in Figure 5 and Figure 7, when nuclei are positioned at the lattice points, inter-
nal energy is minimized, and the gravito-magnetic field is excluded from the 
material. When this occurs for superconducting materials, the exclusion of the 
magnetic field is known as the Meissner effect. Tajmar’s experiments proved that 
gravito-magnetic field energy density ( ~ ⋅C C ) is excluded so I interpret this as 
a gravitomagnetic Meissner effect. No other interpretation has successfully ex-
plained Tajmar’s results. 

A reviewer stated that the “change operator” seems weird and asks if it has 
any physical meaning. It is designed to emulate standard physics equations, re-
lating changes in one field to interactions with parameterized sources. Since the 
primordial field is the only field existing at the big bang, then it can interact only 
with itself, and this leads to the primordial field self-interaction equation, which 
has two formal solutions, as shown in Equation (1). We intuitively associate the 
scalar parameter as time and the vector parameter as position in space, and this 
leads to the Heaviside interpretation of gravity. What about emergent pheno-
mena? If the primordial field is the only field in existence at the big bang, and 
today’s universe has evolved/emerged from the big bang, then the entire un-
iverse we live in today has emerged from this field equation. A number of my 
papers describe key examples of emergent phenomena; the gravito-magnetic 
Meissner effect observed in this paper is such a key example. 

The reviewer claims that cosmological and astrophysical aspects emerge from 
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quantum gravity (that may be true, although it has not yet been shown to be 
true) and wonders about the effects described in this manuscript and quantum 
gravity. The Meissner effect is a quantum gravity effect in primordial field theory, 
derived from Equation (1). This topic is explored in reference [7], “The Ontolo-
gy of Quantum Gravity”, wherein the quantum wave function is interpreted to 
be the induced gravito-magnetic wave, a real physical field, whereas the quan-
tum “wave function” of today’s quantum gravity is unknown—no one is sure 
whether the nature of the wave function is epistemological (abstract) or onto-
logical (physically real). As for the question, “any unification?”, the primordial 
field unifies the physics of the universe, with examples of such unification pre-
sented in paper after paper, with more to come. As for “What is gravity?”, as 
noted initially, there is no need for a geometric interpretation of gravity; the 
G-field solution to the primordial equation is Newton’s gravitational field, and 
the gravito-magnetic C-field is Heaviside’s gravito-magnetic analogy with elec-
tro-magnetism. These emerge as the primordial field at the big bang.  

In summary, primordial field theory is not an abstract theory based on ma-
thematics; it is an ontological theory of physical reality, based on the appearance 
of a universal primordial physical field, quickly shown to be compatible with 
Newton’s gravity and Maxwell’s electromagnetism. Unlike today’s key theories— 
which are essentially paradoxical and incomplete, with no unified representation— 
primordial field theory does not give rise to paradoxes (logical inconsistencies) 
and is believed to unify quantum theory, gravitational physics, and particle 
physics. Some of this has been demonstrated in previous papers, some is yet to 
be presented.  

8. Conclusions 

Ontological concepts of “weak field approximation” to general relativity and 
“point masses” preclude proper ontological understanding of gravitomagnetism. 
Point masses have very little mass but “infinite” mass density. “Weak fields” 
place unrealistic limits on linearized gravity. Primordial field theory does not 
mention “field strength”—it applies to all field strengths equally. For example, 
the strength of the C-field circulation is determined by the momentum density, 
i.e., the velocity of the relevant mass density. This concept fails when “point 
mass” is assumed. For extended particles (such as neutrons) finite densities yield 
C-field wave functions appropriate to quantum gravity, and field strengths at 
particle levels that have been ignored for over a century, due to the erroneous 
conception of “weak field approximation”. The circulation induced by linear ve-
locity is identical to kinetic energy, i.e., energy previously linked to “motion” ex-
ists as C-field circulation. Normally, C-field circulation inside a solid mass is not 
measurable, per se, but our analysis of the primordial field leads to “flux exclu-
sion” of the sort measured by Tajmar, de Matos, and others. The result is seen to 
be many orders of magnitude greater than that predicted by general relativity, 
with its “weak field” assumption. 
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Early experimenters assumed that Meissner-like flux exclusion occurred at 
onset of superconductivity. McColloch points out however that “the inception of 
the Tajmar effect (at about 25 K) does not coincide with the superconductivity 
transition temperature.” I interpret this as follows:  

The “freezing of the lattice” applies to the niobium nuclei, with atomic num-
ber 41 and atomic weight 92.906. Pure niobium is a superconductor when it is 
cooled below 9.25 K. The frozen lattice implies that the nuclei exist at lattice 
points and, as a result, exclude the C-field “flux” inside the material (except that 
immediately circling each nucleus’ momentum). This behavior is uncoupled 
from superconductivity in the sense that the niobium nuclei are ~169,000 more 
massive than electrons; therefore, it takes much less thermal energy to move 
electrons in random fashion. To get rid of this energy, it is necessary to continue 
to cool the material until the 9.25 K temperature is reached and niobium be-
comes superconducting, which is characterized by Meissner exclusion of elec-
tromagnetic fields from inside the material. 

In conclusion, the experimenters claim that the likelihood is that these are real 
physical effects without any classical explanation so far, while the primordial 
field theory explains the Tajmar anomaly in quite sensible fashion, compatible 
with ontological aspects of C-field developed in a number of my earlier papers. 
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Abstract 
Turbulence is a thermodynamic system composed of a lot of vorticons rather 
than disturbance to random moving particles. The transport coefficients de-
rived from the definition on turbulence show that the anomalous transport is 
a natural result of present turbulence in Tokamak plasma and provides an 
important theoretical reference for the design and operation of Tokamak. 
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1. Introduction 

The experimental results show that the transverse transport coefficient of Toka-
mak plasma is much greater than the neo-classical transport coefficient derived 
from the present theory, and this is called anomalous transport of Tokamak 
plasma. It is generally believed that turbulence causes anomalous transport in 
the Tokamak plasma, enhancing the loss of particles and heat. The study of tur-
bulence is not only a difficult problem in fluid mechanics, but also an important 
practical problem, because the appearance of turbulence in Tokamak plasma is 
unavoidable, but now there is no unified theory that can explain the experimen-
tal data of anomalous transport. The starting point of previous studies on turbu-
lence is to regard turbulence as the disturbance of random moving particles, and 
attempt to describe turbulence by nonlinear mathematical methods [1]-[8]. How-
ever, after more than half a century, the turbulence theory has failed to provide a 
statistical ensemble definition to compute average value of physical quantities, 
because the vortices in turbulence are not disturbances to random moving par-
ticles. Regardless of mass or energy, even small vortices are much greater than 
individual particles. Turbulence is a thermodynamic system composed of a lot of 
vorticons. The transport coefficients derived from the definition on turbulence 
show that the anomalous transport is a natural result of present turbulence in 

How to cite this paper: Liang, B. (2023) 
Turbulence and Anomalous Transport. Jour-
nal of Modern Physics, 14, 1735-1740. 
https://doi.org/10.4236/jmp.2023.1413102 
 
Received: November 5, 2023 
Accepted: December 15, 2023 
Published: December 18, 2023 
 
Copyright © 2023 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/jmp
https://doi.org/10.4236/jmp.2023.1413102
https://www.scirp.org/
https://doi.org/10.4236/jmp.2023.1413102
http://creativecommons.org/licenses/by/4.0/


B. Liang 
 

 

DOI: 10.4236/jmp.2023.1413102 1736 Journal of Modern Physics 
 

Tokamak plasma and provides an important theoretical reference for the design 
and operation of Tokamak.  

2. Vorticons in Turbulence 

In 1852, Joule and Thomson discovered the cooling effect of throttling. In the 
1970s, people made use of this effect to make micro refrigeration and widely 
used in scientific research and production activities. Why does the fluid temper-
ature drop after passing through the orifice? It turns out that there must be tur-
bulence in the fluid passed through the throttle hole, and the turbulence is com-
posed of large and small vorticons, which reduce the temperature of the fluid. 
The explanation is as follows. 

As shown in Figure 1, the X-axis is the interface of two flow layers with veloc-
ity 2 1,u u , whose direction is the direction of fluid. The circle centered at point 
O in the figure represents a medium element with mass m and rotational inertia 
J in the incompressible fluid, and point A is the contact point between the me-
dium element and the interface.  

The experimental results show that the tangential force acting on the unit in-
terface area of the adjacent flow layers is [9]  

d
d
uf
y

η= ± ,                          (1) 

where d
d
u
y

 is velocity gradient, η  is coefficient of viscosity, the positive and  

negative signs indicate the tangential force acting on the flow layer with larger or 
smaller flow velocity, respectively. Suppose 2 1u u> , the tangential force acting 
on micro-area s at point A is  

d
d
uF s
y

η= − ,                         (2) 

the minus sign indicates the tangential force to the left. When point A is at rest 
instantaneously, the force acting on point O is the same as above, but in the  

opposite direction. Since the dimension of d
d
u
y

 is the same as the frequency, 

write d2
d
u
y

ω = π . Suppose the circle radius is r, so 

 

 
Figure 1. A medium element in fluid. 
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d
d 2

s rJ
t
ω η ω=

π
.                        (3) 

Integrate the above equation and get 

2
0e

s r t
J

η

ω ω π= ,                         (4) 

this is the angular velocity of the medium element in the vortex motion, where 

0
0

d2
d
u
y

ω
 

= π 
 

 is the initial angular velocity. It can be seen that as long as the  

flow velocity of flow layers is different, there will be viscous effect, and vortices 
will be produced. We call the medium element in the vortex motion the vorti-
con. A lot of vorticons constitute turbulence. The angular velocity of a three- 
dimensional vorticon is  

2
0e

s r t
J

η
π=ω ω ,                          (5) 

where ( )0
, , 1,2,3

2 i
ijk k

i j k j
i j k

u
x

ξ
=

≠ ≠

∂
= π −

∂∑ eω , symbol ijkξ  obeys the rules:  

123 231 312 1ξ ξ ξ= = = , otherwise it’s minus 1. 

In the absence of external fields (such as electromagnetic fields, gravitational 
fields, etc.), the kinetic energy of a vorticon is  

2 21 1
2 2

mu Jε ω= + ,                       (6) 

The first term on the right of the above equation is the translational kinetic 
energy of the vorticon, and the second term is the rotational energy.  

We know that temperature is a measure of the average translational energy of 
molecules. As can be seen from the above equation if there is turbulence in a 
fluid in the advection state under adiabatic conditions, it means that a part of the 
molecular translational energy is transformed into the rotational energy of the 
vorticons, thus reducing the molecular translational energy of the fluid and lo-
wering the fluid temperature. This is why where the Joule-Thomson throttling 
cooling effect occurs. Suppose the temperature of the unimolecular ideal gas is T 
and the temperature of the gas after turbulence is T'. According to the conserva-
tion of energy, there is 

3 3 3
2 2 2tN kT N kT N kT′ ′+ = ,                   (7) 

where N is the number of gas molecules and tN  is the number of vorticons, 
obviously there is T T′ < . 

It is well known that the molecules in an ideal gas do not interact with each 
other except collisions. There is no other interaction between vorticons in tur-
bulence except viscous action and collision, and the viscous action has been re-
flected in the rotational energy of vorticons, thereby the turbulent can be re-
garded as an approximate ideal vortex system.  

Assuming that the turbulent is in thermodynamic equilibrium and the Max-
well vorticon energy distribution law is 
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( )
( )3 2

21 e
2

kTf
kT

ε

ε ε
−

=
π

.                   (8) 

The above equation satisfies the normalization condition ( )
0

d 1f ε ε
∞

=∫ . The 

average kinetic energy of vorticons in the turbulence is 

( )
0

d 3f kTε ε ε ε
∞

= =∫ .                      (9) 

It is noted that the vorticon has 6 spatial degrees of freedom, so the above eq-
uation is consistent with the equipartition theorem of energy. The maximum 
probability energy of vorticons is kT. It can be seen that there are few vorticons 
with large energy in turbulent in thermodynamic equilibrium, and this is con-
sistent with the actual situation.  

The cooling of fluid accompanied by turbulence has a very important adverse 
effect on the stable operation of Tokamak plasma, this needs further study.  

3. Anomalous Transport in Tokamak Plasma 

The lateral drifted velocity of charged particles in electromagnetic field is [1] 

( )2
1

B⊥ = ×E Bυ ,                      (10) 

It’s perpendicular to both the magnetic field and the electric field, and the 
magnitude is E B⊥ . 

Charged particles in electromagnetic fields may be also affected by non-elec- 
tromagnetic force F . Introducing an equivalent electric field 

eff q=E F ,                        (11) 

formula (10) can be written as 

( )2
1

qB⊥ = ×F Bυ .                      (12) 

1) Diffusion coefficient  
In Tokamak plasma, the Debye sphere with the radius equals Debye Dλ  has 

weak electricity, so it is easy to form a particle cluster with the Debye sphere as 
the core, and the particle cluster is called the smallest vorticon. Since the electric  

potential ( )
0

e
4

D

r
qV r

r
λ

ε

−

π
=  of the Debye sphere is almost zero at 5 Dr λ=   

[10], the smallest vorticon with radius 5 Dr λ=  is almost an electrically neutral 
cluster of particles, so the force on the smallest vorticon is mainly the plasma 
pressure  

1 p
n

= − ∇F ,                        (13) 

where n is the particle number density of the plasma. Substituting the above eq-
uation into Equation (12), since 0p⋅∇ =B  in plasma equilibrium, there is 
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1 p
nqB⊥ = − ∇υ .                      (14) 

Substituting p nkT=  into the above equation and supposing the temperature 
is uniform in space, the particle number flux across the magnetic field is obtained 

kTn n
qB⊥ = − ∇υ .                      (15) 

Writing the particle number flux as 
nn D n⊥ ⊥= − ∇υ ,                       (16) 

there is 

n kTD
qB⊥ = .                         (17) 

This is the diffusion coefficient caused by the gradient of particle number 
density. If 20 310 mn = , 10 keVT = , Debye radius 57.4 10 mDλ

−= × , then the  

number of particles in the smallest vorticon is ( )3 104 5 2.13 10
3D Dn nλ = ×
π

= , 

electric quantity 1
2 Dq n e= , the introduction factor 1/2 is due to the recombina-

tion of particles in the vorticon, thus obtaining  

( )( )( )250.64 m s keVnD T B⊥ = .                (18) 

This is similar to Bohm’s empirical formula ( )( )( )262.5 m s keVBD T B= . 
Factor 1/16 was artificially introduced into Bohm’s formula [11]. If the introduc-
tion is 1/20 rather than 1/16, then Bohm’s formula becomes  

( )( )( )250.0 m s keVBD T B= . This is almost the same as Formula (18). 
2) Coefficient of heat conduction 
Supposing the particle number density is uniform in space, and as said before, 

the average energy of vorticons is 3kT, so the energy flux density across the mag-
netic field is  

3 3
D D

n n kTkT k T T
n n qB⊥

   
= − ∇ = − ∇   

   
υ κ .             (19) 

Therefore, the coefficient of heat conduction of plasma due to temperature 
gradient is 

3
D

n kTk
n qB

 
= −  

 
κ .                      (20) 

3) Coefficient of viscosity 
The appearance of turbulence in Tokamak plasma indicates that there are flow 

layers with different velocity along the ring in the plasma. Supposing the velocity 
difference of smallest vorticons on both sides of a flow layer interface is u∆ , 
then the viscous force along the interface is  

D
D

nF m u u
n

υ ρ υ⊥ ⊥= ∆ = ∆ ,                    (21) 
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where Dm  is the mass of smallest vorticon, and ρ  is the plasma mass density. 
Suppose the flow velocity difference u∆  occurs within a radius of smallest vor-
ticon on each side of the interface, i.e.  

d
d

u u
l r
∆

= ,                          (22) 

where 10 Dl λ=  is the diameter of smallest vorticon. Substitute the above equa-
tion into Equation (21), and get  

d
d
uF l
r

ρυ⊥=                          (23) 

so we get the coefficient of viscosity 

lη ρυ⊥= .                          (24) 

Since Reynolds number eR Lρυ η⊥= , the Reynolds number of Tokamak is 

10e
D

LR
λ

= ,                          (25) 

where L is the maximum radius of cross-section of Tokamak plasma. That pro-
vides an important theoretical reference for the design and operation of Toka-
mak. For example, if the maximum radius of cross-section of Tokamak plasma is 
1 m, Debye radius 57.4 10 mDλ

−= × , then Reynolds number 1351eR = . It’s be-
low the critical Reynolds number but it’s not too low.  
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Abstract 
The formation of galaxies with warm dark matter is approximately adiabatic. 
The cold dark matter limit is singular and requires relaxation. In these lecture 
notes, we develop, step-by-step, the physics of galaxies with warm dark mat-
ter, and their formation. The theory is validated with observed spiral galaxy 
rotation curves. These observations constrain the properties of the dark mat-
ter particles.  
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1. Introduction 

The formation of galaxies is qualitatively different if dark matter is warm instead 
of cold. The cold dark matter limit is singular. It turns out that understanding 
galaxies, and the formation of galaxies, is less difficult if dark matter is warm. So 
we add to the cold dark matter ΛCDM cosmology one more parameter, name-
ly the temperature-to-mass ratio of dark matter, and let observations decide 
whether dark matter is warm or cold. These lecture notes do bring new under-
standing of dark matter, and constrain the properties of the dark matter par-
ticles. 

There is an extensive literature on warm dark matter, e.g. [1] and references 
therein. Here, our main focus of attention is the understanding of a relation be-
tween observables and an adiabatic invariant in the early universe, which is ei-
ther an unlikely coincidence, or the solution to the long-standing dark matter 
problem. 

2. Warm Dark Matter 

Let us consider warm dark matter as a non-relativistic classical noble gas of par-
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ticles of mass m, density ρ and temperature T. By “classical” we mean that the 
velocity distribution of the non-relativistic particles of dark matter in the early 
universe is assumed to be the Maxwell distribution, i.e. is not degenerate. For a 
discussion on how dark matter might have acquired the Maxwell distribution of 
velocities, see [2]. By “noble” we mean that collisions, if any, do not excite internal  

states of the particles. Recall that for a non-relativistic gas, 21 3
2 2

m v kT= .  

2v  is the root-mean-square thermal velocity of the dark matter particles. 
Recall that for adiabatic expansion of a noble gas, 1 2 3 constantTV TVγ − = =  
(here V is the volume), so  

12 3 constantv ρ− =                      (1) 

is an adiabatic invariant. We will review these concepts in more detail in the next 
lecture. We want to stress that Equation (1) is valid for a collisionless or colli-
sional gas, and is valid whether, or not, the particles are bouncing off the walls of 
an expanding box of volume V. 

To verify these statements, let us now consider a free particle in a homogene-
ous universe with expansion parameter ( )a t , normalized to ( )0 1a t =  at the 
present time 0t . The particle has velocity v  at the space point r . In time dt  
the particle advances dv t  and arrives at the space point ′r . Due to the expan-
sion of the universe, ′r  moves away from r  with velocity  

1 d dd d .
d
a aHv t v t v

a t a
= =                      (2) 

So the velocity of the free particle relative to ′r , when it coincides with ′r , is 
reduced by ( )d dv a a v− = , so  

constant.va =                          (3) 

Note that this expression is in agreement with Equation (1). As the universe 
expands, velocities decrease in proportion to 1a− , the temperature decreases in 
proportion to 2a− , and the density decreases in proportion to 3a− . 

It is not necessary to invoke General Relativity. The preceding arguments are 
valid also in the non-relativistic physics of Newton. During galaxy formation, the 
dark matter particles have a velocity field in addition to the thermal velocity. 
Whenever the velocity field diverges, dark matter cools as described in the pre-
ceding paragraph. 

We define the “adiabatic invariant” of warm dark matter as the comoving 
root-mean-square thermal velocity of the dark matter particles:  

( ) ( ) ( ) ( )
crit

rms rm

1 3

s rms1 .c
h h h

h

v v a a v a
a
ρ

ρ
 Ω

≡ =   
 

             (4) 

critcρΩ  is the mean dark matter density of the universe at the present time 
(throughout we use the notation and the values of parameters of [3]). The 
sub-index h stands for the dark matter halo. We will use the sub-index b for 
“baryons”, mostly hydrogen and helium. These sub-indices will be used only 
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when needed.  
Consider a free observer in a density peak in the early universe. This observer 

feels no gravity and “sees” warm dark matter expand adiabatically, reach maxi-
mum expansion, and then contract adiabatically into the core of a galaxy. The 
adiabatic invariant (4) in the early universe remains constant in the core of the 
galaxy throughout the formation of the galaxy. This statement is non-trivial, so 
we will study it in detail in the following lectures, and finally will validate it with 
observations. 

To the cold dark matter cosmology ΛCDM, that has six parameters [3], we 
add one more parameter, namely the adiabatic invariant ( )rms 1hv , and obtain 
the warm dark matter cosmology ΛWDM. As we shall learn in the following 
lectures, we are able to measure rmshv  and 0hρ  in the core of spiral galaxies, 
and will therefore be able to obtain ( )rms 1hv , and then decide whether dark 
matter is warm or cold. 

3. The Exponential Isothermal Atmosphere 

This lecture is included to remind the reader of results we will be using later on. 
(For more background, I recommend studying the awe inspiring Feynman Lec-
tures on “The exponential atmosphere” [4].) 

James Clerk Maxwell presented several clever arguments to obtain the distri-
bution of velocities of the particles in a gas in thermal equilibrium. The number 
of particles per unit phase space volume 3 3d d d d d d d dx y zx y z p p p≡r p  is propor-
tional to ( )2exp 2p mkT −  :  

2

3 3
d exp ,

2d d
n p

mkT
 

∝ − 
 r p

                      (5) 

where m=p v  is the particle momentum. The momenta p  are assumed iso-
tropic (later on we will lift this assumption when needed). This Maxwell distri-
bution has been validated experimentally (which settles the issues of the clever 
arguments), and is our point of departure in these lectures. Using the definite 
integrals  

2 22 4
0 0

3e d , e d ,
4 8

x xx x x x
∞ ∞− −=

π
=

π
∫ ∫                 (6) 

the following well known results are readily obtained:  

21 3 , with ,
2 2

Nm v kT P kT m
m V
ρ ρ= = ≡              (7) 

where the pressure P is defined as twice the momenta zp  of particles with 
0zp >  traversing unit area in unit time. 

Let N/V be the number of particles per unit volume of the gas. Then the nor-
malized Maxwell distribution is  

( )3 2

2

3 3
d 1 exp .

2d d 2
n N p

V mkTmkT
 −

=  
π r p

                 (8) 

https://doi.org/10.4236/jmp.2023.1413103


B. Hoeneisen 
 

 

DOI: 10.4236/jmp.2023.1413103 1744 Journal of Modern Physics 
 

The number of particles with z-momenta in the interval zp  to dz zp p+ , 
traversing unit area in unit time, obtained from (8), is  

( )3

2

2
1d d exp d d .

22
z z x y

N pF v p p p
V mkTmkTπ

 −
=  

 
∫              (9) 

Now consider gas in equilibrium in a column in a uniform gravitational field 

z zg=g e  with 0zg < . The potential energy of a particle at altitude z h=  is 
( ) ( )zh m g hΦ = − . We wish to obtain the distribution of momenta at altitude h. 

We consider particles at altitude 0 with 0zp >  and ( ) ( )2 2zp m h> Φ , with 
z-momenta in the interval zp  to dz zp p+ . These particles reach altitude h 
with z-momenta in the interval zp′  to dz zp p′ ′+ , where  

( ) ( ) ( ) ( )
2 22 2 d d

and .
2 2 2 2

z z z zz z p p p pp p h h
m m m m

′ ′+ +′
= +Φ = +Φ       (10) 

Subtracting these two equations, and keeping first order terms, obtains  

d d .z z z zv p v p′ ′=                           (11) 

Multiplying by dt obtains  

d d d d .z zz p z p′ ′=                          (12) 

This equation is Liouville’s theorem in one dimension: the volume of phase 
space occupied by a set of particles moving in a conservative field is a constant of 
the motion. 

In the steady state, the flux dF ′  of particles at altitude h with z-momenta in 
the interval zp′  to dz zp p′ ′+  is the same as the flux dF  of particles at altitude 0 
with z-momenta in the interval zp  to dz zp p+ , since these are the same par-
ticles. Therefore, expressing dF  in terms of variables at altitude h, we obtain:  

( )

2

3 2
1d d d exp d d .

22
z z x y

N pF F v p p p
V mkTmkT

′  ′− ′ ′ ′ ′ ′= =   
   π
∫         (13) 

where  

( )
exp

hN N
V V kT

′  −Φ  =   
   

                    (14) 

So, the density varies with altitude as  

( ) ( ) ( )
0 exp .

h
h

kT
ρ ρ

 −Φ
=  

 
                   (15) 

Comparing (13) with (9), we obtain the distribution of particles at any alti-
tude:  

3 3
d exp ,

d d
n E

kT
 ∝ −  r p

                     (16) 

where the energy of a particle is  

( )
2

.
2
pE
m

= +Φ r                         (17) 
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Equation (16) is the Boltzmann distribution. The proportionality constant in 
(16) is independent of altitude. Note that T in (16) is the same T as in (8), so the 
column of gas is isothermal! These equations are valid for general potential 
energies ( )Φ r  not explicitly dependent on t. 

An amazing result of these calculations is that the root-mean-square velocity 
2v  of the particles of the gas is independent of altitude! This is because only 

the more energetic particles with the Maxwell distribution reach a higher alti-
tude. Another amazing result is that the column of gas is isothermal because of 
the Maxwell distribution of momenta, not because of thermal contact, or not, 
with the walls (if any) of the gas column. 

We have not considered particle collisions. It turns out that results are un-
changed because collisions conserve energy (another non-trivial statement). 

If the particles are collisionless, the thermal velocities may not be isotropic, in 
which case we will consider separately each component of the thermal velocity. 

One more equation that we will be using in the sequel is  

d ,
d

z
z

mgP P g
z kT

ρ= =                      (18) 

in agreement with (15). This equation expresses that the difference of pressure 
( ) ( )dP z P z z− +  supports the weight of the gas between z and dz z+ . This 

result may again be surprising since there are no membranes at z and dz z+  on 
which the particles can bounce off. Equation (18) expresses conservation of mo-
mentum. 

4. The Cored Isothermal Sphere 

Let us repeat the arguments of the preceding lecture, but this time we consider a 
self-gravitating gas with spherical symmetry. The equations to be solved are  

( )2 2
2

1 d d4 , , .
d dr r r

Pr g G P P v
r rr

ρ ρ ρ∇ ⋅ = = − ∇ = = =πg e g      (19) 

The rotation velocity ( )V r  of a test particle in a circular orbit of radius r is 
given by  

( ) ( )2

.r

V r
g r

r
− =                         (20) 

First we seek a particular solution of the form ( ) nr rρ ∝ , with 2
rv  inde-

pendent of r, i.e. we limit the scope of the present lectures to the isothermal case. 
There is a single well known solution of this form (with 2n = − ):  

( ) ( ) 2
2

2 2, , 2 .
2 r

kT kT kTr M r r V v
Gm mGmr

ρ = = =
π

=        (21) 

The potential energy difference between particles at r and a reference rc is 
( ) ( )2 ln cr kT r rΦ = , so (15) is valid. Note that to obtain a solution it is neces-

sary to provide 2
rv . 

The total mass of the halo can be defined as ( )maxM r  with ( )max critcrρ ρ= Ω . 
Then ( ) 3 2 3

maxM r T V∝ ∝ , which is the Tully-Fisher relation if ( )maxM r  is 
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proportional to the absolute luminosity. 
Let us review Liouville’s theorem for the problem at hand. Let dn be the 

number of particles occupying the phase-space volume 3 3d dr p . If the force 
field is conservative, i.e. if (17) is satisfied with ( )Φ r  not explicitly dependent 
on t, then, in the course of the motion of the dn particles, the corresponding vo-
lume of phase-space moves in phase-space, and may change shape, but its vo-
lume turns out to be a constant of the motion. Also, no particles cross the boun-
dary of this phase-space volume, so dn is also a constant of the motion. The 
phase-space density ( )( )3 3d d dn r p  at time t is equal to the phase-space density 

( )( )3 3d d dn ′r p  at time t′ , and so can only be a function of constants of the 
motion, e.g. the energy E. If this function of E is exponential the system is iso-
thermal, i.e. 2v  is independent of r . In the present case of the isothermal 
sphere, E does not depend on the directions of r  or p , so the phase-space 
volume can be written as 2 24 d 4 dr r p p⋅π π , with d d′ ′⋅ = ⋅v p v p , and, in particu-
lar, d dr r r rv p v p′ ′= . If convenient, the phase-space volume can also be written as 

24 d d 2 dr T Tr r p p pπ π⋅ ⋅ , where Tp  is the momentum transverse to re . Then the 
flux at r per unit area and time of particles with rp  in d rp , and similarly at r′ , 
are  

2 3 3
d dd d 2 d ,

4 d d dr r T T
n nF v p p p

r t


π


≡ = 
 π ∫ r p

               (22) 

2 3 3
d dd d 2 d ,

4 d d dr r T T
n nF v p p p

r t

′ 
π′ ′ ′ ′ ′≡ =  ′ ′π  

∫ r p
             (23) 

Note that d d d dr rt r v r v t′ ′ ′≡ = ≡ , so 2 24 d 4 dr F r F′π π ′= . 
Equations (19) can be solved numerically in radial steps dr, starting from minr . 

To start the numerical integration we need to provide two boundary conditions, 
e.g. ( )minrg r  and ( )minrρ , in addition to 2

rv . For solutions with no black 
hole at 0r =  we can take ( ) ( )min min min4 3rg r G r rρπ≈ − . For these isothermal 
spheres with a core the solution for cr r  is (21), while the solution for cr r  
is  

( ) ( ) ( )0 0
4, , 0.
3c c cr r V r r G r r rρ ρ ρπ= = Φ ≡          (24) 

The two asymptotes meet at a “core radius”  
2

0

3
.

2
r

c

v
r

Gρπ
=                         (25) 

We note that the adiabatic invariant (1) is a minimum at 0r =  where ( )rΦ  
is a minimum. Since the cored isothermal sphere has formed from a density 
perturbation in the early universe, its two parameters 0ρ  and 2

rv kT m=  are 
related by the adiabatic invariant (4):  

( )
1 3

2 crit
rms

0

1 3 .c
h rv v ρ

ρ
 Ω

=  
 

                 (26) 
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Further justification of (26), and observational validation, will be given in fol-
lowing lectures. Therefore, in the present work, the cored isothermal sphere, and 
its Boltzmann distribution of dark matter particles, is defined by a single inde-
pendent parameter, 0ρ  or 2

rv kT m= . Equation (26) assumes isotropic ve-
locities (valid in the core due to spherical symmetry, and also valid if the dark 
matter halo is isothermal). 

We note that a measurement of ( )cV r r  obtains 2
rv , and a measure-

ment of ( )d dcV r r r  obtains 0ρ , and together they obtain the adiabatic in-
variant ( )rms 1hv . 

5. An Example 

As an extreme example, with a very large 0hρ , let us consider the spiral galaxy 
UGC11914 (note that our final measurements of ( )rms 1hv  are obtained from 
rotation curves of dwarf galaxies [6]). The rotation curves of UGC11914, ob-
served by the SPARC collaboration [5], are presented in Figure 1. We fit these 
rotation curves by solving the equations:  
 

 

Figure 1. Top: Observed rotation curve ( )totV r  (dots) and the baryon contribution 

( )bV r  (triangles) of galaxy UGC11914 [5]. The solid lines are obtained by numerical in-

tegration as explained in the text. Bottom: Mass densities of baryons and dark matter ob-
tained by the numerical integration. 
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4 , 4 ,b b h hG Gρ ρ∇ ⋅ = − ∇ = −π π⋅g g                 (27) 
2 2

2 2 2, , , ,b h
b h b h b h

v vg g V v v
r r

= + ≡ − ≡ − = +g g g           (28) 

2 2

ˆ ˆ, ,b b b r h h h r
V VP P
r r

ρ κ ρ κ
   

∇ = + ∇ = +   
   

g e g e           (29) 

2 2and .b rb b h rh hP v P vρ ρ= =                   (30) 

bg  and hg  are the contributions of baryons and dark matter to the gravita-
tion field g . We have included bκ  and hκ  to account for rotation. These pa-
rameters are quite uncertain, though a rough estimate is 0.98bκ ≈  and 

0.15hκ ≈  [7] or less [8]. We can eliminate bκ  and hκ  from the numerical 
integration by replacing ( )2 2 1rb rb bv v κ→ − , and ( )2 2 1rh rh hv v κ→ − . We 
start the numerical integration at the first measured point at minr , and end at the 
last measured point, in steps dr. To start the numerical integration we need six 
boundary conditions: ( )2 1rb bv κ− , ( )2 1rh hv κ− , ( )minb rρ , ( )minh rρ , 

bBHM  and hBHM , where  

( ) ( ) ( ) 2
min min min min4 3 ,b b bBHg r G r r GM rρπ= − −            (31) 

( ) ( ) ( ) 2
min min min min4 3 ,h h hBHg r G r r GM rρπ= − −            (32) 

to include the possibility of a black hole at the center. Good fits are obtained as-
suming ( )2 1rb bv κ−  and ( )2 1rh hv κ−  are independent of r. We vary the 
six boundary conditions to minimize the 2χ  between the observed and calcu-
lated rotation velocities, and obtain:  

2 2

193.9 1.7 km s, 197.5 0.8 km s,
1 1

rb rh

b h

v v

κ κ
= ± = ±

− −
       (33) 

( ) ( )3 3
min min2.86 0.22 M pc , 8.75 0.29 M pc ,b hr rρ ρ= ± = ±

 

    (34) 

( ) ( )8 82.85 0.95 10 M , 18.6 2.0 10 M .bBH hBHM M= ± × = ± ×
 

     (35) 

Uncertainties are statistical from the fit. The core radius is 0.70 kpc. The core 
dark matter density ( )minh rρ  is 2.6 × 108 times the mean dark matter density of 
the universe critcρΩ . We note that this galaxy indeed has a black hole at its cen-
ter. From 2

rhv  and ( )minh rρ  we obtain the adiabatic invariant (26):  

( ) ( )( )rms 1 1 535 8 stat m s,h hv κ= − ⋅ ±               (36) 

where the uncertainty is statistical only. 
Let us mention that similar results are obtained from galaxies spanning 3.5 

orders of magnitude in absolute luminosity [6], validating that the adiabatic in-
variant in the core of galaxies is conserved, confirming that ( )rms 1hv  is of cos-
mological origin, and that dark matter is indeed warm! 

If we add an r-dependence to 2
rhv  we generally obtain a higher 2χ  of the 

fit, so indeed, within uncertainties, the dark matter halo is isothermal, at least 
out to the observed rotation curves, indicating that the particles have the Max-
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well-Boltzmann momentum distribution. We note that ( )2 1rb bv κ−  is of 
the same order of magnitude as ( )2 1rh hv κ− , because dark matter and ba-
ryons fall into the same potential well. Since thermal equilibrium implies  

2 21 1
2 2p rb h rhm v m v= , we conclude that, unless ( ) ( )1 1p b h hm mκ κ− ≈ − , dark  

matter is not in thermal equilibrium with baryons (mostly hydrogen atoms). So, 
on galactic scales, we can neglect dark matter-baryon interactions. If dark matter 
feels only the gravitational interaction, it can be shown that deviations of its tra-
jectory due to particle-particle encounters, or interchange of energy with ba-
ryons, can be neglected on galactic scales. We also note that the ratio of dark 
matter to baryon densities in the galaxy is generally of the order of the universe 
average. 

The galaxy density (21) reaches critcρΩ  at  
2

max
crit

1 2

6.6 Mpc.
2

rh

c

v
r

G ρ

 
 = ≈
 Ω π

                 (37) 

The age of the universe at, say, redshift 6z = , is 3 × 1016 s. In this time a par-
ticle with constant velocity 198 km/s reaches 0.2 Mpc, less than maxr , and much 
farther than the last observed rotation velocity. 

From (36), neglecting hκ , we estimate that dark matter becomes non-relativistic 
at expansion parameter  

( )rms 6
NR

1
1.8 10 ,h

h

v
a

c
−≡ ≈ ×                    (38) 

i.e. after e e+ −  annihilation, and while the universe is still dominated by radia-
tion [3]. 

Now let us do the following back-of-the-envelope approximate calculations. 
An ultra-relativistic gas with zero chemical potential has a number density of 
particles ( ) ( )( ) ( )3

0.1218 3 4b fn T kT c N N= ⋅ +  [3]. At expansion parameter 

hNRa  the temperature is ( ) ( )2
NR 3h h hT a m c k≈ . The present number density is 

( ) ( ) 3
NR NR crit1 h h c hn n a a mρ= = Ω , if dark matter particles do not decay or anni-

hilate at NRha≈ , i.e. if there is no “freeze-out”. From these equations we obtain  

( )
( ) ( )
3

crit
3
rm

1 4
1 4

s

3
3 4

0.1218 1
c

h b f
h

m N N
v

ρ − Ω
 ≈ +
 ⋅ 



,             (39) 

or 

( ) ( )
2

rms

3 4
1 4760 m s107.3 eV 3 4

1
h

b f
h

m c N N
e v

− 
≈ +  

 
.           (40) 

For scalar dark matter, i.e. 1bN =  and 0fN = , and neglecting hκ , we es-
timate the mass of the dark matter particles from (36): 2 14 e0 Vhm c e ≈ . At ex-
pansion parameter NRha  the photon temperature is ( )NR 0 NRh hT a T aγ = . From 
the preceding equations we obtain  

( )
( )

( ) ( )NR rms

NR

1 4
1 41

0.386 3 4 ,
760 m s

h h h
b f

h

T a v
N N

T aγ

− 
≈ + 

 
           (41) 
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or, for our example, ( ) ( )NR NR 0.354h h hT a T aγ ≈ . That this ratio is of order 1, 
given that the dark matter particle mass hm  is uncertain over 89 orders of mag-
nitude [3], is surely telling us something! Furthermore, note that dark matter is 
sufficiently cooler than photons to (marginally) evade the “thermal relic” mass 
limits obtained from the Lyman-α forest [9], and sufficiently cool to not spoil 
the success of Big-Bang Nucleosynthesis [7]. Finally, within experimental uncer-
tainties, dark matter is in thermal and diffusive equilibrium with the Standard 
Model sector, and decouples from this sector, at T somewhere between the top 
quark mass tm  and the temperature CT  of the deconfinement-confinement 
transition from quarks to hadrons (decoupling at a lower temperature compro-
mises the agreement with Big Bang Nucleosynthesis [7]). For a proper treatment 
of the preceding estimates see [2] [10]. It turns out that Equations (40) and (41) 
change by less than 1%. For a summary of measurements and their interpreta-
tion, see [11]. For details of each measurement see the citations in [9]. 

Excersize to test the Boltzmann factor ( )( ) ( )2exp ckT r r−Φ ≈ : From the 
measured dark matter density in the vecinity of the sun [3], and other Milky 
Way data that you can find in the literature, estimate ( )rms 1 1h hv κ− . Is your 
answer consistent with (36)? 

Exersizes: The isothermal assumption can be lifted by using the observed ga-
laxy density runs ( )h rρ  and ( )b rρ  [12] [13]. Study these articles and obtain 
the adiabatic invariant ( )rms 1 1h hv κ−  from each of them. Are your answers 
consistent with (36)? 

6. Galaxy Formation 

Let us solve, by numerical integration, the following equations that describe the 
formation of a galaxy: Newton’s equation  

( )4 ,h bG ρ ρ∇ ⋅ = − +πg                     (42) 

the continuity equations 

( ) ,h
h ht

ρ
ρ

∂
= −∇ ⋅

∂
v                       (43) 

( ) ,b
b bt

ρ
ρ

∂
= −∇ ⋅

∂
v                       (44) 

and Euler’s equations  

( ) ( )( ) ( )2d 11 ,
d

h h
h h h rh h

h

t v
t t

κ ρ
ρ

∂
= + ⋅∇ = − − ∇

∂
v v v v g         (45) 

( ) ( )( ) ( )2d 11 .
d

b b
b b b rb b

b

t v
t t

κ ρ
ρ

∂
= + ⋅∇ = − − ∇

∂
v v v v g         (46) 

( ),tg r  is the gravitation field, r  is the proper (not comoving) coordinate 
vector, ( ),h tρ r  and ( ),b tρ r  are the mass densities, ( ),h tv r  and ( ),b tv r  are  

the velocity fields, and ( )2
rhv t  and ( )2

rbv t  are the radial (1-dimensional)  

velocity dispersions, i.e. thermal velocities, of dark matter and baryons (mostly 
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hydrogen), respectively. Equations (45) and (46) express the conservation of 
momentum. The static limits of Equations (42) - (46) are Equations (27) - (30). 
These equations need to be supplemented by the equations of state of dark mat-
ter and baryons at minr  in order to obtain a solution. The Maxwell distributions 
of baryons and dark matter have different temperatures 2

b p rbkT m v=  and 
2

h h rhkT m v= , respectively. The dark matter velocity field converging onto the 
core has two consequences: it increases both the core density 0hρ  and temper-
ature hT , maintaining constant the dark matter adiabatic invariant (26) (as ex-
plained in lecture 2), and similarly for baryons. When the dark matter halo 
reaches a final stationary state its cored isothermal halo is defined by a single 
parameter 0hρ . 

An example, discussed in [15], is presented in Figure 2. For baryons we take 
( )rms 1 21 m sbv = , corresponding to hydrogen decoupling from photons at 

150z ≈  [16]. We set the initial ( )h rρ  and ( )b rρ  as shown in Figure 2. We 
integrate the equations in steps dt, and for each t, in steps dr, starting at minr , to 
calculate the new ( ), db r t tρ +  and ( ), dh r t tρ + . The above equations need to 
be supplemented by the adiabatic conditions, so, for each step of t, we set, only 
once, i.e. for all r:  

( ) ( ) ( )rms min

c

1 3
2

rit

1 ,
3

h h
rh

c

v r t
v t

ρ
ρ

 
=  

Ω 
,                (47) 

and 

( ) ( ) ( )rms min

c

1 3
2

rit

1 ,
3

b b
rb

b

v r t
v t

ρ
ρ

 
=  

Ω 
.                (48) 

Equation (47) is justified out to at least the last observed rotation velocity by 
the nearly flat rotation curves. The isothermal prescription (47) cannot be cor-
rect beyond maxr  where the universe is expanding homogeneously. However, 
this is not a problem since, beyond maxr , ( )2

rh hv ρ∇  and ( )2
rb bv ρ∇  are 

zero. While the hydrogen and helium gas remains adiabatic, i.e. until excitations, 
ionization, radiation, shocks and star formation become significant, we require 
(48). Figure 2 illustrates the formation of a core, and how the galaxy reaches a 
stationary isothermal state starting from 0r =  and progressing outwards. For 
additional examples, see [14] and [15]. 

Note that, independently of the details of how the core reaches its final density 

0hρ , including spherical or filament collapse and galaxy mergers, this density 
fully specifies the cored isothermal sphere with its temperature, core radius, 
Boltzmann distribution, and adiabatic invariant ( )rms 1hv  (up to a rotation, and 
perhaps also a relaxation, correction ≤ 1, that observationally is found to be in 
the approximate range 1 to 0.5 [6]). 

Finally, let us mention that in the cold dark matter scenario, i.e. in the limit 
2 0rhv → , we are left with no hydrostatic Equations (27) - (30), or hydrody-

namical Equations (42) - (46). 
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Figure 2. Shown is the formation of a warm dark matter plus baryon galaxy. The densities ( )h rρ  and ( )b rρ , and velocity fields 

( )rhv r  and ( )rbv r , are presented at time-steps that increase by factors 1.4086 (or 1.4086  for the dot-dashed lines). The initial 

density perturbations are Gaussian, with parameters listed in the figure. In this example, dark matter is warm with 
( )rms 1 790 m shv = . ( ) 0h tκ = . ( )b tκ  is increased from 10−4 to 1 keeping constant baryon angular momentum. Note the initial 

velocity field corresponding to the expansion of the universe. Note that both warm dark matter and baryons acquire cores. The 
baryon core is due to the baryon angular momentum conservation. The warm dark matter core is due to the adiabatic invariant 
feedback (47). Note the effect of this feedback on ( )rhv r  at the final times shown (studied in [14]). An isothermal steady state is 

reached for both warm dark matter and baryons, starting at 0r =  and then extending out to larger r, at least out to the observed 
rotation curves. This Figure is taken from [15]. 

7. Conclusions 

We have studied galaxies, and galaxy formation, assuming that dark matter is 
warm. This scenario requires the addition of one parameter to the cold dark 
matter ΛCDM cosmology, namely the adiabatic invariant ( )rms 1hv  defined in 
(4). We find that the formation of galaxies, all the way from linear perturbations 
in the early universe, until the galaxies reach an isothermal stationary state, con-
serves the adiabatic invariant ( )rms 1hv  in the core to a good approximation. The 
arguments in favor of this view are not without objections, so observational va-
lidation is necessary. This adiabatic invariant feedback and the initial conditions 
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determine the final core density 0hρ , and hence the entire cored isothermal 
sphere including its core radius and temperature (at least out to the observed 
spiral galaxy rotation curves). Note that it is not necessary to invoke dark matter 
self interactions, baryonic feedback, or fermionic dark matter quantum degene-
racy, to justify a core (though these phenomena may influence the core). The 
observed spiral galaxy rotation curves allow measurements of ( )rms 1hv  (up to a 
rotation, and perhaps also a relaxation, correction ≤ 1, that observationally is 
found to be in the approximate range 1 to 0.5 [6]). These measurements are con-
sistent for galaxies with absolute luminosities spanning 3.5 orders of magnitude 
[6], so the analysis is validated by observations, and the interpretation that 

( )rms 1hv  is of cosmological origin is confirmed. Independent measurements of 
( )rms 1hv  are obtained by studying the consequences of the warm dark matter 

free-streaming suppression factor ( )2 kτ  of the cold dark matter power spec-
trum of density perturbations, i.e. galaxy stellar mass distributions, galaxy 
rest-frame ultra-violet luminosity distributions, first galaxies, and their effect on 
the reionization optical depth [17]. All of these measurements of ( )rms 1hv  are 
consistent, solve the small scale problems of ΛCDM [18], and constrain the 
warm dark matter particle properties [9] [11] [19]. 
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Abstract 

By adding an extra term to the Newtonian potential, matter outside the orbit 
of a star adds to the gravitational acceleration acting on that star. In this work, 
we solve the Poisson equation for non-Newtonian potentials of a spherically 
symmetric distribution of mass. We derive equations for calculating the cen-
tripetal acceleration and velocity of galactic disk stars that are due to the 
Newtonian and exponential potentials of the galaxy’s central bulge. 
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1. Introduction 

In Book III of Principia, Newton [1] published proofs of two theorems that af-
ford an easy calculation of the gravitational potential of any spherically symme-
tric distribution of matter and to calculate excellent approximations of the po-
tential for approximately spherical distributions of matter such as the central 
bulge of a spiral galaxy. Thus, since 1687 we have known that the Newtonian ac-
celeration of an orbiting object depends only on the mass inside the orbit. Any 
uniform spherical shell of matter outside the orbit has no effect on the orbital 
dynamics. These useful Newtonian theorems are not valid for other gravitational 
potentials proposed over the past decade to explain anomalous galactic dynam-
ics. For example, with a linear potential [2], the centripetal acceleration of a disk 
star is sensitive to the halo mass outside its orbit and, even more inconveniently, 
to the mass of the entire Universe. 
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The foci of our exposition are two other non-Newtonian gravitational models 
that are more tractable than the linear potential. The first is a Yukawa potential 
[3] which, for a point mass M at 0r = , has the form  

( )Y e ,rV r G rµα −= −  

where G is the Newtonian gravitational constant, α  is a dimensionless con-
stant, and µ  is the wave number ( 2 µπ  is the Compton wavelength). The 
second is an exponential potential [4] [5] which is actually the superposition of 
two Yukawa potentials with coupling constants Gα±  that are identical except 
for their signs: an attractive potential, AA

Y e rV G µα −= − , and a repulsive potential, 
RR

Y e rV G µα −= . Their wave numbers are different, but almost identical:  

R A 0δµ µ µ= − >  and ( )A R 2µ µ µ δµ= + 
. Then  

( ) ( )E Y .V r V µ δµ= ∂ ∂                     (1) 

In this paper, we present the mathematical development that has allowed us to 
resolve for the exponential potential the same problem that Newton solved for 
the Newtonian potential. That is, given the mass distribution of a spherically 
symmetric central bulge and halo, then what are their contributions to the spe-
cific forces on disk matter that are due to the exponential potential? With this 
distribution, how much does the exponential potential contribute to the orbital 
velocity of disk matter? In fact, we provide a route to the potential, and then to 
the acceleration, that is often more convenient than the iteration by Eckhardt [5]. 
This model assumes that the central bulge of a galaxy is spherically symmetric, 
that the mass of the galaxy disk is negligible or is treated separately [6], and that 
there is an exponential potential as well as a Newtonian potential. To make it 
clear, the same approach is used to model the shell for the Newtonian potential, 
then the Yukawa potential, and finally the exponential potential. Although the 
solution for the Newtonian potential is trivial, it is presented as a guide for the 
approach for solving the other potentials. 

2. Newtonian Potential 

The governing equation for the [1] potential NV , which is mediated by the 
massless graviton, is Poisson’s equation:  

2
N 4 ,V Gρ∇ = π  

The potential of a point source with mass dM  at a distance R from the 
source is dG M R− . (That is, the appropriate Green’s function that vanishes at 
R = ∞  is G R− .) Thus the potential at 0r =  of a shell at r a=  with mass  

( ) ( ) 2d d 4 dM M a a a aρπ= =  

is  

( ) 1
Nd 0 d .V Ga M−= −  

Because of the spherical symmetry, Laplace’s Equation ( 0ρ = ) is  
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2 N
2

d1 d 0.
d d

Vr
r rr
  =  

 

The two solutions to this equation are of the form constant  and 1constant r−× . 
The solution that remains finite at 0r =  is NV constant= , so for r a≤ , we 
have  

( ) ( ) 1
N Nd d 0 d , .V r V Ga M r a−= = − ≤                (2) 

The solution that remains finite at r = ∞  is 1
NV constant r−= × , so for r a≥ , 

we have  

( ) ( ) ( ) 1
N N Nd d d 0 d , .a aV r V a V Gr M r a

r r
−= = = − ≥          (3) 

3. Differential Equation for the Exponential Potential 

We define the operators  
d
dr

=  

and  
2 22 .

r
µ= + −    

With spherical symmetry, the differential equations for the Yukawa potentials 
( )A

YV r  and ( )R
YV r  are then  

( ) [ ]2 2 A A
A Y Y 4V V Gµ µ µδµ α ρ + − = + = π   

and  

( ) [ ]2 2 R R
R Y Y 4 .V V Gµ µ µδµ α ρ + − = − = − π    

In addition to E A RV V V= + , we define D A RV V V= − . We then have  

E D 0,V Vµδµ+ =  

and  

D E 8 .V V Gµδµ α ρ+ = π  

It is obvious that D EV V
, so we neglect the EVµδµ  term and then define  

C D ,V Vµδµ=  

and finally derive  

E C ,V V= −                           (4) 

and  
2

C 8 .V Gγµ ρ= π                         (5) 

The exponential potential satisfies the fourth order differential equation  
2 2

E 8 .V Gγµ ρπ= −  

4. The Yukawa and Exponential Potentials of a Thin  
Spherical Shell 

For a thin spherical shell of mass M at r a= , the Yukawa potential (coupling 
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constant Gα ) at the origin is  

( ) ( )
Y

exp
0 .

a
V GM

a
µ

α
−

= −  

In free space, the Yukawa potential satisfies the homogeneous equation 

Y 0V = , whose solutions are linear combinations of ( )exp r rµ± . The only 
combination that is finite and equal to unity at the origin is ( ) ( )sinh r rµ µ , so 
the Yukawa potential inside the shell is  

( ) ( ) ( )
Y

exp sinh
, .

a r
V r GM r a

a r
µ µ

α
µ

−
= − ≤              (6) 

The solution interval is closed at the shell because the potential (but not its 
derivative) is continuous there. Thus  

( ) ( ) ( )
Y 2

exp sinh
.

a a
V a GM

a
µ µ

α
µ

−
= −  

The homogeneous solution that is equal to unity at the shell boundary and 
remains finite outside the shell is ( ) ( )expa r r aµ − −  , so the Yukawa poten-
tial outside the shell is  

( ) ( ) ( )
Y

sinh exp
, .

a r
V r GM r a

a r
µ µ

α
µ

−
= − ≥             (7) 

Note that Equation (6) becomes Equation (7) on interchanging r  and a . 
The derivative of ( )YV r  is discontinuous at r a= . Let aδ  be the shell thick-

ness, and let 2a a aδ− = −  represent r  just inside the shell, while 2a a aδ+ = +  
represents r just outside the shell. Then  

( ) ( )Y Y 4 .
a a

V r V r G aα ρδ
+ −

π− =   

For 0µ = , this is the Gauss divergence theorem. 
Setting γ αδµ µ=  in Equation (1), the exponential potential is  

( ) ( ) ( ) ( ) ( )E

exp sinh
1 cosh , ,

a r
V r GM a r r a

a r
µ µ

γµ µ µ
µ µ

 −
= − + − ≤ 

 
  (8) 

and, on interchanging r  and a  and then rearranging terms,  

( ) ( ) ( ) ( ) ( ) ( )
E

sinh sinh exp
exp cosh , .

a a r
V r GM r a r a

a a r
µ µ µ

γµ µ µ
µ µ µ

   −
= − − + − ≥  

   
 (9) 

The operators   and µ∂ ∂  commute, so  

( ) ( ) ( ) ( )

( )

E E Y Y

4
0.

a a a a
V r V r V r V r

G a

δµ
µ

α ρδ
δµ

µ

+ − + −

∂  − = −  ∂

∂
=

∂
π

=

   
 

Thus, unlike ( )YV r , the derivative of ( )EV r  is continuous at r a= . This 
is the reason why ( )EV r  cannot be modeled with a second order differential 
equation. Note that in the far field, where ( )1 rµ  is negligible, Equation (9) 
becomes  
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( ) ( ) ( )E

sinh
exp ;

a
V r GM r

a
µ

γµ µ
µ

= − −  

and, for 1aµ  ,  

( ) ( )E exp .V r GM rγµ µ= − −  

All the variables in Equations (8) and (9) are linear combinations of ( )exp rµ±  
and ( )exp r rµ± . Thus, because  

( ) ( ) ( )

( ) ( )

2 2 2exp exp exp

exp2 exp 2

r r r
r

r
r

r r

 ± = − ± + ± 

±
= ± = ±

  



µ µ µ µ

µ
µ µ

 

and  

( )exp
0,

r
r

 ±
= 

 


µ
 

the equation  

( )2
E 0V r =  

is satisfied wherever 0=ρ . 

5. Specific Forces and Galaxy Rotation Velocities 

The centripetal specific force (acceleration) due to the Newtonian and exponen-
tial potentials of the spherically symmetric bulge is  

[ ]N E ,
V V

g
r

∂ +
=

∂
 

where  

[ ] [ ]
0N E N E N Ed d .
r

r
V V V V V V

∞
+ = + + +∫ ∫  

From Equations (3) and (9),  

[ ] ( ) ( )

( ) ( )

( ) ( )

00
1

0

0

0

sinh
d d exp d

exp sinh
d

exp
cosh d ,

r r r
N E

r

r

a
V V r G M G r M

a
r a

G M
r a

r
G a M

r

−+ = − − −

−
−

−
+

∫

∫

∫ ∫

∫

µ
γµ µ

µ
µ µ

γµ
µ µ
µ

γµ µ
µ

 

and from Equations (2) and (8),  

[ ] ( ) ( )

( ) ( )

( ) ( )

1
N E

sinh exp
d d d

sinh
exp d

exp
cosh d .

r

r

r r

r

r a
V V G a M G M

r a
r

G a M
r

a
G r M

a

µ µ
γµ

µ µ
µ

γµ µ
µ

µ
γµ µ

µ

∞ ∞ ∞−

∞

∞

−
+ = − −

− −

−
+

∫

∫

∫

∫

∫

 

Thus 
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( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )
( )

2 2 2
2 0

2 0

2

0

2

2

2

exp sinh
d 1 d

exp
1 cosh d

cosh sinh sinh exp
d

cosh sinh
exp d .

r r

r

r

r

r a
g Gr M G r r M

ar
r

G r a M
r

r r r r r a
G M

ar
r r r

G a M
r

−

∞

∞

−
= + + +

−
− +

 − − − −

 − − −

∫

∫

∫

∫

∫

µ µ
γ µ µ

µ
µ

γ µ µ

γ µ µ µ µ µ µ
µ

γ µ µ µ
µ

 

The sum of the two last terms (dominated by the last one), which is negative, 
represents a very small outward force due to the exponential potential of matter 
further from the origin than r; they vanish at the origin. In modeling spiral ga-
laxies with a combination of Newtonian and exponential potentials [7], we have 
estimated that 12.5=γ  and 1 20 kpc−= =λ µ , roughly one order of magnitude 
larger than the radius of the central bulge, so a good approximation is  

( ) ( )2 2 exp ,g r r GM r− = + − γµ µ  

where  

( )
0

d .
r

M r M= ∫  

If a star is in a circular orbit a distance r  from the origin with velocity v , 
then 2v gr= . Setting r=ξ µ , we then have  

( ){ }1 1 2
e .v GM r − − = + 

ξµ ξ γ ξ  

6. Conclusions 

Whereas the Poisson equation for a spherically symmetric Newtonian potential 
is of second order in r , the corresponding equation for the exponential poten-
tial is of fourth order. We have derived rigorous and precise mathematical solu-
tions to calculate the exponential potential of a spherically symmetric distribu-
tion of mass such as a galactic bulge or halo. Moreover, we have derived a simple 
and efficient algorithm to closely approximate the associated radial gradients in 
galaxies. Using the Abel transform, all integrations of spherically symmetric 
models are relatively simple. 

Combined with our technique for modeling the gravitational field of a galactic 
disk [6], we have found it easy to use in evaluating the effects of Newtonian and 
exponential potentials for numerous spiral galaxies [7]. Furthermore, it is evi-
dent that our approach will be convenient to apply at other distance scales, 
smaller and larger, such as globular clusters, elliptical galaxies and galaxy clus-
ters. 
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Abstract 
Based on “locality” considerations, John Stuart Bell and his followers have 
derived inequalities and theorems that, when taken together with actual expe-
riments that have been performed by Aspect and others, appear to contradict 
physical reality as defined by Einstein. However, their specifically applied 
concept of locality is in conflict with the Fundamental Model of probability 
theory and the set theoretic definition of conditional probabilities. Bell-type 
inequalities are, therefore, not adequate to decide ponderous questions re-
garding physical reality. 
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1. Introduction 

The well-known inequalities and corresponding theorems of Bell [1] and Claus-
er-Horne-Shimony-Holt (CHSH) [2] have been based on mathematical reason-
ing involving probability spaces and physical reasoning involving Einstein’s se-
paration principle. The mathematical reasoning has been shown to involve a 
number of issues with respect to the premises used in the Bell-CHSH proofs [3] 
[4]. These mathematical issues should have been sufficient to relegate the 
Bell-CHSH theorems to a place of lesser importance, if Bell would not have re-
formulated his theorem purely in terms of the attributes of “local” and “not-local” 
[5]: 

“But if [a hidden variable theory] is local it will not agree with quantum 
mechanics, and if it agrees with quantum mechanics it will not be local.”  

The notion of “hidden variable theory” relates to “elements of physical reality” 
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as defined by Einstein, Podolsky and Rosen (EPR) [6]. They stated: 

“If without in any way disturbing a system, we can predict with certainty… 
the value of a physical quantity, then there exists an element of physical re-
ality corresponding to this physical quantity.” 

The “hidden variables” that have taken center stage in the well-known Eins-
tein-Bohr debate, are just mathematical representations of these elements of 
physical reality that Einstein presented as alternative to “spooky” influences at a 
distance. 

Key to the EPR arguments are Gedanken-experiments performed in two spa-
tially distant stations. Aspect and others [7] have performed such measurements, 
using photon-pairs emitted from a source and subsequently passing polarizers 
and being detected at certain times determined by synchronized clocks. The 
photon pairs are prepared at the source S in a special way and said to be entan-
gled when so prepared. 

The locality-postulates of Bell and followers are usually based on the fact that 
the entangled pairs may not in any way be related to or depend on the configu-
ration of the measurement equipment including polarizer-angles and detector 
outcomes in the respective stations. To show this fact, Aspect and others have 
involved very fast switching of the polarizer angles just before the pair-measurement. 
As soon as one accepts Einstein’s separation principle [6] that is based on the li-
mitation of all velocities by the velocity of light c in vacuum, the fast switching 
proves indeed that the photon-pair properties must be independent of the pola-
rizer angles just before measurement. Unfortunately, and incorrectly, any such 
dependence is chastised in the well-known Alice-Bob tutorials and labeled 
“spooky”, even after the sorting by the measurements, using Einstein’s own words 
against his elements of physical reality. 

I will show, however, that the evaluation of Einstein’s elements of physical re-
ality by polarizers and detector clicks leads to a separation of these elements into 
distinct sub-sets even for trivially local computer models. This fact contradicts 
Bell’s definition of locality. I will further show that other definitions of locality 
that have been used by Bell, Aspect, CHSH and many researchers in papers and 
text-books, are in direct conflict with set-theoretic probability theory and fail, 
therefore, as well. 

2. Einstein- and Bell-Type Models of Quantum Entities 

The nature of experiments involving quantum entities is complicated by the 
well-known facts: 1) That these entities are not directly accessible to our senses, 
2) That they are possibly disturbed (meaning changed with respect to their 
physical properties) by any instrument that we use to experimentally investigate 
them and 3) That the physical properties associated with them may only be de-
fined in connection with the measuring instruments and the procedure of mea-
surement. We discuss these factors specifically for models related to Aspect-type 
experiments. 
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2.1. Einstein’s Gedanken-Experiments 

Naturally, one cannot speak about a photon-polarization such as “horizontal”, as 
long as one has not defined “horizontal” by the configuration of a polarizer in 
ordinary space and performed an evaluation of a photon with that polarizer. 
Bohr’s postulate that no property of quantum entities exists before measurement 
may be interpreted that way. Einstein constructed his Gedanken-experiments in 
a way that acknowledged the three points of the previous paragraph. He in-
volved two related distant measurements of especially prepared correlated (pro-
cedurally entangled) quantum entities that are generated at a common source. 
Each entity is measured only once and any involved disturbance is, therefore, of 
no direct consequence. The pair-measurement is important, because one mea-
surement evaluates a physical property of one quantum-entity and the second 
measurement recognizes that property of the correlated entity by a confirming 
measurement outcome. If that outcome can be predicted with certainty, then EPR 
postulate that an element of physical reality must have transferred the informa-
tion, while otherwise we would need to accept “spooky” influences; instantane-
ous influences at a distance. 

In the theory of relativity, evaluations of distant elements of physical reality by 
use of local instruments and photons are defined only relative to each other. The 
nonlocality that is inherent in the word relative is acceptable within Einstein’s 
methods and space-time system. Interestingly, the Bell-CHSH inequalities are 
also derived by only considering measurement-outcomes relative to each other 
and are, therefore, (as will be shown below in detail) subject to a more subtle in-
terpretation of the concepts “local” and “not-local”. 

2.2. Einstein’s vs Bell’s “Locality” and Aspects “Nonlocality” 

The derivation of the Bell-CHSH inequalities deals with model-function values 
1A = ±  in station SA and 1B ±  in SB, respectively, for given polarizer angles 

(e.g. j a=  and 'j b= ). It is, however, not the values of the functions by 
themselves that matter but only the fraction of A B=  versus the fraction of 
A B≠ , as determined by the measurement. Because the functions only possible 

values are ±1 and because Bell’s derivations involve only the products A B⋅ , the 
Bell-CHSH procedure is entirely equivalent to the asking for the outcomes of B 
relative to those of A (and vice versa). 

The A B⋅  products also encompass the notion that both A and B (seen as 
model events) occur, which is in set theoretic probability denoted by A B . 
Any such statement involves necessarily both distant stations and, therefore, a 
nonlocality in the broadest sense of the word. Bell’s theorem (as stated in the in-
troduction) is, thus, trivially true as soon as we deal with such products. 

Bell-CHSH and their followers have, however, narrowed their definition of 
“local” by two further postulates that are used for the derivation of their inequa-
lities. A model is Bell-CHSH-local (BC-local): 

1) If and only if the properties of the photon-pairs and their corresponding 
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mathematical variable that Bell denoted by λ  neither depend on the polarizer 
angles nor the function-outcomes corresponding to detector clicks. 

And 
2) If and only if the conditional probability of B to assume a certain value in sta-

tion SB does not depend on the fact that A assumes any value in SA and vice versa. 
I will prove in two separate sections below that (1) is incorrect, because (as 

mentioned) a careful distinction needs to be made between the elements of real-
ity before and after their evaluations by polarizers and detectors. The distinction 
is necessary, in general, even if the act of measurement does not alter the ele-
ments of physical reality. Einstein’s hypothesis is that the photon pairs do have 
properties that are recognized by the measurement instruments. The assumption 
of Bell and followers that their variable λ  (and the sets of values sλ  that the 
variable exhibits under different circumstances) may never show any relation to 
the measurement instruments, denies Einstein’s hypothesis from the start and 
without physical or mathematical reason. 

Furthermore, I will show that (2) is incorrect because it entails, even for tri-
vially local models, serious mathematical problems with respect to the definition 
of conditional probabilities in the Kolmogorov framework. The Bell-CHSH de-
finition of “local” is, therefore, not acceptable from a mathematical point of 
view. 

As an alternative, I propose a definition of “local” that is free of these contra-
dictions and denote it by the term ST-local. We denote the measurement time by 
ts (which may also stand for two different times ,s st t′ ′′  [4]). The subscript 

1,2,3, ,s N=   labels a particular pair-measurement and N is a very large 
number. Furthermore, I denote the properties of the photons that determine the 
detector clicks after passing the polarizers by the mathematical model value sλ . 

A model of the Aspect-type experiments is defined as ST-local: 
3) If and only if the function value of B is deduced entirely from facts available 

in SB, yet relative to the value of A that also must be derived in SB from the value 
of sλ  for any imaginable polarizer angle in SA at the time ts.  

The idea of ST-local is the following. The theorist, relying on space-time, may 
derive in station SB a law of nature for the product A B⋅  by imagining all poss-
ible equipment configurations in SA. After all the measurements are done, the 
actual equipment configurations of the measurements can be determined from 
the registered clock-times ts. The theory is then judged from the consistency with 
a large number of measurements. This underlying idea is probably as old as the 
existence of time-measurement. The amazing feature is just that it is applicable 
to random photon-pair emanations. 

Finally, we define the extreme opposites. A model is trivially Einstein-local 
(TE-local): 

4) If and only if the objects sent out from the source are at all times accessible 
to our senses and identified as the direct cause for the outcomes in the distant 
stations. 

A model is spooky: 
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5) If and only if the (model) measurement of B with given polarizer angle at 
time ts, alters the model value of the function A for that same measurement-time. 
(The definition is also valid with A and B exchanged).  

A majority of physicists, including Aspect himself have, unfortunately, ac-
cepted that the true nature of Aspect-type experiments is spooky as defined by 
(5), while they found Bell’s (1) and (2) acceptable and did not consider (3). 

3. The Fundamental Model of Probability Theory and the  
Quantum Result 

These rather abstract definitions are best explained by a specific example of the 
Fundamental Model of probability theory. I use and follow the notation of 
Bell-CHSH. However, in contrast to them, I strictly distinguish Bell’s variable λ  
from the specific mathematical model values sλ  that (together with the pola-
rizer angles at the time ts) determine the detector outcomes and, thus, the values 
of A, B. There are two detectors related to any given polarizer angles. One for 
detecting “horizontal” in station SA, whose clicks we model by the function- 
outcomes ( ), 1sA j = +λ , while “horizontal” in station SB is denoted by the func-
tion ( ), 1sB j′ = +λ . Clicks of the second detector are modeled by the same 
functions, with a value of −1 instead and called “vertical”. Bell-CHSH considered 
mostly two possible polarizer angles in each station: j a=  or a′  in station SA 
and j b′ =  or b′  in SB and also equal polarizer angles in both stations. While 
Bell’s variable λ  must not depend in any way on the instrument configura-
tions, the values sλ  may be clearly linked to both detector outcomes and pola-
rizer angles, as described in the following mathematical model (computer expe-
riment).  

The Fundamental model represents the sλ  by a real number, randomly and un-
iformly chosen from the interval [ ]0,1Ω =  for each separate model-measurement 
(see [4] and the explanations in Williams’ textbook “Weighing the Odds” [8]). 
Following Williams, we also may introduce a probability measure x corres-
ponding to the statement “a chosen number is less than or equal to x”. We may 
use that probability measure to determine approximate data averages as well as 
corresponding theoretical expectation values for N →∞ . The particular choice 
of sλ  out of [0, 1] permits great flexibility in modeling or simulating properties 
of the elements of physical reality and, in particular, permits us to develop an in-
finite variety of mathematical models, one of which may hopefully fit the physics 
of the problem.  

Consider first the following TE-local computer-model with both polarizer 
angles fixed and equal a. Let the sλ  be random numbers created by an excellent 
random number generator from the interval [0, 1] and let them be sent from the 
source to the two computers. We consider now a mathematical model with the 
following features. The “mathematical” polarizers evaluate only a certain digit of 

sλ  in its binary representation, depending on the time ts. For reasons of sim-
plicity, we discuss the example that at time ts it is the digit of number (s + 10) 
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that is being evaluated (it may be a different digit for a different polarizer angle).  
Consider now the measurement number 10s = . Then it is the 20th digit of 

10λ  that will be evaluated. If that random number features a 0 in the 20th digit of 
its binary representation, we denote sλ  by 0

10λ  and evaluate it such that 

( )0
10, 1A a = +λ  as well as ( )0

10, 1B a = −λ . Had the 20th digit been 1, we would 
have denoted it by 1

10λ  and evaluated it such that ( )1
10, 1A a = −λ  and  

( )1
10, 1B a = +λ . Bell’s reasoning that deterministic outcomes lead (among other 

factors) to his inequalities can, thus, be turned against him: determinism leads, 
even for trivially local (TE-local) models, to a dependence of the properties of 
sets of sλ  (as for 10λ  above) on polarizer angles and function outcomes, 
which invalidates postulate (1). 

We are also able to construct a more general ST-local model. Two separated 
computers evaluate the functions A and B with the only external input of sλ . 
We keep the polarizer angle fixed to a for the computer in station SA, while ro-
tating the angle of the polarizer in SB during random times tk toward the angle 
j′ , where j′  may have any value (and even be switched between any number 

of values). For simplicity we discuss only j b′ = . We evaluate B locally in station 
SB relative to the value of the function A and conditional to a fixed and arbitrary 
polarizer angle a in SA as follows: analog to the procedure above, we introduce 
(locally in station SB) the Lebesgue probability measure x for the outcome-product 
such that ( ) ( ), , 1k kA a B b⋅ = −λ λ  if and only if ( )2cosk x b a≤ = −λ  and +1 
otherwise. This choice of probability measure for B relative to A, represents a Ma-
lus-type natural law.  

We obtain for N model measurements: 

( )21 for cosA B N b a⋅ = − ≈ −                   (1) 

while the number of positive product outcomes is about:  

( )21 for sinA B N b a⋅ = + ≈ −                   (2) 

For the single outcomes we may choose ( )0, 1kA a = +λ  and ( )1, 1kA a = −λ . 
The marginals (A and B separately) are then in good approximation randomly 
equal to ±1 by the definitions of the Fundamental Model. The probabilities yield, 
therefore, the results of quantum mechanics for both the averages of the margin-
als and for the product averages and may also be used to model actual experi-
ments.  

A standard Bell-CHSH (Alice and Bob) objection is that I keep the polarizer 
angle in station SA fixed and that my choices in SB are conditional to that fixed 
angle in SA, while Bob “cannot know” the polarizer angle of Alice at the time of 
measurement tk. Bob can, however, explore a law of nature conditional to the in-
strument configurations in SA and is justified to do so if he is only interested in 
his outcomes relative to those induced in SA by kλ  at the time tk. In fact, the 
experimenters collect, after all is done, the outcomes for 4 pairs of fixed polarizer 
angles and determine the averages of N measurements for each pair. The pola-
rizer angles and measurement outcomes that form pairs are identified by the 
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clock-times tk. The switching of polarizer angles in between the registered mea-
surements has no effect [7]. 

Another objection arises from the claim of Bell-CHSH that the experimenters 
have the freedom to choose any polarizer angle (and angle pair) to measure the 
properties of one given photon pair [4]. For the Fundamental Model, Alice and 
Bob have no freedom at all to choose the property that is to be evaluated, such as 

0
10λ . That property is entirely determined by the random choice of sλ  and the 

assumed law of nature and will be different for any other measurement. There 
exists no freedom to investigate 0

10λ  by using different polarizer angles. 
Why is it then that the Bell-CHSH locality conditions are so important for a 

majority of physicists. One reason has been discussed in [4]: it is simply not 
possible to find four outcome products A B⋅  for the four CHSH polarizer-angle 
pairs consistent with a probabilistic Malus type law and for the same sλ , which 
has nothing to do with locality considerations. To avoid this problem, we have 
fixed the angle in station SA and need, therefore, at any measurement-time ts on-
ly one outcome-pair consistent with Malus. There exists, however, one more ar-
gument in Bell’s definition of “local”, which is postulate (2) that appears to clearly 
show why my Equations (1) and (2) above must be “not-local”. In fact, however, 
it is postulate (2) which contains a deep-seated mathematical problem and can, 
therefore, not be applied. 

4. Error of the Second Bell-CHSH Locality Postulate 

As explained in (2) above, Bell and his followers have postulated that, assuming 
locality, the probability of ( ), 1sB j′ = +λ  must not depend on whether 1A = +  
or 1A = −  for all sλ  and that, therefore, Equations (1) and (2) must be non-
local. Gisin [9] appears to clearly proof this fact. Following Bell, Gisin uses the 
following conditional probabilities (given in my notation):  

( ) ( ) ( ), | , , | , | , ,cd cd cd
AB s A s B sP A B j j P A j P B j A′ ′=λ λ λ           (3) 

The vertical line | indicates that A and B assume certain values conditional to 
the values that the symbols after the vertical line assume. Gisin continues that, 
owing to locality-postulate (2), we must have in addition:  

( ) ( )| , , | ,cd cd
B s B sP B j A P B j′ ′=λ λ                  (4) 

This equation is crucial and leads to: 

( ) ( ) ( ), | , , | , | , ,cd cd cd
AB s A s B sP A B j j P A j P B j′ ′=λ λ λ            (5) 

from which Gisin derives the Bell-CHSH-type inequalities. 
However, The Bell-Gisin locality-argument (2) (which results in the crucial 

Equation (4)) is in conflict with the set theoretic definition of conditional proba-
bilities cd

BP  of B given A, which is [8]: 

( ) ( )
( )

| :cd
B

P A B
P B A

P A
=



                    (6) 
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If and only if ( ) 0P A ≠ . 
To appreciate the necessity of ( ) 0P A ≠  that Bell and Gisin did not include 

into their derivations, consider the following completely TE-local model. Just 
send out, randomly and exclusively, actual numbers of opposite sign (+1, −1 or 
−1, +1) toward the two distant stations. Here is the problem: The conditional 
probability on the left-hand side of Equation (4) is only defined if we have 

1A B⋅ = −  and is ill defined otherwise, namely a 0/0 (zero over zero) problem, 
while the right-hand side of Equation (4) is always equal to 0 or 1. Gisin’s other 
derivations depend, in addition on BC-locality condition (1) that was also shown 
to be invalid. 

In my ST-local computer example, the probability ( )( ), 1sP A a = +λ  vanish-
es for all subsets 1

sλ  according to expression (2). Gisin’s Equation (4) involves, 
thus, for our ST-local model and an infinite number of trivial TE-local models, 
conditioning to events with probability 0 which is equivalent to dividing by 0. 
Because the range of the functions is restricted to , 1A B = ± , Equation (4) is in-
correct for a large fraction of the sλ  (50% in the above examples) and, there-
fore, must not be used to derive the Bell-CHSH inequalities.  

Based on these findings, the original experiments on entangled photons by 
Kocher and Commins [10] assume new importance and appear to support the 
existence of Einstein’s elements of physical reality. 

Perhaps it is useful to discuss, by another example, why even respectable re-
searchers and their writings go awry for any number of reasons, when discussing 
Bell’s theorem. Take the two-computer model of Susskind and Friedman [11]. 
They let the experimenters press a button at each of two computers, in order to 
“measure” at any moment. However, there is no guarantee that a correlated pair 
is available at these moments. Of course, such a guarantee may be provided by 
their “instantaneous cable” that is installed between the computers. But why not 
using clocks as the experimenters do? Their experimenters (Alice & Bob) may 
also choose any arbitrary equipment configurations such as the polarizer angles 
for any given photon pair ( sλ ). This, however, is not possible, because the sλ  
are randomly chosen and evaluated (e.g. 0 1

10 10,λ λ ) for each new event in the 
Fundamental Model. 

Furthermore, Susskind and Friedman do not discuss that, from all the possible 
choices of such random equipment configurations, only four pairs are used to 
derive all averages and the corresponding inequalities of Bell-CHSH. The only 
randomness of the actually used measurements is that of the sequence of these 
four pairs, and it is known from the actual experiments that the sequence of the 
measurements plays no role. Why, then, not accept a model for which the se-
quence plays no role in the first place. Susskind did emphasize, however, that the 
locality concepts of Einstein and Bell differ greatly. 

5. Conclusions 

It is this author’s conviction that classical set-theoretic probability theory is in-
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deed applicable to the physics of the Einstein-Bohr debate in contrast to the 
claims of Bell-CHSH and followers such as Aspect, Gisin, Clauser and many 
others. However, great care is required when defining conditional probabilities 
based on physical concepts that have no precise meaning within the Kolmogorov 
framework. Great care is also required for the physical definitions of “local” and 
“spooky”. 

It has been an unfortunate coincidence of factors that made the incorrect 
Bell-CHSH interpretations prevail for more than half a century: There exists in-
deed a powerful mathematical theory [3] that leads to Bell-CHSH type theorems, 
just not for the precise Bell-CHSH premises. Also, the disagreement of Bell-CHSH 
with experiments was for many a welcome confirmation of Bohr’s conviction 
that the quantum world requires a completely new conceptual net, different 
from all classical thinking. The very wish to confirm Bohr’s notions and to prove 
Einstein is wrong has led a large number of researchers to throw all caution in 
the wind and to abandon not only classical thinking but also the classical calcu-
lus. 
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Abstract 
In this paper, we delve into the intrinsic nature of mass and gravity, as per the 
amplitude modulation interpretation of the quantum theory. We explore the 
idea that the elementary constituent is an electromagnetic configuration that 
interacts with the quantum field, leading to the emergence of inertia and 
gravity as a reaction to the exchange with the quantum field. While these two 
phenomena have a common origin, they are distinct. Our proposal suggests 
manipulating the connection between the quantum field and the particle 
using high-frequency electromagnetic fields, thereby making a warp drive 
possible. 
 

Keywords 
Photon, Inertia, Gravity, Maxwell’s Equations, Magnetic Monopoles, Fine 
Structure Constant, Warp Drive, Zitterbewegung  

 

1. Introduction 

As we delve deeper into our analysis, previously discussed in a paper regarding 
the amplitude modulation hypothesis of the quantum theory, we mention the 
possibility of manipulating inertia and gravity [1] [2]. Controlling a characteris-
tic or property of a physical object at volition often requires specific knowledge 
about what we desire to modify. We develop a “toy” model incorporating crucial 
details from the amplitude modulation interpretation to elucidate the nature of 
gravity and inertia and propose a method to surmount them. The description or 
meaning of the fine structure constant and a definition of magnetic monopoles 
are the foundation on which we build this conjecture. Indeed, inertia is subtly in 
the fundamental equations concerning classical electrodynamics, and we argue 
that gravity and inertia are electromagnetic phenomena. In the proposed view of 
the quantum theory, the elementary constituent is a consequence of an ampli-
tude modulation phenomenon. Hence, associating a second wave to the elemen-
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tary particle analogous to the signal wave in communications the author refers 
to as Castellano’s wave. In essence, Castellano’s wave modulates the amplitude of 
the de Broglie wave. We, therefore, posit that the second wave is the hidden va-
riable, whose absentia has caused a plethora of interpretations to explain the 
counterintuitive quantum behaviors or observations. The foundations of quan-
tum physics are a contentious subject where some interpretations are as bizarre 
as the events they are supposed to explain. Indeed, Schrödinger exemplified the 
absurdity of the most acknowledged rendition with his cat thought experiment. 
In the amplitude modulation interpretation, the cat oscillates between dead and 
alive. Namely, the system oscillates between its possible states. A comparable 
physical prediction would be the oscillation of the photon’s polarization, which 
explains the observations in the entanglement experiments. The Quantum en-
tanglement phenomenon is a form of synchronicity; no strange or spooky con-
nections link quantum particles. In the following, we will use the mathematical 
framework of geometric algebra, because it is more natural, less arduous, and 
straightforward when dealing with these concepts. Moreover, we shall not ad-
dress controversies or historical debates related to the previous assertions. 
However, instead, we focus on information regarding how to achieve a warp 
drive. 

2. Fine-Structure Constant 

As per our understanding of Schrödinger’s Zitterbewegung equation [3], the 
elementary constituent is an amplitude-modulated wave. The amplitude mod-
ulation thesis is essential to this paper because it proposes a linear momentum, 
velocity, force, energy, and mass, among others, for each wave involved in the 
modulation. The quantum entity is a dynamical system that oscillates among its 
various possible states and has an information capacity of one bit. Furthermore, 
the particle is an emergent phenomenon whose radius is the relativistic reduced 
Compton wavelength. The boundary shares similarities with a quantum oscilla-
tor; the particle is in breathing mode. To be precise, its surface vibrates at the 
broadband frequency, two times the frequency of the signal, carrier, and mass. 
Given its persistence in fundamental factors, the Compton frequency is the sys-
tem’s natural frequency and remains crucial in our analysis. The Dirac theory 
presents an intriguing aspect involving certain equations viewed as curiosities 
without clear physical significance or relevance [4]. These equations have been 
mainly disregarded due to a lack of understanding of their physical meaning. 
However, two specific equations warrant closer examination. In particular, one 
equation we deem fundamental in comprehending the manipulation of inertia 
and the Sommerfeld constant. The equation in question is as follows, where the 
Dirac Hamiltonian Hc represents the dynamics of the carrier wave. In the Hei-
senberg picture, regarding the Dirac Hamiltonian with electromagnetic interac-
tions, there is a dependence on time; 

d
d

cH qc q
t

′= − = −⋅ ⋅E u Eα                     (1) 
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According to the interpretation we bestow on the power equation, the quan-
tum entity emits and absorbs energy, even though it is supposed to be a constant 
of motion. This behavior suggests an interaction between the quantum entity 
and its surroundings, as it communicates with the quantum vacuum field by en-
gaging with it. The vacuum field and the elementary constituent constitute a 
self-contained system and can be treated as a closed system for quantum me-
chanical analysis. Namely, the particle is not within or surrounded by the field 
but an integral part of it. To formulate the toy model, we propose the following 
Hamiltonian, which takes a purely mechanical perspective on the system. The 
amplitude represents the zero-point energy of the quantum system, while the 
unitary operator describes a self-contained quantum system’s time evolution or 
propagation. A critical characteristic of this operator is that it is a unitary trans-
formation, meaning that it is reversible. This property has important implica-
tions in the study of quantum mechanics, as it allows for the conservation of in-
formation. We conclude that the sign of the exponent of the oscillation is posi-
tive, owing to a discernible relationship between the reduced Compton wave-
length and the Hamiltonian from the Zitterbewegung term in Schrödinger’s eq-
uation. The multiplication of operators results in a constant, which further sup-
ports our determination of the positive sign ( rH cλ =  ). Additionally, regarding 
the imaginary unit, it ensures the correct sign in the calculations and shifts the 
oscillation phase. It enables us to describe an oscillation that is real accurately. 

21 e
2

itH i ωω=                            (2) 

This equation is equivalent to the Dirac Hamiltonian with electromagnetic 
interactions, considering the quantum entity’s fields, potentials, and rest mass, 
where the parameter β represents the fourth Dirac matrix. 

2
0cH qV m c β= ⋅ − +u ζ                       (3) 

With the Hamiltonian (2) and simplifying Equation (1), we determined the 
oscillating electric field, which encompasses the particle resulting from its inte-
raction with the quantum field, where the Schwinger limit is a particular case. 

2
2e itE

qu
ωω

=
                           (4) 

By applying basic principles of electrostatics, one can also ascertain the elec-
tric field on the surface of the quantum object, where the following expression is 
tantamount to the previous amplitude. 

2
04 r

qE
λ

=
π

                          (5) 

Moreover, when we compare the magnitude of the two, we come to the sub-
sequent correlation. 

2

04
c q
u c
=

π 
                          (6) 
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Assuming that the charge in the previous equation is that of the electron, and 
the relation regarding the phase velocity and group velocity, 2uv c= , we can ar-
rive at the fine-structure constant. This constant is a product of the relativistic 
analysis of the hydrogen atom’s spectral lines. Sommerfeld discovered that the 
constant is the ratio of the electron’s tangential speed in the first circular orbit of 
the relativistic Bohr atom to the speed of light in the vacuum. It is important to 
note that the electron in the first circular orbit is in resonance and is a standing 
wave. However, the result obtained is for a free particle. Therefore, the speed is 
the magnitude of the minimum translational velocity for the free electron. By 
analysis of the equation, we infer that the constant is unique to the electron and 
relates to its intrinsic parameters, including the ratio of external to internal fun-
damental physical parameters. 

2

2
0

c v e
u c

ε α
ε

= = = =


                       (7) 

Hence, there is a Planck charge in the interior of all the elementary constitu-
ents, including the photon. 

3. Photon Charge 

Despite the widespread belief that photons do not have an inherent electric 
charge, surprisingly, a fact that is not widely known, researchers can still nonde-
structively detect them in resonant cavities because they display an electric 
charge when confined or trapped. There are other phenomena, such as Delbrück 
scattering and photon deflection by magnetic fields in certain mediums or pho-
ton molecules, where the photon mimics the behavior of particles possessing an 
electric charge [5]-[10]. It is worth mentioning that each of these phenomena 
has a corresponding theory, which reminds the author of the infamous epicycles. 
According to physicist Dr. V. Brown, he adduced the emergence of a charge in 
trapped photons for years and heard of its confirmation. However, when he in-
quired with researchers about their observations, they suggested he should forget 
it, as it is considered or perceived as a perilous concept (personal communica-
tion, April 13, 2002). Some inconvenient observations contrary to our current 
paradigms are censored, thus hindering progress. Understanding that photons 
acquire an electric charge in specific circumstances simplifies the explanation of 
numerous observations using a unified theoretical framework. To effectively 
understand the behavior of photons in cavities, we use the canonical momentum 
and the Liénard-Wiechert potential of the carrier wave in the modeling process.  

q≡ −p Aζ                          (8) 

For a photon displacing across the vacuum, the momentum is p. However, 
when it is in a high-Q cavity; 

2
Vq q
c

= − = −A uζ                       (9) 

Since for the photon, 
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H = ⋅u p                           (10) 

From which the energy-momentum relation follows and will be helpful in the 
following sections. 

2 2 2c p=                           (11) 

Therefore, 
H q= − ⋅A u  

qVω = −  

With the voltage on the surface of the photon in the high-Q cavity; 

04r r

c qq
λ ε λ

 
= − − π 

  

Thus,  

04q cε= ± π                         (12) 

The charge that enables researchers continuously observe and count nonde-
structively photons in high-Q cavities is the Planck charge   [11]. 

4. Photon Rest Energy 

The photon’s energy and that of the other elementary constituents regarding the 
amplitude modulation interpretation is twice the observed amount. Each wave 
in the modulation process contributes the same energy to the system, half ob-
served in each cycle of the photon’s Zitterbewegung. The following is the energy 
of the electromagnetic field, and we associate it with the carrier wave: 

2 2
0

0

1 1 d
2

E Bε τ
µ

 
= + 

 
∫                    (13) 

The mathematical formulas pertaining to the energy stored in electric charge 
and current distributions follow. 

( ) ( )20 01 d d d
2 2 2elec V E Vε ε

ρ τ τ= = + ⋅∫ ∫ ∫ E a           (14) 

( ) ( )2

0 0

1 1 1d d d
2 2 2mag Bτ τ

µ µ
= ⋅ = − × ⋅∫ ∫ ∫A J A B a        (15) 

Equation (13) and an additional term result from the summation of the pre-
vious expressions. Indeed, according to the literature [12], the integration over 
all space implies that the surface integrals are supposed to tend towards zero, 
leaving behind only the volume integrals. However, there is no rigorous formal 
proof regarding the previous assertion. Arguments intend to discard the surface 
integral terms to obtain the well-known conclusion that the energy in circuits is 
in the fields. Regardless, the surface integrals are zero for the photon, yet not 
because of the aforementioned arguments.  

0
0

1 1 d 0
2

Vε
µ

 
− × ⋅ = 

 
∫ E A B a                   (16) 
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We will demonstrate that the previous discarded terms correlate directly to 
the free photon’s rest energy, which regarding the formula, is ultimately equal to 
zero—Scilicet, the inertial mass, is subtly found in discarded terms from funda-
mental electrodynamics. 

5. Photon Internal Forces 

The stability of the elementary constituent depends on two opposing entropic 
forces, with equal magnitude and out of sync with each other. However, in the 
case of the photon, they are not out of phase and cancel each other; there is per-
fect equilibrium. Moreover, these forces are in plain sight in the fundamental 
equations relating to the photon’s electric and magnetic components. 

2
1, 0, , 0, c
c

= − × ⋅ = = × ⋅ = =E u B u E B u E u B u         (17) 

It is acknowledged that the expressions denote the known conventional fact 
that the velocity and the field for the photon are mutually orthogonal. However, 
there is a more profound meaning to the previous relations since, along with 
Formula (1), the following puzzling attractive Lorentz-type force also surges from 
the Heisenberg picture. 

( )c q= − + ×F E u B                       (18) 

Therefore, 

d
d

c
c

H
t
= ⋅u F                          (19) 

Furthermore, 
2

2e it
cF

u
ωω

= −
  

where, 

2
2

1 e , 2
2

it
cm i a vi

c
ωω ω= =



                   (20) 

We resolve that this force is one of the two entropic forces holding together 
the elementary constituent. Indeed, it is zero for the photon, and since (1) is also 
zero for the photon, we end up with the first and second terms in (17). The third 
relation results from equating to zero the following repulsive magnetic Lo-
rentz-type force. 

2
1

s mq
c

 = − × 
 

F B v E                     (21) 

Thus, the second entropic force also follows from the Heisenberg picture, how-
ever, with a Hamiltonian and momentum, which describes the behavior of the 
signal wave. Additionally, the matrix χ is associated with the time component of 
the group velocity, while the rest mass pertains to the magnetic field. 

2
0s m sH q V m c χ′ ′= ⋅ + +v ζ                    (22) 

We define the electric vector potential sA  regarding the magnetic scalar po-
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tential sV . 

0 2 .s
m m s

Vm q q
c

′ ′ ′≡ + = +u v p Aζ  

where,  

,s
s sV

t
∂

= ∇ + = −∇×
∂
AB E A  

Furthermore, in geometric algebra, the magnetic charge and the magnetic 
scalar potential are trivectors. 

ímq cq≡ , ís
VV
c

≡  

There is also time dependence upon analyzing the Hamiltonian of the signal 
in the Heisenberg picture; the fourth term in Equation (17) directly results from 
this time dependence. 

d
d

s
m s

H q
t
= ⋅ = ⋅v B v F                      (23) 

Therefore, it is crucial to acknowledge the existence of a magnetic charge in 
addition to the electric charge. 

6. Magnetic Monopoles 

Succinctly, regarding magnetic charges, they are essentially oscillating electric 
charges that generate a homogeneous field with zero polarity. The Planck charge 
oscillates in the interior of the elementary constituent in a loop with a Planck ra-
dius. The oscillation is akin to a current loop, therefore for two current loops, 
and according to magnetostatics, the force that each loop feels is:  

0
1 2 1 22

ˆ
d d

4
I I

r
µ

= − ⋅
π ∫ ∫

rF l l
 

 

The electric current loops are equivalent; 

1 2R R R= =  

And assuming the simples configuration between the loops, 

0
1 2 1 22

ˆ
d d

4
I I l l

r
µ

= −
π ∫ ∫ 

rF  

Therefore, let qI qf
T

= = , and d dl R θ= ; 

( )
2 2 20 1 2

2
ˆd

4
q f f R

r
µ

θ= −
π ∫F r



 

2 2
0 1 2

2
ˆq f f R

r
µπ

= −F r  

Since the system’s frequency is the Compton frequency; therefore, according 
to the Einstein-de Broglie relation, 2fh mc= . 

2 4 2
0 1 2

2 2

ˆq c m m R
h r

µπ
= −

rF  

https://doi.org/10.4236/jmp.2023.1413106


J. A. Miranda-Colόn 
 

 

DOI: 10.4236/jmp.2023.1413106 1778 Journal of Modern Physics 
 

Hence, because the radius R is the plank length and q is the Planck charge, 
gravity is a magnetic force due to magnetic monopoles. 

1 2
2

ˆm mG
r

= −F r  

The interaction of the Planck charge that resides in the particle’s interior with 
the surrounding environment is the source of gravity and inertia, which is the 
gist of the conjecture. Modifying gravity’s effects on objects, whether to weaken 
or intensify them, necessitates the implementation of magnetic fields. Therefore, 
by applying the same methodology that led to Equation (4) development, we ar-
rive at a new equation that contains pertinent information regarding the mag-
netic field necessary to achieve this objective. This equation also incorporates the 
Schwinger magnetic field limit as a unique condition in its amplitude.  

2
2e it

m

B
q v

ωω
=

                        (24) 

where the magnetic Lorentz force is: 
2

2e it
sF

v
ωω

=
                        (25) 

And, 

2
2

1 e , 2
2

it
sm i a ui

c
ωω ω′ = = −

                  (26) 

Regarding the acceleration, if we require the mass associated with the force to 
be positive, the acceleration must be negative. In the previous article, multiply-
ing the amplitude of the waves involved in the modulation process yielded the 
square of the particle radius. Similarly, the product of the acceleration of the 
waves must result in the square of the Zitterbewegung acceleration. Therefore, 
we add the imaginary units to the acceleration to obtain the correct result. How-
ever, this introduces the imaginary unit in the oscillating mass equation to bal-
ance the equation, resulting in an eigenvalue of Equation (2). In the following, 
we will establish expressions for the inertial mass in representations of electric 
and magnetic fields. 

7. Inertial Mass 

We will obtain Maxwell’s equations in the vacuum, and the approach involves 
Geometric algebra and applying the energy and momentum operators of the 
quantum theory to the photon’s field component equations. Consequently, we 
obtain expressions for inertial mass regarding electromagnetic fields and poten-
tials as a byproduct. The initial point of departure will be the components de-
rived from the Lorentz magnetic force, enabling us to acquire Gauss and Fara-
day’s law. 

2c
= ×

uB E  

With the geometric product, 
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í= ⋅ + ×up u p u p  

Since for the photon =u v , 
H= ⋅ =up u p  

2H=
pu
p

 

,H i i
t
∂

→ →− ∇
∂

p   

1) Faraday’s Law 

22

H
c

= ×
pB E
p

 

H = ×B p E  

i i
t
∂

= − ∇×
∂

B E   

t
∂

∴ = −∇×
∂
B E  

2) Gauss’s Law for Magnetism 

2c
 ⋅ = ⋅ × 
 

up B p E  

2i i
c

 − ∇ ⋅ = − ∇ ⋅ × 
 

uB E   

0∇ ⋅ =B  

Careful adherence to the outline procedure mentioned above, with the electric 
force field components, allows us to obtain the remaining relations: Ampere’s 
and Gauss’s law. We can take things further by incorporating the Hamiltonian of 
the signal (22) and carrier (3). Consequently, this approach has allowed us to de-
rive Maxwell’s equations again and the subsequent unique set of promising rela-
tions. 

2 2 0qV mc qcβ− − + × =E E A B                 (27) 
2

0 0m s m sm c q q Vχ′− − × + =B A E B                (28) 

With Gauss’s law and assuming that the matrices β and χ are the identity ma-
trix in the previous relations, the rest energy and rest mass for the photon arti-
culated in terms of electromagnetic fields and potentials are the following. We 
conjecture that this concept overarches all the elementary constituents. 

2
0 0

0

1 dm c Vε
µ

 
= − × ⋅ 

 
∫ E A B a                  (29) 

[ ]2
0

0

1 ds sm c V
µ

′ = − + × ⋅∫ B A E a                  (30) 

Equation (16) is a specific instance of Equation (29), indicating that a free 
photon has no rest mass. However, the derivation process suggests that if the 
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photon obtains a charge, it might also acquire mass. Since the electric mass is nil, 
we conclude that the magnetic inertial mass (30) is also zero and consequently. 

( )0
0

d 0V c
c

ε
µ
 

+ × ⋅ = 
 
∫

B A E a                   (31) 

Nonetheless, by utilizing the principles of vector identities, we arrive at the 
equation for the aggregate energy of the magnetic charge and current distribu-
tions, the magnetic analog of Equations (14) and (15). 

1 d
2mag magV

c
ρ τ= ∫                      (32) 

d
2elec mag
c τ= − ⋅∫ A J                     (33) 

Hence, the magnetic monopole is undergoing an oscillatory motion, which 
may result in the emergence of an electric charge. This eventuality would then 
serve as the origin of the particle’s intrinsic charge. 

8. Conclusion 

The realm of science fiction often alludes to hypothetical technological devices 
that enable vehicles to circumvent the limitations or restrictions on motion im-
posed by inertia. With these devices, vehicles accelerate and displace at high 
speeds or even surpass the speed of causality. Among these apparatuses, the 
most prominent is the warp drive. Researchers have proposed several warp-type 
mechanisms based on our current comprehension of gravity, as there are no ex-
plicit hypotheses about its nature. Nonetheless, this paper presents an intriguing 
assumption regarding the fundamental nature of gravity and inertia. Indeed, the 
research suggests that these two phenomena are intricately linked to electro-
magnetic forces and can be influenced by applying highly intense high-frequency 
electromagnetic fields according to Equations (4) and (24). Although this con-
cept may seem reminiscent of previous theories, this paper’s approach is unique. 
The concepts and ideas presented by the author are open to falsification and not 
limited to gravity and inertia but also include the fine structure constant, mag-
netic monopoles, the Photon, and entropic forces that play an essential role in 
holding the particle together. As a result, this paper takes the field of physics closer 
to a plausible ontology. In a forthcoming paper, we shall further delve deeper 
into these concepts and explore the potential for a theory of almost everything 
where the vacuum field interacts with itself, generating an electromagnetic con-
figuration whose properties and characteristics are emergent. Namely, the par-
ticle and the field are the same thing in different states. As per our presentation, 
we did not provide the blueprints for a warp drive-type mechanism; however, we 
propose that the technological feat of generating potent electric and magnetic 
fields around an object with the Zitterbewegung frequency will disrupt or distort 
the connection with the ubiquitous quantum field. This will render the entity 
impervious to the vacuum field, permitting or opening up previously impossible 
avenues for displacement, acceleration, and even cloaking, making it feasible to 
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achieve a warp drive.  
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Nomenclature 

u phase velocity, v group velocity, cα′  Dirac velocity, p group velocity mo-
mentum, p′  phase velocity momentum, q electric charge, mq  magnetic 
charge,   Planck charge, H Hamiltonian, sH  signal Hamiltonian, cH  car-
rier Hamiltonian, t time, R radius, r position, r̂  radial unit vector, c speed of 
light, ω angular frequency, f frequency, T period, ħ reduce Planck constant, h 
Planck constant, rλ  reduce Compton wavelength, 0  permittivity in free 
space, 0µ  magnetic susceptibility in free space, ε permittivity in the interior of 
the electron, θ  or φ  angle, α the fine structure constant, V electric scalar po-
tential, sV  magnetic scalar potential, í geometric factor, i imaginary number, A 
magnetic vector potential, sA  electric vector potential,   energy, τ  volume, 
a area, j current, l loop length, mρ  magnetic charge density, ρ  electric charge 
density, G gravitational constant, E electric field, B magnetic field, ζ  group 
velocity canonical momentum, ζ ′  phase velocity canonical momentum, F 
force, cF  electric force, sF  magnetic force, ca  carrier acceleration, sa  sig-
nal acceleration, m carrier mass, m′  signal mass, 0m  and 0m′  rest mass.  
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