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Abstract 
A method of Foldy-Wouthuysen transformation for relativistic spin-1/2 par-
ticles in external fields is proposed; in the present work the basic properties of 
the Dirac hamiltonian in the FW representation in the noncommutative 
phase-space are investigated and the Schrödinger-Pauli equation is found, 
knowing that the used methods for extracting the full phase-space noncom-
mutative Dirac equation are, the Bopp-shift linear translation method, and 
the Moyal-Weyl product (*-product). 
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Schrödinger-Pauli Equation, Phase-Space Noncommutativity, Noncommutative 
Dirac Equation, Moyal Product, Bopp-Shift Translation 

 

1. Introduction 

The Foldy-Wouthuysen transformation (FW) [1] is one of several methods used 
to investigate the low-energy limit of the relativistic Dirac equation (low-speed); 
due to a series of sequential unitary transformations [2], it has proven to be the 
favorite method to meaningfully obtain the nonrelativistic limit of the Dirac eq-
uation in which it gives the Schrödinger-Pauli equation [3] [4] [5]; in the FW 
representation for relativistic particles in external fields, the operators have the 
same form as in the nonrelativistic quantum theory, this is mainly because of the 
fact of the hamiltonian and all operators in this representation are block-diagonal, 
furthermore the basic characteristics of the FW representation are obviously de-
scribed in [6] [7] [8] [9]. 
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In the present work, the basic properties of the Dirac hamiltonian in the FW 
representation in the noncommutative phase-space are investigated and the 
Schrödinger-Pauli equation is found, where the common methods for extracting 
the full phase-space noncommutative Dirac equation are both of the linear transla-
tion method, which known as Bopp-Shift translation in which it matches between 
the commutative quantum mechanics and the noncommutative quantum mechan-
ics (NCQM) [10], and the Moyal-Weyl product (*-product) [11] [12] [13] [14]. 

2. Phase-Space Noncommutativity 

In the two-dimensional commutative phase-space, the coordinates ix  and the 
kinetic momentum ip  satisfy the usual canonical commutation relations 

( ), 0, , 0, , , 1, 2 .i j i j i j ijx x p p x p i i jδ     = = = =                 (1) 

In the recent study results on the phase-space noncommutativity (PSNC) is 
shown that at very tiny scales (string scales) the space may not commute any-
more, let us consider the operators of coordinates and kinetic momentum in a 
two-dimensional noncommutative phase-space ˆix  and ˆ ip  respectively, where 
the noncommutative phase-space operators satisfy the commutation relations 

( )ˆ ˆ ˆ ˆ ˆ ˆ, , , , , , 1, 2 ,eff
i j ij i j ij i j ijx x i p p i x p i i jη δ     = Θ = = =               (2) 

with the effective Plank constant being 

21 ,
4

eff ηΘ⋅ = + 
 

 



                       (3) 

where 

( ) ( ), 0,0, , , 0,0,ij ijk k k ij ijk k kη η η ηΘ = Θ Θ = Θ = =  , 

,ηΘ  are noncommutative parameters, they are real-valued and antisymme-
tric constant matrices with dimension of (length)2 and (momentum)2, re-
spectively. 

The noncommutativity in phase-space can be realized in terms of Moyal-Weyl 
product (*-product) [15] [16] [17] which means that the noncommutativity in-
formation is encoded in the Moyal product, defined as 

( )( ) ( ) ( )

( ) ( ) ( ) ( )1 1
1 1

2

1

exp
2

1 .
! 2

ˆ
a b

n n
k k

ab x x a b

a ba b
a a b ba

if g f x g x

if x g x f x x
n

x

g
=

 = Θ ∂ ∂  

  = + Θ Θ ∂ ∂ ∂ …∂  
  

∑  



  (4) 

The noncommutative phase-space operators are related to the commutative 
phase-space one, due to the so-called Bopp-shift linear transformation [18] [19] 
[20], knowing that the latter induced from the *-product, and it is given by 

1 1ˆ
2 2

1

ˆ

1
2 2

ˆ ˆ

y x

x x y y

y

p

x x p y p

p y p p xη η

= − Θ = + Θ

= + = −

 

                 

 (5) 

https://doi.org/10.4236/jmp.2018.911127


I. Haouam, L. Chetouani 
 

 

DOI: 10.4236/jmp.2018.911127 2023 Journal of Modern Physics 
 

If 0ηΘ = =  the noncommutative phase-space algebra reduces to the com-
mutative one. 

3. Nonrelativistic Limit of the Dirac Equation in  
Noncommutative Phase-Space 

3.1. The Dirac Equation in Noncommutative Phase-Space 

As it known by the use of the *-product, we obtain the Dirac equation for the 
noncommutative quantum mechanics [21] [22] 

( ) ( )ˆ ˆ ˆ,H x p x Eψ ψ= ,                     (6) 

knowing that the Dirac equation in interaction with the electromagnetic 
four-potential Aµ  in commutative phase-space is 

( ) ( ) ( )2
0i i i

ec p A x eA x mc E x
c

α β ψ ψ
  − + + =    

,          (7) 

where ( ) ( )
( )

, e
iEt x

x t
x

φ
ψ

χ

−  
=  

 
  is the wave function (bi-spinor) in the Dirac re-

presentation. 
At first we achieve the noncommutativity in space, by the mapping between 

the noncommutative coordinates x̂  and the commutative coordinates x using 
the *-product, with the help of Equation (4) we find 

( ) ( ) ( ) ( ) ( )2
0ˆ ˆ ˆ ˆ ˆ ˆ ˆ, .i i i

eH x p x c p A x eA x mc x
c

ψ α β ψ
  = − + +    

 
    

 (8) 

Consider the electromagnetic potential ( )x hx= , where h is a constant, the 
derivations in the Equation (4) roughly turned off in the first order, then Equa-
tion (8) can be written as follows 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
( )

2 2
0

ˆ ˆ ˆ , ˆˆ,
2

ˆ

,

ab a i i i

b

i eH x p x H x p x c A x
c

eA x mc x

E x

pψ ψ α

β ψ

ψ

  = + Θ ∂ −   


+ + ∂ +Ο Θ


=



    

 (9) 

with ( ) ( )2ˆ 0a i i ac p mcα β∂ = ∂ = , Equation (9) reduced to 

( ) ( ) ( )( ) ( ) ( ) ( )0ˆˆ ˆ, .
2 ab a i i b
ieH x p x A x A x x E xψ θ α ψ ψ − ∂ − ∂ =     (10) 

Anew we achieve the noncommutativity in phase by the mapping between the 
noncommutative kinetic momentum p̂  and the commutative one p, using Equa-
tion (5) to get the following full noncommutative phase-space Dirac equation 

( ) ( ) ( ) ( )

( )( ) ( )( ) ( )

( )

2
0

0

1ˆ ˆ ˆ,
2

2
,

i i ij j i

ab a i i b

eH x p x c p x A x eA x mc
c

ie A x A x x

E x

ψ α η β

α ψ

ψ

  = + − + +   

− Θ ∂ 


− ∂

=





    (11) 
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rewrite the Equation (11) in a more compact form (see Appendix A for the sim-
plification): 

( ) ( )

( )( ) ( )

( )

2
0

0

ˆ

,

NC

NC

NC

e cH c p A eA mc x
c

e A A p

E

ψ α β α η

α ψ

ψ

  = − + + + × ⋅   
+ ∇ − × ⋅Θ

=



   

 

 







       

 (12) 

where ( )

( ) ( )
( )
ˆ

exp
ˆNC

ci E x t x
x

α η φ
ψ

χ

  − + × ⋅      =  
   
  

 





 is the wave function in 

noncommutative phase-space. 

3.2. Foldy-Wouthuysen Transformation in Noncommutative 
Phase-Space 

Deriving the Schrödinger-Pauli equation in noncommutative phase-space, 
which is the nonrelativistic limit of the Dirac equation in a simple way using the 
Foldy-Wouthuysen transformation, this one achieved by a series of successive 
unitary transformations performed on the phase-space noncommutative Dirac 
hamiltonian in Equation (12), knowing that it is only applicable to weak fields. 

The Dirac hamiltonian in PSNC is given by 

( ) ( )( )2
0 0

ˆ ,e c eH c p A eA mc x A A p
c

α β α η α = − + + + × ⋅ + ∇ − × ⋅Θ 
   

  

       (13) 

in order to perform the FW transformation, we have to rewrite the Dirac hamil-
tonian Equation (13) to the form: 

2ˆˆ ˆ ,H mcθ β= + +                       (14) 

where the Dirac hamiltonian is divided into block diagonal and off diagonal 
parts denoted even operator ̂  and odd operator θ̂  respectively1. 

( )( )

( ) ( )( )
0 0ˆ

ˆ ,

eeA A p

e c ec p A x A p
c

θ α α η α

= − ∇ × ⋅Θ

 = − + × ⋅ + ∇ × ⋅Θ 
 

 



  

     



 


         (15) 

these are defined to satisfy 
ˆ ˆ ˆ ˆandβθ θβ β β= − =  .                   (16) 

Because of the presence of the odd operators (of α  matrices), the Dirac ha-
miltonian is not block diagonalized, so that we try to eliminate odd operators 
from the Dirac hamiltonian, by applying FW transformation

 
( ) ( )

ˆ

ˆ ˆ

e

ˆ ˆe e ,

is
NC NC

is isH H

ψ ψ
−

′ =

′ =
                       (17) 

 

 

1Odd operators (off diagonal in Pauli-Dirac basis): ,,i iα γ   even operators (diagonal in Pau-

li-Dirac basis): , ,1,β Σ   suffice at the 4rd order of ŝ . 
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with ŝ  is Hermitian and it is of the form 

2
ˆˆ .

2
is

mc
βθ

−
=                         (18) 

Using the Maclaurin series expansion of ˆeis  defined as  

( )2
ˆ ˆˆ

e 1
1! 2!

is isis
= + + +  in the Equation (17) yields a transformed Dirac hamilto-

nian (Campbell-Baker-Hausdorff expansion) [23] [24] 

2 3
ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ, , , , , ,

2! 3!

ˆˆ ˆ ˆ, , ,
!

n

i iH H i s H s s H s s s H

i s s s H
n

− − −− − −

− − −

         ′ = + + + +          

   + +    
 





    (19) 

Writing our hamiltonian, restricting ourselves to terms up to order ( )321 mc , 
thus we suffice at the 4rd order of Ŝ , 

2

1ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ, , , , , ,
2 6

1 ˆ ˆ ˆ ˆ, , , ,
24

iH H i s H s s H s s s H

s s s s mcβ

− − −− − −

− − − −

         ′ = + − −          

    − +      


     

 (20) 

Using the properties mentioned in Equation (16) and with Equation (14) and 
Equation (18), knowing that 

ˆ ˆˆ ˆ, , ,β θ θ β
− −

   = −                         (21) 

we calculate the various commutators of ŝ  and Ĥ  

2
2 2

ˆ1ˆ ˆ ˆ ˆˆˆ ˆ, ,
2

i s H
mc mc

β
θ βθ θ

− −
   = − + +                 (22) 

2
2 3

2 2 4 2 4

1 1 1ˆ ˆ ˆ ˆ ˆˆˆ ˆ ˆ, , , , ,
2! 2 2 8
i s s H

mc m c m c
βθ θ θ θ

− −− −

      = − − +      


   
 (23) 

3 4
2 4 3 6 3 6

1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ, , , , , , ,
6 6 6 48
i s s s H

m c m c m c
θ βθ β θ θ θ

− −− −− −

        − = − +           
  (24) 

with the same manner we continue, with taking into account only terms of the 
order ( )32

01 m c , we get 

2 4
3 6

1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , , ,
24 24

S S S S mc
m c

β βθ
− − − −

    − ≈      
,         (25) 

by collecting the terms of Ĥ ′  Equations ((22), (25)), we find 

2 2 3
2 2 2 2 4

3 4
2 4 2 4 3 6

4
3 6 3 6

ˆ1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ,
2 2 2

1 1 1ˆ ˆ ˆ ˆ ˆˆ

,

, ,
8 6 6

1 1ˆ ˆ ˆ ˆ ˆ ˆˆ, , ,
48 24

H H
mc mc mc m c

m c m c m c

m c m c

β
θ βθ θ βθ θ

θ θ θ βθ

β θ θ θ βθ

−

− −

− − −

 ′ = − + + − − 

  − +  

   − +    

−







     (26) 
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2 2 4 3
2 3 6 2 2 4

2 4 3 6

ˆ1 1 1ˆ ˆ ˆ ˆ ˆˆ ˆ,
2 8 2 3

1 1ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ, , , , , ,
8 48

mc
mc m c mc m c

m c m c

β
β θ θ θ θ

θ θ β θ θ θ

−

− −− − −

   = + + − + −    

       − −        

 

 

    (27) 

as it shown in the Equation (27) the new hamiltonian is not free of the odd op-
erator, the odd part not omit, so By further FW transformation we reduce the 
odd part of the transformed hamiltonian, so we perform a second transforma-
tion, remembering that the product of two even or odd operators is an even op-
erator. 

To reduce the odd part of the transformed hamiltonian, thus we chose 

2
ˆˆ ,

2
is

mc
βθ

−′ ′=
                       

(28) 

in where 
2ˆ ˆˆ ˆ ˆ ,H H mcθ β′ ′ ′= + + +                     (29) 

with 

3
2 2 4 3 6

ˆ 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ, , , ,
2 3 48mc m c m c
β

θ θ θ β θ θ θ
− − − −

     ′ = − −      
  ,     (30) 

2 4
2 3 6 2 4

1 1 1ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ, ,
8 8mc m c m c

βθ βθ θ θ
− −

  ′ = + − −   
   ,         (31) 

ˆ ˆˆ ˆe eis isH H′ ′−′′ ′= ,                       (32) 

2

1ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ, , , , , ,
2 6

1 ˆ ˆ ˆ ˆ, , , ,
24

iH H i s H s s H s s s H

s s s s mcβ

− − −− − −

− − − −

         ′′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′= + − −          

    ′ ′ ′ ′− +      


   

 (33) 

We restrict ourselves to terms up to order ( )321 mc , as in the first FW 

transformation (knowing that 2

1ˆ
mc

θ ′ ∼ ), so that the new hamiltonian is 

2 2 3
2 2 2 4 2 4

ˆ 1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ, , ,
2 2 2 8

H mc
mc mc m c m c
β

β θ βθ θ θ θ
− − −

    ′′ ′ ′ ′ ′ ′ ′ ′ ′= + + + − −    
   . (34) 

The terms proportional to 3θ̂ ′  and 2θ̂ ′  contain large powers of 21 mc , 
therefore they can be neglected, more precisely we take into account only terms 
of order that we restrict ourselves in the expansion, and thus Equation (34) is 
given by 

2 2
2

ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆ,
2

H mc mc
mc
β

β θ β θ
−

 ′′ ′ ′ ′ ′ ′′+ + = + +     ,         (35) 

Ĥ ′′  is not yet free of the odd operators, we apply a third FW transformation to 
eliminate θ̂ ′′ , 

ˆ ˆˆ ˆe eis isH H′′ ′′−′′′ ′′= ,                       (36) 

with 

2
ˆˆ

2
is

mc
βθ

−′′ ′′= ,                       (37) 
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so that 

2 2 2 4
2 3 6 2 4

1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ, ,
8 8

H mc mc
mc m c m c

β β βθ βθ θ θ
− −

  ′′′ ′+ = + + − −   
    .  (38) 

Finally the transformed hamiltonian is completely free of odd operators, next 
we calculate the various terms of the Equation (38), according to Equation (15), 
we make use of the following known relations for three arbitrary vectors A



, B


 
and C



: 

( ) ( ) ( ) ( ) ( ) ( ),A B C B C A C A B A B C B C A C A B⋅ × = ⋅ × = ⋅ × × ⋅ = × ⋅ = × ⋅
                

, (39) 

the Equation (15) becomes 

( ) ( )ˆ e c e e cc p A x A p c p A
c c c

θ α α η α α     = − + × + ∇ ×Θ = − + Ω     
     

    

    

 

   ,  (40) 

with 

( )ex A p
c

ηΩ = × + ∇ ×Θ
  

  ,                   (41) 

yields 

( )
2 2 22 2

2

2ˆ e c e cc p A p A
c c

θ α α α α
    = − + − Ω + Ω    

      

   

     ,       (42) 

using the following relation2 

( )( ) ( )A B AB i A Bα α = + Σ ⋅ ×
    

  ,                 (43) 

we obtain 
2 2

2 2 2
2

2

2ˆ

2 1 ,

e c e cc p A p A
c c

i e eic B p A
c c

θ α    = − + − Ω+ Ω    
    
  + Σ ⋅ + − ×Ω+ Ω×Ω    

   

  

   

 







          (44) 

and 

( )( )

02 4 2 4

0 02 4

1 ˆ ˆ,
8 8

1 , , ,
8

i c A
m c m c

e e c cA p c p A eA
cm c

θ α

α α α

−

−−

  = − ∇ 

      + ∇ × ⋅Θ − + Ω + Ω           





   

   



  



  (45) 

for 0A V=  we have V E∇ = −
 

 and using Equation (45) we have 

( )( )

2 2 2 2

2 4 2 4

2 4 2 4

0 02 4

ˆ ˆ ˆ, ,
8 8

,
4 8

1ˆ, , ,,
8

e c ie cE E
m c m c

e c iE p c E
m c m c

e c e cc p A A p eA
cm c

θ θ

α α

θ α α α

− −

−

−− −

   = ∇ + Σ ⋅∇×  

 + Σ ⋅ × + Ω  

       + − − Ω ∇ × ⋅Θ + Ω              

   

  

 

 



  

 

    

   



 (46) 

 

 

2 { }( )2 1 , ,
2

i j i j i j i j i j i j ij ijk k ij ijk kg i iα α α β α βα βα γ γ γ γ γ γ δ= = − = = − + = − + Σ = + Σ      
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using Equation (43) we simplify Equation (46) (see Appendix B), to have 

( )( )

( )

2 2 2 2

2 4 2 4 2 4

2

2 4 2 4

2 4

ˆ ˆ ˆ, ,
8 8 4

1, 2 ,
8 8

, ,

1
8

e c ie c eE E E p
m c m c m c

ic e e cE i E c p A
cm c m c

e cc p A E p c V
c

m c

θ θ
− −

−

−
− −

   = ∇ + Σ ⋅∇× + Σ ⋅ ×  

   + Ω + Σ Ω× + − + Ω      

     − − Ω × ⋅Θ − Ω         

+




     



    



  

  









 





( )

( )

2

2 ,

, .

e e ci E p c p A
c

e c e cc p A c V c p A
c c

e c e cc p A c p A E p
c c

−

−

   Σ − × ⋅Θ ⋅ − − Ω   
  

       × − + Ω + Ω × − + Ω             

        + − + Ω × − − Ω × ⋅Θ        
         

  

 

   

 

    

  

 

 

    

 (47) 

Adding the various contributions Equations ((44), (47)), in Equation (38), 

with assuming 4 4
3 6 3 6

1 1ˆ ~
8 8

p
m c m c

θ  , and For 
0FW

ϕ
ψ

 
=  
 

 the Schrödinger-Pauli 

equation is 

( )

2
2 4 2

3 6 2

2 2

2 2 4

2 2 2

2 4 2 4

1 1 1 1ˆ
2 8 2

2 1 ˆ
2 2 8

4 8

e ei mc p A p p A
t m c m cm c m

i e e ie cp A eV B E
m c mc m c

e e e c icE p E p E
m c m c

ϕ β

β

 ∂     = + − − + − Ω+ Ω    ∂     

  + Σ − ×Ω+ Ω×Ω + − Σ − Σ ⋅∇×  
  

− Σ ⋅ × + × ⋅Θ − ∇ −

   

  

        









   



 

 







  ( )( )

( )

( )

2 4

2 4

, 2
8

1 ,
8

2 , 2

E i E
m c

e e c e cc p A c p A E p
c cm c

e c e cc V c p A E p c p A
c c

e cc p A
c

−

−

−

 Ω + Σ Ω× 

        − − + Ω × − − Ω × ⋅Θ       
       

       + Ω × − + Ω − × ⋅Θ − − Ω              

  × − + Ω 
 

   

    

  

     

  



















.
 
 

  

 (48) 

The reason of the explicit noncommutative terms entangled in the obtained 
Schrödinger-Pauli Equation (48), (in FW representation) is that the effect of the 
noncommutativity in the Dirac equation appears as a kind of potential which 
depends on noncommutativity parameters (η , and Θ ), then after applying the 
nonrelativistic limit that potential is the responsible on generating a new terms 
and a modified known terms, which contain the noncommutative parameters 
(reduced in Ω



), in Equation (48), where terms in the first parenthesis describe 
the NC nonrelativistic kinetic energy, and its first NC nonrelativistic correction 
(at least to the order of approximation we have considered), this is manifested as 
a terms contain phase-space NC parameters added to the known terms, then 
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successive two terms describe the electrostatic energy and the magnetic dipole  

energy, thereafter ( )2 44
e eE p E p
m c

− Σ ⋅ × + × ⋅Θ
  

 



, represents the Θ-modified 

spin-orbit interaction term, in a spherically symmetric potential, with  

( ) 10, VE E V r r
r r
∂

∇× = = −∇ = −
∂

   

 , and r p L× =


  , 

2 4

1 1-modified spin-orbit term
4

e V e VL L
r r r rm c
∂ ∂

Θ = Σ ⋅ − ⋅Θ
∂ ∂





  

.     (49) 

Next term in Equation (48), ( )( )
2 2 2

2 4 2 4 , 2
8 8
e c icE E i E
m c m c −

 − ∇ − Ω + Σ Ω× 
     



, 

represents the Θη-modified Darwin term (attributed to the Zitterbewegung [25] 
[26] [27]), with ( )E V r= −∇

 

 and 0A =


, x ηΩ = ×


 , 

( )( )
2 2 2

2 4 2 4

-modified Darwin term

, 2 .
8 8
e c icV x V i x V
m c m c

η

η η
−

Θ

 = − ∇ − × ∇ + Σ × ×∇ 
  

  

       (50) 

The other terms in the Equation (48) represent the NC Schrödinger-Pauli eq-
uation corrections. 

Essentially the intriguing part of our result is the fact that noncommutative 
effects grant a Θη-modified terms entangled in the obtained NC Schrödin-
ger-Pauli equation. 

Under the condition that space-space and momentum-momentum are all 
commutative (namely, 0η = , 0Θ = ) the results return to that of usual quan-
tum mechanics. 

4. Conclusions 

In conclusion, the phase-space noncommutativity effect is introduced in the Di-
rac equation and subsequently the Foldy-Wouthuysen transformation is ex-
ploited to reduce the system in presence of electromagnetic field to a nonrelati-
vistic regime, which gives the Schrödinger-Pauli equation. 

Knowing that the phase-space noncommutativity effect is introduced by ap-
plying both of the Bopp-shift linear translation method, and the Moyal-Weyl 
product. 

The usage of the FW representation in most cases allows one to reduce the 
problem of finding a classical limit of relativistic quantum mechanical equations 
to the replacement of operators in the hamiltonian of the quantum mechanical 
equations of motion by the respective classical quantities, even with noncom-
mutativity in phase and space, and the effects of the latter are manifested in the 
various terms of the obtained hamiltonian. 

Conflicts of Interest 

The authors declare no conflicts of interest regarding the publication of this pa-
per. 

https://doi.org/10.4236/jmp.2018.911127


I. Haouam, L. Chetouani 
 

 

DOI: 10.4236/jmp.2018.911127 2030 Journal of Modern Physics 
 

References 
[1] Foldy, L.L. and Wouthuysen, S.A. (1950) Physical Review, 78, 29.  

https://doi.org/10.1103/PhysRev.78.29 

[2] Greiner, W. (2000) Quantum Mechanics an Introduction, 4th Edition, Vol. I, 
Springer, Berlin. 

[3] Greiner, W. (1994) Quantum Mechanics. 3rd Edition, Springer, Berlin, Heidelberg.  

[4] Davydov, A.S. (1965) Quantum Mechanics. 2nd Edition, Pergamon, Oxford. 

[5] Messiah, A. (1968) Quantum Mechanics, Vol. II. Wiley, New York. 

[6] Costello, J.P. and McKellar, B.H.J. (1995) American Journal of Physics, 63, 
1119-1121. https://doi.org/10.1119/1.18017 

[7] Silenko, A.J. (2003) Journal of Mathematical Physics, 44, 2952.  
https://doi.org/10.1063/1.1579991 

[8] Silenko, A.J. (2008) Physical Review A, 77, Article ID: 012116.  
https://doi.org/10.1103/PhysRevA.77.012116 

[9] Nikitin, A.G. (1998) Journal of Physics A: Mathematical and General, 31, 3297-3300.  
https://doi.org/10.1088/0305-4470/31/14/015 

[10] Delduc, F., Duret, Q., Gieres, F. and Lefrancois, M. (2008) Journal of Physics Con-
ference Series, 103, Article ID: 012020.  
https://doi.org/10.1088/1742-6596/103/1/012020 

[11] Douglas, M.R. and Nekrasov, N.A. (2001) Reviews of Modern Physics, 73, 
977-1029. https://doi.org/10.1103/RevModPhys.73.977 

[12] Connes, A., Douglas, M.R. and Schwarz, A. (1998) JHEP, 9802, 003.  
https://doi.org/10.1088/1126-6708/1998/02/003 

[13] Seiberg, N. and Witten, E. (1999) JHEP, 9909, 032.  
https://doi.org/10.1088/1126-6708/1999/09/032  

[14] Chaichian, M., Demichev, A. and Presnajder, P. (2000) Nuclear Physics B, 567, 360.  
https://doi.org/10.1016/S0550-3213(99)00664-1 

[15] Mirza, B. and Mohadesi, M. (2014) Communications in Theoretical Physics, 42, 
664-668. http://iopscience.iop.org/0253-6102/42/5/664  

[16] Bastos, C., Bertolami, O., Dias, N.C. and Prata, J.N. (2008) Journal of Mathematical 
Physics, 49, Article ID: 072101. https://doi.org/10.1063/1.2944996 

[17] Eftekharzadeh, A. and Hu, B.L. (2005) Brazilian Journal of Physics, 35, 333-342.  
https://doi.org/10.1590/S0103-97332005000200019 

[18] Li, K., Wang, J. and Chen, C. (2005) Modern Physics Letters A, 20, 2165-2174.  
https://doi.org/10.1142/S0217732305017421 

[19] Jiang, X., Long, C. and Qin, S. (2013) Journal of Modern Physics, 4, 940-944.  
https://www.doi.org/10.4236/jmp.2013.47126  

[20] Hassanabadi, H., Molaee, Z. and Zarrinkamar, S. (2014) Advances in High Energy 
Physics, 2014, Article ID: 459345. http://dx.doi.org/10.1155/2014/459345  

[21] Adorno, T.C., Baldiotti, M.C., Chaichian, M., Gitman, D.M. and Tureanu, A. (2009) 
Physics Letters B, 682, 235-239. https://doi.org/10.1016/j.physletb.2009.11.003 

[22] Bertolami, O. and Queiroz, R. (2011) Physics Letters A, 375, 4116-4119.  
https://doi.org/10.1016/j.physleta.2011.09.053 

[23] Schwabl, F. (1995) Quantum Mechanics. Springer, Berlin. 

[24] Kurlin, V. (2007) Journal of Lie Theory, 17, 525-538. arXiv:math/0606330. 

https://doi.org/10.4236/jmp.2018.911127
https://doi.org/10.1103/PhysRev.78.29
https://doi.org/10.1119/1.18017
https://doi.org/10.1063/1.1579991
https://doi.org/10.1103/PhysRevA.77.012116
https://doi.org/10.1088/0305-4470/31/14/015
https://doi.org/10.1088/1742-6596/103/1/012020
https://doi.org/10.1103/RevModPhys.73.977
https://doi.org/10.1088/1126-6708/1998/02/003
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1016/S0550-3213(99)00664-1
http://iopscience.iop.org/0253-6102/42/5/664
https://doi.org/10.1063/1.2944996
https://doi.org/10.1590/S0103-97332005000200019
https://doi.org/10.1142/S0217732305017421
https://www.doi.org/10.4236/jmp.2013.47126
http://dx.doi.org/10.1155/2014/459345
https://doi.org/10.1016/j.physletb.2009.11.003
https://doi.org/10.1016/j.physleta.2011.09.053


I. Haouam, L. Chetouani 
 

 

DOI: 10.4236/jmp.2018.911127 2031 Journal of Modern Physics 
 

[25] Hestenes, D. (1990) Foundations of Physics, 20, 1213-1232.  
https://doi.org/10.1007/BF01889466 

[26] Huang, K. (1952) American Journal of Physics, 20, 479.  
https://doi.org/10.1119/1.1933296 

[27] Barut, A.O. and Bracken, A.J. (1981) Physical Review D, 23, 2454.  
https://doi.org/10.1103/PhysRevD.23.2454  

 
  

https://doi.org/10.4236/jmp.2018.911127
https://doi.org/10.1007/BF01889466
https://doi.org/10.1119/1.1933296
https://doi.org/10.1103/PhysRevD.23.2454


I. Haouam, L. Chetouani 
 

 

DOI: 10.4236/jmp.2018.911127 2032 Journal of Modern Physics 
 

Appendix A: Moving from Equation (11) to Equation (12) 

The simplification to move from Equation (11) to Equation (12): 

Using ij ijη η=   and 1
2k kij ijη η=  , we find: 

( )12
2

,

2i ij j k kij i j

k kij i j

c cX X

c X

α η η α

η α

−=

=

 






                  (51) 

where kij ijk=  , knowing that ( )U V U Vµνλ ν λµ× =  , 

( )

( ) ,

k kij i j kk

c cX X

c X

η α α η

α η

= ×

= ×


















                  (52) 

with the same manner we prove that 

( )
( )

( )( )

0

0

0 .

k abk a b

k abk a b

ie A A

ie A A
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α

α

α

− Θ ∂ − ∂

= − Θ ∂ − ∂

= ∇ ⋅ − × ⋅Θ












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

 




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Appendix B: The Elimination of α  from the Two Last 
Terms in Equation (46) 

Using The Equation (43) we find 
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α α α α
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 (54) 

And for the second term 
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 (55) 

we start with the 1st term of the above Equation (55) 
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using Equation (39), we continue with the 2nd term, 
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finally we find 
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Abstract 
The critical limit principle of maximum entropy is put forward, it’s a suffi-
cient condition to obtain accurate critical points, and ensure that the new 
phase system is still in the maximum entropy state. Two representations for 
the phase transition of Ising models are found; the universal formula of criti-
cal points is explained by thermodynamics. From the point of view of fractal 
geometry and the correspondence between symmetry and conservation, the 
scaling laws are reinterpreted. The self consistence equations for the universal 
class are set up, by which and the scaling laws higher accurate exponents to 
date are obtained. The temperature where the self similar transformation 
disappears is calculated. 
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1. Introduction 

As a fundamental issue, the critical phenomena theory has pervaded modern 
physics, the approach to the critical point, the critical fluctuation, and the critical 
exponents help us understand critical laws deeply. The precise calculation of 
critical points and critical exponents is the common goal of the researchers. The 
symmetry analysis that is usually applied in particle physics makes our research 
to a new state, and has got more quantitative results [1]. There are some impor-
tant models, among which Ising model is particularly striking. However, the ac-
curate evaluation of the critical points was always an unsolvable problem for 3d 
models by conventional theory. The main difficulty is that one cannot get the 
exact value of a block spin because all conventional theories and methods are li-
mited to Euclidean geometry. Euclidean geometry uses simple graphics as a tool 
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to study certain objects with complexity. On the contrary, fractal geometry gets a 
simple result when using complicated self similar (SS) transformation. By means 
of fractal geometry, the accurate critical points for 2d and 3d models are ob-
tained [2]. For an infinite lattice system, it seems that there are two ways to an 
ordered state: 1) In the fractal geometry sense, the local lattices are correlated to 
each other to form finite size block spins, and the system is ordered by infinite 
hierarchical SS transformation, i.e., the block side length can be considered as 
the lattice correlation length, and it is finite. 2) From the eyes of the Euclidean 
geometry, all lattices are correlated to one another to construct an ordered sys-
tem, the correlation length is infinite. The system entropy in the first way is 
greater than that of the second way, since the ordering degree of the system in 
the first way is lower than that in the second way. In a word, relative to infinity, 
the finite correlation length makes the system more chaotic, thus the system en-
tropy is greater. 

The focus of both views is the lattice correlation length. Whether the correla-
tion length is infinite or finite, we can respond in only one of the two ways. In 
fact, the concept of infinite correlation length is merely a theoretical assumption. 
We can’t measure the infinite length; we can only measure the exponent υ  that 
is associated with the length in term of the conventional theory. According to 
the assumption, the infinite correlation length occurs at the critical temperature 

cfT , and disappears at the temperature T that is in the vicinity of cfT , and 

cfT T< . The idea that the ordered state is derived from the lattice correlation is 
reasonable, but the argument that the correlation length disappears suddenly in 
the vicinity of cfT  is hard to convince us. Let a system have mN  lattices in total, 
a block contain N lattices, the maximum hierarchy number of the SS transfor-
mation be mr , we have 

ln lnm mr N N=                         (1) 

where the symbol “ln” represents natural logarithm. If the system is infinite, 

mN →+∞ , with the deceasing of temperature the lattice correlation length n 
increases from *n , which is the block side length at the critical pint, to infinity, 
so does N at csT , where the correlation length becomes infinity and the whole 
system is a block [1]. Since N is finite at the critical point, no matter what val-
ue N takes, mr  will tend to infinity due to the infinite mN . However, this is 
an ideal situation that can’t occur in nature. The exponent υ  is a measurable 
parameter, and a specimen that can be measured only has limited size and lat-
tices mN , although it may be approximately considered as infinity. It is the fi-
nite mN  that leads to that the maximum hierarchy number mr  can’t become 
infinity: When the temperature decreases after the transition, the correlation 
length (the block side length n) increases, and mr  is changing smaller and 
smaller with N is getting bigger and bigger. This proves that the exponent υ  
describes actually the behavior of the number mr  rather than the correlation 
length’s. For example, for the irreducible lattice system of Ising model [2], mr  
behaves as 

https://doi.org/10.4236/jmp.2018.911128


Y. G. Feng 
 

 

DOI: 10.4236/jmp.2018.911128 2037 Journal of Modern Physics 
 

m cfr T T
υ−

∝ −                          (2) 

For the reducible lattice system [2], we have the similar conclusion. 
This paper is formed by the above point of view. In Section 2, we put forward 

the critical limit principle of maximum entropy. We prove again the uniqueness 
of the critical point. From the dual relation of J and 2S , we find two representa-
tions for the phase transition: spin representation and coupling constant repre-
sentation. We clarify, in the thermodynamics sense, the meaning of the critical 
point. From the point of view of the SS transformation, we reinterpret the scal-
ing laws that they are conserved laws corresponding to the symmetry transfor-
mation. We set up universal class self consistence constant and the relevant equ-
ations for the exponents, and point out that the exponents must satisfy simulta-
neously the scaling laws and the equations, and the scaling laws are available for 
the whole renormalization region cs cfT T T< ≤  rather than in the vicinity of 

cfT
.
. The structural meaning of the disorder-order phase transition is that the 

original lattice spin system has become the self-similar block spin system. In 
Section 3, we calculate csT  and exponents, get a group of exponents, which is 
the most accurate and self consistent datum to date. Section 4 is conclusion re-
mark. For simplicity, both blocks and sub-blocks are uniformly called blocks in 
this paper, and the relation between the sub-block’s dimension and the block’s 
dimension for the reducible lattice system is given by the formula (6.2) of refer-
ence [2]. 

2. Theory 
2.1. Critical Limit Principle of Maximum Entropy 

The conventional theory thinks that since lattice spins are correlated over scales 
up to the correlation length ζ , it may be plausible to regard the spins with re-
gions up to ζ  in size as behaving like a single block spin of side length n, and 
n ζ≤ , i.e., the block formation originates from the infinite correlation length. 
It’s said that one can get accurate critical point only if let n take ζ , if ζ → +∞ . 
In fact, this is not true [2]. 

We find that there exist simultaneously two sorts of blocks: n+ -blocks and 
n− -blocks, only one of them can become ordered, another disordered [1]. So, 
there are two kinds of correlation lengths: the first refers to the ordered, the 
second to the disordered. They are different from each other, resulting in that 
both are finite. Consider a system consisting of infinite subsystems, the values of 
spins of the i-th subsystem are identical and equal to iS , the free energy is iF ; 
the system free energy F is given by 

1 i iiF PF∞

=
= ∑                          (3) 

where iP  is the occurrence probability of the i-th subsystem. The value of iP  
can’t change the influence of the singularity of iF  on the singularity of F. If iP  
is determined by Gaussian distribution, F is also the Gaussian distribution free 
energy, and represented in the form as the Equation (11) of reference [2]. The 
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Gaussian distribution makes the system in the maximum entropy state [1]. We 
then get a principle: 

Critical limit principle of maximum entropy: A thermodynamic equili-
brium system keeps itself in the maximum entropy state before disorder-order 
phase transition, and tends to the critical point in this manner. 

According to the fractal theory that a system containing a large plenty of lat-
tice spins becomes ordered as the same as a point spin is a kind of spin contrac-
tion mapping, which ensures the uniqueness and existence of self similar trans-
formation [3]. This principle pledges the uniqueness of the critical point. It is 
this principle that helps us get accurate critical points for 2d and 3d models [2]. 
It’s should be emphasized that the Gaussian distribution differs from the Gaus-
sian model, the former determine which subsystem is that we need; the latter al-
lows the system change the value of the block spin at the same temperature, al-
though all block spins have the identical value. The common feature of both sys-
tems is they have the same free energy singularity. This means that we can get 
the critical point by Gaussian model. Using the fixed-point Equation (5) of ref-
erence [1], we can prove that the block side length *n  at the critical point is 
unique and finite. For the triangle lattice system, substituting  

( )( )1 2 2N n n= + + , see [2], into the equation: 

 ( ) ( )2
min min min2 3 1 2 0D n D n D− + − − =                (4) 

Equation (4) has only a positive finite real solution *n  due to min1 2D< < . 
For the tetrahedron lattice system, ( )3 26 11 6 6N n n n= + + + , see [2], the equa-
tion becomes 

( ) ( ) ( )3 2
min min min min3 12 6 11 11 6 0D n D n D n D− + − + − − =        (5) 

This equation has a unique finite real root *n . As the same reason, there is a 
unique finite side length *n  at the critical point for any one system, which ac-
cords with the result of numerical calculation [2]. 

2.2. Dual Relation 

The energy conservation of transformation produces a dual relation of J and 2S  
[2]: 

2 22ZJS Djs=                          (6) 

where the lattice spin 2 1s = , its coupling constant j, the block fractal dimension 
is D, its spin square is 2S , coupling constant J, and coordinate number Z. For a 
given system Z is constant. Let J j= , we get spin representation: 

( )2 22S D Z s=                         (7) 

If let 2 2S s= , we have coupling constant representation from Equation (6): 

( )2J D Z j=                          (8) 

The two representations are equivalent. In the early renormalization group 
(RG) theory the coupling constant representation is adopted [4]. In the Gaussian 
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distribution, we use the spin representation [2]. Both relate to the common 
transformation ( )2D Z , and the fractal dimension D takes the minimum minD  
at the critical point. The theory that the critical point is a fixed point in the 
coupling constant representation should be equivalent to that the minD  at the 
critical point corresponds to the fixed point of the block side length in the spin 
representation as the two representations describe the same case.. 

2.3. Universal Formula of Critical Points for Ising Models 

The singularity of the free energy gives rise to 
2
min B cfZJS k T=                          (9) 

This is a universal relation for the critical points of Ising models [2], where 

cfT  is the disorder-order phase transition temperature, Bk  Boltzmann constant. 
At a temperature T, a system has a definite mean energy E , its free energy F 
and entropy eS  obey thermodynamic condition: 

eF E TS= −                         (10) 

Only if the entropy eS  is maximum can the free energy F be minimized 
when the T is constant. That the block spin takes the minimum when the system 
reaches to cfT  is the best selection to satisfy the condition. We may view 

2
minZJS  as an ordering tendency, B cfk T  as a disordering tendency caused by 

thermal motion. The critical point not only is a balance point for the two ten-
dencies, but also a starting point of the ordering of the system. The fact that the 
block spin formation is the self-organization behavior and the cooperation phe-
nomena of the lattice spins. Discussing the atomic system, Dirac pointed out 
that the observed specific heats at ordinary temperatures are given fairly well by 
a theory that takes into account merely the motion of each atom as a whole and 
assigns no internal motion to it at all [5]. Likewise, we should only consider the 
interaction between the block spins, the interaction between the lattice spins ex-
ists only inside the block spins. Under the condition of the maximum system 
entropy, the increasing of the ordering degree is compensated by the decreasing 
of temperature, and the ordering tendency overwhelms the disordering tendency 
below cfT : 

2
BZJS k T>                          (11) 

It’s the lattice correlation length that determines the size of the block space, 
i.e., the block side length. The lower the temperature, the longer the correlation 
length, and the larger the block side length (the block spin) and the higher the 
ordering degree. By means of boundary condition, Onsager carried the plane 
square lattice system onto a torus, and obtained a lager critical point than ours 
[2] [6]: 0.4407 > 0.4387, which means his model has lower critical temperature 
than the model on the plane. The lower critical temperature originates in the 
boundary condition, which requires an extra ordering degree, besides the plane 
systems. 
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2.4. Reinterpretation of Scaling Laws—Symmetry and Conservation 

The cfT  is just the critical temperature cT  defined by the conventional phase 
transition theory. We notice that there is no singularity behavior below cfT , i.e., 
the block structure exists until csT  and the block spins replace the lattice spins. 
We call the region cs cfT T T< ≤  as renormalization region, rather than merely 
the criticality one. 

The scaling laws are based on the scaling hypothesis, which is purely a con-
jecture. Taking Ising model as an example, we interpret it by Euclidean geometry 
and fractal geometry. From the point of view of Euclidean geometry, the reason 
why the GR theory works is that the lattice correlation length becomes infinity in 
the vicinity of cfT , such that the influence of all finite microscopic characteristic 
lengths are wiped out, and the correlation length is a unique characteristic quan-
tity. The singularities of thermodynamic parameters are attributed to the corre-
lation length singularity, and any size transformation can’t change the form of 
the free energy function, only changes the parameter scaling. On the other hand, 
the transformation hierarchy is emphasized in terms of fractal geometry: The 
formation of blocks with finite side length n begins at cfT , they can go through 
r-hierarchical SS transformations at the same temperature, and the original lat-
tice spin system is replaced by the block spin system. For any finite value of r, 
one can find the same form of the free energy function represented by the block 
spins, no matter what value of r will be. Clearly, both interpretations describe the 
same phenomena. It’s impossible to explain in terms of Euclidean geometry the 
uniqueness of the block side length *n  at the critical point and the coexistence 
of n+ -blocks and n− -blocks. In fact, the renormalization transformation is just 
the self similar one. In a word, the geometrical structure and the physical para-
meters function forms on the (r + 1)-th hierarchy maintain the original ones on 
the r-hierarchy. By the forms, we are unable to recognize which belong to the 
r-hierarchy and what is the actual value of r. The indistinguishability means 
symmetry [7]. The SS transformation comes essentially from the spacetime ho-
mogeneity and is a special type of symmetrical transformation, differing from 
the conventional operations such as rotation, translation, inversion, etc. The GR 
is a symmetry group, its corresponding conserved quantity is the scaling, and 
there exists scaling invariance. The scaling laws do be the conservation laws. 

For a universal class of space dimension d and order parameter dimension m, 
there are two independent conserved constants: p and q, they can be considered 
as the magnitudes of two orthogonal constant vectors p and q, respectively. Ac-
cording to Wilson theory [8], p and q are given by 

( )ln 2 lnp D Z N∝ , ( )ln 2 lnq D Z N∝            (12) 

where the elementary excitation of block spins is badly neglected [9]. The actual 
relation between p and q should be as 

( ),p d m qσ=                         (13) 

where ( ),d mσ  is a universal class self consistence constant. Three parameters 
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in this equation, only two of them are independent. p and q control six expo-
nents: 

2 1 pα = − , ( )1 q pβ = − , ( )2 1q pγ = −             (14) 

( )1q qδ = − , ( )1 2 2d qη = − + , 1 pdυ =             (15) 

They determine four scaling laws: 

2 2α β γ+ + = , ( )1γ β δ= −                  (16) 

( )2γ υ η= − , 2dυ α= −                    (17) 

Using Equations (13)-(17), there should theoretically be 15 self consistence 
equations for ( ),d mσ  by the combinations of any two different exponents. 
But, the combinations of α  and υ , η  and δ  have no consequence, 13 equ-
ations are actually established: 

( )1 1 2σ α β= − − , ( )2 1σ β γ= + , ( )( )3 2 2 2d dσ α η= − + −      (18) 

( ) ( )4 1 2σ δ δ α= + − , ( )5 2 2σ γ α= + − ,            (19) 

( )6 1σ βδ= , ( )7 1 dσ υ β= − , ( ) ( )8 1σ δ δγ= − , ( )9 2 dσ γ υ= +   (20) 

( ) ( )10 4 2 2dσ η γ η= − + − , ( )11 2 2d d dσ υ η= + −          (21) 

( ) ( )12 1 dσ δ υ δ= + , ( ) ( )13 2 2d dσ η β η= − + + −         (22) 

The conservation requires that all exponents should not only obey the scaling 
laws, but also satisfy the self consistence equations, and ( ),i d mσ σ=  for all i, 

1,2, ,13i =  . Our experience indicates that the scaling laws are not sensitive to 
the errors of the exponents: if the deviation between the exponents values and a 
law is 0.0001, the difference between the high accurate value of the exponent and 
its crude value is usually greater than 0.0001. As this reason, the exponents must 
strictly obey the laws. In most cases, the self consistence equations have higher 
sensitivity to the exponents values: the exponents that can comply with the laws 
are not necessarily accord with them. Only those exponents that satisfy both the 
laws and the self consistence equations have higher accuracy. 

The experimental datum illustrate that all order parameters curves are smoothly 
continuous when the temperature is below cfT  [8]. We think that the scaling 
laws and the self consistence equations are applicable to the renormalization re-
gion cs cfT T T< ≤ , and the exponents values are determined by T. The relevant 
power law can be written as 

( ) x
yT T

±
−                          (23) 

where yT  is in the normalization region, yT T> , and T in the vicinity of yT , 
, , , , ,x α β γ δ η υ= , their positive and negative signs are the same as the ones’ at 

0cfT − , which is in the vicinity of cfT , and 0cf cfT T− < . For example, by Equations 
((1), (2), and (23)), we get 

( )( )ln ln m yN N T T
υ

∝ −                     (24) 
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N increases with the decreasing of T. Equation (24) verifies that the power law 
is a characteristic of fractals [10]. 

3. Discussion 
3.1. Calculation of Tcs 

Whether it is irreducible system or reducible system [2], the blocks disappear at 

csT , where the mean energy E  of the elementary excitation of the block spins 
vanishes. We then get the following consequence [9] 

2

0
d 0

e 1
Dx

x

xE x= =
−∫                      (25) 

where Bx k Tω=  , D D B csx k Tω=  ,   is Plank constant, ω  the magnetic 
phonon frequency, Dω  the Debye frequency. Generally, we may get csT  from 
the integral equation. If e 1x

 , e 1 ex x− ≈ . Equation (25) simplifies as 

2
0

e d 0Dx xx x− =∫                         (26) 

This leads to an algebraic equation 
2 e 2 e 2e 2 0D D Dx x x
D Dx x− − −+ + − =                  (27) 

We’ll get csT  from the solution. If e 1x ≈ , Equation (25) becomes 

0
d 0Dx

x x =∫                          (28) 

0Dx = , the solution is unreasonable. 

3.2. Numerical Estimation of Critical Exponents 

The elementary excitation of block spins also contributes to the free energy non-
singularity [9]. In addition, there is disorder-order state transformation between 
the n+ -blocks and the n− -blocks [2], all these add the complexity of calculating 
the exponents. Usually, they are obtained by numerical approximation, in which 
process it’s common practice to introduce appropriate adjustable parameters. The 
usual methods involve ε-expansion, field theory, Monte Carlo, high-temperature 
expansion, etc. [11]. A number of expansions are divergent, for example, the 
ε-expansion. An experienced author can get more exact results from the series 
by using Borel summation and educated guess. In this regard, Zinn-Justin 
achieved success [12]. Unfortunately, we examine that his exponents can’t satisfy 
simultaneously the scaling laws and the self consistence equations. The self con-
sistence equations provide us a new key for the numerical simulation. Based on 
the datum given by him and others [8] [11] [12] [13] [14], we get higher accurate 
solutions by golden section method and numerical approximation in the scaling 
laws and the self consistence equations. They are listed in the Table 1 below, in-
cluding the exponents of 2d Ising model. Because all exponents are dependent 
on the constant ( ),d mσ , the repetitive operation may produce an extra addi-
tive effect of errors. In order to reduce the superposition, we make the p, q, and 
the constant ( ),d mσ  accurate to the sixth decimal place, the exponents and  
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Table 1. Universal class self consistence constant and critical exponents. 

d,m ( ),d mσ  q p α  β  γ  δ  η  υ  

2.1 8/15 15/16 1/2 0 1/8 7/4 15 1/4 1 

3.1 0.638613 0.827204 0.528263 0.1070 0.3271 1.2388 4.7872 0.0368 0.6310 

3.2 0.610231 0.817227 0.498697 −0.0052 0.3665 1.2722 4.4713 0.0966 0.6684 

3.3 0.583511 0.826243 0.482122 −0.0742 0.3604 1.3534 4.7552 0.0425 0.6914 

 
constant iσ  accurate to the fourth decimal place, so as to let the extra errors lie 
as behind as possibly the fourth decimal point. In principle, if we want the ex-
ponents and the constant iσ  to be accurate to the x-th decimal place, the con-
stant ( ),d mσ , p, and q should be to the (x + 2)-th decimal place. For example, 
the following exponents and iσ  for the universal class of d = 3 and m = 1 are 
accurate to the sixth decimal point, x = 6: 0.107063α = , 0.327093β = , 

1.238571γ = , 4.787153δ = , 0.036779η = , 0.630979υ = ,  
( )0.638633 1,2, ,13i iσ = =  ; and the others to the eighth decimal place: 

( )3,1 0.63863311σ = , 0.52827948p = , 0.82720347q = . This group of expo-
nents is the most accurate and self consistent datum to date. More accurate ex-
ponents will be obtained by the same method. 

4. Conclusion Remark 

The critical limit principle of maximum entropy introduces a correct way to ob-
tain accurate critical points. The reinterpretation of the scaling laws from the 
correspondence between symmetry and conservation gives us a new under-
standing of scaling invariance. Based on the experimental and theoretical datum 
given by other authors, and applying golden section method and numerical ap-
proximation in the scaling laws and the self consistence equations, we can get 
higher accurate exponents. 
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Abstract 
It is shown that the total escape speed u (i.e. from all the masses in space), 
which depends on the total gravitational potential U through the relation u = 
(−2U)½, tends to c; then, under the 1st condition c = u, and assuming (as a 2nd 
condition) the light as composed of longitudinally-extended, elastic (i.e. va-
riable length) and massive particles, (photons), emitted at speed u referred to 
the initial location (O) of their source, we show that c referred to O becomes 
invariant despite any motion of its source from O. We revised the Doppler 
effect for the light, the gravitational redshift cause, the time dilation, hig-
hlighting the differences with respect to the Relativity. In the 2nd part, consi-
dering (3rd condition) the electron charge as a point-particle fixed to the elec-
tron surface and facing the atom nucleus during the electron orbit, the 
light-matter interaction becomes a consequence of the particular impacts 
between these photons and the circling electrons: e.g., on H atom, we found 
137 circular orbits only, the last one being the ionization orbit, where the 
electron orbital speed becomes vi = c/1372. [Classical physics, under the as-
sumption that a circling electron should produce (like a macroscopic electric 
circuit), an electro-magnetic radiation, implies that this claimed effect has to 
cause the electron fall into its nucleus: on Section 2.5, we show that the e.m. 
radiation of a circling electron only happens between two circular orbits]. 
 

Keywords 
Doppler Effect for the Light, Harvard Tower Experiment, Gravitational  
Redshift, Time Dilation, Absorption/Emission, Photoelectric and Compton 
Effects 

 

1. Speed of Light 
1.1. Introduction 

This paper is based on the following assumptions: 
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1) Finite mass of the universe. 
2) Newton’s absolute time and space. 
Then, the following two conditions: 

− Equality between the speed of light c and the total escape speed u. 
− Light composed of longitudinal-extended, elastic particles, as defined on Sec-

tion 1.4. 
We obtain, on the 1st Part, these main results: 
1) The measured constancy of c is due, first, to the constancy of the total 

gravitational potential U on Earth: indeed, the max variation of U on Earth, oc-
curring between Aphelion and Perihelion, leads to a negligible ΔuAP = 0.10 m∙s−1; 
moreover, the speed of light emitted by a source, either fixed or in motion from 
its initial location O (where the photons emission starts), is invariant with re-
spect to O; 

2) Doppler effect equations for the light, slightly different from the relativistic 
ones; 

3) The compensating velocity, (to restore the resonance source-absorber on 
Harvard Tower Experiment), has same value but contrary direction with respect 
to the one predicted by GR; 

4) The variation of U from ground to GPS satellite level, implying a decrease 
of c and consequently a decrease of the frequency of the photons emitted by 
atomic clocks at that altitude, give them an increase of their counted time (in-
ducing them to run faster);  

5) High gravitational redshifts are due to the increase of c (inducing the in-
crease of the photons length λ) during their path toward the Earth where |Uo| >> 
|U→∞|. 

On the 2nd part, under the third condition claiming that the electron charge 
can be considered as a point-particle fixed to the electron surface, and facing the 
atom nucleus during the electron orbit, we got these results: 

On H atom: 
6) n = 1, 2, ∙∙∙, 137 electron circular progressive orbits, not an infinite number; 

n also represents the number of admitted photons (of the same ray) absorbed (or 
emitted) by the electron during two electron orbits: (in fact, the photons total 
number along each circular double-orbit (in short d-orbit) becomes n2, as shown 
on Section 2.4); 

7) The electron radius becomes ( )e 01 137 1r rα= −    (instead of its classical 
value re = α2rB with B 4r Rα π ∞=  the Bohr radius and α the fine structure con-
stant); 0 H4r Rα π=  is the orbit of the electron charge, while the orbit of the 
electron barycenter (electron effective orbit) becomes 0 0 e 0 137r r r r α′ = + = ; 

8) The electron charge orbital speed along r0 becomes 0υ cα= , while the 
electron effective orbital speed along the orbit 0r′  becomes 0 137υ c′ = ; 

9) The electron radial speed (due to the impacts photons-electron) becomes  

2n
w  = c/1372 constant for every circular orbit; along the orbit #137, the electron 
orbital speed becomes 2

137 137cυ =  and since 2 137n
w υ=  there is ionization.  
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10) On Photoelectric effect the number of photons hitting a circling electron 
varies from nf related to the specific threshold frequency νf (=Wf/h) to (nf)½ re-
lated to a higher frequency corresponding to the lower frequency occurring for 
the Compton effect; for instance, it is shown that, as for Caesium (having Wf ≅ 2 
eV), nf = 361; 

11) Compton effect (CE) needs one photon only; our Doppler effect equations 
for the light lead to Compton Eq., while, as for the Relativity, the CE is not a 
Doppler effect. 

1.2. Total Escape Speed u and Evidences That u = c 

As known, considering in space only one mass M, (for simplicity its barycenter), 
the gravitational potential U in a point O, assuming U∞ = 0, is U = −MG/s, with 
s the distance M-O. The conservation of energy applied to a particle m (of uni-
tary mass) coming from the infinity, gives E = U + K, with K = ½u2 its kinetic 
energy, therefore for E = 0, one finds U = −K, yielding 

2 2u U MG s= − =                          (1) 

which is a scalar, (called escape speed), representing the value of the velocity u, 
(referred to M), a massive particle needs to reach the infinity; hence the relation  

Mm =v u  [with ( )
1

22u U= = −u ]                   (2) 

represents the condition, as for a point-particle m, to be provided with the abso-
lute escape velocity u (absolute means here referred to M) whereas considering a 
generic point O, 

Om O≡v u  [with ( )
1

2
O O O2u U= = −u ]                 (3) 

represents the condition, regarding m, to be provided with the relative escape 
velocity uO, where relative means here referred to a generic point O; (anyhow, 
our claimed variable length of photons, during their emission from a source S 
gives them an invariant speed referred to any considered point O, in spite of any 
velocity vOS). 

Regarding the possibility to define the escape speed from two or more masses, 
we point out that considering M as a real mass, the potential U, in a consid-
ered point, has to be regarded as the sum of the partial potentials Un due to each 
partial mass Mn composing the mass M; therefore, as for two masses, we have 

( ) ( )1,2 1 2 1 1 2 2U U U M G s M G s+ = − −≡                (4) 

yielding ( )1,2 1,2 1 22 2u U U U≡ − = − +  thus we can write 
2 2 2
1,2 1,2 1 22u U u u= − = +                        (5) 

while for all the n masses in space we get 

( ) ( ) ( )½ ½½ 22 2 2n n nnu U U M G s u≡ − = − Σ = Σ = Σ            (6) 

representing the total escape speed. 
For instance, the escape speed from the Earth surface, due to Earth and Sun 

only, becomes ( ) ( )2 2 2
E,S E S E E S2 2Mu u G R M du G= += +  with RE the Earth ra-
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dius, and d the distance Earth-Sun giving uE,S ≅  42 km/s, while the escape 
speed from our Galaxy can be roughly expressed as ug ≃ (2MgG/dg)½ where Mg ≃ 
1042 kg is our Galaxy mass and dg ≃ 30 kly ≃ 3 × 1020 m the distance between the 
Earth and our Galaxy centre, giving ug ≃ 8 × 105 m∙s−1. 

Now, the mass of universe, by some authors, is estimated [1] [2] [3] to be Mu 
≅  1053 kg; about the same value is given through  the number ( ≅ 1022) of ob-
servable stars [4] [5] [6], and since from Earth the distribution of the masses ap-
pears to be homogeneous and isotropic, under our assumption U∞ = 0, we may 
assume their density as decreasing toward the infinity like a function ρ = ρce−as 
being ρc ≅  9.2 × 10−27 kg/m3 the critical density.  

Writing the mass of universe as  

2 2 53
u 30 0

8
4 e d 4 e d 10 kgas as c

c cM s s s s
a
πρ

π ρ πρ
∞ ∞− −= = = ≅∫ ∫         (7) 

we find 

( )
1

26 13u8 1.3 10 mca Mπρ − −= ≅ ×                    (8) 

and since, on Earth, the variation of potential due to an increase of the distance 
ds, can be written dU = −dm G/s with dm = ρ4πs2ds and ρ = ρce−as, the potential 
on Earth becomes 

( )2
0 0 0

2 16

4 e d 4 e d

4 4.5 10 J

as as
c c

c

U s s G s G s s

G a

π ρ πρ

πρ

∞ ∞− −= − = −

= − ≅ − ×

∫ ∫            (9) 

yielding 

( ) ( )½½ 16 8
0 02 9 10 m s3 10 .u U= − × ×≅ ≅                 (10) 

We can therefore infer that, on Earth, u0 = c0, giving 0
2
0 2c U= −  and, in 

general,  

( )½2 .c U u= − =                         (11) 

The equality c = u, which implies the massiveness of light, means that, along 
any free path, the speed of light only depends on the value of the potential along 
that path. 

The equality c = u is also supported by a cosmological reason: in fact, if c > u 
the energy of light will be lost forever and furthermore the observable masses, 
following the always increasing mass of light going toward the infinity, will also 
tend to the infinity moving away from each other. On the contrary, if c < u, all 
the masses in space, (having speed lower than u), will tend to a gravitational col-
lapse, whereas for c = u, the mass of light, tending to the infinity in an unlimited 
time, appears to be the necessary mass to avoid the two events (collapse or dis-
persion). 

1.3. Annual Variation, on Earth, of the Total Escape Speed 

On Earth, a small variation of the total escape speed uo, from Equation (11) 
written as u2 = −2U yielding 2u = −2dU/du, can be written as 
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0Δ Δu U u= −                           (12) 

where ΔU is the variation of the total potential on Earth, mainly due to the vari-
able distance Earth-Sun; so, between Aphelion and Perihelion, where a = (1 + 
e)d and p = (1 − e)d are the respective distances Earth-Sun, with e (=0.0167) the 
eccentricity of the Earth’s orbit and d ≅  1.5 × 1011 m the average distance 
Earth-Sun, and since pa ≅  d2, and (a – p) = 2ed, we get 

( ) ( ) ( )
( )

AP AP 0 P A 0 S S 0

2 2 1
S 0 S 0 S 0

Δ Δ

2 0.10 m s

u U u U U u M G p M G a u

M G a p d u M G ed d u M Ge du −

 = − = − − = − 
≅ − ≅ ≅ ≅ +

  (13) 

with MS = 2 × 1030 kg the mass of the Sun, and we note that ΔuAP is compatible 
with the accuracy of the value of the speed of light in vacuum (on Earth) c0 = 
299,792,458 m∙s−1. 

1.4. Definition of Photons and Their Speed 

The Galileo’s velocity composition law (since different parts of a moving object 
may have different velocity) is strictly valid for point-particles, and therefore the 
light cannot be a succession of point-particles (otherwise it should follow this 
Galileo’s law), hence we may infer that the light, to comply both this law and the 
equality c = u, could be composed of particular particles, photons, (whose 
physical characteristics are then shown on §2.2), as defined: 

Longitudinally-extended, elastic (variable length) and massive particles emit-
ted by a source during an emission time T at speed c = u moving individually or 
along rays, (continuous succession of photons where every tail corresponds to 
the front of the next one). 

Photons speed: the measurement of the speed of a point-particle (or regard-
ing an object, its barycentre), is defined through the ratio v = d/t with d the dis-
tance between two Observers (O1 and O2) and t (=t2 – t1) the time the parti-
cle/barycentre needs to cover such a distance; on the contrary, every photon may 
have different length with respect to two Observers, (like, for instance, an elastic 
thread during its stretching), hence to define the speed of one photon, we must 
consider its length λ divided its transit time Tt (time the whole particle needs to 
cross one Observer). Therefore the relation 

tc Tλ=                             (14) 

represents the speed of one photon referred to a considered Observer, whereas 
the relation c = d/t, written as 

t tc d t n nT Tλ λ= = =                     (14-a) 

where n is the number of photons (of one ray) each of them having length λ, and 
where t = nTt is the transit time of the n photons, represents the average speed of 
the light along d. 

1.5. Invariance of c for Observers at Rest with Respect to the  
Initial Location O of a Source of Light, Despite Any Velocity vOS 

Referring to Figure 1, let O be the location (with respect to all the masses in  
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Figure 1. Emission of the photon AB by a source S either at rest or in motion from O.  
 
space) of the source S at the time (t = 0) the front A is emitted; therefore O 
represents the location of the initial emission of a considered photon. 

The Earth’s surface, where c0 is practically constant, has to be intended as the 
basic reference frame for the parameters of light (λ, ν) while other frames, be-
cause of the Doppler effect, would give, for the same source, different values. So, 
still referring to Figure 1, we intend the frame O as fixed to the Earth’s surface. 
We also intend: 

T: emission time of the considered photon AB. 
λ: length of the emitting photon if S is fixed to O during T. 
λO: length of an emitting photon if S during T is in motion with respect to O. 
Tt : transit time of one photon (TO for O, TP for P, while TS = T ).  
On Figure 1, if S during T is fixed to O, the speed of the front A (considered 

as a point-particle), see Equation (3), is υOA = uO, where uO only depends on the 
location of O, thus, at t = T, the length λ of the photon AB corresponds to the 
path covered by A, so we have 

OA OT Tυ u= ≡  (= SAυ T  for S fixed to O during T).       (15) 

If S has velocity vOS with respect to O, the velocity of the front A, referred to S, 
being vSA = vSO + vOA and since from (3), vOA = uO, becomes 

SA SO O SA O OSυuυ⇒= + = ±v v u                  (16) 

with the sign + if photon and source have opposite direction; then 

( ) ( )SA O O OS O 1υ υT u T Tλ λ λ β⇒≡ = ± = ±  [with OS Ouυβ = ]    (17) 

where λO is the length of the emitted photons when S is in motion from O. We 
point out that the variation of the photons length only depends on OSv . 

Now, the transit time Tt for the Observer O, can be written 

( )O OS O 1T T Tυ u T β= ± = ±  [with OS Ouυβ = ]        (18) 

corresponding to the algebraic sum of the time T (=λ/uO) the front A needs to 
cover the path λ, plus the time the tail B (emitted, like every part of the photon, 
at speed uO referred to O), needs to cover the path ST – O = υOST, that is ΔT = 
υOST/uO. (As for the observer P showed on Figure 1, being vOP = 0, then TP = 
TO). 

Thus, the speed of the photon AB referred to O, since TO increases/decreases 
together with λO, as per Equation (14), becomes 
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( )
( )

O
O

O

1
1

u c
T T T

λ βλ λ
β

±
= = = ≡

±
                  (19) 

showing that the speed of a photon referred to an Observer fixed to the source 
initial location, (O), is invariant despite any motion of the source with respect to 
O. 

The frequency of the light referred to a generic Observer O, on our bases, has 
to be defined as ν = n/Tt with n the number of photons, of the same ray, crossing 
the Observer during their transit time Tt . Hence, for Tt = 1 s, we have ν = n 
meaning that the frequency corresponds to the number of photons, same ray, 
transiting in 1 s, while, for n = 1, the frequency becomes 

1 tTν =                            (20) 

We point out that the photons frequency emitted by a source S, under the 
condition υOS = 0, has to be equal to the one observed by O; this is also valid if O 
and S belong to different potential, (e.g., the equality of the number of balls fal-
ling from the top of a tower with respect to an Observer at the tower base), and 
therefore the condition υOS = 0 always implies νS = νO whatever is the distance 
source-observer. 

[We also point out that, according to the Relativity, (due to the claimed con-
stancy of c and because of the Doppler effect), an Observer in relative motion 
from a source should observe different wavelength as well as different frequency 
for emitted light; on the contrary, on our results, if the source is fixed to its ini-
tial location (the ground on Earth), the length of the emitted photons is invari-
ant, while c and ν are varying, as hereafter shown]. 

Referring now to Figure 2, let P be an observer (represented at different times, 
by PA and PB) moving with velocity vOP from O along the same direction of the 
photons while the source S is moving from O with velocity vOS contrary to them; 
we assume the photon AB totally emitted at the time the front A reaches PA (for 
simplicity as t = 0). [In fact, after this emssion, the source may even disappear].  

Now, the transit time TP of the photon AB is given, see Equation (18), by TO 
plus the time TOP (= OPυ cT± ) due to the motion of P from O, and since vSP = 
vSO + vOP, we can write 

( )SO OP SP OP
p P p1 , with

T T TT T T T
c c c

υ υ υ
c
υ

β β β   = ± ± = ± = ± ± = ±      
 (21) 

 

 
Figure 2. The Observer P moves from PA to PB during the transit time TP of the photon 
AB while the source is moving from its initial emission location O. 
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corresponding to the interval between the time the front A reaches PA (at t = 0) 
and the time the tail B leaves PB; hence 

( ) ( ) ( ) ( )p O p p p1 1 1 1 .c T T cλ λ β β β β β β= = ± ± ± = ± ± ±       (22) 

[In short, the motion of S (from O) causes a variation of the photon length, 
while the relative motion observer-source varies the observer transit time and its 
related frequency]. 

On next Figure 3, we analyse the parameters c, λ, ν of five configurations re-
garding a source S, the considered frame O (practically the Earth’s surface) and 
an Observer P. 
 

 
Figure 3. Five configurations regarding a source S, a frame O and an Observer P.  
 
where 

β = υOS/c, relative speed of S with respect to O, 
βp = υOP/c relative speed of P, 
c = λ/T basic speed of light, referred to conf. #1, 
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λO = λ(1 ± β) length of emitted photon,  
TS = T photon transit time for S, equal to its emission time, 
TO = T(1 ± β); Tt for O; sign + if S and photon have opposite direction, 
TP = T(1 ± β ± βp); Tt for P; +βp if P and photon have same direction, 
cS = λO/TS = λO/T; speed of light observed by S, 
cP = λO/TP speed of light observed by P, 
cO = λO/TO speed of light observed by O. 
Regarding the measurements of c through the method c = d/t carried out 

along a double path, the light emitted inside the measurement system (MS), be-
cause of the interaction light-matter, has to be absorbed and then re-emitted by 
the 2nd Observer which, during the re-emission, becomes a new emitting source; 
therefore the above equations regarding transit time and photon length, are 
also valid for the re-emitted photons which now have contrary direction, 
hence β' = −β and also λ' = −λO giving to c, along a double path, the constant 
value c. 

[Light emitted outside the MS: at the time the light is crossing the MS, this 
becomes the new emitting source]. 

1.6. Doppler Effect for the Light, New Equations 

The Equation (17) represents our longitudinal Doppler effect for the light, while 
the general case of this effect, assuming υOS << λ (hence OP ≅ PB), see Figure 
4(a), can be written as 

( )0 OS cos 1 cosTυλ λ α λ β α= ± = ±  (with OS cυβ = )      (23) 

with α the angle between the direction of λO and vOS. 
As for the Transverse Doppler effect, see Figure 4(b), in general, we have 

( )22 2
0 OS 1υ Tλ λ λ β= ± = ±                 (24) 

 

 
Figure 4. Doppler effect (DE). (a) General case; (b) Transverse DE with S receding/ap- 
proaching an observer P. Dotted arrows inside the triangles represent the photon λO dur-
ing its emission. 
 

As for a source circling around an Observer P, the Figure 5 shows that the 
length of the photon λ emitted when its source is fixed to O, becomes λO when S 
is circling with velocity vOS. 
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Figure 5. Photons emitted while their source is circling around P. 

 
[The succession of the photons λ represents a ray if S is at rest with P, while 

the succession λ1 → λ3 represents a ray if S is circling around P, with O, B, C the 
emission points of the circling source]. Then, assuming λO > λ, we have  

( )22 2 2 2 2
O OS 1 1υ T r cλ λ λ β λ ω= + = + = +         (25) 

while the photon transit time, being T the emission time of λ becomes 

2 2 2 2
O 1 1T T T r cβ ω= + = +                 (26) 

with r the orbit radius, ω the source angular speed, giving to any photon, speed 
cO = c.  

1.7. Re-Visitation of the Harvard Tower Experiment (HTE), Time  
Dilation, Gravitational Redshift 

General Relativity predicts that the gravitational field of the Earth will cause a 
photon emitted downwards (towards the Earth) to be blueshifted: scope of HTE 
experiment was to detect this shift of light. A Mossbauer source S was placed on 
the top of a tower (height h ≅ 22 m) emitting photons toward the tower base 
where an Absorber went out of resonance; the experiment did not clarify if the 
non-resonance was due to a variation of λ or ν; indeed, because of the claimed 
constancy of c, both of them should have varied their initial values during the 
path tower-base. 

According to our bases, we have different evaluations of this experiment. Let 
us first consider S at the base and A at its top, see Figure 6.  

It is a fact that if S and A are at relative rest at the same level (e.g. both on the 
ground), then A is in resonance and it is also a fact that other experiments ef-
fected at this regard, e.g. Blatt, [7], show that if S moves toward the absorber, 
not contrarily, the absorber goes out of resonance: indeed, if S is fixed to the 
ground, the length of emitted photons (as previously shown) is constant, 
whereas if S moves with respect to its initial emission location (the ground), the 
photon length varies, thus we may infer that the resonance is physically related 
to the constancy of the length of photons. 
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Figure 6. Harvard tower experiment scheme; source at the base, absorber A at the top, 
our results. (a) S and A at rest, so νh = ν0; c0, ν0, λ0 parameters of photons emitted by S on 
the ground; ch, νh, λh photons arrived to A where λh < λ0 thus a blue shift as for A; (b) Di-
rection of the compensating velocity to balance the blue shift via Doppler effect, so to ob-
tain in altitude c0, ν0, λ0. 
 

Now, referring to Figure 6, if S, on the ground, emits photons reaching A at 
height h, because of the variation of potential, following our relation c = (−2U)½, 
it will be c0 → ch; since S and A are at reciprocal rest, it turns out that, as shown 
just after the Equation (20), it is always νh = ν0 (in spite of any variation of po-
tential between S and A) yielding λh = ch/νh. Therefore, with r0 the radius of 
Earth (hence rh = r0 + h) and ME the mass of Earth, writing the (11) as c2 = −2U, 
we get 2c = −2dU/dc hence from r0 to rh and since Δc = −ΔU/c with ΔU = UEh – 
UE0 = − (MEG/rh) + MEG/r0, we find 

( )2 20
0 0 02 2

0 0 0 0

Δ 1h E
h

h

c c M GhU gh c c c gh c
c c r r c
−

= − = − ≅ − ⇒ = −     (27) 

(where ΔU = gh); then for νh = ν0 we have 

( ) ( )
( )

2 2
0 0 0 0 0

2 0
0 0 0

0

1 1h h h

h
h

c c gh c gh c

c cgh c
c

λ ν ν λ

λ λ λ

= = − = −

−
⇒ − = − =

        (28) 

and since λh < λ0, contrary to Relativity, A observes a blue-shift effect. 
Thus, to restore the resonance via Doppler Effect (DE), see Figure 6(b), S has 

to recede from A in order that the photon length could increase, see Equation 
(17), from λh to ( )0 1hλ λ β= +  with ASυ υc cβ = ≡ ; therefore, equating the 
relative variation of the photon length due to the DE, that is (λh − λ0)/λ0 = −υ/c, 
to the one due to the altitude, Δλ/λ0, as given by (28), we get 

2 7
00 7.5 10 m sgh c gh cυ c υ −=⇒ == ×  (for h = 22.5 m)   (29) 

i.e. the value of the compensating velocity. 
This value is also predicted by GR which, implying a decrease of ν for the light 

moving from the base to the top, predicts an opposite direction of the compen-
sating velocity v with respect to the one shown on Figure 6(b); at this regard, 
Pound-Rebka and Pound-Snider, [8] [9] [10], gave no clear indication about the 
direction of v, since S and A, during the experiment, were moved sinusoidally. 

Now, see Figure 7, with A on the base, and taking S to the top, the experience  
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Figure 7. Harvard tower experiment scheme; source on the top, our results. 
 
shows that the absorber goes out of resonance. Indeed, with S on the top, the 
(27) shows ch < c0, but what about the initial parameters of the photons emitted 
in altitude, νh and λh?  

Well, it is known that atomic clocks give an increase of their counted time in 
altitude (Th > T0, hence νh < ν0), therefore taking these clocks from ground to h, 
their frequency νh has to follow the same decrease as ch; this implies λh = λ0 so 
the frequency of photons emitted in altitude becomes  

( )
0 2

0 2
0 0 02

0 0

1
1 1 Δ .h

h
h

ghc
cc gh U c

c
ν ν

λ
ν

λ

 
−    = = = − = − 

 
         (30) 

Now, with S emitting photons toward the base, since S and A are at rest, their 
frequency remains constant during their path top-base, meaning that  

( )2
0 0 01 Δh U cν ν− = − , while the length of photons reaching the base, and con-

sidering that now h is negative, becomes 

( ) ( )2 2
0 0 0 0 0 0 0 01 Δ 1h hc c U c gh cλ λν ν− −= = − = +           (31) 

showing an increase of λ from the top to the base. Hence the absorber, on the 
base, will state, contrary to GR, a red-shift, hence, to compensate it via Doppler 
shift, see Figure 7, S has now to move toward A; on the contrary, according to 
GR, A and S should recede from each other. We also highlight two points: 
− The increase of λ for photons moving from h to the ground, gives a reason to 

the gravitational red shift related to far sources. 
− The decrease of ν during the path h-ground gives a reason to the lower fre-

quency of the light coming from far sources. 
Time dilation: Atomic clocks in altitude (h-clocks) are ticking faster than 

identical clocks on the ground (g-clocks): at height h, see (27), we have  
( ) 2

0 00hc c c U c− = −∆ , while taking a clock to a GPS satellite, see also Figure 
7(a), from (30), one finds  

( )0 0 02
0

1 1h h h
UT T T T T T

c
δ δ

 ∆
= − = − ⇒ − = 

 
 [where 2

0

ΔU
c

δ≡ ]    (32) 

with Th the counted time of one photon emitted by a h-clock, while T0 by a 
g-clock. Thus the variation of the counted time between the two clocks, for every 
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emitted photon, due to the altitude, becomes 

ph 0Δ h hT T T T δ= − =                          (33) 

and since the frequency of photons is their number emitted in 1 s along one ray, 
the term 

1s 0 1sn tν≡  (with 1s 1st = )                      (34) 

is the number of photons (atomic transition of Cs 137) constituting one-second 
on the ground; then, since ( )2

0 01 Δh U cν ν −= , see (30), the following relation 

0 02 2
0 0

1s ph 0 0 2 2
0 0

2
0

1

1
h

U UT
c c U Un T TU c c

c

ν
ν ν

  ∆ ∆
−  

∆ ∆  ∆ = ∆ = = =
∆

−
        (35) 

is the variation of 1sn  emitted in 1 s by a h-clock; now, see (27), ΔU = 
MEGh/rhr0 and since rh ≅ 26,600 km, r0 ≅ 6400 km, with h ≅ 20,200 km, the in-
crease of counted time in one day ( 1dT∆ ) of a h-clock, with respect to a g-clock, 
becomes 

2
1d 1s 086400 s 86400 45.5 μsT n U c∆ = ∆ × = ∆ =              (36) 

hence this effect is a consequence of the variation of U; indeed, as shown later 
on, the values of the H atom frequencies depend on c, thus, on our bases, on U.  

Now let us find the variation of the counted time, between the two clocks, due 
to their relative motion; thus, being vS = 2 (2πrh/86,400 = 3870 m/s the orbital 
speed of GPS satellites, (corresponding to two orbits/day), it turns out that the 
counted time variation, between a h-clock and an Observer E at the centre of 
Earth, due to their relative motion, is given by Equation (26) which, in our case, 
with βS = vS/c (≅1.3 × 10−5) becomes 

2
2 s

E S1 1
2h hT T T β

β
 

= + ≅ + 
 

 (valid for 2
Sβ  << 1)         (37) 

with TE the photon counted time for the Observer E; then, with v0 the Earth’s 
rotational speed (≅ 460 m/s at the equator), since 2

0β  = (v0/c)2 << 2
Sβ  = (vS/c)2 

and calling ( )00
21hT T β+≅  the photon counted time of a g-clock with respect 

to a clock at the Earth’s centre E, we can write T0 ≅ TE; thus, the difference be-
tween the two transit times Th and T0 (≅ TE) due to their relative motion, is 

2
2s

ph 0 E S1 2
2h h h h hT T T T T T T Tβ

β
 
 
 

′∆ = − ≅ − = − + = − .         (38) 

Then, as above, 2 2
1s ph S SΔ 2 2h h hn T Tν ν β β′ ′≡ = − = −∆  is the variation of the 

number of photons emitted by a h-clock in 1 s; so the variation of the counted 
time, in one day, is 

2
S

1dΔ 86400 s 7.2 μs
2

T β 
′ = − = − 

 
                 (39) 

showing a decrease of the counted time for a g-clock due to their relative mo-
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tion; hence  

tot1d 1d 1dΔ Δ Δ 38.3μs dayT T T ′= + =                 (40) 

which is also predicted, (with different reason), by GR. To prevent this effect, 
before launching, the daily counted time (T1d) of clocks, has to be decreased by 
≅38 μs. 

In short, the time dilation is a consequence of the variation of U, hence of c: 
indeed, as show on §2.3, the admitted/emitted frequency on H atom (and of 
course the one of the other elements) varies together with c. 

Gravitational redshift 
As for the Relativity, the only way to explain high cosmological redshifts is the 

Doppler effect, (which implies an incredible universe expansion at a speed υu ≅ 
c), whereas, on our results, disregarding the reciprocal motion between a (far) 
source and an Observer on Earth, which implies ν = ν0, we get c/λ = c0/λ0, where 
ν0, c0 and λ0 are the values on Earth, hence for c0 > c one gets λ0 > λ, that is a red 
shift observed on Earth; therefore, the shifts here observed can be expressed as 

0 0
01 1

c c cc U U
c c

z
c

λ
λ

−∆ ∆
≡ = = = − = −          (41) 

with U0 the potential on Earth, U the one on the source. Thus, apart from 
Doppler effects, z turns out to be the variation of c (as well as λ) during the path 
of light toward a different potential. In particular, with s the distance 
Earth-source, for s < ≅45 Mpc, [11], (roughly corresponding to −0.01 < z < 
+0.01) if U (potential on the source) is, in absolute value, higher than the poten-
tial on Earth U0, the (41) gives, on Earth, z < 0 (blue shift), and vice versa for |U| 
< |U0|; thus, for s < ≅45 Mpc, these red/blue shifts indicate that the potential, 
may increase or decrease with respect to |U0|. In the range ≅0.01 < z < ≅0.20, 
(where z follows the Hubble’s law), the (41), written as 

( ) ( ) ( )2
0 0 01 1 2 1 2U U z U z U z= + ≅ + ≅ −  (valid for z << 1)  (42) 

shows that, for z << 1, U depends linearly on z, as Hubble’s law; then, for s → ∞, 
U → 0, hence z → ∞, see Table 1. 

[For s > ≅45 Mpc, z is always positive, hence we may infer that our galaxy is 
practically near/close to the middle of the masses of universe (where |U| has the 
max value)]. 
 
Table 1. Calculated values of U and c related to the observed shifts on earth. 

blue/redshift z s (Mpc) ( )2

0 1 1U U z= +  0 1 2U U z≅ −  
valid for z << 1 

( )0 1 1c c z≅ +  

blue/red shift −0.01 → 0.01 <≅45 0.98-1.02 0.98-1.02 0.99 - 1.01 

red shift ≅0.01 ≅45 0.98 0.98 0.99 

red shift 0.20 900 0.69 0.60 0.83 

red shift 1  0.25  0.50 

red shift →∞ →∞ →0  →0 
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2. Interaction Light-Matter 
2.1. Electron Structure and Photon-Electron Impact Point 

On our basis, (light composed of our photons), the interaction light-matter re-
quires that to move a circling electron toward outer orbits, the impact pho-
ton-electron has to occur, see Figure 8(a), in a radial way, (giving origin to the 
radial velocity w), otherwise, other impacts could cause the electron fall into the 
nucleus, due, for instance, to an impact where the velocity of photons and elec-
tron have contrary direction.  

To be radial, the impact must occur in a specific point, fixed to the electron sur-
face, we call it Impact Point, which, during the electron, orbit, has to face its nu-
cleus, (up to its removal), giving to the electron one rotation every orbit; the im-
pacting photons have to approach the nucleus, as shown on Figure 8(b), perpen-
dicularly to the electron orbit plane, providing, to the electron, a radial velocity w. 

Moreover, we can infer that the charge of the electron, has to correspond to 
the Impact Point (Ip), so we may infer that each photon front is provided with a 
positive charge, while its tail with an equal negative one. In fact, the photon may 
be represented as an electric bipole. 
 

  
(a)                                      (b) 

Figure 8. Photon-electron Impact point (Ip) and electron radial velocity w. (a) Electron 
orbit front view; (b) Side view. 

2.2. Physical Characteristics of Photons 

The total energy of a mass m is 2E mc=  also proved [12] by the evidence of 
nuclear reactions like n pd γ+ + , hence this energy has to be valid for the (massive)  

light too, thus writing their energy as 2 21 1
2 2

E mc mc= +  we have to infer that 

photons are provided, out of their kinetic energy 21
2cK mc=  with an internal  

energy iK  equal to cK  and we point out that, toward the infinity, (where U∞ 
→ 0 hence c∞ → 0), both Kc and Ki tend to 0; then, since for the light E = hν, the 
following relation 

2
c iE K K mc hν= + = =                     (43) 

has to represent the energy of one ray of light, (where photons are flowing), and 
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where 
2m h cν γν= ≡                        (44) 

is the mass of light, having frequency ν, passing along one ray in 1s, while the 
constant  

2 517.372495 10  kg sh c m mTγ ν −= = = = ×            (45) 

represents the mass of one photon crossing an observer during the transit time 
T, while the Planck’s constant 

2h cγ=                            (46) 

turns out to be the energy of one photon (mass of light of one ray passing during 
T). 

Now, since m is the mass of light passing along one ray in 1s, the term 2
rn mc , 

with nr the number of rays emitted by a source S, becomes the energy emitted by 
S in 1 s; this unitary (unit of time) energy shall be equal to the supplied power P 
during 1 s, yielding 

2
rn mc P=                           (47) 

therefore 
2

tot rm n m P c= =                        (48) 

is the total mass lost per second by a source of light; e.g. for a 1 W lamp, we get 
2 17 1

tot 1.1 10  kg sm P c − −= ≅ ×                   (49) 

while the number nr of rays is 

( ) 2
totrn m P c P hγν γν ν= = =                  (50) 

in our case, nr ≅ 3 × 1018 rays, and we point out that, as for a given power P, the 
higher is the frequency, the lower is the number of rays, as shown by (50) writ-
ten as nrν = P/h. Then, the number of photons nγ emitted in 1 s becomes 

( )rn n P h P hγ ν ν ν= = =                     (51) 

which, for P = 1 W, gives nγ = h−1 (=1.5 × 1033 photons/s), thus the inverse of 
Planck’s constant turns out to be the number of photons emitted in 1s by a 
source of unitary power, and this great number of photons allows the light to be 
treated as a wave. 

Now, during inelastic impacts photons-electron, (like on absorption or 
photoelectric effetcs), both kinetic and internal energy of the light are involved, 
so the momentum transferred to the electron is 

2 2 2m Tγν γ= = =p c c c                     (52) 

whose validity is confirmed, see Table 2 of chapter 2.4, by the equality w137 = υ137 
(with υ137 the electron orbital speed along the H atom orbit # 137 and where w137 
is the value of the electron radial speed along such orbit, as a condition for the H 
atom ionization. 
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Regarding elastic impacts, the momentum transferred to the electron, is 
m Tγν γ′ ′ ′ ′= = =p c c c                      (53) 

either for incident or for reflectedphotons, with T ′  the total impact time for 
this interaction; through the (53), and also through our Doppler effect equation, 
see (17), we got the Compton equation (which cannot be obtained by the 
Relativity via their Doppler effect equations). 

2.3. H Atom Parameters and Meaning of Quantum Numbers 

Figure 9(a) represents, on our bases, the H atom basic configuration; on the in-
termediate conf. (b) the electron is represented circling along the same orbit as 
its charge, while on conf. (c) the electron reduced mass  

( ) ( )e e P e1 1r mm m m m m ε= + = + , with εm = me/mp, circling around the proton 
mass mP fixed as origin, is represented either along the effective orbit 0r′  or 
along r0; referring to conf. (a) we define: 

me: electron mass;  
mp: proton mass;  
υe = |ve| electron ground-state (orbital) speed, 
υp = |vP| proton ground-state speed, 
rB the ground-state orbit of the electron charge, 
re the electron radius, 
εr ≡ re/rB  

( ) ( )B B e B 1 rr r r r ε′ = + = + , ground-state orbit of the electron barycentre, 
rp the proton ground-state orbit. 
Now, the constancy of momentum referred to conf. Figure 9(a) gives 

e e p p p e e p emm υ m υ υ m υ m υε= ⇒ = ≡                  (54) 

then, equating on (a) the frequency of me and mp, we get  

( ) ( )e B p p p p e B B B 1m m rυ r υ r r υ υ r r rε ε ε′ ′ ′= ⇒ = = +            (55) 

The conf. (a), moving me (without its charge) from the orbit Br′  to Br  (the 
electric forces acting on me are not involved), turns to conf. (b) where the equal-
ity between the frequency of me and the one of its charge, gives 
 

 
Figure 9. H atom equivalent configurations, on our bases. (a) Observed from the elec-
tron-proton common centre of gravity B; (b) Ditto, with the electron barycentre now co-
incident with its proper charge; (c) Observed from the proton fixed as origin, orbited by 
the electron reduced mass mr represented either circling along r0 or its effective orbit 0r′ . 
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( )e B e B e e 1 rυ r r υ ε′ = ⇒ = +v v                   (56) 

then the constancy of momentum referred to conf. (b), e e p pm m=v v , yields 

pp p ee e em mmm ε ε= = ⇒ =v v v v v                  (57) 

then, equating on (b) the frequency of me and mp, we get  

( )e B p p B Bp p e mr r r r rε′ ′= ⇒ = =v v v v                (58) 

and finally, see conf. (c), we find 

( ) ( ) ( )P0 B B B BB 1 1 1m m m rr r r r r r rε ε ε ε′= + = + = +′+ = +         (59) 

where mr is circling with speed υ0 = ve + vp = ve(1 + εm); then 

( ) ( ) ( )0 0 e 0 B 0 01 1 1 1r r m m r mr r r r r r rε ε ε ε ε ε ′ = + = + = + + = + + +    (60) 

Now, it is known that, on H atom, the admitted frequencies have to satisfy the 
relation  

( )2
0 1, 2,3,n n nν ν= = �                      (61) 

with νn the photons admitted frequency along the n-th circular orbit and since, 
as claimed on Section 1.4, ν (=n/t) is the number of photons (of the same ray) 
crossing an observer during the time t, the integer n represents the number of 
photons absorbed by the electron during the photon-electron impact time t and 
this number, for all the H atom circular orbits, is an integer starting with 1 along 
the electron ground-state orbit. 

The massiveness of light implies a finite impact time during which the elec-
tron is circling, and supposing, for now, that, for n = 1, the photon frequency ν0 
should be equal to the electron frequency along the ground-state orbit, that is νe0 
= υ0/2πr0, where r0, see conf. (c) is the electron ground-state orbit, with υ0 its or-
bital speed, we could write 

0 e0 1ν ν =  (first assumption);                  (62) 

to verify this ratio or to find the correct value, we may start from the experi-
mental value of the 1H ground-state ionization energy W0 (electron extraction 
work) corresponding to 

2 2
0 0 0 0 02 8 13.8954 eV½r rW U e r m υπε= − = = ≅           (63) 

with 2
0 0 04rU e rπε= −  the potential of the dipole electron-proton, yielding 

0
2 11

0 08 5.29461 10 mr e W πε −= ≅ ×                 (64) 

(rough value of the Bohr radius), thus the orbital speed of the electron along 

0r  becomes 

2 6
0 0 04 2.18770 10 m srυ e r mπε= ≅ ×               (65) 

Then, if W0 is supplied by one ray of light (with energy E = hν0) it must be 
2 2 15 1
0 0 0 0 2½ 3.28808 10 srrυ υ m υ hm h ν −= ≅ ×⇒ =           (66) 

with 0ν  the admitted frequency along r0; hence, the ratio ν0/νe0 becomes 
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( )0 e0 00e0 0 02 0.499998υ υ rT T υ υπ= ==              (67) 

meaning that during one electron orbit it should transit half of a photon, so we 
may infer that along r0 it should be 

e0 0 e00 22 1T T ν ν= =  exact                  (68) 

meaning that, along 0r  the impact time 0T  lasts for two electron circular or-
bits. 

Now, see conf. (c) equating along r0 the electron centrifugal force to the Cou-
lomb force we have 

2
2 2 2
0 0 0 0 02

0
0

0

4
4r r r

em r m e r U
r

υ υ πε
πε

= ⇒ = = −            (69) 

which, for a circular orbit, and since, see (66), 2 2rm υ hν= , gives 
2

04 2n ne r hν πε=                        (70) 

then 
2 2

0
2 2

0 008 8n nr e h e n h r nπε ν πε ν= = =                 (71) 

while as for the orbital speed of the electron mr along any circular orbit nr  the 
(65) gives 

0 0
2 2 2 2 2 2

0 0 04 4n n r r ne r m e r n m nυ υ υ υ nπε πε ⇒= = = =         (72) 

and finally the electron frequency along a circular orbit becomes 

e e0
3

00
22 2n nn r n r n nυ υν π π ν= = = .               (73) 

Now, along r0, the (70) yields 

0
2 2

0 0 00 04 2 2 4 4e r h e c hc r c rν πε ε π α π= = =              (74) 

with α = e2/2ε0hc the fine structure constant and given 0 e02 1ν ν =  (exact) we 
have  

( ) ( )0 e0 01 00 02 2 4 2 1c r r aυ υcν νδ α π π == =≡              (75) 

yielding 

0 0
2 2 2187691.2 m sυ c e hα ε= = =                  (76) 

and then the (66) becomes 
2 2 2

0 0 H2 2r rm h m c hυ Rυ cα= = =                   (77) 

where 2
H 02 1rR m c hα λ= =  is the Rydberg constant. 

Now, from (61) and (73), because of the ratio 0 e1 0 12ν νδ ≡ = , we also get 

( ) ( ) ( )2 3
e 0 e02 2 with 1,2,3,nn n n n n nνδ ν ν ν= = =≡ �          (78) 

which written as nTn = 2Ten shows that the impact time nTn of n photons (with 
frequency νn) equals the time the electron needs for two orbits along any circular 
orbit rn. 

Now the correct value of r0, from (71), becomes 
2 2

11

H0
0

00 H

5.294654 10
8 8 4

me er
h hR c R

α
πε ν πε π

−= = = = ×          (79) 
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which should represent the electron ground state orbit if the electron should cir-
cle, together with its charge, around r0: indeed the ground-state effective orbit of 
the electron barycentre observed from mp is 0r′ . Then, writing the (59) as 

( )B 0 1 mr r ε= +  we get 

( ) 110
B H

e

P

4 1 5.291772 10 m
41

m
rr Rm R
m

α
α π ε

π
−

∞

= = + = = ×
+

       (80) 

corresponding to the Bohr radius which, on our results, is the orbit of the elec-
tron charge referred to B(centre of mass of the system electron-proton)see Fig-
ure 9(a).  

Now, still referring to conf. (c), the effective electron orbit (i.e. its barycenter) 
is 0r′  where its effective speed is 

( )
( ) ( ) ( )

( )

0 0 e0 0
0 B B B

0 B

0

0 1 1
1

1
1

1 1

m r m
m

m r r

m m

r rr r r r
r

υ
r

c

υυ υ

υ

ε ε ε
ε

ε ε ε
α

ε ε

′  
+′

= = = + + +
+

+ +  
= = +

+ +






      (81) 

and since the distance between the electron charge and the proton charge is r0 
(either considering the electron circling along 0r′  or r0), it turns out that along 

0r′  the photon admitted frequency is 0 0ν ν′ = , and therefore we get 

( ) 0
1 0

0 0
0 0 0 0 0 0

0e0
0

2
2 2 2 2 2 2 1rr r rυ

r
υ υν

δ ν π ν π ν π
ν

′
′ ′ ′=′= = = =

′
     (82) 

meaning one photon every two electron ground-state orbit, and since 
( )0 0 er r r′ = +  is also a circular orbit, the effective electron orbit nr′  has follow-

ing parameters: 
2 3

e e00 0; ; ;n n nn nr r n n nυ υ ν ν ν ν′ ′ =′ ′ ′ ′ ′= = =             (83) 

thus for each circular orbit we get 

( ) ( )2 3
0 e0 0 e0

e

2
2 2n

n
n

n n n nν
δ ν ν ν ν

ν
′ ′ ′= = = =

′
            (84) 

the same as along nr . 

2.4. Electron Radial Speed, Ionization Condition, Electron Radius 

To apply properly the Conservation of momentum (CoM) to the impact pho-
ton-electron, the atom nucleus has to be considered fixed as origin in the com-
mon centre of gravity nucleus-electrons. On H atom, referring to Figure 9(c), an 
inelastic impact photon-electron, since photon and w, see Figure 8, have same 
direction, the (52), gives 

22 2 2 2r r rrw mc m c m c cm h cmγν γν ν= = = =             (85) 

where the frequency ν, see (70), depends on the effective distance r between the 
proton and the electron charge, while the term w, see also Figure 10, is the elec-
tron radial speed originated by the impact of one photon during the impact time 
T (=1/ν); for n photons of the same ray the (85) gives 
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Figure 10. H atom: orbital and radial electron speed, see also Figure 9(c). (a) Along r0 we 
have: 00

2;c wυ cα α== ; then, along 0r′  we will find 0 137υ c′ = ; (b) Along the ioniza-
tion orbit: 2

2137nn
w cυ =′= . 

 

2n rw nw nh cmν= =                        (86) 

while the generic condition  

w υ=  (ionization condition)                    (87) 

where υ  is the electron speed along the ionization orbit, represents the suffi-
cient condition for an electron to escape from its atom, (with zero final velocity 
of the electron, like on Absorption effect and, of course, for H atom). 

Now, writing the (66) as 2
0 0 2rυm hν = , the ( 85) leads to 

2
2 20

0 0
215964.35 m s 137

2
2

r

r

hmw c c
hc

c
m
υ υ α= = = ≅=           (88) 

thus the ionization condition along r0, for one photon only, becomes 

0

0 0 1 137 1
w

c
υ

υ
α= = ≅ �                       (89) 

hence the ionization, requiring 1w υ = , could happen for n = 137, but the 
number of admitted photons, along r0, is n = 1. Now, along the progressive orbit 
# n, the admitted photons frequency is 2

0n nν ν= , and since n is the number of 
admitted photons along each electron circular d-orbit, we may infer that each 
progressive orbit is composed of n electron d-orbits, yielding n2 admitted pho-
tons along each of these orbits. 

Referring now to the electron effective ground-state orbit 0r′ , regarding the 
orbit 0

2
nr r n′ ′≡ , where n nυ υ′ = ′ , the (86), for n2 photons, gives 

( )2

2 2

# 2
0 02 2 2

nn
r rr

nn h n h hw nw
cm cmcm n

ν ν ν′ ′ ′
= = = =               (90) 

constant along every circular orbit, and where 0ν ′  from (66) becomes 
2

00 2rm hυν ′′ =                            (91) 

which represents the photon virtual frequency, intending the admitted frequency 
if the electron charge would be coincident with the electron barycenter along its 
effective orbit 0r′ ; indeed, the photons admitted frequency is related to the ef-
fective distance r0, where the effective photon frequency is therefore 0ν . In fact, 
we introduce 0ν ′  to determine the value of 0υ′  (ground-state electron effective 
orbital speed). 
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Therefore the ionization condition along nr′  becomes 

2 0nn
υ nυw = =′ ′                          (92) 

yielding 

0 0 0 02 2r rh cm nυ υn cm hν ν′ ′= ⇒ ′=′                  (93) 

then 

0

2
0

0
0 2 2 137r rυ υ c c cn cm h hm n

cυ υ α
′ ′ ⇒ ≅ = ≅

′
= =            (94) 

but n has to be in integer, so we can infer 0 137n υc= =′  and therefore we get 

0 137υ c′ =                            (95) 

representing the electron speed along its effective ground-state orbit, while 

0
2

137 137 137υ υ c= =′ ′                       (96) 

represents the electron speed along its ionization orbit, see also Table 2. 

Then, since 0 1
1

r

m

cυ ε
α

ε
 

= + 
+ 

′  we obtain 

( )1
137 1

m r

m

cc α ε ε
ε

+ +
=

+
                      (97) 

then 

( ) ( )
1 11 1 1 0.0002629141
137 137

m
m r r m

ε
ε ε ε ε

α α
+  + + = ⇒ = + − = 

 
   (98) 

and since, for definition, e Brr rε= , we get 

( )e B H
1 11 1 4 1 4

4 137 137
r

r mr r R R
R

ε α
ε ε α π α π

π α α∞
∞

   = = + − = −   
   

=   (99) 

and since H 04 R rπ α=  we also get 

14
e 0

1 1 1.391281 10 m
137

r r
α

− = − = × 
 

 (electron radius)     (100) 

 
Table 2. Parameters of H atom circular orbits up to the ionization, our results. 

Progressive  
number 
of each  
circular 

d-orbit n-th 

Total number  
of admitted  

photons along  
each orbit 

n2 

Photons  
effective 

frequency  
along orbit rn 

2
0n nν ν=  

Photons virtual 
Frequency along 
each orbit nr′  

2
0n nν ν′ ′=  

Electron radial 
speed due to 
n2 photons 

2 02 rn
w h cmν ′=  

Electron  
orbital speed 

0 137υ c′ =  

0nυ υ n′ = ′  

- - (×1010 Hz) (×1010 Hz) m/s m/s 

1st 1 328,805.1 328,977.9 15,972.74 2,188,266 

2nd 4 82,201.3 82,244.4 15,972.74 1,094,133 

… … … … … … 

137th 1372 17.52 17.53 15,972.74 15,972.74 
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2.5. Absorption/Emission Effect; Claimed Fall of Circling  
Electrons  

Referring to Figure 11 representing the Absorption of photons into a circling 
electron, let us assume the nucleus mass mN >> me so to consider the nucleus 
fixed in the atom centre of gravity B. 

Now, the expression of the total energy of the system photon-electron is given 
by 

er rT E U K K= + + +                       (101) 

where E (=mc2) is the energy of the incident light, Ur (=−e2/4πε0r) is the poten-
tial due to electrostatic attraction acting on the electron, Ke (=½meυ2) is the elec-
tron orbital kinetic energy, and Kr (=½mew2) its radial kinetic energy related to 
its radial speed w due to the impact photon-electron. 

Regarding the Absorption/Emission effect (elements on gaseous state), see 
Figure 11, along circular orbits it is Kr = 0 and moreover, at the end of absorp-
tion, along the orbit r2, (where the photons have been absorbed), it is E2 = 0; 
hence between two circular orbits r1 and r2, the (101) gives 

1 1 e1 2 e2.r rE U K U K+ + = +                     (102) 

Now, from (69) Ur = −meυ2 and since Ke = ½meυ2, we get  
( ) 2

e½r e υU K m+ = −  thus from (102) we get 2 2
1 e 1 e 2½ ½E υm m υ− = − ; so, as E1 = 

hν, and since meυ2 = e2/4πε0r we find 
2

2

0

2
e 1 e 2

1 2

1 1½ ½
8
eh m m

r
υ

r
υν

πε
 

= − = − 
 

              (103) 

Then, according to (71) we have r1 = r0n2 and r2 = r0k2 (with k > n as r2 > r1), 
thus 
 

 
Figure 11. Absorption/Emission effect: (a) Incident photons are absorbed by the electron 
which moves toward wider orbits; (b) Emission: the electron moves toward inner orbits 
emitting photons. 
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0

2

2 2
0

1 1
8

e
hr n k

ν
πε

  = −  
  

                     (104) 

and plugging the (74) written as ν0 = e2/8πε0hr0, we find 

0 2 2

1 1
n k

ν ν = − 
 
 

                        (105) 

which is the photons frequency between two circular orbits, where n represents 
the progressive specific number of each circular orbit and where k turns out to 
have, for each of them, the values k = n + 1, n + 2, ∙∙∙, ni which are, one by one, 
the number of the remaining external circular orbits, and where ni is the ioniza-
tion orbit; on H atom, ni = 137. 

Claimed fall of a circling electron into its nucleus: an electrical current 
emits an electro-magnetic radiation and therefore it is claimed that the circulat-
ing electrical charge of an electron should also emit an e.m. radiation yielding 
the electron, in a short time, to fall into the nucleus; but on our results, a free 
electron, moving, for instance, along a copper wire under an electrical potential 
difference, when entering into an atom influence, (at that moment the electron 
charge will return to face the atom nucleus), will release the necessary photons to 
reach the atom energy level corresponding to the energy previously received 
(during the absorption effect). Indeed, along circular orbits, it is w = 0, therefore 
the absorption/emission of photons cannot happen along circular orbit, that is 
why the circling electrons are absorbing/emitting photons only between circular 
orbits, and therefore, the e.m. radiation is due to the emitted photons during 
their re-entry toward inner orbits; at this regard, the photons emission is neces-
sary for the electrons not to fall into their nucleus. 

2.6. Photoelectric Effect: Number of Involved Photons 

Between the electron ground-state orbit r0 and its extraction orbit r → ∞ (in-
tending on microscopic scale), the (101), valid for every interaction light-matter, 
gives  

0 e0 0 e aer r rE U K K E U K K→∞ ∞′+ + + = + + +              (106) 

where E' is the energy of re-emitted light, 2
ae e ae½K m w=  the electron kinetic 

energy after its extraction (intending on macroscopic scale), wae its related radial 
speed, while the other terms have been defined referring to (101).  

On ground-state, as also shown between Equations (102) and (103), it is  
2 2 2

0 e0 e 0 e 0 e 0 f½ ½rU K m mυ υ υm W+ = − + = − = −            (107) 

with υ0 the electron speed along r0 and Wf the work function (electron extraction 
work); now, at the start of impact it is w = 0 giving ( )2

0 e½ 0rK m w= =  while 
for r → ∞, the electron orbital speed υ∞ → 0,so 

( ) 2
e0 e½ 0rU m υK→∞ ∞+ = − →                   (108) 

hence the (106) gives 

f ae f aeE W E K E E W K⇒′ ′− = + = + +                (109) 
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where f aeW K+  is the total kinetic energy transferred from light to electron, 
that is the sum of the sufficient energy to remove the electron plus the one to 
give it the energy after extraction. 

On Photoelectric Effect (PhE), the light scatters off an electron (Kae ≥ 0), but it 
is not re-emitted, hence E' = 0, so the (109), with νf (=Wf/h) the specific thresh-
old frequency, becomes 

2
f ae f e ae½hE W K h m wν ν= + = +⇒                 (110) 

showing that for ν = νf there is ionization with wae = 0. 
At frequency νf the electron radial speed wf due to the impact of one photon, 

see Equation (85), is f f e f e2 2w h m c W m cν= = , and writing the (66) as 

( ) ( )1 2 1 2
0 f e f e2 2mυ h W mν= =                 (111) 

we get 

f
½ 2

e 0 0f f
f1

e0 2
f

e

2
2

2

W
m cw W c w

m c c
W
m

υ υ
υ

 
= = = ⇒ =

 
 
 

 
 
 


 

         (112) 

which is equal to (88), and since the values of Wf are in the range ≅ 2 - 6 eV, the 
Equation (112) gives wf/υ0 ≅ 0.0028 - 0.0048 meaning that the ionization (which 
for elements on solid state where electrons are circling along fixed orbits re-
quires w = υ0), at frequency νf needs nf photons: indeed, the electron radial speed 
due to nf photons with frequency νf, see (86), is 

f ff f f e2nw n w n W m c= =                     (113) 

so the ionization condition becomes 0fnw υ=  leading to  
( )½f f e f e2 2n W m c W m=  giving  

f f e e f 0 f 02 2n c W m c m W υ υw c= = = =           (114) 

that is, on PhE, the number of photons at frequency νf necessary for ionization 
(wae = 0). Now, if nf photons, at frequency νf, are sufficient for ionization, then 
the frequency 

f f 1nν ν≡                            (115) 

is sufficient for ionization (wae = 0) with one photon only, so ν1 is the threshold 
between PhE and Compton effect which requires one photon only, as shown on 
next chapter.  

To find the number n1 related to the frequency ν1 let us equate the (66) written 
as 0 1 e2h mυ ν= , to the electron radial speed due to n1 photons,  

1 1 e2nw nh cmν=  yielding ( ) ( )2
1 e 1 1 e2 2h m n h cmν ν=  and then 

2 2 2
2 e e e
1 1 e f f

1 f f f f

2
2 2 2
m c m c m cn n c m n W

h hn n Wνν
= = = ⇒ =            (116) 

and plugging 2 2
f e f2W c m n=  as given by (114), we find 

1 fn n=  .                           (117) 
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For instance as for caesium (Cs), having Wf 1.95 eV, since  
( )½f fe 2 361.9n c m W= ≅  we may infer nf = 361 leading to n1 = 19, while as for 

Be or Co, having Wf ≅ 5 eV we may infer nf = 225 leading to n1 = 15.  

2.7. Compton Effect and Its Equation via Doppler Effect  

Here, see Figure 12, the incident photon (length λ, frequency ν), while ejecting a 
circling electron is also reflected (λ', ν') so the recoiling electron, emitting a 
photon λ' toward the Observer A, represents a source in motion from A along 
the direction w, implying an undoubted Doppler effect. 

Now, on the basis that the incident photon starts to be reflected at the same 
time when it starts to hit the electron, and since 1T ν′ ′=  is the emission time 
of the reflected photon, it turns out that T ′  is also the whole interaction time 
(and this means that there is not a complete absorption of the incident photon 
followed by an emission). Now, with T ′  the whole impact time pho-
ton-electron, the momentum transferred from the incident light to the electron, 
as per (53), is  

p m c c c Tγν γ′ ′ ′ ′= = =                     (118) 

and the same value is then transferred from the reflected photon to the electron, 
so the Conservation of Momentum (CoM) along the direction normal to w, be-
comes  

sin sinc T c Tγ θ γ θ′ ′=                     (119) 

giving θ θ ′= . Then, the length of the reflected photon, for the Observer A, see 
(17), is 

λ λ λ′ = + ∆                         (120) 

where Δλ = wAT', where wA = wcosθ is the component of the electron speed 
along the direction of the Observer A, and 1T ν′ ′=  is, for A, the photon tran-
sit time, so we get 

coswTλ λ λ θ′ ′− ≡ ∆ =                   (121) 

Now the CoM along w, being θ θ ′= , gives 
 

 
Figure 12. Compton effect (CE). φ: angle between the direction of the 
incident photon and the scattered one (λ'); θ: angle between the direction 
of the incident photon and the recoiled electron. 
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( )e e
cos cos 2 cosc c m w wT c m
T T

γ θ γ θ
γ θ′+ = ⇒ =

′ ′
         (122) 

so the (121) becomes 

( )
2 2

e e

2 cos 2 cosc h
m cm

γ θ θ
λ λ λ′ − ≡ ∆ = =              (123) 

Now, 2θ ϕ π+ = , ( ) 2θ π ϕ⇒ = − , hence cos sin 2θ ϕ=  and therefore  

2
e2 sin

2
h cmϕλ  ∆ =  

 
                   (124) 

and since ( )22sin 1 cos
2
ϕ

ϕ  = − 
 

,we get the Compton equation: 

( ) e1 cosh cmλ λ λ ϕ′∆ = − = −                 (125) 

which cannot be obtained via the Doppler effect relativistic equations regarding 
the light. 

We point out that the (122) written as ( ) e2 cosw c mγν θ′= , for cosθ = 1 
equals the (85), implying the impact of one photon only. 

Now, the (123), for cosθ = 1 gives 
e

2c c
m

λ
ν

γ′ = +  we can write as: 

( )e e
e

1 2 2T m m
m
γ

γν ν
ν

′ = + = +                 (126) 

which plugged into (122) gives 

( )e e
e e e

22 2
2 1 2

c ccw m m
m m m

ν
ν

γγ γ
γ γ

ν
ν ν

 
= + = =  + + 

        (127) 

yielding w → c for ν → ∞. 

3. Conclusions 

This paper is mainly based on three conditions: c = u (with u the total escape 
speed); a certain structure of the light (massive photons having variable length); 
the electron charge like a point-particle facing the atom nucleus during the elec-
tron orbit.  

On these bases, we gave a classical reason to the apparent constancy of c, then 
we showed that the time dilation turns out to be an effect of the variation of the 
total gravitational potential U (inducing a variation of c) and we also showed 
that the high gravitational red shifts are also due to the same reason; we also 
showed that the quantum numbers are nothing else than the numbers of pho-
tons admitted on free atoms along an integer number of electron orbits; then we 
gave a reason why the circling electrons cannot fall into their nucleus, and we 
also showed that the ionization of free atoms happens when the electron radial 
speed (due to the impact photons-electron) equals the electron orbital speed. 
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Abstract 
Zinc Oxide (ZnO) and Aluminium doped ZnO (AZO) thin films were depo-
sited on soda lime glass by Metal Organic Chemical Vapour deposition technique 
(MOCVD), using prepared compound mixtures of Zinc Acetate di-hydrate 
(Zn(CH3COO)2·2H2O; ZAD) and Aluminium Acetyl-Acetonate (Al(C5H702)3; 
AAA) precursors at a temperature of 420˚C. Effects of the varying mole per-
cent concentrations of AAA precursor additives on the Al dopant concentra-
tions in ZnO were systematically studied. The observations were made via 
investigations carried out on the morphological, optical, electrical and com-
positional properties of the deposited thin films. The thin films morphology 
was found to be strongly dependent on the varying concentration of AAA in 
the precursor mixtures. The average optical transmittance of the thin films in 
the uv-visible region was over 85% except 5 mol.% Al. While the energy band 
gaps were found to be in range of 3.27 - 3.36 eV. There is a blue-shift of the 
energy band edge observed between 0 and 5 mol.% AAA, which may be due 
to Burstein-Moss’ band gap widening effect and an opposing band gap re-
normalization effect at 10 mol.% AAA along with an extra band gap stabiliza-
tion effect (Roth’s effect) at 15 mol.% AAA in rather quasi-sinusoidal or 
anomalous behaviour. The optical transmittance and electrical conductivity 
of ZnO were enhanced with addition of Al dopants. The RBS confirm the 
presence of Al, Zn and O, and evidence that Al dopants were successfully in-
corporated into the ZnO.  
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1. Introduction 

Within the present decade, the rate of development of optoelectronic materials 
applications has rapidly increased, with current research in transparent conduct-
ing oxides (TCO’s) being directed towards choice materials capable of combining 
economical and environmentally sustainable superior performance. TCO’s are 
generally classified as materials with combined high average optical transparen-
cy > 80%, high electrical conductivity, and low resistivity of 31 10 cm−≤ × Ω . The 
currently ubiquitous optoelectronic devices such as thin film solar cells, light 
emitting diodes (LEDs), transparent thin film transistors, piezoelectric trans-
ducers, gas sensors, flat and touch panel displays [1] [2] [3] laud TCO materials 
as the focal point for the interests of numerous research groups seeking to ex-
plore, enhance, optimize, stabilize and economize superior TCO materials per-
formance in the nearest future. AZO thin films have superior advantages when 
compared with known TCO (In2O3:Sn ITO) in that ZnO is abundant in the earth 
crust when compared to Indium (In), eco-friendly, has high thermal, chemical 
and radiation stability in hydrogen plasmas and other harsh environments [4]. 
Moreover, there is a general ongoing trend in the TCO industry to move to-
wards alternative solutions for more advanced applications [5]. In the recent 
time, AZO thin films were been deposited on flexible substrates and are attract-
ing both research and technology’s attention [6] [7].  

TCOs’ are majorly compound semiconductors, generally classified as either 
n-type or p-type in line with their electrical properties. Their classifications are 
further subdivided into binary, ternary, quaternary compound and doped types. 
Doping ZnO with Group III elements (Al, In and Ga) drastically enhances the 
electrical conductivity [8] [9] [10] [11]. TCO’s have been fabricated by various 
methods, ranging from physical methods to chemical methods [5] [12] [13]. 
Metal organic chemical vapour deposition (MOCVD), which is a variant of 
Chemical method is an attractive technique for the fabrication of TCO’s. This is 
due to its large-area to volume and conformal deposition capability even with 
less sophisticated apparatus, as well as close to ambient temperature deposition 
in contrast to PVD techniques. This paper is a report of MOCVD AZO thin 
films deposited on soda lime glass substrate, using single solid source precursors 
and the trends observed in its properties with varying Al dopant concentration. 
The prepared precursors were characterized using Fourier Transform Infrared 
(FTIR) spectroscopy while the thin films’ properties were characterized using 
Field Emission Scanning Electron Microscopy (FE-SEM), Ultraviolet-Visible 
(UV-Vis) Spectroscopy, Four Point Probe technique and Rutherford Backscat-
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tering Spectroscopy (RBS).  

2. Experimental Details 

ZnO and AZO thin films were prepared by MOCVD technique. A schematic of 
the experimental set-up is shown in Figure 1(a). 0.03 M starting solution was 
prepared from analytic grade ZAD (Fisher Scientific, UK; 99.999%) and dis-
solved in methanol (BDH Analytical Chemicals, UK; 95.9999% dilute). Varying 
concentrations of AAA (BDH Analytical Chemicals, UK; 99.999%) previously 
dissolved in methanol at 0.03 M was added to the prepared ZAD solution in  

 

 
(a) 

 
(b) 

Figure 1. (a) A schematic of the experimental set-up; (b) FTIR spectra of the final single solid source precursor used and the 
starting solid materials ZAD and AAA. 
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other to doped the initial solution such that the mole ratios of the precursors 
would be 95:5, 90:10 and 85:15 mol.% respectively. The prepared solutions were 
oven dried to constant weight at 60˚C for 48 hours. The resulting caked solids 
were pulverized just before the pyrolysis. The thin films were deposited onto 
cleaned soda lime glass substrates at 420˚C for 2 hours using nitrogen as carrier 
gas with flow rate 2.5 dm3/min (Figure 1). The FTIR Spectrum of the individual 
and prepared precursor were taken using a Nicolat iS5 Spectrometer. The 
FE-SEM micrographs of the AZO thin films were obtained using a Zeiss plus 55 
FE-SEM. Transmittance spectra were measured with Shimadzu UV-Vis 1800 
double beam spectrophotometer in the wavelength range 280 - 800 nm. The 
current-voltage (I-V) characteristics were studied within voltage sweep 0 - 0.5 V, 
and carried out under normal conditions at room temperature using the four 
point probe technique, a Jandel four point probe tool (model TY242MP), and a 
Keithly 2636A dual channel source/measurement equipment unit all sealed in a 
dark room.  

RBS Spectrum of the thin films were taken using a National Electrostatic 
Corporation’s (NEC) 1.7 MV Tandem Accelerator with 2.202 MeV He++ (mass = 
4) nuclides as the ion beam. The beam incidence angle was 0.00˚; the RBS de-
tector was placed at a 168˚ scattering angle and an exit angle of 12˚. The depth 
profile of the thin films and their elemental compositions were obtained from 
the RBS spectrum using the SIMNRA and RUMP simulation software.  

3. Results and Discussion 

A pyrolytic process is known to occur close to a heated glass substrate when 
aerosol droplets in a jet or cloud arrive at the substrate, so that a highly adherent 
thin films of ZnO and AZO were formed on the substrate. 

3.1. Precursor Mixture Composition 

FTIR spectrum of the final single solid source precursor used and the starting 
solid materials AAA and ZAD were shown in Figure 1(b). As observed in the 
figure, AAA had undergone unintentional hydration. This can be interpreted in 
terms of the hydration of the complex in water. The distribution constants of 
metal acetylacetonates, between water and n-C7H35 determined as a function of 
temperature have been reported to be most thermodynamically favourable than 
that of other trivalent acetylacetonates such as Co, Cr, Rh. The higher hydration 
of AAA supports the idea that the hydration took place through the octahedral 
faces in the laboratory atmosphere before the precursor preparation [14]. Hence, 
the FTIR spectra show a strong intensity of the broad-peaked O-H stiff bonds in 
a stretching mode at a higher vibrational frequency of between 3300 and 3500 
cm−1. The broad peak observed in the ZAD between the same frequencies represents 
the hydration present in its molecular formula. On the other hand, the final 
product precursor formed; contain the O-H broad peak contribution from the 
hydration of the AAA and ZAD precursor. The fingerprint region of each of the 
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precursors is approximately below 1500 cm−1. Although, IR vibrations in this re-
gion are often complex and difficult to assign to a specific functional group of 
the molecule, the AAA, ZAD and final solid source product each have a distinct 
pattern in the region as can be observed by inspection. The ZAD spectrum is 
very similar to the solid source product than the AAA, since the number of 
possible vibrations for any given molecule is determined by the number of atoms 
present and hence the intensity of the peak observed. All the peaks in the finger-
print region of the solid source product align peak for peak with the ZAD with 
very minimal shifting or conjugation, except for the reductions in peak intensity 
of the solid source product precursor. SP3 hybridized C-H bonds are observed in 
the AAA only between 2800 and 3000 cm−1. The δ C-H bond peaks are observed 
in all the precursors between 1293 and 1464 cm−1, as well as the ν C=O bond at 
1596 cm−1. While the ν C=O bond connected to Al in AAA is at 1532 cm−1, its 
presence in the solid source product is observed as the left-skewed broad peak in 
the solid source product which is symmetrical in the ZAD. Also, the ν Al=O in 
AAA and ν Zn=O in ZAD spectra are observed at the same frequency, but dimi-
nished intensity in the solid source product between 1023 and 1026 cm−1 respec-
tively, and suggesting a conjugation of the bonds between Al, Zn and O, as a re-
sult of the lowering of the stretching frequency resonance as observed at the 
peaks. 

3.2. Surface Morphology 
Field Emission Scanning Electron Microscopy (FE-SEM) 
Figures 2(a)-(d) show the FE-SEM micrographs of as-deposited AZO thin films 
with ratio 0, 5, 10, 15 mol.% of Al dopant. The micrographs show a strong de-
pendence of the AZO thin films morphology on increasing aluminium concen-
tration. As observed, a uniform, continuous and pin hole free morphology is 
shown in Figure 2(b) at 5 mol.% Al dopant concentration implying the presence 
of low internal stress. The micrograph of as-deposited 10 mol.% AZO in Figure 
2(c), show a uniformly granular polycrystalline morphology having almost the 
same sizes, with well-defined grain boundaries and an inhomogeneous surface 
with polygon-like grains that may efficiently scatter incident photons. The 
as-deposited 15 mol.% AZO is polycrystalline with grains and obvious grain 
boundaries. This observation may be as a result of the an Al rich thin film, re-
sulting in a degenerately doped layer of AZO and hence creating a highly dis-
tinct segregation of grains with possible accumulation of excess Al ions at the 
grain boundaries thus preventing further enlargement of the grains and grain 
boundaries. Al3+ as dopant substitute Zn2+ in AZO thereby increasing the nuc-
leation site number [13]. In a degenerately doped ZnO, there is a tendency for 
heavy and localized nucleation of grains to occur, such as observed in Figure 
2(d). 

3.3. Optical Properties 

The effect of the increasing aluminium dopant concentrations on the optical  
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(a)                                                         (b) 

 
(c)                                                         (d) 

Figure 2. (a) FE-SEM image of AZO thin films (0 mol.% Al); (b) FE-SEM image of AZO thin films (5 mol.% Al); (c) FE-SEM 
image of AZO thin films (10 mol.% Al); (d) FE-SEM image of AZO thin films (15 mol.% Al). 
 

transmittance of the AZO thin films are shown in Figure 3(a) & Figure 3(b). 
The average transmittance in the near ultra-violet, visible and near infra-red re-
gion (380 to 800 nm) combined is over 85% except 5 mol.% Al. The heavily 
doped AZO thin films show increase in average transmittance up to 91% within 
the wavelenght region studied, while undoped ZnO thin films was found to be 
86%. The 5 mol.% AZO thin film’s low transmittance appears to be as a result of 
excessive scattering centres in the amorphous structure of the thin film. Com-
pressed air and nitrogen gas were each used as carrier gas to deposit the thin 
films at 10 mol.% Al dopant concentration, and both gave an average transmit-
tance of 92% within the same wavelength range. The transmittance of ZnO is 
greatly enhanced when the Al dopant concentration is greater than 10 mol.%. In 
general the transmittance of the deposited film improves from 5 mol.% Al do-
pant concentration in the presence of sufficient oxygen [10].  

Other optical parameters of the AZO thin films such as the refractive index 
(Figure 3(c)) decreases with increase in transmittance. The observed opposite  
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(a)                                                       (b) 

   
(c)                                                       (d) 

 
(e) 

Figure 3. (a) Optical transmittance of the AZO thin films; (b) Average transmittance vs Al dopant concentration; (c) Refractive 
index (nthin film) vs Al dopant concentration; (d) Energy band gap vs Al dopant concentration; (e) Average transmittance, band gap 
vs Al dopant concentration. 
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trend of the refractive index is known to be as a result of the change in the na-
ture of the microstructure arising from the changes in grain sizes with increasing 
Al dopant concentration [15] [16]. In fact, the inhomogeneity of the grains re-
sulted in the lower average transmittance in the 5 mol.% AZO thin film, creating 
uneven scattering centres and hence an abruptly increased refractive index. The 
band-gaps on the other hand, are observed to have all blue-shifted in ZnO with 
increasing Al dopant concentration as shown in Figure 3(d). The blue-shift of 
the absorption edge may be due to the increase in carrier concentration as a re-
sult of the increase in the Al dopant concentration. The blue-shift is intricately 
related to the screening effect which occurs as low energy transitions are 
blocked, resulting in a Burstein-Moss band-gap widening effect [16] [17] [18]. 
The parabolic structure of the conduction band observed as an abrupt near zero 
tailing off of the absorption edge in undoped ZnO (Figure 3(a)) infers the theo-
retical absence of defects due to impurities in its structure. However, an expo-
nential structure of the conduction band results as observed at the gradual tail-
ing off of the absorption edges in the AZO thin films (Figure 3(a)), hence iden-
tifying deep band defect states due to Al dopants propagated as far as the ab-
sorption edges. Tail states created at the absorption edges are not terminated 
abruptly, but extend gradually from the near absorption band into the absorp-
tion band edges. The Tauc’s equation was therefore used to evaluate the band 
gaps for the doped AZO thin films, since it gives a better estimate, taking into 
consideration the contributions of such deep band defect states as well as tail 
states near the absorption edges [19]. The energy band gap values of each AZO 
thin film was evaluated from (αhν)2 as a function of (hν) in the Tauc’s equation 

( ) ( )2
gh A h Eα ν ν= −                       (1) 

where α is the absorption coefficient, hν is the photon energy, A is a constant 
that depend on the material’s properties, and Eg is the optical band gap energy 
respectively. The plot for undoped ZnO when extrapolated from the linear re-
gion of the square of the absorption coefficient tail to the point where (αhν)2 = 0, 
intercepted the abscissa at the energy band gap value 3.27 eV. However, in direct 
gap semiconductors such as ZnO, disorder due to impurity and temperature ef-
fects will cause the exponential band tails of the electronic states to extend into 
the semiconductors forbidden gap. This causes optical transitions to occur near 
the absorption edge such that the transitions manifest an exponentially varying 
absorption coefficient (α) as the electrons move from a parabolic band to an ex-
ponential band-tail state. 

The sharp widening of the band gap of ZnO at Al dopant concentration of 5 
mol.% may be due to Burstein-Moss effect. And the subsequent contraction 10 
mol.% may be attributed to band-gap renormalization, followed by the pheno-
menon of an additional stabilization deposition temperature based effect known 
to occur in an inert gas atmosphere such as N2(g) at 420˚C (Roth’s effect) at 15 
mol.%. This effect acts as an opposing force to the Burstein-Moss band gap wi-
dening effect and tries to restore or renormalize the band gap to its initial value 
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following a heavy dopant concentration [20]. These effects are typical of the opti-
cal band gap of nanocrystalline ZnO thin films. According to Srikant and Clarke, 
the Burstein-Moss effect is valid for materials having low effective mass of elec-
trons and holes. That is, materials in which quantum confinement lead to an ini-
tial rise in the optical band gap [21]. This appears contradictory with the results 
of this study, in which the AZO thin films are not only degenerately n-type 
doped, but thicknesses are way more than that permissible in quantum confine-
ment studies. Yet, an initial band gap widening offset partially by a band-gap re-
normalization was observed. However, recent studies through density-functional 
band-structure theory demonstrate that the band-gap renormalization is related 
to the non-parabolic nature of the host conduction band (ZnO), created as a re-
sult of the dopant impurities, and not because of a rigid shift of the band edges 
as studies have earlier assumed [22]. As a result, the carrier dependence of the 
Burstein-Moss’ band-gap widening in this study is rather highly sensitive to the 
electronic states of the dopant ion (Al3+) which in turn can be intrinsically in-
volved in the complete reconstruction of the conduction band, thus lowering it. 
This effect is better observed in Figure 3(e), the band-gap widening from 0 to 5 
mol.% Al dopant concentration is as a result of the occupation of the AZO con-
duction band, inducing optical transitions at higher energies than the mini-
mum-energy of the fundamental electronic gap (undoped ZnO). Meanwhile, 
and on the other hand, increase in free carrier screening will result in the de-
crease in the binding energy of the optical transitions associated with both free 
and bound excitons. So that, in the undoped ZnO and the AZO thin films, both 
the free and bound exciton transitions show a quasi-sinusoidal blue-shift and 
red-shift as the exciting wavelength of the UV-Visible radiation is decreased and 
intensity maintained with increasing dopant concentration [23]. The renormali-
zation effect results in a red-shift of the optical transitions, and therefore a re-
duced free-carrier screening effect of photons resulting in increased average 
transmittance as a result of the reduction in the band-gap energy. The energies 
of the optical transitions are therefore the resultants of the blue-shift due to 
screening, and the red-shift due to the renormalization effect. The entire energy 
interplay weakens as the dopant concentration increases (up to15 mol.%), so 
that a stability effect (Roth’s effect) converges both the average transmittance 
and the band-gap to a stable value. The energy positions are determinable by the 
aggregated effects of screening and band-gap renormalization resulting from the 
added free electrons. In this study the exact energy position was not determined 
but rather we try to establish the trend for the optical transition energies. 

3.4. Electrical Properties 

Linear current-voltage (I-V) characteristics are observed in the 5 and 10 mol.% 
AZO thin films as shown in Figure 4(a) and Figure 4(b), while the non-linear 
I-V character of the 15 mol.% AZO thin film in Figure 4(c) predict that there 
might be more than one mechanism of electron transport at play. The values of 
the sheet resistances of the AZO thin films were calculated from equation 
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sR tρ=                            (2) 

where sR  is the sheet resistance in ohm/square, ρ is the resistivity in ohm-cm 
and t is the thickness of the thin film. 

A decrease in the sheet resistances of the AZO thin films is observed for 
thickness ranges from 487 to 634 nm. Therefore, a corresponding decrease in the 
resistivity is partly due to the presence of defects and majorly to Al dopants lo-
cated as interstitial atoms and hence substitute Zn, and filling Oxygen vacancies 
[24]. This may be due to the donor states created as a result of the Al3+ ions im-
purity introduced in the ZnO lattice structure, producing in all cases an n-type 
semiconductor [4]. The degree of corresponding increase in the conductivity 
realizable, given the aforementioned processing conditions of the AZO thin 
films in the as-deposited state is directly influenced by point defects such as 
oxygen vacancies acting as doubly charged electron donor centres, and structural 
defects due to the substitution of Zn atoms amidst other defects. Together with 
the Al3+ ions impurity increasingly introduced, this defects impact greatly on the 
carrier mobility within the AZO thin films. In addition, an increase in oxygen 
vacancies will increase the number of free electrons, which in turn increases the 
conductivity abruptly [13]. Al dopant concentration and oxygen vacancies crea-
tion most possibly resulted in the abrupt increase of the conductivity from 0 
mol.% to 5 mol.%. The interplay of increased Al3+ ion substitution of Zn atoms 
and oxygen vacancies more greatly modified the 10 mol.% Al dopant concentra-
tion as observed in the value of the sheet resistances shown in the legends in 
Figures 4(a)-(c) respectively. The conductivity of 15 mol.% AZO also increased, 
but was lower than that of 5 mol.% AZO given the same processing conditions 
and comparable film thicknesses. Apparently, the heavily doped 15 mol.% AZO 
thin film had the highest Al3+ ion impurity content, but as well the lowest num-
ber of oxygen vacancy which directly degrading the doping efficiency and com-
pactness. At high Al dopant concentration, there is possibility that conduction 
by hopping mechanism will occur since the FE-SEM micrograph (Figure 2(d)) 
shows highly clustered and segregated grains across the AZO thin film [5] [13] 
[25].  

TCO performance factor, energy band gaps, thickness and resistivity were 
shown in Figures 4(d)-(g). The interpretation of these trends with the FE-SEM 
images reveals the microstructural evolution of the AZO thin films. In Figure 4(d) 
the sheet resistance and average transmittance are observed to decrease with in-
crease in dopant concentration from 0 to 5 mol.%. However, a lower sheet resis-
tance in combination with a higher average transmittance is desirable for TCO 
material applications. On the other hand, while the average transmittance of the 
AZO thin films increased from 5 mol.% to 10 mol.% dopant concentration, the 
sheet resistance effectively decreased as well; an advantageous trend. 

It is therefore pertinent to note that both parameters are correlated by an im-
portant figure of merit [26] [27], which measures TCO performance (ΦTC) as 
follows: 
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(a)                                                             (b) 

     
(c)                                                             (d) 

    
(e)                                                        (f) 

 
(g) 

Figure 4. (a) Current vs voltage (ZnO:Al; 95:5); (b) Current vs voltage (ZnO:Al; 90:10); (c) Current vs voltage (ZnO:Al; 85:15); (d) 
Sheet resistance, average transmittance vs Al dopant concentration; (e) TCO performance (ΦTC), thickness vs Al dopant concen-
tration; (f) Sheet resistance, band gap vs Al dopant concentration; (g) Sheet resistance, resistivity and thickness vs Al dopant con-
centration. 
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T
R

Φ =                           (3) 

where T (%) is the optical transmittance at a specified wavelenght λ = 550 nm, 
and Rs (Ω/sq) is the sheet resistance. Figure 4(e) shows that ΦTC values of the 
thin films decrease from 0 mol.% to 5 mol.% with a slight decrease of the thin 
film thickness from 634 to 612 nm, but increase sharply beyond this range. The 
value of ΦTC increased abruptly to a high level at 10 mol.% due to the low sheet 
resistance and the high transmission of the AZO layer combined with a de-
creased thickness of 487 nm. ΦTC decreased sharply below the 10 mol.% value to 
a value comparable to the 0 mol.% value at 15 mol.%. This is due to a high sheet 
resistance, though with the same transmission as the 10 mol.% AZO thin film, 
but at a higher thickness of 509 nm. While Figure 4(f) shows an opposite trend 
with Figure 4(d) in the sheet resistance values with the band gap, Figure 4(g) 
shows a one to one correlation between the sheet resistance and resistivity giving 
an almost linear correlation in the values of the thickness as compared with the 
large magnitude of the sheet resistances.  

3.5. Composition and Depth Profile of AZO Thin Films 

RBS measurements were carried out in order to determine the composition of 
the undoped ZnO and AZO thin films deposited on soda lime glass substrates. 
Additional information regarding the depth profiles of the blank substrate, the 
undoped ZnO and the AZO thin films are given in Figures 5(a)-(c) respectively. 
The depth profile of all the deposited thin films confirmed the presence of Zn, O 
and Al along with an estimated ratio of the film thickness. 

Table 1 shows the RBS absolute data of the elemental concentrations of each 
constituent atom in the as-deposited AZO thin films with undoped ZnO as ref-
erence. The spectroscopically determined Al dopant concentration in atom per-
cent measured in the as-deposited AZO thin films layers are observed to be 
strongly correlated with the Al dopant concentration experimentally calculated 
by weight in the prepared precursor as shown in the Zn/Al ratios (Table 1) and 
were found to be close in value within approximate decimals for Al dopant con-
centrations in 10 and 15 mol% AZO thin films. Major constituent of the soda 
lime glass substrate used in this study is silicon (Si) and oxygen (O), with O 
having a concentration of 83.66 at.% as observed in the RBS depth profile of the 
blank soda lime glass slide in Figure 5(a). 

The depth profiles of 0 and 15 mol.% AZO thin films were shown Figure 5(b) 
and Figure 5(c). This revealed almost constant elemental concentration of the O 
specie in all the as-deposited AZO thin film layers as contrasted with the re-
duced O concentration of 70.05 at.% in the substrate layer. A reduction in the O 
specie concentration from 83.66 to 70.5 at.% in the blank soda lime glass slide in 
all the AZO thin films substrates confirm an underlying process of the diffusion 
of O species from the substrates layers into the undoped ZnO and AZO thin 
films layers. This may be due to the deposition temperature and the elements to  
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 5. (a) Depth profile of blank slide substrate; (b) Depth profile of ZnO; (c) Depth profile of ZnO:Al (85:15); (d) RBS spec-
trum of AZO thin films on soda-lime glass substrate. 
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Table 1. RBS data of the elemental concentrations of each constituent atom in AZO thin films. 

Experimentally Measured 
Ratio of Precursor 

Mixtures in mol.% (Zn 
Acetate:Al(Acac)3) 

Experimentally 
Calculated Zn/Al 
Ratio in Precursor 

Mixtures 

RBS Elemental 
Concentration of Zn 

(at.%) in the Thin 
Films 

RBS Elemental 
Concentration of 
O (at.%) in the 

Thin Films 

RBS Elemental 
Concentration of 
Al (at.%) in the 

Thin Film 

Zn/Al Ratio RBS 
Elemental 

Concentration in 
the Thin Films 

RBS Determined 
Thin Film 

Thickness (1015 
Atoms/cm2) 

100:0 (Undoped ZnO) - 0.091136 0.908864 - - 5230.50 (634 nm) 

95:5 9.50 0.085263 0.902635 0.012102 7.05 5167.21 (612 nm) 

90:10 4.50 0.073136 0.911772 0.015092 4.85 4488.07 (487 nm) 

85:15 2.83 0.062243 0.918100 0.019657 3.17 4738.62 (509 nm) 

 
which the O are bonded in the substrate. In addition, O impurities emanating 
from the substrate, and promoted by a high substrate temperature regime 
(420˚C) result in an out-diffusion effect, which compensate the donor character 
of the Al dopants in the AZO thin films [28]. This is evidence in observed high-
est sheet resistance obtained in the undoped ZnO layer with the highest O con-
centration in Figure 5(b), and the lowest sheet resistance with a comparably low 
O concentration in the 10 mol.% AZO. The O contribution from the precursor 
mixtures to the stoichiometry of undoped ZnO and the AZO thin films is there-
fore greatly masked by the diffused O from the substrate layer. A direct deduc-
tion of the O contribution to the undoped ZnO and the AZO thin films from 
that of the soda lime glass substrate gives the stoichiometry expected from the 
precursor mixture. The relationship between the Zn and Al atomic content in-
corporated in the AZO thin films, as a function of Zn in the undoped ZnO were 
shown in Table 1. It is observed that the spectroscopically determined Zn/Al ra-
tio in all the AZO thin films decreased by an approximate constant factor of 2, as 
the spectroscopically determined Al dopant concentration increased correspon-
dingly with the experimentally calculated Al dopant concentration in the single 
solid precursors mixtures. This indicates that the Al dopants were successfully 
incorporated into the ZnO as each Al3+ cation substitutes Zn2+ cation in the lat-
tice, and is attributed to the fact that the Al3+ is a most favorable Zn2+ substitute, 
because the ionic sizes of Al and Zn are closely matched; with Al3+ having the 
smaller ionic radius to easily substitute Zn2+. According to normal doping rules, 
Al3+ can occupy Zn2+ sites only up to its solubility limit of 0.3 at.% in ZnO. Else, 
beyond the solubility limit, new phases of Al2O3 arise so that the substitution of 
Al is no longer as effective [29]. The study therefore shows Al3+ solubility factor 
of 15 below the solubility limit, implying the possibility of further incorporation 
of Al3+ in the ZnO lattice given the advantages of the favorable process condi-
tions used. The RBS spectrum in Figure 5(d) shows the degree of the AZO thin 
film layer uniformity for the 15 mol.% Al dopant concentration and its corres-
ponding simulated spectrum against the substrate background. Of particular in-
terest also in this study from the figure is that the boundary layer between the 
substrate layer and thin film layer interface is not well defined. The thickness of 
the boundary layer is a function of the diffusion coefficient of the individual 
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impurity specie contained in the substrate. The effect is further compounded by 
the prevailing substrate temperature regime thereby defining the diffusion length 
and hence the depth of the boundary layer. This thin film-substrate interface ef-
fect is of immense importance in studying the efficiency of electron transport 
between thin film interfaces of ZnO based optoelectronic devices. 

4. Conclusions 

In this work, AZO thin films were deposited using MOCVD technique using 
single solid precursor. The factorial decrease in the Zn/Al ratio and the corres-
ponding increase in the Al dopant concentrations of the AZO thin films play an 
important role in the properties of the AZO thin films, i.e. in the sheet resis-
tance, morphology, transmittance and energy band gap after the thin films 
growth.  

We have used a range of characterization techniques to study an ensemble of 
AZO thin films which allowed us to show that ZnO thin films can be effectively 
doped under improvable but yet economic processing conditions at relatively 
low temperature (420˚C). Particularly, 10 mol.% AAA AZO thin film exhibited a 
much promising lower resistivity of 19.88 Ω-cm with a corresponding average 
transmittance of 89% and 91% at λ = 550 nm. This value of resistivity establishes 
a remarkable improvement by a factor of 957 over that of the undoped ZnO and 
an improvement by a factor of 53 over that of 5 mol.% AAA. Thus, our results 
that the doping methodology adopted for deposition of AZO thin films in this 
work are suitable for potential applications in high performance optoelectronics 
devices. These results also establish a route to achieve adequately controllable 
doping efficiency of ZnO via the incorporation of Al dopants within its solubility 
limit. 
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Abstract 
We find a simple model of an insulating state of a quantum wire which has a 
single isolated edge mode. We argue that, when brought to proximity, the 
edge modes on independent wires naturally form Bell entangled states which 
could be used for elementary quantum processes such as teleportation. We 
give an example of an algorithm which teleports the spin state of an electron 
from one quantum wire to another. 
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1. Introduction 

An important step in the evolution of quantum circuit technology would be 
the ability to reliably create Einstein-Podolsky-Rosen (EPR) entangled electron 
pairs at controllable locations in an electronic system. This would raise the 
possibility of making elementary quantum devices using the many existing 
technologies available for the fabrication and manipulation of electronic mate-
rials [1] [2] [3]. An obstacle to the use of electrons for EPR pairs is their sus-
ceptibility to decoherence which results from their interactions with their en-
vironment and with each other. Some effort has gone into inventing systems 
which minimize this decoherence by, for example, dynamically isolating the 
electron state in a band gap, minimizing its degeneracy and screening its 
charge. Kitaev’s famous proposal of “Majorana fermions” is a good example [4] 
which achieves all of these and where possibilities of interesting non-local 
phenomena have been explored [5]-[19]. Braiding of Majorana fermion histo-
ries is one of the prime candidates for quantum computation [20]-[26]. How-
ever, a single Majorana state as a qubit has the drawback that it is a superposi-
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tion of two states which differ in fermion number parity, (−1)F, and the states 
where the Majorana level is occupied and unoccupied cannot be mixed with 
physical quantum gates. For a system with a few qubits, it can be useful to have 
more degeneracy. 

In this paper, we shall seek an alternative using ordinary electrons which have 
both charge and spin. We isolate the states dynamically by considering modes at 
the center of a band gap. We shall propose a dynamical mechanism for combat-
ing decoherence. We will design a system where the EPR state is dynamically 
favoured in that it is the ground state of a subsystem, so that, even if it decoheres 
by jumping to an excited state, its natural dynamical evolution would let it decay 
to the ground state and thereby restore the coherence. As well as minimizing 
decoherence, this approach yields a tool for processing the system. Beyond ap-
plying quantum gates and performing quantum measurements, we can allow the 
system to go through a possibly dissipative relaxation from an excited state to its 
ground state. We will then use this additional tool in an essential way, to design 
an algorithm where the EPR state is used as a resource to teleport the spin 
wave-function of an electron between quantum wires. Although the material and 
the gates needed for the process are hypothetical, we conform to certain rules 
which are aimed at utility. We restrict ourselves to one and two-qubit gates 
which act on electron spins only, and, in particular, they are local operations and 
they respect electric charge and fermion number parity superselection rules. 

2. The Model 

We will make use of the fact that, in a system of noninteracting fermions, where 
there are single-particle levels with both positive and negative energies, and 
when there is a unitary transformation which maps positive energy levels onto 
negative energy levels (particle-hole symmetry), so that positive and negative 
single-particle states are paired, and when the number of energy levels must be 
odd, there is necessarily an unpaired zero energy state. Then, it is a simple exer-
cise to design a system where that zero energy state is isolated in a band gap  

and it is an edge state. Our model is a system of spin- 1
2

 fermions bound to the  

atomic sites of a one-dimensional array of atoms. The lattice sites are considered 
immobile and the fermions are described using the tight-binding approximation. 
The array has an odd number of sites, labeled 1,2, , 2 1n L= +

, and †
,n σα  and 

,n σα  are the creation and annihilation operators for a fermion occupying site n 
with spin ,σ =↑ ↓ . They obey the anti-commutator algebra 

{ }†
, ,,n n nnσ σ σσα α δ δ′ ′ ′ ′=

                      
(1) 

{ } { }† †
, , , ,, 0 ,n n n nσ σ σ σα α α α′ ′ ′ ′= =

                  
(2) 

The Hamiltonian describes spin-independent tunnelling between nearest neigh-
bours 
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( )

( )

*
2 , 2 1, 2 1, 2 ,

, 1

*
2 , 2 1, 2 1, 2 ,

, 1

L

m m m m
m

L

m m m m
m

H t t

t t

σ σ σ σ
σ

σ σ σ σ
σ

α α α α

α α α α

+ +
=↑ ↓ =

− −
=↑ ↓ =

= +

′ ′+ +

∑ ∑

∑ ∑

† †

† †

            

(3) 

We shall assume that the strengths of the tunnelling amplitude t for moving to 
the right from an even site and t' for moving to the left from an even site are dif-
ferent. These alternating “long” and “short” bonds, depicted in Figure 1, are 
similar to those in a polyacetylene molecule [27]. We shall assume that the 
phases of the creation and annihilation operators are adjusted so that t and t' are 
real and positive. It is important that the total number of sites, 2 1L + , is odd. 
The Schrödinger equation 

( ) ( ) ( )2 , 2 1, 2 1,
d

d m m mi t tσ σ σα τ α τ α τ
τ + −′= +

              
(4) 

( ) ( ) ( )2 1, 2 2, 2 ,
d

d m m mi t tσ σ σα τ α τ α τ
τ + +′= +

              
(5) 

with boundary conditions 0, 2 2,0 Lσ σα α += =  is solved by the stationary states, 

( )2 ,
e πsin  , 1, 2, ,

11

i

m
k m k L

LL

ετ

σα τ
−  = = ++  



  

( ) ( )
2 1,

π 1e πsin sin
1 11

i

m
k m kmt t
L LL

ετ

σα τ
ε

−

+

 +   ′= +    + ++     



 

with positive (conduction) and negative (valence) energy bands and band gap 
2 t t′− , 

( ) ( )2 2 π4 cos
2 2

kk t t tt
L

ε  ′ ′= ± − +  +                 
(6) 

The spectrum is symmetric. For each k there is a positive and negative energy 
( )kε . In addition, there is a single mid-gap zero mode, with 0ε = , and 

wave-function 

 
( ) ( ) ( )

( )

2
0 0
2 , 2 1, 2 2

1
0, 

1

n

n n L

t t t
tt t

σ σα τ α τ+ +

′− ′ = = − ′  −             
(7) 

which is concentrated near 0n =  if t t′ <  and near n L=  if t t′ > . The 
probability density 

20
,n σσ α∑  with 2 1 59L + =  and 2 3t t′ =  is depicted in 

Figure 2. The existence of the energy gap and the mid-gap zero mode concen-
trated at one end of the wire will be important to us. The number of sites is not 
important as long as this number is odd, in fact the wire could be very short if 
that is convenient. 

 

 
Figure 1. The odd-sited one-dimensional lattice with alternating long t and short t' bonds. 
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Figure 2. The probability density of the zero mode, 
20

,n σσ
α∑  with 2 1 59L + =  and 

2 3t t′ = . 
 

The existence of the zero mode is not an accident. As we have discussed, the 
spectrum is symmetric about 0ε = . If ,n σα  is a solution of the Schrödinger 
equation with energy ε , then ( ) ,1 n

n σα−  is also a solution with energy ε− . 
The non-zero energy states thus come in positive-negative pairs. Moreover, there 
must be an odd number of states, so there must necessarily be an un-paired zero 
mode. This feature is “topological” in the sense that it would be preserved by any 
modification of the Schrödinger equation which respected the particle-hole sym-
metry and the odd number of states. 

In the following discussion, we shall consider the many-electron state which 
has all of the negative energy modes occupied and all of the positive energy 
modes empty. We assume that the energy gap is sufficiently large compared to 
the energy scales of phenomena of interest that the states with t tε ′≥ −  de-
couple and play no role. The active mode is the zero mode with wave-function (7) 
concentrated at one of the edges of the wire. Electrons occupying the zero mode 
are annihilated and created by ( )†,a aσ σ  with the algebra 

{ } { } { }† † †,  , , 0 ,a a a a a aσ σ σσ σ σ σ σδ′ ′ ′ ′= = =
               

(8) 

The space of states where the spin up or down zero modes are populated or 
unpopulated form a two qubit system with a four-dimensional Hilbert space, 
spanned by 

{ }† † † †0 , 0 , 0 , 0a a a a↑ ↓ ↑ ↓  

where 0  is the state with the zero modes (and all other zero mode electron 
states which we shall discuss in the following) empty, 0 0a↑ =  and 0 0a↓ = . 
The ground state of the charge neutral system is two-fold degenerate in the span  

of { }† †0 , 0a a↑ ↓ . It has charge zero and spin 1
2

. The “particle” and “hole”  
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states † † 0a a↑ ↓  and 0  have charges +1 and −1, respectively, and they are 
spin singlets. These unusual spin-charge relations, which have long been asso-
ciated with fractionally charged solitons in polyacetylene [27] [28], in this case, 
are a simple consequence that the lattice has an odd number of sites. 

Consider the scenario where edges containing zero modes of two wires are 
brought into proximity, depicted in Figure 3. We will describe the zero mode 
states of one wire as above, and the other similarly, with ( )†,a aσ σ  replaced by 

( )†,b bσ σ . We model the interaction of the edge modes of the two wires by the 
Hubbard Hamiltonian 

2 22 2
† †

int 1 1
2 2
e eH a a b b Hσ σ σ σ λ

σ σ

   = − + − +   
   
∑ ∑

           
(9) 

( )† †

,
H a b b aλ σ σ σ σ

σ
λ

=↑ ↓

= +∑
                   

(10) 

where λ  is real and positive and 2e λ . The first two terms in intH  model 
the Coulomb energy which discourages nonzero charge at a site (the −1 is the charge 
of the ion at each lattice site). The first two terms in intH  have a degenerate, zero 
energy ground state with basis states { }† † † † † † † †0 , 0 , 0 , 0a b a b a b a b↑ ↑ ↑ ↓ ↓ ↑ ↓ ↓ . The 
third term in (9), Hλ  in (10), allows the electrons to hop between the edge 
states of the two wires. This weaker interaction splits the degeneracy of the 
ground state of the first two terms so that the lowest energy state is the spin 
singlet, 

† † † †1 0
2

g a b b a↑ ↓ ↑ ↓
 = + 

                   
(11) 

and the excited state is a spin triplet. The energy of the ground state, g , in 
second order perturbation theory, is 2 2

0 4E eλ= −  and the spin triplet has 
energy ( )4 6

1 0E eλ= + . We shall assume that 2 2e t tλ ′−  so that these 
states remain well within the energy gap. We assume that the hopping Hamilto-
nian Hλ  can be turned on and off at will. 

Then, on top of this, we shall assume that there is an additional, controllable, 
dissipative interaction which stimulates transitions between the energy levels of 

intH . We need this dissipation so that the quantum state relaxes to the ground  
 

 
Figure 3. The a, b and c systems as edge states. c is occupied by an electron in a particular 
spin state and a and b are brought into proximity. The spin wave-function of the electron 
occupying c is to be teleported to a single electron occupying b. The c-electron does not 
interact with a or b. a and b interact via Hint in (9) which favours a state with a and b both 
singly occupied and together forming a spin singlet. Alice applies one and two qubit gates 
to a and c and Bob can apply gates to b. 
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state, g , of intH  discussed above. We will also need the assumption that, al-
though it dissipates energy, the dissipative process conserves the electric charge 
and the spin of the a-b system. 

3. Teleportation 

The state g  in (11) is an entangled state of the a-b system. We will use it as a 
resource for quantum teleportation [29]. We shall assume that Alice has access 
to the a-system and Bob has access to the b-system. Now, we assume that Alice is 
in possession of another electron which is in a particular spin state, expressed as 
a superposition of its spin up and spin down states. It is dynamically indepen-
dent of the a-b system, so that the total wave-function is the product state 

† †
1 2 † † † † 0

2
g c g c

a b b aψ ↑ ↓
↑ ↓ ↑ ↓

+
 = + 

                
(12) 

where 2 2
1 2 1g g+ = . Alice has access to the composite a-c system. Her goal is 

to teleport the spin wave-function of the c-electron to Bob. Alice should now 
turn off Hλ  and do a measurement in a Bell basis of the c-a system. Equiva-
lently, she can perform the following three steps: Alice applies the two-qubit 
CNOT gate to the a-c system. This gate leaves the terms with †c↑  unchanged 
and it interchanges †a↑  and †a↓  in the terms with †c↓ . The state vector becomes 

( ) ( )† † † † † † † † † †1 2 0 .
2 2

g gc a b b a c a b b aψ ↑ ↑ ↓ ↑ ↓ ↓ ↓ ↓ ↑ ↑

 = + + + 
           

(13) 

Then, Alice applies the one-qubit Hadamard gate to the c-spins. This gate 

replaces †c↑  by 
† †

2
c c↑ ↓+

 and †c↓  by 
† †

2
c c↑ ↓−

 to put the state vectors in the 

form 

( ) ( )
† † † †

† † † † † † † †1 2 0 .
2 2 2 2

c c c cg ga b b a a b b aψ ↑ ↓ ↑ ↓
↑ ↓ ↑ ↓ ↓ ↓ ↑ ↑

 + −
= + + +  
 

 

Next, Alice measures the total spin, J, and the z-component of the spin, zJ , 
of her system. The results for , zJ J  and the resulting state-vectors are 

( )† † † †
1 21, 1:     0zJ J c a g b g b↑ ↑ ↓ ↑= = −

               
(14) 

† † † † † † † †

1 21, 0 :     0
2 2 2z

c a c a b b b b
J J g g↑ ↓ ↓ ↑ ↑ ↓ ↑ ↓

 + − +
= = −  

         
(15) 

( )† † † †
1 21, 1:     0zJ J c a g b g b↓ ↓ ↑ ↓= = − +

              
(16) 

† † † † † † † †

1 20, 0 :     0
2 2 2z

c a c a b b b b
J J g g↑ ↓ ↓ ↑ ↑ ↓ ↑ ↓

 − + −
= = +  

         
(17) 

Alice then uses a classical communication channel to communicate the two 
bits of data, , zJ J , to Bob. This tells Bob which gates to apply to recover the 
original wave-function: 
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Bob gate
1 1
1 0  then 
1 1
0 0

zJ J
iY
H iY
I
H

−
 

where H is the Hadamard gate and ( ) ( ), ,iY b b b b↑ ↓ ↓ ↑= − . As a result, Bob has 
placed the b-electron into the same spin state that the c-electron originally occu-
pied. The spin state has been teleported. 

Alternative to an electronic system, one might envisage engineering such a 
system with spin 1

2
 fermion atoms occupying an optical lattice. In that case, 

the atoms would have only a weak repulsion, the parameter e2 would be small 
and the interaction between the zero modes on wires in proximity would be 
dominated by Hλ . In that case, the ground state of Hλ  is  

( )( )† † † †1 0
2

a b a b↑ ↑ ↓ ↓− −   

which is a spin singlet, like (11), but it contains components where the edge 
modes are doubly occupied. Alice then begins with the state 

( )( )( )† † † † † †
1 2

1 0
2

g c g c a b a b↑ ↓ ↑ ↑ ↓ ↓+ − −
               

(18) 

She should first do a measurement to see whether her c-a system is in a state 
of integer or half-odd-integer spin. If it is integer spin, the measurement projects 
onto the state in (12) and she can proceed with the teleportation protocol as be-
fore. If the result is half-odd-integer, the state thereafter is 

( )† † † † † †
1 2

1 0
2

g c g c a a b bψ ↑ ↓ ↑ ↓ ↑ ↓
 ′ = + + 

              
(19) 

We have not devised a simple algorithm for teleporting the spin wave-function to 
Bob when this is the state. The most efficient way to proceed is to simply start 
again, to turn on Hλ  and dissipation and to allow the a-b subsystem to relax to 
its ground state, 

( ) ( )( )( )† † † † † † † † † † † †
1 2 1 2

1 10 0
22

g c g c a a b b g c g c a b a b↑ ↓ ↑ ↓ ↑ ↓ ↑ ↓ ↑ ↑ ↓ ↓
 + + → + − −   

This evolution conserves spin and charge, there is only energy dissipation. It 
restores the state (18). Then, Alice once again measures the total spin. If it is in-
teger, she turns off Hλ  and proceeds with the teleportation protocol. If it is 
half-odd-integer, she repeats the restart. Each time, the probability of obtaining  

integer spin is 1
2

 so that the probability of failure after n tries is 1
2n  which  

converges to zero. By this process, Alice succeeds in teleporting the spin 
wave-function, from the test electron to which Alice has access, to the edge elec-
tron on Bob’s quantum wire. 

The most important role of Hλ  and dissipation in the above discussion can 
be seen as the production of a charge neutral spinless state of the a-b system. In 
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fact, we could be more general and assume that the resource a-b system is in a 
mixed state composed of all of its states which are charge neutral and have spin 
zero, that is, that the state is described by any density matrix in the vector space  

spanned by ( )† † † † † † † †10 , 0 , 0
2

a a b b a b b a↑ ↓ ↑ ↓ ↑ ↓ ↑ ↓

 
+ 

 
 which has a non-zero di-

agonal component in the direction ( )† † † †1 0
2

a b b a↑ ↓ ↑ ↓+ . Again, when Alice  

measures the total spin of her subsystem, she either obtains integer spin, with 
the pure state (12) whence she can complete the teleportation, or a mixed state 
made in the space spanned by 

( ) ( )† † † † † † † †
1 2 1 20  , 0g c g c a a g c g c b b↑ ↓ ↑ ↓ ↑ ↓ ↑ ↓+ +  

whence she should redo the process. 

4. Conclusions 

We have studied a one-dimensional model of a finite length quantum wire in a 
topologically insulating state. We have shown that an ordinary electronic zero 
mode with spin, although it has a significant amount of degeneracy, can still be 
used as a resource for quantum teleportation. What is teleported is the spin 
wave-function of an auxiliary electron. 

The zero modes associated with solitons in polyacetylene [28] [30] were 
originally discussed in the context where the associated mid-gap states lead to 
exotic quantum numbers such as fractional fermion number [27] [31]. The 
disentanglement of the states of paired zero modes in order to find localized 
fractional charges dates to that time [32]. The polyacetylene model, with al-
ternating strong and weak bonds has since become one of the primary examples 
of a one-dimensional topological insulator [33]. It would be interesting to study 
this scenario with proximity induced superconductivity to understand the fate of 
the Majorana mode which one might expect to emerge there. The polyacetylene 
molecule could be a candidate for the insulator that we are discussing, if its 
chain can contain an odd number of sites. An alternative would be to implement 
such a system using cold atoms in an optical lattice [9] [34]. 
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