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Abstract

Following recent Cosmic Microwave Background (CMB) observations of
global spatial flatness, only two types of viable cosmological models remain:
inflationary models which almost instantaneously attain cosmic flatness fol-
lowing the Big Bang; and non-inflationary models which are spatially flat
from inception. Flat Space Cosmology (FSC) is the latter type of cosmological
model by virtue of assumptions corresponding to the Hawking-Penrose con-
jecture that a universe expanding from a singularity could be modeled like a
time-reversed black hole. Since current inflationary models have been criti-
cized for their lack of falsifiability, the numerous falsifiable predictions and
key features of the FSC model are herein contrasted with standard inflatio-
nary cosmology. For the reasons given, the FSC model is shown to be supe-
rior to standard cosmology in the following eleven categories: Predictions
Pertaining to Primordial Gravity Waves; Cosmic Dawn Early Surprises; Pre-
dicting the Magnitude of CMB Temperature Anisotropy; Predicting the Val-
ue of Equation of State Term W ; Predicting the Hubble Parameter Value;
Quantifiable Entropy and the Entropic Arrow of Time; Clues to the Nature of
Gravity, Dark Energy and Dark Matter; The Cosmological Constant Problem;
Quantum Cosmology; Dark Matter and Dark Energy Quantitation; Require-
ments for New Physics.

Keywords

Cosmology Theory, Cosmic Inflation, Dark Energy, Cosmic Flatness, CMB
Anisotropy, Cosmic Entropy, Emergent Gravity, Black Holes, FSC, Cosmic
Dawn, R, = ct Model

1. Introduction and Background

The Boomerang, Wilkinson Microwave Anisotropy Probe (WMAP) and Planck
studies of the Cosmic Microwave Background (CMB) have established beyond
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all doubt that our universe is spatially flat [1] [2] [3]. All non-flat cosmologies
have thus been consigned to the waste basket of history. Andrew Lange, prin-
ciple investigator for Boomerang, the first study to confirm universal flatness,
was decidedly circumspect in his answer to the question on everyone’s mind: “Is
this final confirmation that cosmic inflation theory is correct?”

One would do well to remember Lange’s admonition that one can never prove
the correctness of cosmic inflation by confirming spatial flatness in the CMB. He
emphasized that there might ultimately be other cosmology theories with a
non-inflationary mechanism for achieving CMB flatness. While many scientists
at the time considered Lange to be unnecessarily conservative with his answer,
others have since reiterated this point of view. Physicist Philip Gibbs, for in-
stance, put it this way: “The problem is that no particular model of inflation has
been shown to work yet. It is possible that the work has not yet been completed
or that a more recent specific model will be shown to be right’ (emphasis mine)
[4].

Given Lange’s concerns, physicist Brian Keating and others have set out on a
different tack by looking for inflationary B-mode polarization in the CMB. His
new book [Keating (2018)] is an excellent glimpse into this new and exciting
phase of experimental cosmology. Unfortunately, no primordial gravity waves of
inflation have yet been discovered. In 2014, the BICEP2 team jumped the gun
and prematurely announced a confirmatory result, only to be proven wrong by a
Planck study overlay of B-mode polarizing interstellar dust.

While more sensitive searches for primordial gravity waves of cosmic inflation
are being conducted, other cosmologists have taken up the cause of searching for
non-inflationary mechanisms to explain cosmic spatial flatness. Some, like my-
self, have wondered if the universe has always been spatially flat since inception.
Certainly, to this point, there is no observational proof otherwise. Even inflatio-
nary cosmologists agree that once the universe reaches critical density, it can
remain spatially flat for the rest of time. We must remember that inflationary
models must achieve spatial flatness to within one part in approximately 10%
before the first 107** second of cosmic time for inflation to achieve the degree of
flatness now observed in the CMB [5]. This is a crucial realization. The only dif-
ference between an inflationary universe and a perpetually flat universe from
inception is what happens within the first 107* second of cosmic time.

Flat Space Cosmology (FSC) is a remarkably accurate cosmological model
which was initially developed as a heuristic mathematical model of the Hawk-
ing-Penrose conjecture [6] [7] that a universe smoothly expanding from a sin-
gularity can be theoretically treated within the rules of general relativity as a
time-reversed black hole. Thus, it is perhaps not surprising that FSC makes pre-
dictions that closely fit with Planck survey observations. For instance, the Planck
Collaboration reported an observed global Hubble parameter value of 67.8 +/—
0.9 km-s™-Mpc™" (68% confidence interval) and FSC predicts a current global
Hubble parameter value of 66.89 km-s™'-Mpc’, which fits the lower end of the
Planck survey range. This FSC calculation is based only upon one free parame-
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ter, the Planck study fitting of the CMB temperature peak with a black body at
2.72548 K. This CMB temperature number, plugged into FSC equations first
published in 2015 [8] [9] [10] [11] allows for a variety of cosmic parameter cal-
culations fitting very tightly with observations [12].

The five assumptions of FSC, closely adhering to the Hawking-Penrose con-

jecture, are as follows.

The Five Assumptions of Flat Space Cosmology

1) The cosmic model is an ever-expanding sphere such that the cosmic hori-
zon always translates at speed of light ¢ with respect to its geometric center at
all times ¢. The observer is operationally-defined to be at this geometric center at
all times t.

2) The cosmic radius R, and total mass M, follow the Schwarzschild for-
mula R, =2GM, /c? atall times t.

3) The cosmic Hubble parameter is defined by H, =c/R, atall times t.

4) Incorporating our cosmological scaling adaptation of Hawking’s black hole
temperature formula, at any radius R, cosmic temperature T, is inversely pro-
portional to the geometric mean of cosmic total mass M, and the Planck mass
M. R, isdefined as twice the Planck length (i.e., as the Schwarzschild radius
of the Planck mass black hole). With subscript t for any time stage of cosmic
evolution and subscript pl for the Planck scale epoch, and, incorporating the
Schwarzschild relationship between M, and R,

hc® . I

KT = G MM, ~ 4n/RR,
[ nc ‘a1
t:[SnGk Tj M_ (#)
1 i (1)
4nk T,
RtT (41t|( ] (C)

t=2 (D)

M
R

IIZ

III

5) Total entropy of the cosmic model follows the Bekenstein-Hawking black
hole formula [13] [14].
2
5, =™ @)

t 2
LP

I

The first two assumptions are based upon a literal interpretation of the
Hawking-Penrose conjecture as it would pertain to a smoothly-expanding
Schwarzschild black hole. The third assumption (Hubble parameter) treats
maximally redshifted radial photons at the cosmic model horizon as moving
with speed of light ¢ relative to the geometric center at a distance of horizon ra-

dius R. This is a stipulation of relativity. The fourth assumption is a cosmic
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temperature scaling assumption. While it shows similarity to the static Hawking
black hole temperature formula, the FSC cosmic model is treated as scaling in
Planck mass increments. This allows for dynamic cosmic expansion modeling
from the Planck scale epoch. Finally, the fifth assumption utilizes the Bekens-
tein-Hawking entropy definition, which seems appropriate for a model of the
Hawking-Penrose conjecture.

As described in some detail in the seminal FSC papers [Tatum, et al. (2015)],
the first three assumptions allow for perpetual Friedmann critical density (Ze.,
perpetual global spatial flatness) of the expanding FSC cosmological model from
inception. By dividing the Schwarzschild mass (defined in terms of cosmic ra-

dius R,) by the spherical volume, and substituting CZ/RO2 with HZ,

2

Friedmann’s critical mass density p, = 3 é is achieved for any given moment
n

« _»

of observation (hence the subscript “0”) in cosmic time. So, perpetual Fried-
mann critical density from inception is a fundamental feature of the FSC model.
Furthermore, because a Schwarzschild black hole is clearly allowed within the
rules of general relativity, and because Hawking and Penrose have proven the
validity of black hole time-reversal for modeling cosmological expansion, the
FSC model, as defined by the rules of black holes, is clearly a general relativity
model. A recent paper [15] has taken the FSC model further by integrating FSC
into the Friedmann equations containing a Lambda A cosmological term.
Thus, FSC has been shown to be a scalar dynamic A dark energy model of the
wCDM type (wherein equation of state term w is always equal to —1.0). Fur-
thermore, it is well-known that a sufficiently realistic R, = ctlinear model, such
as FSC, can fit within the tightest constraints of the Supernova Cosmology
Project (SCP) data. The following open source graph from the SCP (Figure 1) is
offered as proof [16].

One can readily see (by the “Flat” line intersection) that a realistic spatially flat
universe model would be an excellent fit with all SCP observations to date.

Currently, there is no certainty about the percentage of the critical density
which is attributable to dark matter. Those with knowledge of the observational
studies of the ratio of dark matter to visible matter realize the difficulty of de-
termining a precise co-moving value for this ratio at the present time. Galactic
and perigalactic distributions of dark matter can be surprisingly variable, as evi-
denced by the 29 March 2018 report in Nature [17] of a galaxy apparently com-
pletely lacking in dark matter! Although the 2015 Planck Collaboration consen-
sus is a large-scale approximate ratio of 5.3 parts dark matter to 1 part visible
matter, this can only be considered as a rough estimate of the actual co-moving
ratio, particularly if this ratio varies significantly over cosmic time. A 9.2-to-1
actual ratio in co-moving galaxies remains a possibility, and would change the
ratio of total matter mass-energy to dark energy to essentially unity (ie., 50%
matter and 50% dark energy). Thus, the intersection zone of tightest constraints
shown in Figure 1 would then correlate with 0.5 Omega_ matter and 0.5 Ome-

ga_Lambda. This is one of several important testable predictions discriminating
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Figure 1. SCP supernovae, BAO and CMB data.

the FSC model from the standard cosmology model. Precise measurements of
approximately co-moving galaxies are in order, for comparison with the Planck
Collaboration result.

Furthermore, the question of dark energy dominance over total matter energy
density remains in doubt. Several recent papers [18] [19] [20] [21] [22] have
clearly shown that cosmic acceleration, however small, is not yet proven. These
are not, of course, arguments against the existence of dark energy. They are only
arguments placing some doubt on dark energy dominance, and thus cosmic ac-
celeration, as opposed to cosmic coasting (as seen in all competitive R, = ct
models, such as FSC).

The above brief introduction to FSC is for the purpose of showing just one
non-inflationary model which fits tightly with astronomical observations to date,
including the flatness findings within the CMB. Thus, the words of Lange, Gibbs
and Steinhardt [23], who have had serious reservations about the certainty of
cosmic inflation, are well worth remembering. Cosmic inflation is definitely not

a certainty, particularly in light of the accumulating failures to confirm primor-
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dial inflationary gravity waves.

It is the purpose of this paper to present, in Section 2, the predictions and
features of FSC which prove its superiority to standard inflationary cosmology.
In fact, these predictions and features were embedded in FSC from its inception
in 2015.

2. Predictions and Features of the FSC Model
2.1. Predictions Pertaining to Primordial Gravity Waves

FSC, by the arguments made above with respect to perpetual Friedmann critical
density, can readily explain the flatness angular power spectrum of the CMB.
Furthermore, this steadily expanding, finite but unbounded, model would not be
expected to produce inflationary B-mode primordial gravity waves. Thus, FSC
predicts that inflationary B-mode primordial gravity waves will never be con-
firmed. Such unequivocal confirmation of inflationary waves would falsify FSC.
The continued failure to detect such waves (if the sensitivity of detection me-
thods is sufficiently high) should be considered to strongly favor FSC over stan-
dard inflationary cosmology.

2.2. Cosmic Dawn Early Surprises

As noted in several recent papers [24] [25] [26] standard cosmology cannot eas-
ily explain surprisingly early star, galaxy and active galactic nuclei (ie., quasars
and blazars) formation. On the other hand, as detailed in the recent FSC paper
entitled, “Temperature Scaling in Flat Space Cosmology in Comparison to Stan-
dard Cosmology” [12], temperature differences between the two models are such
that cosmic dawn in FSC may have developed as early as 20 million years after
the Planck epoch versus approximately 110 million years in standard cosmology.
The following graph (Figure 2) from the “Temperature Scaling” paper is pre-
sented for comparison, with features of the standard model as described in
Bowman’s recent paper [24].

Hashimoto’s paper [25] recently reported the difficulty of explaining their
finding of an early galaxy at a redshift z value of 9.11 which suggested galaxy
formation no later than about 250 million years after the Big Bang. And yet, a
redshift z value of 9.11 is correlated with 174 million years in FSC versus 550
million years in standard cosmology (see how these cosmic times differ in Fig-
ure 2 above). Cosmic dawn in FSC would likely be at 20 - 50 million years after
the Planck epoch (the so-called “Big Bang” in standard cosmology) as opposed
to the standard cosmology cosmic dawn at 110 - 250 million years, as shown in
Figure 2.

Thus, FSC is clearly superior to standard cosmology in terms of cosmic dawn

early surprises.

2.3. Predicting the Magnitude of CMB Temperature Anisotropy

Standard cosmology has difficulty in providing a reasonable explanation for the

magnitude of the observed CMB temperature anisotropy. Their current
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Figure 2. Cosmic temperature vs time in standard cosmology (blue) and
FSC (green).

explanation appears to be that the CMB pattern represents a magnified Big Bang
“quantum fluctuation” event spayed out across the sky. Yet, modeling the phys-
ics of such a quantum fluctuation event, including predicting the actual magni-
tude of the CMB temperature anisotropy, eludes standard cosmology. This
would require a deep understanding of quantum gravity, which is lacking at the
present time, despite the admirable efforts of string theorists.

The angular power spectrum of the CMB clearly fits with a spatially flat un-
iverse. The Boomerang Collaboration reported CMB anisotropy observations
closely fitting “the theoretical predictions for a spatially flat cosmological model
with an exactly scale invariant primordial power spectrum for the adiabatic
growing mode” [27]. Furthermore, the COBE DMR experiment [28] measured a
CMB RMS temperature variation of 18 micro Kelvins. This translates to a d7/ T
anisotropy value of (0.000018)/2.725 equal to 0.66 x 107°. This measurement fits
within the range of FSC temperature anisotropy predictions for the beginning
and ending of the recombination/decoupling epoch [29]. This result clearly fa-
vors FSC.

2.4. Predicting the Value of Equation of State Term w

For reasons to be described in “Flat Space Cosmology as a Model of Light Speed
Expansion—Implications for the Vacuum Energy Density”, the FSC model re-
quires that the equation of state w term have a value of exactly —1.0. This fits
with the quantum field theory stipulation that the vacuum pressure p corres-
ponding to the zero-state vacuum energy must always be equal in magnitude to
the vacuum energy density p (ie, p=p ). For reasons given in the FSC pa-
per, a dark energy dominant universe (as currently believed in standard cos-

mology) would not meet this quantum field theory stipulation and would have a

DOI: 10.4236/jmp.2018.910118

1873 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.910118

E. T. Tatum

wvalue other than exactly —1.0. These are falsifiable predictions for both models.
Standard model cosmologists believe our current universe to contain an ex-
tremely small nef negative energy. In other words, they believe in s/ight cosmic
acceleration (as opposed to constant velocity light speed expansion), despite
current observations of global spatial flatness. However, if our universe began
from a zero energy state, as is often assumed, and the universe now has a
non-zero energy density, however small, this would appear to violate conserva-
tion of energy! Thus, there is tension in the standard cosmology model of dark
energy dominance, because the Planck Collaboration has reported w = —1.006
+/— 0.045. A final consensus value of exactly —1.0, which seems highly likely at
the present time, would be in support of FSC and falsify the current belief in

dark energy dominance within standard cosmology.

2.5. Predicting the Hubble Parameter Value

In standard cosmology, the Hubble parameter value can only be determined by
observation. That is to say that there is no theoretical ability within standard
cosmology to derive a precise Hubble parameter value. The 2016 Planck Colla-
boration publication [30] reports the consensus global (i.e., CMB) Hubble para-
meter temperature and lensing value to be 67.8 +/— 0.9 km-s™-Mpc™' (at the 68%
confidence interval). In FSC, the Hubble parameter is not a free parameter when
a precise value of the CMB temperature is known. The ¢/R, FSC value for the
Hubble parameter can be determined by simply plugging the measured CMB
temperature value 7, of 2.72548 K into relation 1B to get the current FSC radius
R, Dividing speed of light ¢ by R, according to FSC assumption #3, gives the
metric value (s') of the Hubble parameter H, which converts to 66.89
km-s™"-Mpc™". Thus, the observed CMB temperature and Hubble parameter val-
ues are tightly correlated by FSC theory alone!

Of note, another recently reported measurement of the Hubble parameter [31]
is not truly global, but local in nature. Reiss, ef al, by measurements based on
Type Ia supernovae observations, did not observe the universe on its largest
scale, as was the case for the Planck survey CMB observations. Furthermore, ob-
servational expectations and formulae for luminosity distance and angular di-
ameter distance (with respect to redshift z) differ between the standard cosmol-
ogy and R, = ctlinear models. This can result in the i//usion of supernovae acce-
leration, if not correctly accounted for within the correct cosmological model
(see Figure 3 and Figure 4 below and the discussion related to these figures). The
obvious tension between the Planck CMB observations and Reiss’ supernovae ob-
servations, with respect to Hubble parameter measurements, may well be the result
of such phenomena with respect to distant supernovae observations. In any event,
Reiss’ outlier Hubble parameter value of approximately 73.24 km-s™-Mpc™ is not
at all relevant to the global FSC model. The fact that FSC tightly correlates its
theoretical Hubble parameter value (for a CMB temperature of 2.72548 K) with

the observational Planck survey value is strongly in favor of FSC.
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2.6. Quantifiable Entropy and the Entropic Arrow of Time

One of the problems within the standard inflationary model is in quantifying
cosmic entropy. Entropy is typically defined in terms of the total number of
possible microstates and the probability of a given set of conditions with respect
to that number of microstates. These values are impossible to quantify in an in-
finite-sized inflationary universe or multiverse. FSC, on the other hand, is a #-
nite model with a spherical horizon surface area. Furthermore, since the Be-
kenstein-Hawking definition of black hole entropy would appear to apply to the
FSC model, very precise values for cosmic entropy can be calculated for any
time, temperature or radius of the FSC model. Thus, the “entropic arrow of
time” is clearly defined and quantified in the FSC model [Tatum, et a/ (2018)].
The quantifiable entropy of the FSC model allows for model correlations with
cosmic entropy theories, such as those of Roger Penrose [32] and Erik Verlinde
[33]. Thus, the entropy rules of FSC allow for falsifiability, whereas standard in-
flationary cosmology is not able to clearly define or quantify entropy or to estab-
lish falsifiability in terms of entropy. This feature favors the FSC model, particu-
larly with respect to Verlinde’s “emergent gravity” theory described in the next

section.
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2.7. Clues to the Nature of Gravity, Dark Energy and Dark Matter

The reader is referred to the recent FSC paper [15] with this title for an in-depth
discussion of how cosmic entropy in the FSC model provides for tantalizing
clues with respect to the fundamental nature of gravity. In short, the FSC model
is the cosmological model correlate to Verlinde’s “emergent gravity” theory [33]
[34]. Verlinde’s landmark paper from 2011 provides strong theoretical support
for gravity being an emergent property of cosmic entropy. The corresponding
FSC paper makes a strong case for the correctness of Verlinde’s theory. The ob-
vious implications for cosmology are huge. As discussed in the FSC paper, if
gravity is an emergent property of cosmic entropy, then dark energy and dark
matter are also likely to be emergent properties of cosmic entropy as well. The
obvious implication is that galactic and perigalactic features attributed to dark
matter (such as gravitational lensing and plate-like galactic rotation) could
simply be a large-scale effect of the entropy of the visible galactic matter. Thus,
the majority of what is currently being called dark matter may not actually be
particulate in nature. If this turns out to be the correct interpretation, then the
FSC model predicts that gravity, dark energy and dark matter may be no more
definable at the quantum level than consciousness in two connecting neurons.
Following submission and acceptance of the “Clues to the Nature of Gravity,
Dark Energy and Dark Matter” paper [15], this author discovered the Brouwer,
et al. observational reference [35] in support of Verlinde’s “emergent gravity”
theory as it pertains to dark matter. The discovery of quantum gravity, other
than quantum gravity somehow connected to entropy at the quantum level,
would falsify Verlinde’s “emergent gravity” theory. At present, standard infla-
tionary cosmology, by virtue of its inability to precisely define total cosmic en-
tropy, has no capacity to incorporate Verlinde’s theory. This result clearly favors
FSC, particularly in light of the above-mentioned observational findings typical-

ly ascribed to galactic and perigalactic dark matter.

2.8. The Cosmological Constant Problem

The “cosmological constant problem” is a longstanding problem in theoretical
physics. It underscores standard cosmology’s longstanding problem with uniting
general relativity with quantum field theory (QFT). Excellent expositions on this
subject have been provided by Weinberg [36] and Carroll [37]. Suffice it to say,
QFT predicts a cosmological constant value which differs from observational
measurements of the vacuum energy density by a magnitude of approximately
10"'! This discrepancy is so large that it is often referred to as the most embar-
rassing problem in all of theoretical physics.

In standard cosmology, it has been assumed that the energy density of the
cosmic vacuum must be constant over the great span of cosmic time. However,
general relativity does indeed allow for the vacuum energy density to be a dy-
namic scalar over time. Cosmological models incorporating scaling vacuum

energy density are called “quintessence” models. FSC is one such model. In FSC,
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the vacuum energy density scales downward by 121.26 logs of 10 over the cosmic
time interval since the Planck epoch. Perhaps of even greater interest is that the
Bekenstein-Hawking cosmic entropy value scales upward in direct proportion to
the expanding surface area of the cosmic horizon. If one were to count the cur-
rent number of Planck radius microstates within the FSC horizon, the model in-
dicates this entropy number to be 10'*"*. Thus, once again, by virtue of the in-
timate relationship between vacuum energy (Ze., dark energy) and total cosmic
entropy, FSC offers a clear-cut explanation for the magnitude difference between
the Planck epoch vacuum energy density of the QFT theorists and today’s ob-
served vacuum energy density of approximately 10~ J-m™. Since the FSC model
easily predicts these values, and standard inflationary cosmology has no basis for
deriving them, the FSC model is clearly superior with respect to solving the

cosmological constant problem.

2.9. Quantum Cosmology

The FSC model, by virtue of its appropriately scaling cosmic temperature equa-
tion (the first equation listed under FSC assumption #4), can be considered the
first successful quantum cosmology model [Tatum, et al (2015)]. By incorpo-
rating the values of 7, #, G k; L, and n to as many decimal places as
known, the FSC parameters can be shown to closely match astronomical obser-
vations, as detailed in the FSC paper entitled, “Temperature Scaling in Flat Space
Cosmology in Comparison to Standard Cosmology” [12]. For convenience, the

most important FSC quantum cosmology equations are repeated below:

h3/zC7/2 h3/207/2
R= 21,212~ 12 ROE 21,212~ Y2 (3)
32n°kET2G 32n°kET2G
H = 32n%k2T *GY2 H o= 3217k T2 GY2 @
h3/2C5/2 0 h3/2C5/2
(= h3/205/2 - h3/205/2 (5)
T 32n%k2T2GY T 32n?kiTIGY?
ha/zcu/z hs/zcn/z
M= 21,2T12~3/2 MO; 21,21 2~3/2 (6)
641°K2T G 6417k TG
3/2,15/2 3/2 .15/2
ZE hz zcz 3/2 MOCZE hz zcz 32 (7)
64n°k2T*GY 64n°k2T2GY

Current parameters are calculated in the right-hand column. As previously
mentioned, the only free parameter in any of these equations is the cosmic tem-
perature. The currently-observed cosmic temperature value: 7; = 2.72548 K. It is
truly remarkable that, using only current best measurements of the CMB tem-
perature, the A, value in Equation (4) can be calculated and fitted to the lower
end of the Planck Collaboration observational measurement!

No quantum model exists for standard inflationary cosmology. This obviously
favors the FSC model.
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2.10. Dark Matter and Dark Energy Quantitation

As detailed in the Planck Collaboration report, the ratio of dark matter to visible
(baryonic) matter is observed to be approximately 5.3 parts dark matter to 1 part
visible matter. However, so little is currently known about precisely detecting
and quantifying dark matter that this ratio is subject to higher revision in the
likely event that more dark matter is discovered in the future. For this reason,
the Planck Collaboration ratio must be considered as a constraint only on the
low end. Moreover, there are differences between dark matter-to-visible matter
ratios observed within galaxies quite near to us (essentially co-movers) and the
aforementioned dark matter-to-visible matter ratio determined from Planck
survey CMB observations. If the co-moving ratio is ultimately found to be
slightly higher by less than a factor of two, to 9.2 parts dark matter to 1 part visi-
ble matter (for co-moving galaxies), one can then conclude that total matter
energy density at present is equal in absolute magnitude to dark energy density.
This equality of opposite sign energy densities is what one would expect for a flat
universe. Otherwise, if one energy density dominated the other, there should be
detectable global spatial curvature corresponding to the dominating energy den-
sity. One could, in fact, make a very strong case that the unequivocal spatial
flatness of the CMB proves the equality of total matter and dark energy densities
at the time of the recombination/decoupling epoch. This should nullify any
Planck Collaboration conclusions (such as dark energy dominance) which are
obviously contrary to their own observations of flatness.

Despite the fact that FSC and standard cosmology differ s/ightly with respect
to the exact percentages of total matter vs. dark energy, there is one thing about
this energy density partition on which everyone agrees: it is truly remarkable
that total matter energy density and dark energy density are of the same order of
magnitude at the present time. As physicist I. I. Rabi once famously remarked,
“Who ordered that?!” Standard cosmology simply accepts this “coincidence
problem” with no further explanation or rationale. However, FSC stipulates
perpetual equality of absolute magnitude of these two energy densities as a re-
quirement for a spatially flat universe. More importantly, this is a stipulation of
the global spatial curvature rules of general relativity, as discussed in some detail
in recent FSC papers [Tatum, ef al. (2018)]. One can consider this expectation of
energy density equality to be a falsifiable FSC prediction with respect to future
measurements of total matter energy density vs dark energy density.

With respect to standard cosmology’s current belief in cosmic acceleration
due to dark energy, the reader is referred to references [18] thru [22] mentioned
earlier in this paper. Cosmic acceleration is clearly not proven at the present
time, despite the indisputable presence of dark energy. The reader is also re-
ferred to this author’s recent publication in Journal of Modern Physics entitled,
“How a Realistic Linear R, = ¢t Model of Cosmology Could Present the Illusion
of Late Cosmic Acceleration” [38]. There are relative differences in luminosity

distance and angular diameter distance formulae in standard cosmology and R,
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= ct modified Milne-type models (like FSC). Two comparative graphs from this
paper are repeated in Figure 3 and Figure 4.

The significance of the relative luminosity distance and relative angular di-
ameter distance comparisons between these two competing models is para-
mount. An observer of distant Type Ia supernovae expects particular luminosity
distances and angular diameter distances to correspond with particular redshifts.
If instead he or she observes greater-than-expected luminosity distances (ie.,
unexpected “dimming” of the supernovae) or greater-than-expected angular
diameter distances, this can easily be misinterpreted by a standard model pro-
ponent as indicative of cosmic acceleration. However, entirely predictable su-
pernova luminosity distances within a realistic Milne-type universe containing
matter, as opposed to a standard model universe, could be one possible explana-
tion for the Type la supernovae observations since 1998. Obviously, cosmic ac-
celeration would not then be required to explain these observations. This possi-
bility, combined with the standard model tension problem presented above (ie,
spatial flatness and dark energy dominance cannot both be true at the same
time), and the FSC stipulation for what the standard model calls the “coinci-
dence problem,” strongly favors FSC with respect to its predictions concerning

dark matter and dark energy quantitation.

2.11. Requirements for New Physics

Inflationary theories require that there be a mysterious pre-gravity energy field
(called the “inflaton”), which rolls downhill after the moment of the Big Bang
and nearly instantaneously inflates the nascent universe to such a size that devia-
tions from global spatial flatness cannot be observed even 14 billion years after
the Planck epoch. Standard cosmology maintains that a quantum fluctuation
event within a zero energy pre-Big Bang state kicked off the universal expansion.
It also maintains that gravity was the first of four fundamental forces to “freeze
out” following an exceedingly brief exponential inflationary phase. Standard
model cosmologists believe our current universe to contain an extremely small
net negative energy. In other words, they believe in cosmic acceleration (as op-
posed to constant velocity light speed expansion), despite observations of ex-
treme flatness. However, if our universe began from a zero energy state, and now
has a net negative energy density, however small, this would appear to violate
conservation of energy! Furthermore, one must ask what exactly is the nature of
the force represented by the inflaton field, specifically if gravity did not already
exist at the inception of the universe. Cosmic inflation energy appears to be sus-
piciously like early cosmic dark energy, which we know to be negative gravita-
tional energy in nature. The Big Bang theory is derived from general relativity,
which is entirely a gravity theory. To require that a gravity theory incorporates a
pre-gravity phase within its cosmology, however brief in duration, sounds very
much like nonsense. Moreover, cosmic inflation is an ad hoc theory “... con-

trived with the goal of arranging for the density perturbations to come out right”
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[Guth (1997), page 238]. Cosmic inflation, in its many different ad hoc forms,
appears to be a deeply flawed theory, as nicely elaborated by one of its founders
[Steinhardt (2011)].

Needless to say, a great deal of new physics appears to be required by inflatio-
nary cosmology. Not only would a new energy field with ad hoc features be re-
quired before gravity “freezes out,” but, somewhere along the way, conservation
of energy would need to be violated. This must be true if the universe started
from zero energy (Guth’s “free lunch” idea) and ended with endlessly increasing
dark energy dominance. [t must be remembered that inflationary theories pre-
ceded the discovery of dark energy.

According to the FSC model, dark energy density of the early universe was at
a remarkably high negative value in balance with the remarkably high positive
energy density of matter. Thus, the “repulsive gravity of the inflaton” idea can be
seamlessly replaced by FSC’s incredibly high dark energy density in the early
universe. The reader is reminded that, even in the seminal FSC paper from 2015,
the model expands 25 logs of 10 within 107" second. FSC’s smoothly progressing
light speed expansion does not have the nearly-instantaneous, transient and ex-
plosive nature of cosmic inflation. Thus, a future unequivocal discovery of ex-
plosive primordial gravity waves is not predicted by the FSC model. Along the
lines previously mentioned by Stephen Hawking, cosmic expansion may, in fact,
be unbounded in time, with no Big Bang beginning event whatsoever. Whatever
may be the case, FSC maintains perpetual spatial flatness, as defined by Fried-
mann’s critical density, and does not require a poorly-understood explosive
mechanism to achieve critical density.

Accordingly, FSC does not appear to require any new physics and does not
appear to violate conservation of energy. The global energy-density tally is per-
petually maintained at a nef value of zero, as required for a spatially flat expand-
ing universe acting as an isolated system not influenced by external forces. For
these reasons, FSC appears to be superior to standard cosmology with respect to

requirements for new physics.

3. Summary and Conclusions

Following recent precise CMB observations of global spatial flatness, only two
types of viable cosmological models remain: inflationary models which almost
instantaneously attain cosmic flatness following the Big Bang; and non-inflationary
models which are spatially flat from inception. FSC is the latter type of cosmo-
logical model by virtue of assumptions corresponding to the Hawking-Penrose
conjecture that a universe expanding from a singularity could be modeled like a
time-reversed black hole. Since current inflationary models have been criticized
for their lack of falsifiability, the numerous falsifiable predictions and key fea-
tures of the FSC model are herein contrasted with standard inflationary cos-
mology. For the reasons given, the FSC model is shown to be superior to stan-

dard cosmology in the following eleven categories: Predictions Pertaining to
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Primordial Gravity Waves; Cosmic Dawn Early Surprises; Predicting the Mag-
nitude of CMB Temperature Anisotropy; Predicting the Value of Equation of
State Term w; Predicting the Hubble Parameter Value; Quantifiable Entropy and
the Entropic Arrow of Time; Clues to the Nature of Gravity, Dark Energy and
Dark Matter; The Cosmological Constant Problem; Quantum Cosmology; Dark
Matter and Dark Energy Quantitation; Requirements for New Physics.
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Abstract

The Higgs theory introduces the idea that space is filled up throughout by a
quantum fluid medium, giving mass and mechanical properties to the ele-
mentary particles by the Higgs mechanism. This Higgs Quantum Space
(HQS) thus governs the inertial motion of matter-energy and is locally their
ultimate reference for rest and for motions. On the other hand, motion with
respect to the local HQS and not relative motion is the origin of all the effects
of velocity on matter, on light and on clocks. In previous works, the author
has shown that the HQS, moving round the astronomical bodies according to

a Keplerian velocity field (GM/ r)]/2 e, » consistent with the local astronomi-

cal motions, accurately creates the observed gravitational dynamics and gives
rise to all the observed effects of the gravitational fields on light and on
clocks. The absence of the solar gravitational slowing on the GPS clocks and
the absence of light anisotropy with respect to earth are both the signature of
this HQS dynamics. In their orbital motion round the galactic center, the
stars carry with them their Keplerian velocity fields. The present work shows
that, due to the effects of this orbital velocity on the symmetry of the pola-
rized star Keplerian velocity fields, the collective velocity field, created by

them, does not fall with distance as the Keplerian profile (r?). Depending
on the distribution of the matter density, the velocity of the HQS and the
stars can even increase with r. The non-Keplerian rotation of the galaxies thus
is an intrinsic feature of the HQS dynamics gravitational mechanism, created
without the need of dark matter.
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General Relativity

1. Introduction

The structure of the galaxies is rather different from that of our solar system.
While more than 99% of the mass of solar system is concentrated in the central
(static) sun, more than 99% of the galactic mass is orbiting, within the thin
galactic disk in the form of stars, around the galactic center, under the collective
gravitational field created by these orbiting stars. In fact, the solar system too is
disk shaped, however, the disk, formed by the planets, satellites and the asteroids
all together contains less than 1% of the mass of the solar system. It however is
sufficient to give rise to the Pioneer 10 and 11 anomalies as will be explained in
Section 4.

Most galaxies are elliptic. Our Milky Way Galaxy is a large, old and barred
spiral galaxy, with a central bulge extending out to about 10* light years. The
very center of this bulge wobbles a super-massive black hole with millions of
solar masses. Beyond the bulge, a swarm of hundreds of billions of stars are all
orbiting within a thin disk along direct circular equatorial orbits around the
galactic center. The disk extends out to about 5/times 10" light years, beyond
which only several dwarf galaxies and globular star clusters are orbiting. The
stars in the galactic disk are relatively isolated and well separated from each
other by distances of several light years, so that the space within a galaxy is
almost empty and the local star fields as well as the motion of the planets are

only very weakly perturbed.

2. The Non-Keplerian Rotation of the Galaxies Defies the
Current Theories of Gravitation

Many published works [1] [2] [3] display star orbital velocity profiles, as a
function of the distance from the galactic center, for a number of galaxies. They
all show that the orbital velocity of the stars in the galactic disk does not fall with
distance from the galactic center as stipulated by the current theories of
gravitation. In some galaxies, the orbital velocities even increases with the
distance from the galactic center. Figure 1 displays the observed orbital velocity
profile of the stars in the Milky-Way galaxy, together with a typical Keplerian
rotation curve. The observed orbital velocity of the stars is much too fast to the
gravitational pull and or the spacetime curvature, produced by the content and
distribution of visible matter, to hold the Milky-Way together.

It is strange that the systematic discrepancy between the observed galactic
rotation profiles and the theoretical predictions, instead of having raised
suspicions about the current theories of space and gravitation, have lead to the
odd idea that a huge amount of invisible dark matter, 5 times more than the total

visible matter in a galaxy, must be responsible for this observed non-Keplerian

DOI: 10.4236/jmp.2018.910119

1884 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.910119

J. Schaf

Figure 1. The observed orbital velocity profile of the
Milky Way galaxy as a function of the distance from the
galactic center, together with the typical Keplerian
rotation curve, from Ref. [3].

rotation. The idea of the invisible dark matter is much too exotic. To present
date nobody has idea what the nature of this dark matter could be. Some people
think that it is formed by non-hadronic chargeless particles (WIMPS) that do
not scatter, absorb or emit electromagnetic radiation. It is assumed that dark
matter is constituted by particles with large masses and to interact with ordinary
matter only by gravity. However, if dark matter interacts by gravity, why then is
it not concentrated and found within stars and within galaxies? Some people
even compute the distribution of dark matter in the form of halos round the
galaxies that supposedly can cause the non-Keplerian galactic rotation. In
Summary, the observed non-Keplerian rotation of the galaxies is actually among
the most serious impasses in the current theories of space and gravitation [4] [5].
Another way to address the problem of the peculiar galactic rotation rate is by
the gravitational potential. Several authors [6] have computed the gravitational
potential [U (r)] as a function of the radial distance from the galactic nucleus
for our Milky Way galaxy as well as for other galaxies, with base in the current
theories of space and gravitation, taking into account the observed matter
distribution in these galaxies. Systematically all these computed gravitational
potentials are inconsistent with the observed rotation rate of the galactic disk.
The profile of the gravitational potential can also be obtained by an empirical
method, using the circular orbital velocity profile of the stars, like that depicted
in Figure 1. According to the Virial theorem, the gravitational potential, of a
spherically symmetric source, has a very simple relation with the circular orbital
velocity V,, (r). Although this approach is not exact, because galaxies are not
spherically symmetric, it is sufficiently precise to provide some clear-cut
conclusions. For a central inverse quadratic force field the relation between the

gravitational potential and the circular orbital velocity is:
U (r) =—~Va (r) (1)
Figure 2 displays the gravitational potential U (r), calculated, within the
galactic border, with the help of Equation (1), using the observed velocity profile
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Figure 2. The figure depicts the gravitational potential for the
Milky-Way galaxy, obtained by making use of Equation (1) and the
observed orbital velocity profile in Figure 1. Within the galactic disk,
this is to be seen as approximately the observed gravitational
potential curve. However, beyond the galactic border, on from
(r—40)x10° light years in Figure 2, the gravitational potential is

assumed to follow nearly the usual (1/r) dependence, however only
on from the galactic border.

of our Milky-Way galaxy in Figure 1. The galactic gravitational potential curve,
obtained in this way, is to be seen as approximately the observed potential.
Especial attention is called to the region within the galactic disk. The result
shows that, in this region, the gravitational potential is closely leveled, which,
from the Newtonian gravitation viewpoint, means that the force field toward the
galactic center is almost zero (F (r) = ma(r) =—gradU (r) ~0). However,
despite this absence, the stars are moving along circular orbits round the galactic
center. From the usual mechanics point of view, this breaks fundamental
principles of mechanics and seems absurd. Moreover, the spacetime curvature of
GR too is well known to be unable to explain these observed orbital motions.
The impasse of the current theories with the observed non-Keplerian galactic
gravitational dynamics can be solved in two ways: Or solid evidence must be
found that enough dark matter is present at the right place or a fundamentally
new gravitational theory must be found that explains this rotation without the
need of dark matter. The perspective of success along the first possibility is
hopelessly low. Therefore, the present work puts the hope on the second
possibility. In the sixties of the past century a series of ground breaking scientific
achievements, involving many brilliant scientists, have disclosed the origin of the
inertial mass of the elementary particles [7] [8]. Peter Higgs has made the
decisive step toward the solution. For this reason the theory is known by his
name. The Higgs mechanism, providing inertial mass to the elementary particles,
is of vital importance. Without it, the existence of our universe simply would be

impossible.
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3. Briefly the Higgs Quantum Space Dynamics Gravitational
Mechanism

The Higgs theory introduces the idea that space is filled up throughout by a
quantum fluid medium, a quantum condensate of bosons, analogous to the
superconducting condensate (SCC), here to be referred to by Higgs Quantum
Space (HQS). Such quantum condensates are not ruled by classical hydrodynamics,
however by the principles of quantum mechanics. Likewise the SCC, the HQS
forms on spontaneously breaking the U (1) gauge symmetry of the respective
boson system and too can be described by a complex macroscopic
Ginsburg-Landau like order parameter ®=¢e”. In terms of the Real and
Imaginary components of @® the characteristic form of the potential well,
created by the condensate, has the form of a Mexican sombrero
\ (p)=—np+ mp?, where n is considerably larger than m and p=®'®. In
this potential well, the minimum of the potential energy occurs not for p=0
however for p =n/2m. This remarkable feature is known as a non-zero vacuum
expectation value. However, while the transition temperature of the SCC is very
low and is stabilized by an energy gap of only e few meV, the Higgs quantum
condensate or Higgs Quantum Space (HQS) is believed to have condensed
shortly after the big-bang when the temperature fell through 10" K. It moreover is
stabilized by a huge energy gap, which, according to the Glashow-Weinberg-Salam
electroweak model, achieves more than 200 GeV.

The HQS couples to the vector bosons W*, W™~ and Z;, confining and
quantizing them, thereby giving them large rest masses by the Higgs mechanism.
The HQS also couples indirectly to all the elementary particles porting
hypercharges (quarks and leptons) by a Yukawa like mechanism, giving them
mass. The Higgs mechanism is the perfect HQS analog of the Meissner effect [9]
in superconductivity that couples to the electromagnetic (EM) field, confining
and quantizing it and giving inertial mass to the EM field quanta (photons) within
superconductors. The first clue that coupling of a field to a quantum condensate
gives rise to mass terms was discovered by Anderson in superconductivity [10].
Gauge transformations of the superconducting order parameter ¥ =we", in
the presence of a magnetic field, reveal mass terms.

The Higgs theory introduces profound changes in Einstein’s view about the
nature of the empty space (vacuum). The HQS is much more than simply a local
ultimate reference for rest and for motions. It literally governs the inertial
motions of matter-energy. This essentially will say that velocity with respect to
the local HQS and not relative velocity is the physical cause of all the effects of
motion. The HQS materializes the local Lorentz frames, turning them into local
proper Lorentz frames, intrinsically stationary with respect to the local HQS. On
the other hand, references not stationary with respect to the local HQS are not
proper LFs. The HQS also necessarily is responsible for the gravitational fields
because it is mass that creates these fields. It is clear that the HQS plays a

fundamental role in the microscopic physics of the quantum world as well as in

DOI: 10.4236/jmp.2018.910119

1887 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.910119

J. Schaf

the macroscopic world of gravitation. The HQS thus is the link that units
quantum physics and gravitation.

Einstein’s model of the free-falling inertial references (IRs), proposed in
General Relativity to explain the origin of the gravitational dynamics has a
serious shortcoming. It cannot give rise to the observed gravitational pull. It
cannot because the local free-fall velocity from the infinite v4 =(2GM/ r)l/2
(local escape velocity) at any point r, within the gravitational field is constant
(dvg /dt| r, =0). Therefore, a body brought to rest at any given position in the
gravitational field and then released, will remain in equilibrium there. Any
perturbation however will trigger a runaway departure upward or downward. In
fact, within a gravitational field any matter body that is not thrust by an external
force, must be considered as a free-body. This proves that the nature of the real
constant upward force, necessary to prevent the free-fall of such a free body and
acting without producing any upward velocity along its instantaneous direction,
is clearly of a centripetal nature. In its turn, the downward reaction force, known
as gravitational pull, necessarily is of a centrifugal nature. This will say that the
local inertial references are not free falling; however are rotating round an
over-head axis. The gravitational pull is a spherically symmetric inward
centrifuge effect.

In previous publications [11] [12] [13] [14] [15], the author shows that the
absence of the gravitational slowing of the GPS clocks by the solar field as well as
the absence of light anisotropy with respect to earth demonstrate that the HQS is
moving round the sun according to a Keplerian velocity field, consistent with the
planetary motions, in which the value of the local velocity is spherically
symmetric. This Keplerian velocity field of the HQS is shown to accurately
produce all the effects of the gravitational fields on matter, on light and on
clocks. In terms of the usual spherical coordinates [r, 9,¢] the velocity field of
a spherically symmetric source has the very simple form:

V(r)=(GM/r)?e, (2)

This Keplerian velocity field is the quintessence of the gravitational fields.

In this Keplerian velocity field, the velocity of the HQS increases for
decreasing radial coordinate r at all positions [r,0,¢] round the gravitational
source from the equator to the Poles. Therefore, the local distribution of velocity
(velocity gradient) through any infinitesimal region in any [r,6] plane, which
is parallel to the wave fronts of a particle moving along the ¢ coordinate, is
consistent with rotation of the local HQS and necessarily of the local inertial

reference (IR) round an overhead axis. The angular velocity round this overhead

axis points along +6@ and can be shown (Refs.(11,12) to be located in the
ordinary space at a distance r above the position of the particle. The local
rotating references are inertial references because it is the HQS, ruling the
inertial motion of matter that is itself so rotating. This will say that a free particle,
initially stationary in the ordinary space within this Keplerian velocity field

(earth-based laboratory) is implicitly moving with respect to the local (moving)
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HQS at a velocity (V =—(GM/ I’)l/2 e,). This velocity is implicit because it
cannot bve described with respect to the ordinary space. The implicit velocity
vector will rotate with the local IR round the same overhead axis at an angular
velocity (W (r)= (GM / r"’)]/2 e, ). Consequently, the particle will develop an
increasing velocity component along 1, the acceleration being given by
W (r)xV(r)= —(GM/rz)er. This is exactly the expression for the centrifugal
acceleration in a rotating (non-inertial) reference. Here, the non-inertial
reference (laboratory) is implicitly rotating (oppositely) with respect to the local
IR that is truly rotating in the ordinary space. Note that this centrifugal
acceleration points, from every point, toward the gravitational center. On the
other hand, a particle of mass m, stationary with respect to the ordinary space
within the Keplerian velocity field Equation (2), will implicitly be moving along
a circular path, within the local truly rotating IR, under a real upward centripetal
force F(r)= +(mGM / I‘z)er . The downward reaction force to this real upward
centripetal force is a fictitious force, a genuine centrifugal force (gravitational
pull) F, =-mge,. Please see Refs. [11] [12] [13] for the full details. In this HQS
dynamics scenario the gravitational pull is identically a usual centrifugal pull
toward the gravitational center.

The Keplerian velocity field of the HQS Equation (2), governing the inertial
motion of matter-energy, is among all imaginable physical mechanisms the only
one that is capable of generate and implement the outside-inside and
inside-outside centrifuge scenario, observed within the gravitational fields. No
other theory of gravitation can give rise to this intriguing inertial dynamics that
is so difficult to grasp. The non-uniform velocity of the HQS in the Keplerian
velocity field is the key feature that implements this apparently magic physics. In
conclusion, the gravitational pull is nothing than simply and exactly a centrifugal
pull, generated by the Keplerian velocity field of the HQS. In view of these facts,
the present work associates together the central idea of GR, according to which
the gravitational pull is an inertial pull and the central idea of the Higgs theory,
according to which the HQS governs the inertial motion of matter-energy and
replaces Einstein’s spacetime curvature by a Keplerian velocity field of the HQS.

In the solar Keplerian velocity field, the orbiting earth, as well as the other
planets of the solar system are very closely stationary with respect to the local
moving HQS (and the local proper Lorentz frames). This predicts the absence of
the gravitational slowing of the GPS clocks by the solar field, as observed. It also
predicts the well-known absence of light anisotropy with respect to earth and all
the other observed effects of the gravitational fields on light and on clocks.
Current theories explain the absence of the solar gravitational slowing on the
GPS clocks in terms of the principle of equivalence. However, the GPS clocks too
are moving round earth in exactly the same conditions as round the sun, which
too should cancel the gravitational slowing by the earth field. This cancelation
however is not observed. The GPS clocks move round earth in orbits that make
55 degrees with the earth’s equator. This is the relevant difference that is

responsible for the non-cancelation of the gravitational slowing of the GPS
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clocks by the earth’s field. Please see Refs. [11] [12] [13] for the detailed
explanation. The absence of the solar gravitational slowing of the GPS clocks and
the absence of light anisotropy with respect to the planet earth are both
authentic signatures of the true physical mechanism of gravity in action.

The velocity field of the HQS of a galaxy results from the composition of a
huge number of the stellar Keplerian velocity fields Equation (2). In order to
these stellar velocity fields to build up the galactic velocity field, the individual
star velocity fields must be fairly well polarized. They must all be rotating in the
same sense as the galactic rotation, round axes that are dominantly parallel to
that of the galaxy. In the solar system, the planetary Keplerian velocity fields of
the HQS are polarized to a high degree. This is evident from the fact that the
planets move all in the same sense along circular orbits round the sun, within
the plane of the solar system. Moreover, the planets rotate round nearly parallel
axes and the planetary satellites move all in the same sense round these axes
along nearly circular orbits closely within the plane of the solar system. The stars
in the galaxies too orbit all in the same sense round the galactic center along
closely circular orbits within the galactic plane. It seems reasonable to assume
that the stellar Keplerian velocity fields rotate all in the same sense as the galactic
rotation, round axes dominantly parallel to the galactic rotation axis.

The coming Sections will show that, due to the orbital velocity, the collective
galactic velocity field of the HQS, created by the orbiting stars, has not the
Keplerian form. It does not fall with the radial distance r as in the Keplerian
velocity field (#'%). The reason is that, from the view of an external observer, the

orbital velocity v, of each star subtracts from its local symmetric Keplerian

orb
velocity field Equation (2) toward the inner side of the orbit, however adds up to
it toward the outer side. Because of this asymmetric effect, the velocity profile in
the galactic disk of most galaxies becomes nearly constant with r and, in some
galaxies, it even increases with the radial distance. It also naturally depresses the
velocity profile within a central region as observed in all galactic velocity profiles.
It can even generate a central region with retrograde rotation, as observed in
many galaxies. The next Section 3 makes a quantitative analysis for the case of a
binary star system that reveals a key feature, which is essential to understand the
non-Keplerian rotation of the galaxies. Section 4 constructs a qualitative model
that reproduces the observed non-Keplerian rotation of the galaxies without the

need of dark matter.

4. Binary Stars Contain a Key Feature that Unveils the Origin
of the Non-Keplerian Rotation of the Galaxies

The crucial question to be answered here is: Why do the orbital velocities of the
planets decrease with distance from the gravitational center according to
Y r)]/2 , while the orbital velocities of the stars in the galactic disk fall less than
Y r)j/2 and in many galaxies do not fall at all or even increase with distance r?

This is the observational fact that the current theories of gravitation cannot
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explain without postulating a huge amount of dark matter. Here the goal is
showing that the gravitational theory, based in the HQS dynamics gravitational
mechanism, predicts this non- Keplerian galactic gravitational dynamics without
the need of dark matter. It even reveals incredible details. The origin of this
behavior is related with the fact that motion of a gravitational source gives rise to
important effects on the velocity field of the HQS, creating the gravitational
fields, even for relatively low velocities. In the current theories only very high
velocities, comparable to the velocity of light, cause significant changes.

In order to highlight the relevance of the effects of motion of the gravitational
sources on their HQS velocity field in a system of bodies gravitating in their
self-consistent velocity field, let us begin with the simple case of a binary system
of two equal stars. Assume that the velocity fields of both stars are perfectly
polarized (velocity fields Equation (2) rotating in the same sense round parallel
axes) and that the stars are both moving along the same circular equatorial orbit
round the center of mass (CM). Please see a sketch in Figure 3. These stars both
will be moving along a same circular orbit, together with the local HQS in the
collective velocity field of the HQS, created by them. They are each one
stationary with respect to the local HQS. The gravitational dynamics of such a
binary system has the virtue of disclosing very clearly the effects of the orbital
motion of the sources on their velocity fields within the collective gravitational
field of the binary system, which is seen by an observer in the non-rotating (XY)
reference. These effects unveil the essential clue that is the key to understand the
origin of the non-Keplerian galactic gravitational dynamics.

Consider two equal stars with equal masses M, =M, =M , moving in the
same circular orbit round their center of mass (CM) and the velocity fields,
creating their individual gravitational fields, rotating in the same sense as the
orbital motion round parallel axes attached to the center of these gravitational
sources, as shown in Figure 3. These stars will be com-moving with the local
HQS along circular orbits round the CM in the equatorial plane of the collective
velocity field of the HQS, creating the gravitational field of the binary. Note that
this configuration (axes forming less than 90 degrees) of the velocity fields is the
only one leading to a stable bound system. It can be shown that stars with
oppositely (anti-parallel) rotating velocity fields of the HQS cannot form a stable
bound system, because, on approximating, their opposite velocity fields would
add up and gradually cancel, thereby canceling their negative gravitational
potentials. Such systems in fact must be anti-gravitating.

The gravitational dynamics of the binary system can be well described by
Newtonian mechanics. Balance of the mutual Newtonian gravitational forces
GM? / (2x, )2 on each star and of the opposite centripetal forces Mv?, / Xo
leads to the observed orbital velocity v, of each star round the CM:

oL
o2

where 2X, is the distance between the two stars and where X, is a positively

(GM/2x,)"" (3)

defined length (please see Figure 3), which is the distance to the CM. Consider
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Figure 3. View of the velocity fields of the HQS in the equatorial plane of two masses
M, =M, =M , moving in the same sense along the same circular orbit round the center

of mass (CM) within the equatorial plane of the combined velocity field. The arrows,
indicating the velocities are plotted all to scale. Note that, from the perspective of the
observer in the non-rotating [X, Y] coordinate axes, the velocity of the HQS, due to the
velocity fields of M, and or of M,, are larger outside than inside the binary orbit.

now a small test particle m moving round an equal, however isolated and static
mass M (M > m) in a circular equatorial orbit having the same radial distance
2X, between m and M as between the masses in the binary. The orbital velocity

V., of this test particle must be:
Vc;rb = (GM/2X0 )1/2 = ﬁvorb (4)

It immediately is seen that the velocity v,

v in Equation (4) is considerably

larger than v,

in Equation (3).

From the viewpoint of the Newtonian gravitational theory there is obviously
nothing wrong with Equations (3) and (4). On the other hand, from the viewpoint
of the HQS-dynamic gravitational mechanism, the central gravitational source in
Equation (4) practically remains stationary at the CM. Therefore this Equation
gives the local velocity of the HQS in the Keplerian velocity field round a static
mass M, exactly as stipulated by Equation (2). However, in the dynamic case of
the binary stars, Equation (3) too gives the value of the velocity of the HQS, at
the site of M, and at the site of M,, due to the respective companion star.
Otherwise, it would be impossible to their orbits to be circular. Hence, both
Equations (3) and (4) describe the velocity of the HQS at the orbits in the
respective velocity fields. However, why are these velocities so different?

In the view of the present work, the difference between Equations (3) and (4)
unveils a key feature that is responsible for the non-Keplerian rotation of the
galaxies. This difference discloses the effect of the relatively slow orbital velocity
of the gravitational sources on the velocity field of the HQS, creating their
respective gravitational fields as well as on the collective velocity field V_,,
responsible for the gravitational dynamics of the binary as viewed by an observer

in the static non-rotating (XY) reference (please see Figure 3).
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However, in the opinion of an observer, moving together with one or the
other source of the binary, the respective sources are stationary with respect to
the local HQS and the velocity field of the HQS, creating the local gravitational
field of each individual source, is closely spherically symmetric, as given by
Equation (2), excepting only for small tides. This observer can confirm these
facts by light anisotropy experiments and by the rate of his atomic clocks.
Nevertheless, from the viewpoint of an observer stationary in the static non-rotating
(XY) coordinate axes (please see Figure 3), which constitute the reference with
respect to which the collective velocity field of the binary must be described, the
velocity fields of the individual stars are considerably asymmetric. The value of
the velocity of the HQS, at points on the X axis, is much larger outside the orbit
of the binary than inside. Moreover, the sense of the velocity of the HQS inside
the orbit is opposite to the orbital motion as well as opposite to the considerably
higher velocity outside the binary. The circumstance is analogous to the
observations of the wheels of a moving car in the view of a resting street observer
and of the passenger in the car. In the view of the street observer the lower part
of each wheel is stationary on the street, while the upper part is moving at a
velocity two times the velocity of the car. However, in the view of the passenger,
inside the car, the wheels are rotating symmetrically round their axes.

All these features are fundamental to understand the non-Keplerian gravitational
dynamics of galaxies. In the case of the binary, the only possible reason for the
reduced velocity of the HQS, at the position of M, or of A4, is the orbital velocity
of the companion star round the center of mass (CM). In fact the orbital velocity
of the sources, given by Equation (3), subtracts from the spherically symmetric
velocity fields Equation (2) in the reference of each source inside the orbit and
adds up to it outside the orbit, as depicted in Figure 3.

In order to put in evidence the full effects of motion of the gravitational
sources on their velocity fields, consider now, in addition, a small test particle,
moving in the collective velocity field of the binary along a direct circular orbit
within the orbital plane of the binary. If this orbital motion takes place
sufficiently far away from the binary, the asymmetries of the binary field will be

minimized. The orbital velocity vof such a test particle is of course given by:

v(r)= /Ger (5)

where ris the distance on from the CM of the binary. For large r Equation (5)

too corresponds well to the velocity of the HQS round the binary, however in the

collective velocity field round the binary:

Vcoll(r):\’Ger (6)

In order to reconcile the addition of the velocity fields of M, and A4, outside

the binary with the velocity in the collective velocity field, given by Equation (6),
the same orbital velocity that reduces the velocity fields toward the inner side,

must increase it outward the binary orbit. It must increase the velocity field V;
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toward the left-hand side of A4, and also increase the velocity field V, toward the
right-hand side of A4, as plotted in Figure 3. At distances r much larger than
2X, , the addition of the velocity fields of M, and M, must reproduce the value,
given by Equation (6). Note however that the addition of the velocity fields, due

to different sources M, and A, along the axis of X, must satisfy the sum rule:
V(r)= |V12(r1)iV22(r2)| 7

The reason of this sum-rule is the fact that the velocity field of the HQS
depends on the square-root of the source mass and distances. Taking into
account the sum rule Equation (7), the addition of the velocity fields of A4, and
M,, at the + X axis and for large x (large rin Figure 3), takes the form:

G2M 1GM, .,
SV _25M Ly 8
r 2x,+x ®

2
Vcoll -

Considering that, along the axis of X, r=X and the distance from A4, is
X—X, and solving for V,, for points on the +X axis, for X > X;, the velocity

field, produced by A4, is approximately given by:

3 |GM
N 9
ext,2 \/; X — Xo ( )
A totally similar result is found toward the left hand side of A4 and hence
Vext,l V. :Ve

ext,2
Inserting the result of Equation (9) into Equation (8) and adding according to
Equation (7), the velocity field of the binary to the right hand side of A4, (along

Xt *

points on +.X), for large x, which means large r, is:

Voy = |2 M LM Gomyry (10)
2X—=X, 2% +X

This reproduces the result of Equation (6) for large . The procedure to obtain
V,, to the left hand side of A, is analogous and the result is identical.

This result shows that effectively the same orbital velocity that, in the view of
the static observer in the (XY) reference, reduces the velocity fields of A4 and or
M, (Equation (2)) by a factor (1/2)"? toward the inner side in Figure 3, enhances
the velocity fields of A, and A, by a factor (3/2)"* toward the outer side. This is
of course not for nothing. Clearly, the reason is the orbital velocity of the sources.
This result shows that, while the contribution of M, to the collective velocity
field, at points on the axis of X toward the right hand side of A4 is only
(1/4)V,y » the contribution of A, is 3/4V,, .
at the left hand side of A, however with the roles of A4, and A4, interchanged.
Hence, while, from the viewpoint of the static (XY) reference, the effects of the

An analogous conclusion is valid

orbital velocity on the velocity fields of the individual stars change considerably
the symmetry of the velocity fields of the individual stars, they do not affect
significantly the value of the collective (total) velocity field far outside from the
binary. The effective collective velocity field, outside de binary, is closely the

same as in the case, in which the two sources are static.
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In conclusion, toward the inner side of the binary, on the axis of X; the orbital
velocity V,, subtracts from the spherically symmetric velocity fields (Equation

(2)) of each source, in consonance with Equation (7):

Vint :\/ﬂ_vgrb :i\/ﬂ (11)
X 2\ x

where X' is the distance on from either M, or M, toward the inner side and

beyond respectively toward +oo or —oo along the X axis. However, outward
the binary, either toward the left on from A4 in Figure 3 or toward the right on
from M, the orbital velocity adds up to the respective spherically symmetric

velocity field Equation (2), in consonance with Equation (7):

GM 3 |IGM
Veu :\/7+V§rb :\E\/T (12)

where X' is the distance toward the left on from either M, or toward the right

on from M, in Figure 3, along the axis of Xand to respectively —oo or +oo.

In the view of an observer, stationary on the X axis of the non-rotating (XY)
reference, far away at the right hand side of M, M, contributes (3/2)GM/X" to
the total gravitational potential of the rotating binary, the total value of which is
U(x)=G2M/r, while A, contributes only (1/2)GM/(2%,+X') to it. An
analogous conclusion is valid at the left hand side of A, where however the roles
of M, and M, are interchanged. The origin of the difference between the
contributions of M, and A4, to the effective gravitational potential is, besides
their different positions, principally their orbital velocities. This view of the
static (XY) observer is of fundamental importance, because it is exactly the view
of the gravitational dynamics we usually make about the stars within galaxies.
Note that in the view of the current gravitational theories, the effect of the low
orbital velocities on the gravitational potential of the individual sources is totally
irrelevant. In these theories the gravitational potential depends only on the
position and not on the velocity of the sources. However, the total gravitational
potential far away outside the binary, predicted by both approaches, are the
same U ~G2M/r.

The results expressed by Equations (11) and (12) and plotted in Figure 3 are a
unique feature of the present HQS-dynamic gravitational mechanism. It arises
from the fact that the gravitational dynamics is created by the Keplerian velocity
fields of the moving sources. None of the current theories of gravitation can give
rise to the features expressed by Equations (11) and (12). These equations show
that, while the velocity field, created by A4, at its left hand side, is downward and
has the value —(1/ 2)1/2 (GM/ X’)l/2 , at the right hand side it is upward and has
the value +(3/ 2)1/2 (GMm/ X')l/z. In these expressions X' is the distance on from
the position of A4 to either sides. Hence, going in Figure 3 along the positive X

axis, on from the CM, there is an upward velocity step AV , from
—(2)2(GM /X to +(3/2)"2(GM/x')"?, created by M;:
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AV {ﬁ R ﬁ [GM_ gq [CM 13)
2 2 X' X'

Note that this addition is not ruled by Equation (7) because the velocities are
of the same mass. Going along the X axis toward the left hand side in Figure 3,
on from the CM, there is an analogous velocity step at the position of A,
however increasing the (opposite) downward velocity (please see Figure 3).
Note also that the magnitude of the velocity step depends on the square-root of
the mass M as well as of X', the distance from this mass. For instance, the
velocity of the HQS in the solar Keplerian velocity field achieves 436 km/sec at
the solar surface. However, at distances of the first neighbor star (Alfa Centaurus)
the velocity is only about 60 meters/sec. The sun thus creates on its surface a
velocity step of 872 km/sec from side to side and only of about 120 meters/sec at
the distances of Alfa Centaurus.

The velocity steps created by the stars in the binary are a key feature that is
fundamental in the building up of the velocity field of the HQS, ruling the
non-Keplerian galactic gravitational dynamics. In this building up, it is
important to perceive that the upward orbital velocity step of A4, in Figure 3 and
given by Equation (13), does not only increase the upward velocity at the right
hand side of A, according to Equation (12), however also decreases the
downward velocity at its left hand side, as given by Equations (11). This shows
that the total magnitude of the velocity step, created by A, is the same as in the
static situation, however shifted by the orbital velocity.

The obvious conclusion from the above analysis is that the Keplerian velocity
fields of the individual stars in the galactic disk act all in the sense of opposing
the Keplerian reduction (1/ r)l/2 of the galactic velocity field. In this modified
Keplerian dependence, the velocity outside the orbit that is increased by the
orbital velocity, as well as the velocity inside the orbit, decreased by the orbital
velocity, both act together in the sense of locally opposing the Keplerian decrease
of the velocity as a function of the distance from the galactic center. In some
galaxies this effect is strong enough to invert the velocity gradient so much that
the velocity, instead of decreasing, effectively increases with r. However, beyond
the border of the galactic disk, where the mass density falls strongly toward zero,
the galactic velocity field of course tends to recover the Keplerian (1/ I‘)]/2
dependence.

In-between the orbiting stars of the binary system the velocity fields of the
HQS, due to M, or M, at the axis of X, are opposite to each other (please see
Figure 3). Moreover, they are reduced by their orbital velocity given by
Equation (3), as given by Equation (11). Along the X axis, the addition of these
internal velocity fields, according to Equation (7), shows that, close to A4, the
upward velocity field of A, dominates and close to A, the downward velocity
field of M, is dominant. The internal velocity field rotates in the opposite sense
to that of the external velocity field. In-between the two masses, the resultant

collective velocity field, as a function of the position x and along the axis of X, is
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given by:

1GM; 1GM,
2% +X 2% —X

(14)

Vi (%) =W =V7| :\/

where X, is positively defined, but x, in the term of M, is initially negative, but

becomes positive beyond the origin (CM), while, in the term of A4, x is initially
positive, but becomes negative below the origin of the (XY) system. If M, =M,,
the resultant velocity at the origin is zero (Vi, (x=0)=0).If x=-x;, Vi, (X)
points upwards and is large near M, (see Figure 3) and for X=+X,, Vi, (X)
points downwards and is large near A4,. The opposite velocity field within the
binary orbit is not at all strange. In many galaxies, a central region rotates
oppositely to the external disk. NGC 7331 is a well-known example in which the
central bulge is rotating oppositely to the galactic disk. [16]

In the other regions of the XY plane, the velocity field is strongly affected by
continuity and conservation of volume. However, for large r the velocity field
tends to the form given by Equation (6). Along the axis of Y, the velocity of the
HQS increases continuously for decreasing y, however the velocity gradient
gradually falls and vanishes at y =0. The difficulty to describe the velocity field
in such regions however is specific to the binary system. For more symmetric
systems, like galaxies, this problem becomes irrelevant.

Finally, the collective velocity field of the HQS, generated by a binary system,
necessarily is locally non-symmetric about the center of mass. On rotating in the
ordinary space, binaries naturally induce oscillations (4m per orbit) in the
magnitude of the collective velocity field of the HQS in the (XY) plane. These
oscillations of the velocity field and of the gravitational field intensity expand at
the velocity of light and are known as gravitational waves. Hence, while the
rotation of circularly symmetric systems does not create oscillations of the
velocity field and no gravitational waves, binary systems naturally create
oscillations and emit gravitational waves. They are the most efficient mechanism

in nature generating gravitational waves.

5. A Model for the Observed Non-Keplerian Rotation of the
Galaxies, without the Need of Dark Matter

In the solar system, the sun and the planets rotate all in the same sense round
axes closely parallel to the axis of the solar system. Moreover, the orbital motions
of the planets round the sun and the orbital motions of their satellites all move
along direct and closely circular equatorial orbits within the plane of the solar
system. These orbital motions demonstrate that the Keplerian velocity fields,
creating the gravitational fields of the sun, of the planets as well as of their
satellites are highly polarized. The only significant deviation from this highly
ordered dynamics is the rotation of Uranus and the orbital motions of its
satellites. This however visibly is an exception, visibly due to a strong perturbation,
like a catastrophic collision. In order to build up the galactic velocity field of the
HQS, the velocity fields Equation (2) of the individual stars, too must be fairly
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well polarized. It is well-known that the stars in the galactic disk too are moving
all along nearly direct circular orbits in the same sense round the galactic center.
Presently the orbits of their planets are largely unknown. It however seems quite
reasonable to assume that the rotation axes of the stellar velocity fields of the
HQS, creating the stellar gravitational fields, are fairly well polarized. Their
velocity fields of the HQS must be rotating dominantly in the same sense as the
rotation of the galaxy, round axes that make an angle lower than 90 degrees with
the rotation axis of the galaxy. The rotation axis of our solar system is
well-known to make about 63 degrees with respect to the rotation axis of the
Milky-Way galaxy. This angular deviation may be related with the spiraled
structure of our galaxy. Adequate addition of the star velocity fields must
generate the galactic velocity field of the HQS that rules the galactic gravitational
dynamics.

The previous Section 3 makes a quantitative analysis of the gravitational
dynamics of a binary star system from the viewpoint of the HQS-dynamics
gravitational mechanism. Now, consider an increasing number of stars, moving
in the same sense along the same circular orbit round the CM and their velocity
fields of the HQS rotating all in the same sense as their orbital motions, round
axes that are all parallel to each other. Figure 4 displays a sketch of the collective
velocity field, created by a system of eight equal stars. The figure shows that,
with an increasing number of stars, the velocity in the collective velocity field
increases and becomes smoother.

Note that the velocity in the internal collective velocity field is opposite to the
velocity in the external collective velocity field. A stagnation point exists at the
center as well as between each pair of stars. Each one of the eight stars is
stationary with respect to the local moving HQS in the collective velocity field.
These eight stars simply are carried round the CM by the HQS in the local
collective velocity field.

In order to extend the model of the star-loop in Figure 4 closer to the realistic
situation of the galactic disk, consider now multiple concentric and coplanar
circular orbit loops with larger and larger radii and each loop containing a very
large number of stars, rotating all in the same sense and moving in the same
sense round the CM. Figure 5 is a representation of the velocity profile of the
velocity field of the HQS as well as of the estimated effective velocity of the stars
(blue line) through four successive loops in an intermediate region of rfor a case
in which the density of stars is constant with the distance r from the galactic
center. This means equal linear density of matter along each star loop and equal
velocity steps at each loop.

Precise computation of the velocity field of a galaxy, containing hundreds of
billions of stars, obviously requires formidable computational means. Here only
a qualitative estimate is possible, which however convincingly shows that the
HQS-dynamics gravitational mechanism consistently and naturally leads to the

observed non-Keplerian rotation of the galaxies and moreover reveals some
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Figure 4. Sketch of the collective velocity field, generated by
the polarized velocity fields of eight equal stars, moving
together with the local HQS along the same circular orbit
round the CM. The strength of the velocity field is
qualitatively indicated by the wideness of the velocity tracks.

Figure 5. Sketch of the velocity profile of the collective velocity field of the
HQS of a system of a large number of concentric star loops as a function of
the distance from the galactic center. The sketch shows the velocity profile
along one given r coordinate within the loop disk, through four
intermediate star loops, for a case, in which the star density is constant with
r. The distance from the CM to the numbered and equally spaced loops is

indicated by r, (n=1,2,3,---). The outward distance on from any given
star loop r, is r—r , and the separation between successive concentric

loops r,,, —r, may be constant.

important and incredible details. For instance, continuing the blue line in Figure
5 to the left for nearly two loop intervals, the rotation velocity may fall to zero.
Continuing to the left, the rotation velocity of the star loops may invert and

become retrograde, which strongly enhances the retrograde rotation within the
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central region. In many galaxies such retrograde rotation is observed.

In the star loop model, each star loop creates a velocity step AV in the form
of Equation (13), where however M, the effective mass depends on the local
mass density in the loop. Each star loop contributes to the collective velocity
field of the HQS. This contribution however depends on the orbital velocity of
the star loop. Within the galactic disk, each star loop acts in the sense of
opposing the Keplerian decrease (l/ I‘)]/2 of the velocity field. It enhances the
prograde velocity field outside each star loop, however depresses the opposite
velocity field toward the inside. However, if the orbital velocity inverts, the
enhancement inverts too, which stabilizes an internal region with retrograde
rotation.

In terms of the gravitational potential, the successive star loops act each one in
the sense of lowering the gradient of the collective (negative) gravitational
potential. Depending on the mass density, the gravitational potential can become
leveled or even fall with r, as is generally observed in an internal region and can
also take place in some region of r within the galactic disk. From the viewpoint
of the current gravitational theories, the stars in the galactic disk too attenuate
the slope of the gravitational potential within the galactic disk. However, in these
theories the attenuation is much too small to match the observations. The reason
is that, in these theories, the effect on the profile of the gravitational potential
within the galaxy depends only on the position of the gravitational sources (stars)
and not on their orbital velocity.

In the region of r, where the star density is constant as a function of r, the
velocity of the HQS in the collective galactic velocity field as well as the orbital
velocity of the stars within the galactic disk necessarily increases with r. However,
in the real galaxies the mass density variations with rare specific for each galaxy.
Depending on the mass density as a function of r, an internal region about the
galactic center may form that wholly rotates in the retrograde sense. NGC 7331
[16] is a well-known example in which the bulge rotates in a sense opposite to
that of the external galactic disk, indicating that the mass density in the disk is
especially high. Many other examples exist, in which retrograde rotation in an
internal region is observed. The authors of Ref. [16] tried to understand the
possible origin of this retrograde rotation in terms of catastrophic collisions,
successive aggressions etc. However, none of these attempts was successful and
the mystery remains unsolved to present date. In the present HQS gravitational
mechanism the steep decrease of the orbital velocity profile near to the galactic
center as well as the observed retrograde rotation in the internal region of many
galaxies are perfectly natural features of the galactic velocity field that has a
straightforward explanation. Beyond the galactic border, where only some
(planetary) dwarf-galaxies and globular star clusters orbit round the galaxy, the
star density in the galactic disk falls steeply and the galactic velocity field tends to
recover the Keplerian (ZI,/ r)l/2 dependence.

The star loop model, developed here, is only a qualitative description. It

however can convincingly explain the observed features of the observed galactic
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gravitational dynamics and even predict incredible details, without the need of
dark matter. In particular it predicts the profound depression in the star orbital
velocity profile. Such depression is present in the velocity profiles of practically
all galaxies. It also predicts the possibility of a central region with retrograde
rotation, if the mass density is high enough around this central region.

Although the star loop model is only qualitative, it lets clear that the
HQS-dynamic gravitational mechanism is the appropriate physics background
that naturally accounts for the non-Keplerian rotation of the galaxies without the
need of dark matter. It shows that the stars in the galactic disk strongly attenuate
the characteristic slope of the Keplerian velocity field Equation (2), leading to
the observed non-Keplerian rotation of the galaxies. It even naturally predicts
the retrograde rotation, observed at the center of many galaxies.

The planets in the solar system too constitute a disk round the sun, however a
very tenuous one with irregular mass distribution and containing less than 1% of
the matter of the solar system. The disk of the planets however is sufficient to
attenuate a little bit the slope of the solar Keplerian velocity field and the
gradient of its gravitational potential until the border of the solar system, where it
regains the Keplerian dependence. This has the consequence that the gravitational
acceleration of the solar field increases a little bit on going out beyond the border
of the solar system. This may explain the Pioneer anomaly. The Pioneer anomaly
is a very small but well-defined (anomalous) increase in the solar gravitational
acceleration on the Pioneer 10 and Pioneer 11 spacecrafts, observed as they
moved out in two opposite directions beyond the border of the solar system [17]
[18]. To now this anomalous acceleration has no explanation.

The null results of the Michelson light experiments searching for light
anisotropy due to the orbital and cosmic motion of earth demonstrate that the
solar system, despite its orbital velocity of about 230 km/sec round the galactic
center, is very closely stationary with respect to the local HQS ruling the inertial
motion of matter and the propagation of light. However, our solar system
obviously cannot be a privileged exception. All the other stars within the galactic
disk must equally be closely com-moving with the local HQS in the galactic
non-Keplerian velocity field. This shows that the equator of the galactic velocity
field, creating the galactic gravitational field, coincides with the galactic disk.
The stars are of course not constrained to move along these circular orbits by
gravitational forces. These circular motions also cannot be explained in terms of
spacetime curvature of GR. In the view of the HQS dynamics gravitational
mechanism, analogously as the planets are carried round the sun by the HQS in
the solar Keplerian velocity field, the solar system and the other stars are carried
along circular equatorial orbits round the galactic center by the HQS in the
galactic velocity field. These stars are locally stationary with respect to the local
moving HQS, analogously as earth and the other planets of the solar system are
stationary with respect to the local HQS in the solar Keplerian velocity field. This
explains the null results of the light anisotropy experiments, searching for light

anisotropy with respect to the planet earth in spite of its orbital motion round
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the sun and in spite of the orbital motion of the solar system round the center of
the Milky Way galaxy.

Likewise the planets are stationary with respect to the local HQS and carried
round the sun by the solar Keplerian velocity field, the stars are stationary and
carried round the galactic center by the galactic non-Keplerian velocity field.
This explains why the orbital velocity of the planets falls according to
(G™m/ r)j/2 , while the stars in the galactic disk does not fall so. However, both the
planets as well as the stars in the galactic disk move along circular orbits without
the need of a central force field because it is the HQS itself that so moves. This
state of affairs is corroborated by the absence of the gravitational slowing of the
GPS clocks by the solar field as well as by the absence of the light anisotropy
with respect to the planet earth. However, on the other hand, the observed null
results of the light anisotropy experiments on earth show that the solar system,
as well as the other stars of the Milky-Way galaxy, is stationary with respect to
the local moving HQS in the galactic velocity field. These observations are
corroborated too by a large number of other observations, described in Refs. [11]
[12] [13] [14] [15] All these observations confirm the signature of the true
physical mechanism of gravity in action.

In conclusion, clocks moving with earth and with the solar system or with any
other star in the galactic disk are very closely stationary with respect to the local
HQS and run all naturally synchronous. They all show very closely the same
universal proper time. However, the relative velocities between the planets,
stationary with respect to the local HQS in their respective orbits, introduce well
known frequency shifts. These frequency shifts however are not due to relative
velocity. They are due to wavelength stretching or contraction, due to the
deformation of the HQS in the solar Keplerian velocity field along their optical
path. It can be shown that these frequency shifts are totally equivalent to the
usual Doppler effects for the respective observed relative velocities in the
ordinary space.

From a more general viewpoint, the observed isotropy of light, with respect to
our planet earth, moving with the solar system in the Milky-Way galaxy and
with the Milky-Way galaxy in the local region of space, also demonstrates that
the recession between the galaxies and the expansion of the universe necessarily
is concomitant with the expansion of the HQS itself. All the astronomical bodies
throughout the universe are very nearly stationary with respect to the local
moving HQS in the respective gravitational fields as well as with respect to the
concomitantly expansion of the universe. This leads to the universality of the
laws of physics independently from Einstein’s Principle of Relativity. This

problem will be the subject of another article on dark energy.

6. The Desperate Hunt for Dark Matter

Actually many groups around the world are searching for observational evidence

of dark matter in the motion and collision of galaxies and in the motion within
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galactic clusters. Dark matter by definition is not observable via the electromagnetic
spectrum. It however is believed to interact with matter via gravity and the weak
nuclear force. It thus may indirectly be observable via gravitational perturbations
on matter and on light. The gravitational effects of dark matter are believed to be
responsible for the non-Keplerian rotation of the galaxies. People also are
associating observed anomalous star streams and motions of galaxies with effects
by dark matter. Dark matter also is believed to gravitationally affect the
propagation of light, causing anomalous gravitational light lensing effects by
galaxies and galactic clusters.

All these observations however are much too tenuous to give significant
evidence for the existence of the enormous amount of dark matter that is
estimated to be five times larger than the whole visible matter-energy in the
universe. Some cosmologists [19] [20] suggest that dark matter simply may not
exist and that it is a strange need, created by the current flawed theories of
gravitation. It also is suggested that gravity is not a fundamental force; however
an emergent phenomenon, due to some ignored physical mechanism, like
entropic effects.

In the present work, gravity too is not seen as a fundamental force. It is seen
as the result of inertial motions (wave propagation) within a moving spatial
medium (HQS) that materializes the local Lorentz frames and governs the
inertial motion of matter-energy. Likewise the Meissner effect in superconductors,
the Higgs mechanism too may develop macroscopic screening velocity fields
(currents) of the HQS round the astronomical bodies in the form of Keplerian
velocity fields Equation (2) or the non-Keplerian galactic velocity fields, thereby
macroscopically confining (expelling out) the matter fields and thereby reducing
its energy. The preceding sections show that the velocity field of the HQS,
created by the orbiting stars in the galaxies, has a non-Keplerian form. This
non-Keplerian velocity field of the HQS straightforwardly explains the
non-Keplerian rotation of the galaxies, without the need of dark matter. From
this viewpoint, the anomalous star streams, observed near to galaxies and within
galactic clusters as well as the apparently anomalous motions of galaxies, are
caused simply by the extended velocity fields of the HQS beyond the galactic
borders, where this velocity field tends to recover the Keplerian dependence. The
dark matter hunters may simply be seeing effects of the HQS tempests, caused

by neighboring interacting galaxies and galactic clusters.

7. Concluding Comments

The HQS dynamics gravitational mechanism is naturally appropriate to account
for the gravitational dynamics in the solar system, without the need of
postulating arcane spacetime geometry or postulating exotic dark matter. The
non-Keplerian rotation of the galaxies is by far the clearest and most critical
observation that the current theories cannot explain. The HQS dynamics

gravitational mechanism naturally predicts this non-Keplerian rotation without
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the need of dark matter. No other theory of gravitation can do so, without
requiring an enormous amount of exotic dark matter. The present work shows
that the velocity of the HQS, within the galactic disk of most galaxies, is nearly
constant as a function of the distance r from the galactic center. The velocity
gradient of the HQS (central force field) is very low. However, despite the
absence of a central force field, the stars move along circular orbits. Within the
galactic velocity field of the HQS, the effective velocity ¢’ of light is given by
c'=c+V , where ¢ is the fixed velocity of light with respect to the local
moving HQS and V is the local velocity of the HQS itself. The effective
velocity of light traversing a galactic disk perpendicularly to the disk is expected
to be lower. If the direction is not normal to the galactic disk, it also must be
additionally delayed in the retrograde side and advanced at the prograde side. It
however will undergo no significant change of direction. Hence, the light lensing
effect on light traversing the galactic disk, if it exists at all, is very low. However,
beyond the border of the galactic disk, the velocity field tends to recover the
Keplerian (1/ r)]/2 dependence. The refraction rate of light, coming through
this region from the back of galaxies, may be strong enough to be observed. This
effect is analogous to that giving rise to the light lensing effect by the solar field,
please see Section 5.5 of Ref. [11]. In fact, the refraction rate outside the galactic
border is much smaller than that near to the sun. However, while the light
lensing effect by the solar field is produced in about 13.5 milliseconds, in
galaxies the excess time delay of light through the retrograde side or time gain in
the prograde side may be of days or even of years. It hence can result in
considerably large angular deflections. The solar Keplerian velocity field of the
HQS along ¢ has a large velocity gradient (toward the sun) in the whole
region. However, the galactic velocity field has a considerable velocity gradient
only beyond the border of the galaxies and of colliding galaxies. Therefore, while
the refraction of light by the solar field is relevant through the whole retrograde
and also the whole prograde hemispheres, refraction by a galaxy or galactic
clusters occurs only in limited regions around the border of the galactic disk.
Refraction by the galactic field is typically a non-local effect, because it takes
place well outside the gravitational source. This precisely is what is seen in the
obtained measurements of the light lensing in galaxies, in colliding galaxies and
galactic clusters [21]. The refracted light is diffuse because the galaxies, emitting
the light, are extended objects and their lensing cannot produce a well resolved
image. An idea that is often seen in the literature, asserts that a galaxy can move
through another galaxy with very little interaction, likewise a swarm of birds
flying through another swarm of birds. From the view of the present work, this
is well far from reality. In the present view, besides possible collisions between
stars, there is the collision between the two HQS velocity fields Equation (2). These
velocity fields do not obey the principle of superposition, like electromagnetic
pulses, however, they add up according to (V1 +V, )1/2 . Therefore, colliding

galaxies is a much more complex affair.
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Abstract

Astrophysics = the star physics was beginning its development without a
supporting of measurement data, which could not be obtained then. Still as-
trophysics exists without this support, although now astronomers collected a
lot of valuable information. This is the main difference of astrophysics from
all other branches of physics, for which foundations are measurement data.
The creation of the theory of stars, which is based on the astronomical mea-
surements data, is one of the main goals of modern astrophysics. Below, the
principal elements of star physics based on data of astronomical measure-
ments are described. The theoretical description of a hot star interior is obtained.
It explains the distribution of stars over their masses, mass-radius-temperature
and mass-luminosity dependencies. All theoretical predictions are in a good
agreement with the known measurement data, which confirms the validity of

this consideration.

Keywords

Electric Polarization, Plasma, Stellar Mass, Stellar Temperature, Stellar Radius

1. Introduction

1.1. Astrophysics and Astronomical Measurements

It is obvious that the primary goal of modern astrophysics is to create a star
theory that can explain the dependencies of parameters of stars and of the Sun,
which are measured by astronomers.

The technical progress of astronomical measurements in the last decade has
revealed the existence of different relationships that associate together the
physical parameters of the stars.

To date, such data have accumulated about a dozen: they are dependencies of
temperature-radius-luminosity-mass of stars, the spectra of seismic oscillations

of the sun, distribution of stars on mass, the dependence of the magnetic fields
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of stars from their moments and speeds of rotation, etc.

All these relationships are defined by phenomena occurring inside stars. So
the theory of the internal structure of stars should be based on these quantitative
data as on boundary conditions.

Existing theories of stellar interiors can not explain the new data. The modern
astrophysics' prefers a speculative approach. It elaborates qualitative theories of
stars that are not pursued to such quantitative estimates, which could be
compared with the data of astronomers. Everything is done in such a way as if
the new astronomical data are absent. Of course, the astrophysical community
knows about the existence of dependencies of stellar parameters which were
measured by astronomers. However, in modern astrophysics, it is accepted to
think, that if an explanation of a dependency is not found, that it can be referred
to the category of empirical one and it needs no explanation. The so-called empirical
relations of stellar luminosities and temperatures—the Hertzsprung-Russell
diagram—are known about the hundred years, but its quantitative explanation is
not found.

The reason that prevents to explain these relationships is due to the wrong
choice of the basic postulates of modern astrophysics. Despite of the fact that all
modern astrophysics believes that the stars consist from a plasma, it historically
turned out that the theory of stellar interiors does not take into account the
electric polarization of the plasma, which must occur within stars under the
influence of their gravitational field. Modern astrophysics believes that the
gravity-induced electric polarization (GIEP) of stellar plasma is small and it
should not be taken into account in the calculations, as this polarization was not
taken into account in the calculations at an early stage of development of
astrophysics, when a plasma structure of stars was not known. However, plasma
is an electrically polarized substance, and an exclusion of the GIEP effect from the
calculation is unwarranted. Moreover, without taking into account of the
GIEP-effect, the equilibrium stellar matter can not be correctly founded and a
theory would not be able to explain the astronomical measurements. Accounting
GIEP gives the theoretical explanation for the all observed dependence.

As shown below, the account of the gravity-induced electric polarization of
the intra-stellar plasma gives possibility to develop a model of the star, in which
all main parameters—the mass of the star, its temperature, radius and
luminosity—are expressed by certain combinations of world constants and the
individuality of stars is determined by only two parameters—the mass and
charge number of nuclei, from which the plasma of these stars is composed. It
gives the quantitatively and fairly accurate explanation of all dependencies,
which were measured by astronomers.

The important feature of this stellar theory, which is built with the GIEP

'The modern astrophysics has a whole series of different branches. It is important to stress that all of
them except the physics of hot stars beyond the scope of this consideration; we shall use the term
“astrophysics” here and below in its initial meaning—as the physics of stars.
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acconting, is the lack of a collapse in the final stage of the star development, as
well as “black holes” that could be results from a such collapse.

The main features of this concept were previously published in [1]-[6].

1.2. The Basic Postulate of Astrophysics

We can assume that modern astrophysics emerged in the early twentieth century
and milestone of this period was the work R. Emden {Die Gaskugeln) . It has
laid the basis for the description of stars as gas spheres. Gases can be
characterized by different dependencies of their density from pressure, ie they
can be described by different polytropes. According to Emden the equations of
state of the gases producing the stars determine their characteristics—it can be
either a dwarf, or a giant, or main sequence star, etc. The such approach to the
description of stars determined the choice of postulates needed for the theory.

Any theory based on its system of postulates.

The first basic postulate of astrophysics—the Euler equation—was formulated in a
mathematical form by L.Euler in a middle of 18th century for the “terrestrial” effects
description. This equation determines the equilibrium condition of liquids or
gases in a gravitational field:

yg=-VP. (1)

According to it the action of a gravity forth yg (y is density of substance,
g is the gravity acceleration) in equilibrium is balanced by a forth which is
induced by the pressure gradient in the substance.

All modern models of stellar interior are obtained on the base of the Euler
equation. These models assume that pressure inside a star monotone increases
depthward from the star surface. As a star interior substance can be considered
as an ideal gas which pressure is proportional to its temperature and density, all
astrophysical models predict more or less monotonous increasing of
temperature and density of the star substance in the direction of the center of a
star.

While we are talking about materials with atomic structure, there are no
doubt about the validity of this equation and its applicability. This postulate is
surely established and experimentally checked be “terrestrial” physics. It is the
base of an operating of series of technical devices—balloons, bathyscaphes and
other.

Another prominent astrophysicist first half of the twentieth century was A.
Eddington. At this time I. Langmuir discovered the new state of matter—plasma.
A. Eddington was first who realized the significance of this discovery for
astrophysics. He showed that the stellar matter at the typical pressures and
temperatures, should be in the plasma state.

The polarizability of atomic matter is negligible.” There was not necessary to

take into account a polarization while there was a speech about the model, in

’If you do not take account of ferroelectrics, piezoelectrics and other similar substances. Their con-
sideration is not acceptable here.

DOI: 10.4236/jmp.2018.910120

1908 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.910120

B. V. Vasiliev

which the stars are composed of atomic gases.
But plasma is an electrically polarized substance.
It Is Necessary to Take into Account GIEP of Intra-Stellar Plasma

Therefore, at consideration of a plasma equilibrium, the term describing its

possible electrical polarization ‘3 should be saved in the Euler equation:
79+ PVE+VP =0, (2)

This leads to the possibility of the existence of a fundamentally new
equilibrium state of stellar matter, at which it has a constant density and

temperature:
VP =0
79 +RVP =0, ®3)

that radically distinguishes this equilibrium state from equilibrium, which is
described by Equation (1).

The technical progress of astronomical measurements in the last decade
discovered that the physical parameters of the stars are related together.

However, these new data do not fit to models of modern astrophysics.

2. The Energy-Favorable State of Hot Dense Plasma

2.1. The Properties of a Hot Dense Plasma

2.1.1. A Hot Plasma and Boltzman’s Distribution

Free electrons being fermions obey the Fermi-Dirac statistic at low temperatures.
At high temperatures, quantum distinctions in behavior of electron gas
disappear and it is possible to consider electron gas as the ideal gas which obeys
the Boltzmann’s statistics. At high temperatures and high densities, all
substances transform into electron-nuclear plasma. There are two tendencies in

&
this case. At temperature much higher than the Fermi temperature T =——

k
(where & is Fermi energy), the role of quantum effects is small. But their role
grows with increasing of the pressure and density of an electron gas. When
quantum distinctions are small, it is possible to describe the plasma electron gas

as a the ideal one. The criterium of Boltzman’s statistics applicability

T> ‘%F (4)

hold true for a non-relativistic electron gas with density 10* particles in cm”® at
T>10°K.

At this temperatures, a plasma has energy

E= E KTN (5)
2
and its EOS is the ideal gas EOS:
NKT
P=—— 6
v (6)
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But even at so high temperatures, an electron-nuclear plasma can be
considered as ideal gas in the first approximation only. For more accurate
description its properties, the specificity of the plasma particle interaction must
be taken into account and two main corrections to ideal gas law must be
introduced.

The first correction takes into account the quantum character of electrons,
which obey the Pauli principle, and cannot occupy levels of energetic distribution
which are already occupied by other electrons. This correction must be positive
because it leads to an increased gas incompressibility.

Other correction takes into account the correlation of the screening action of
charged particles inside dense plasma. It is the so-called correlational correction.
Inside a dense plasma, the charged particles screen the fields of other charged
particles. It leads to a decreasing of the pressure of charged particles. Accordingly,
the correction for the correlation of charged particles must be negative, because

it increases the compressibility of electron gas.

2.1.2. The Hot Plasma Energy with Taking into Account the Correction
for the Fermi-Statistic

The energy of the electron gas in the Boltzmann’s case (KT > &.) can be
calculated using the expression of the full energy of a non-relativistic
Fermi-particle system [7]:

22ym¥? o e

£ szh3 0 e('fiue)/kT +1’

)

expanding it in a series. (m, is electron mass, & is the energy of electron and
M, is its chemical potential).

In the Boltzmann’s case, x4, <0 and

| /KT|>1 and the integrand at

e”/T «1 can be expanded into a series according to powers e“/" ¥ If

. . & .
we introduce the notation z= E and conserve the two first terms of the series,

we obtain
3/2 He _ ) L,
_ 52 o 27702 -~ 52 [*_g/ z (k )
I =(KkT) jom~(kT) [[2%2| e e\ ueldz (8)
or
He 24
;erkTF(§+ j—%e”F(§+1j:ﬁe"€/”(1—%?‘9/”). ©)
(kT) 2 2 2 4 2

Thus, the full energy of the hot electron gas is

5/2 3/2
PN LD B 9 Y (PR e w0
2 \/E nhz 25/Z ’

Using the definition of a chemical potential of ideal gas (of particles with spin
=1/2) [7]
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_kTIg[ [Zn:ij } (11)

we obtain the full energy of the hot electron gas
32 2\¥/2
EezngNe[lJrnT(aE_? } ne}, (12)
2

heo .
where a; =—— is the Bohr radius.
m.e

e

2.1.3. The Correction for Correlation of Charged Particles in a Hot
Plasma

At high temperatures, the plasma particles are uniformly distributed in space. At
this limit, the energy of ion-electron interaction tends to zero. Some correlation
in space distribution of particles arises as the positively charged particle groups
around itself preferably particles with negative charges and vice versa. It is
accepted to estimate the energy of this correlation by the method developed by
Debye-Hiikkel for strong electrolytes [7]. The energy of a charged particle inside
plasma is equal to €@, where eis the charge of a particle, and ¢ is the electric
potential induced by other particles on the considered particle.
This potential inside plasma is determined by the Debye law [7]:

r

(p(r):§e © (13)

where the Debye radius is

(4718 J vz
>nZ: (14)

r
For small values of ratio —, the potential can be expanded into a series
rD

p(r)=2-2 4. (15)

The following terms are converted into zero at r — 0. The first term of this

series is the potential of the considered particle. The second term

3/2
£=—¢ /kTv (ZNaZaj (16)

is a potential induced by other particles of plasma on the charge under
consideration. And so the correlation energy of plasma consisting of N,

electrons and ( N, / Z ) nuclei with charge Zin volume Vs [7]

Eop =€ /kT Z9N, (17)
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2.2. The Energy-Preferable State of a Hot Plasma
2.2.1. The Energy-Preferable Density of a Hot Plasma

Finally, under consideration of both main corrections taking into account the

inter-particle interaction, the full energy of plasma is given by

3/2 2\¥2 Y2 32
grSkaN 14T [ B 202 e (18)
2 e e e

4 | kT 3 kT

The plasma into a star has a feature. A star generates the energy into its inner
region and radiates it from the surface. At the steady state of a star, its substance
must be in the equilibrium state with a minimum of its energy. The radiation is
not in equilibrium of course and can be considered as a star environment. The
equilibrium state of a body in an environment is related to the minimum of the
function ([7] $20):

E-T,S+PV, (19)

where T, and P, are the temperature and the pressure of an environment. At
taking in to account that the star radiation is going away into vacuum, the two
last items can be neglected and one can obtain the equilibrium equation of a star

substance as the minimum of its full energy:

Lo _ (20)
dn

€

Now taking into account Equation (18), one obtains that an equilibrium

condition corresponds to the equilibrium density of the electron gas of a hot

plasma
3
neequilibrium =n, ZEZ—Szl.ZXlOMZa cm=, (21)
ag

It gives the electron density ~3x10®cm™ for the equilibrium state of the

hot plasma of helium.

2.2.2. The Estimation of Temperature of Energy-Preferable State of a
Hot Stellar Plasma

As the steady-state value of the density of a hot non-relativistic plasma is known,
we can obtain an energy-preferable temperature of a hot non-relativistic plasma.

The virial theorem [7] [8] claims that the full energy of particles E, if they
form a stable system with the Coulomb law interaction, must be equal to their
kinetic energy 7 with a negative sign. Neglecting small corrections at a high

temperature, one can write the full energy of a hot dense plasma as

&

plasma

=U +ngNe :—ngNe. (22)

2
where U ~—

is the potential energy of the system, G is the gravitational
0

constant, M and R, are the mass and the radius of the star.

As the plasma temperature is high enough, the energy of the black radiation
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cannot be neglected. The full energy of the stellar plasma depending on the
particle energy and the black radiation energy

2 3
€ =~ SKTN, +“—[k—T VKT (23)
2 15\ 7ac
at equilibrium state must be minimal, 7.e.
(agtotal ) =0. (24)
oT Jyv

*

N
This condition at Vez n, gives a possibility to estimate the temperature of

the hot stellar plasma at the steady state:

T, :Z£=107Z K. (25)
kag

The last obtained estimation can raise doubts. At “terrestrial” conditions, the
energy of any substance reduces to a minimum at T — 0. It is caused by a
positivity of a heat capacity of all of substances. But the steady-state energy of
star is negative and its absolute value increases with increasing of temperature
(Equation (22)). It is the main property of a star as a thermodynamical object.
This effect is a reflection of an influence of the gravitation on a stellar substance
and is characterized by a negative effective heat capacity. The own heat capacity
of a stellar substance (without gravitation) stays positive. With the increasing of
the temperature, the role of the black radiation increases (&, ~T*). When its
role dominates, the star obtains a positive heat capacity. The energy minimum

corresponds to a point between these two branches.

3. The Gravity Induced Electric Polarization in a Dense Hot
Plasma

3.1. Plasma Cells

The existence of plasma at energetically favorable state with the constant density
n, and the constant temperature T, puts a question about equilibrium of this
plasma in a gravity field. The Euler equation in commonly accepted form
Equation (1) disclaims a possibility to reach the equilibrium in a gravity field at a
constant pressure in the substance: the gravity inevitably must induce a pressure
gradient into gravitating matter. To solve this problem, it is necessary to
consider the equilibrium of a dense plasma in an gravity field in detail. At zero
approximation, at a very high temperature, plasma can be considered as a “jelly”,
where electrons and nuclei are “smeared” over a volume. At a lower temperature
and a high density, when an interpartical interaction cannot be neglected, it is
accepted to consider a plasma dividing in cells [9]. Nuclei are placed at centers of
these cells, the rest of their volume is filled by electron gas. Its density decreases
from the center of a cell to its periphery. Of course, this dividing is not freezed.
Under action of heat processes, nuclei move. But having a small mass, electrons

have time to trace this moving and to form a permanent electron cloud around

DOI: 10.4236/jmp.2018.910120

1913 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.910120

B. V. Vasiliev

nucleus, Ze. to form a cell. So plasma under action of a gravity must be
characterized by two equilibrium conditions:
- the condition of an equilibrium of the heavy nucleus inside a plasma cell;

- the condition of an equilibrium of the electron gas, or equilibrium of cells.

3.2. The Equilibrium of a Nucleus Inside Plasma Cell Filled by an
Electron Gas

At the absence of gravity, the negative charge of an electron cloud inside a cell
exactly balances the positive charge of the nucleus at its center. Each cell is fully
electroneutral. There is no direct interaction between nuclei.

The gravity acts on electrons and nuclei at the same time. Since the mass of
nuclei is large, the gravity force applied to them is much larger than the force
applied to electrons. On the another hand, as nuclei have no direct interaction,
the elastic properties of plasma are depending on the electron gas reaction. Thus
er have a situation, when the force applied to nuclei must be balanced by the
force of the electron subsystem. The cell obtains an electric dipole moment d,
and the plasma obtains polarization P =n.d,, where n, is the density of the
cell.

It is known [10], that the polarization of neighboring cells induces in the

considered cell the electric field intensity

4n
E.=—%, (26)
3
and the cell obtains the energy
d,E
£ = 5 s, (27)

The gravity force applied to the nucleus is proportional to its mass Am,

(where A is a mass number of the nucleus, m_ is the proton mass). The cell

consists of Z electrons, the gravity force appfied to the cell electron gas is
proportional to Zm, (where m, is the electron mass). The difference of these
forces tends to pull apart centers of positive and negative charges and to increase
the dipole moment. The electric field E; resists it. The process obtains
equilibrium at the balance of the arising electric force V& and the difference

of gravity forces applied to the electron gas and the nucleus:

2m P°
V{?—}r(Amp —Zme)g =0 (28)

S

Taking into account, that ¢ =-Vi , we obtain

%%z(Amp —Zm, )y. (29)
Hence,
q3223(231':?r né(?mp—mej, (30)
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where y is the potential of the gravitational field, n, z% is the density of

cell (nuclei), n, is the density of the electron gas, M, is the mass of a star

€ r

containing inside a sphere with radius r.

3.3. The Equilibrium in Plasma Electron Gas Subsystem

Nonuniformly polarized matter can be represented by an electric charge
distribution with density [10]

. divE; divp
= S=— 31
¢ 4n 3 G
The full electric charge of cells placed inside the sphere with radius r
Q, =4x|_ or*dr (32)

determinants the electric field intensity applied to a cell placed on a distance r
from center of a star
E-2
r

(33)

As a result, the action of a nonuniformly polarized environment can be
described by the force GE . This force must be taken into account in the
formulating of equilibrium equation. It leads to the following form of the Euler

equation:

7g+§|§+VP:O (34)

4. The Internal Structure of a Star

It was shown above that the state with the constant density is energetically
favorable for a plasma at a very high temperature. The plasma in the central
region of a star can possess by this property. The calculation made below shows
that the mass of central region of a star with the constant density—the star
core—is equal to 1/2 of the full star mass. Its radius is approximately equal to
1/10 of radius of a star, Ze. the core with high density take approximately 1/1000
part of the full volume of a star. The other half of a stellar matter is distributed
over the region placed above the core. It has a relatively small density and it

could be called as a star atmosphere.

4.1. The Plasma Equilibrium in the Star Core

In this case, the equilibrium condition (Equation (28)) for the energetically

favorable state of plasma with the steady density n, =const is achieved at

PB=-Gy.r, (35)

A
Here the mass density is 7, = Empn* . The polarized state of the plasma can

be described by a state with an electric charge at the density
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/3=%divq3=x/€n. (36)

and the electric field applied to a cell is
9
NS

As a result, the electric force applied to the cell will fully balance the gravity

E= (37)

action
yg+0E =0 (38)

at the zero pressure gradient
VP =0. (39)

4.2. The Main Parameters of a Star Core (in Order of Values)

At known density n,_ of plasma into a core and its equilibrium temperature
T, it is possible to estimate the mass M, of a star core and its radius R, .In
accordance with the virial theorem’, the kinetic energy of particles composing
the steady system must be approximately equal to its potential energy with
opposite sign:

GM?

~KT.N._. (40)

4n
where N, = ?Ri n, is full number of particle into the star core.

With using determinations derived above (21) and (25) derived before, we

obtain
M, ~ o (41)
(A'Z)
" 3/2
C
where M, = (WJ m, is the Chandrasekhar mass.
p

The radius of the core is approximately equal

h "

c a

R, ~—| —2—. (42)
(Gmﬁ ] Z(ANZ)

where A and Zare the mass and the charge number of atomic nuclei the plasma

consisting of.

4.3. The Equilibrium State of the Plasma Inside the Star
Atmosphere

The star core is characterized by the constant mass density, the charge density,
the temperature and the pressure. At a temperature typical for a star core, the
plasma can be considered as ideal gas, as interactions between its particles are

small in comparison with kT,. In atmosphere, near surface of a star, the
*Below we shell use this theorem in its more exact formulation.
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temperature is approximately by 3+4 orders smaller. But the plasma density is
lower. Accordingly, interparticle interaction is lower too and we can continue to
consider this plasma as ideal gas.

In the absence of the gravitation, the equilibrium state of ideal gas in some
volume comes with the pressure equalization, ie with the equalization of its
temperature 7 and its density n. This equilibrium state is characterized by the

equalization of the chemical potential of the gas u (Equation (11)).

4.4. The Radial Dependence of Density and Temperature of
Substance Inside a Star Atmosphere

For the equilibrium system, where different parts have different temperatures,
the following relation of the chemical potential of particles to its temperature
holds ([7], §25):

A const (43)

KT

As thermodynamic (statistical) part of chemical potential of monoatomic
ideal gas is ([7], §45):

n( 2an )"
=KkTIn| = , (44)
o [2 ( mkT J }
we can conclude that at the equilibrium
n~T%2, (45)

In external fields the chemical potential of a gas ([7] §25) is equal to
U= :UT + Epotential (46)

where gpotentlal

is the potential energy of particles in the external field. Therefore

in addition to fulfillment of condition Equation (45), in a field with Coulomb

potential, the equilibrium needs a fulfillment of the condition

GM,y %
rkT,  2KT,

= const (47)

(where m is the particle mass, M, is the mass of a star inside a sphere with

r
radius r; 3, and T, are the polarization and the temperature on its surface.

As on the core surface, the left part of Equation (47) vanishes, in the atmosphere
M, ~rkT,. (48)

Supposing that a decreasing of temperature inside the atmosphere is a power

fuction with the exponent x, its value on a radius r can be written as

R X
en(®) »
r
and in accordance with Equation (45), the density
3x/2
R
nrzn*( *J . (50)
r
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At assumption that the powers of rin the right and the left parts of condition
Equation (48) are equal, we obtain X=4.

Thus, at using power dependencies for the description of radial dependencies
of density and temperature, we obtain

6
n, =n*(R*j (51)

r

and

7= (2] (52)

r

4.5. The Mass of the Star Atmosphere and the Full Mass of a Star

After integration of Equation (51), we can obtain the mass of the star atmosphere

6 3
4] " (W Z)myn, (2] roor =2 (wzm,n B {1—[];*] } 63)

r 0
It is equal to its core mass
3

(to &g ~107*), where R, isradius of a star.
0

Thus, the full mass of a star
M=M,+M, =2M, (54)
4.6. The Energy of a Star

The virial theorem ([7] [8]) is applicable to a system of particles if they have a
finite moving into a volume V. If their interaction obeys to the Coulomb’s law,
their potential energy £, their kinetic energy £“""° and pressure P are

in the ratio:
nginetic +gpotentia| =3PV. (55)

On the star surface, the pressure is absent and for the particle system as a

whole:
2gkinetic — _5potential (56)
and the full energy of plasma particles into a star

g(masma) _ gkinetic i gpotential _ _gkineticl (57)
Let us calculate the separate items composing the full energy of a star.

4.7. The Kinetic Energy of Plasma

The kinetic energy of plasma into a core:
g*kinilic :ng*N*. (58)

The kinetic energy of atmosphere:
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10
g:inetic _ 4nJ'Rogk’]I‘*n* (R* j ridr =~ E[E kT*N*J (59)
R, 9 r 7\2

The total kinetic energy of plasma particles

gkinetic — g*kinetic +5:inetic - %k’ﬂ‘ N (60)

*T Tk

4.8. The Potential Energy of Star Plasma

Inside a star core, the gravity force is balanced by the force of electric nature.
Correspondingly, the energy of electric polarization can be considered as
balanced by the gravitational energy of plasma. As a result, the potential energy
of a core can be considered as equal to zero.

In a star atmosphere, this balance is absent.

The gravitational energy of an atmosphere

&8 :—4nGM*§mpn*J§j%|:2_[Rr* T [Rr jﬁ rdr (61)
or
2 2
The electric energy of atmosphere is
& = —411.[]:1’ %pgprzdr, (63)
where
and
D= %n‘m. (65)
The electric energy:
& = —% Gﬂg/ﬂi : (66)
and total potential energy of atmosphere:
g = g2 4 5 = —% Gﬂgﬂi : (67)

*

The equilibrium in a star depends both on plasma energy and energy of

radiation.

4.9. The Temperature of a Star Core

4.9.1. The Energy of the Black Radiation
The energy of black radiation inside a star core is
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3
£, (br )=—qu [R j V..
15 hc

The energy of black radiation inside a star atmosphere is
3 16 3
jR"” B e 2 37 (KR
r 1315 hic
The total energy of black radiation inside a star is

2
S(br)zg*(br)+€a(br)=En—kT*(kT*j 123 4T, (kT J v,
1315 *\ ic 15\ ne

4.9.2. The Full Energy of a Star
In accordance with Equation (57), the full energy of a star

gstar — _gkinetic +5(br)

Le.

3
g~ Lyry + E"—qu [kT j V.
7 1315 he

The steady state of a star is determined by a minimum of its full energy:

dester J
=0,
[ dT* N=const,V=const

it corresponds to the condition:

2 3
By KLY
7 13x15\ #c

(68)

(69)

(70)

(71)

(72)

(73)

(74)

Together with Equation (21) it defines the equilibrium temperature of a star

core:

T, = (25“3) Z ~Zx2.13x107 K
28n* ka

4.10. Main Parameters
4.10.1. The Star Mass

(75)

The virial theorem connect kinetic energy of a system with its potential energy.

In accordance with Equations (67) and (60)

2
961 %,y
14 R, 7

Introducing the non-dimensional parameter

GM iA—‘m
_ z P
7 R KT, '
we obtain
20
=—=6.67,
773

(76)

(77)

(78)
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and at taking into account Equations.(21) and (75), the core mass is

20(25x13Y° 3 ' M M

X

M, = —( < —6.84— (79)
30 28 ) 4x3.14 (AJ (Aj

Z z

The obtained equation plays a very important role, because together with

Equation (54), it gives a possibility to predict the total mass of a star:
_13.68M, _25.34M,

GG

The comparison of obtained prediction Equation (80) with measuring data

(80)

gives a method to check our theory. Although there is no way to determine
chemical composition of cores of far stars, some predictions can be made in this
way. At first, there must be no stars which masses exceed the mass of the Sun by
more than one and a half orders, because it accords to limiting mass of stars
consisting from hydrogen with A/Z =1. Secondly, the action of a specific
mechanism [6] can make neutron-excess nuclei stable, but it don’t give a base to
suppose that stars with A/Z >10 (and with mass in hundred times less than
hydrogen stars) can exist. Thus, the theory predicts that the whole mass
spectrum must be placed in the interval from 0.25 up to approximately 25 solar
masses. These predications are verified by measurements quite exactly. The mass
distribution of binary stars* is shown in Figure 1 [11].

It is important, that the mass spectrum of binary stars (Figure 1) consists of
series of well-isolated lines which are representing the stars with integer values
of ratios A/Z =3,4,5,---, corresponding hydrogen-3,4,5 ... or helium-6,8,10 ...
(also line with the half-integer ratio A/Z =3/2, corresponding, probably, to
helium-3, Be-6, C-9...). The existence of stable stars with ratios A/Z >3 raises
questions. It is generally assumed that stars are composed of hydrogen-1,
deuterium, helium-4 and other heavier elements with A/Z ~2. Nuclei with
A/Z >3 are the neutron-excess and so short-lived, that they can not build a
long-lived stars. Neutron-excess nuclei can become stable under the action of
mechanism of neutronization, which is acting inside the dwarfs. It is accepted to
think that this mechanism must not work into the stars. The consideration of the
effecting of the electron gas of a dense plasma on the nucleus is described in [6].
These calculations show that the electron gas of dense plasma should also lead to
the neutronization mechanism and to the stabilization of the neutron-excess
nuclei. This explains the existence of a stable of stars, where the plasma consists
of nuclei with A/Z >3.

At considering of (Figure 1), the question is arising: why there are so few stars,
which are composed by very stable nuclei of helium-4? At the same time, there

are many stars with A/Z =4, ie. consisting apparently of a hydrogen-4, as well

*The use of these data is caused by the fact that only the measurement of parameters of binary star
rotation gives a possibility to determine their masses with satisfactory accuracy.
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Figure 1. The mass distribution of binary stars [11]. On abscissa, the
logarithm of the star mass over the Sun mass is shown. Solid lines mark
masses, which agree with selected values of A/Z from Equation (80).

as stars with A/Z =3/2, which hypothetically could be composed by another
isotope of helium - helium-3. This equation is discussed in [6].

It is important to note, that according to Equation (80) the Sun must consist
from a substance with A/Z =5. This conclusion is in a good agreement with

results of consideration of solar oscillations [5].

4.10.2. Radii of Stars
Using Equation (21) and Equation (79), we can determine the star core radius:

12
a, nc | 9.79x10%
Z(A/Z)| Gm? Z(AZ)

R, =1.42 (81)
The temperature near the star surface is relatively small. It is approximately by
3 orders smaller than it is inside the core. Because of it at calculation of surface
parameters, we must take into consideration effects of this order, ie. it is
necessary to take into account the gravity action on the electron gas. At that it is
convenient to consider the plasma cell as some neutral quasi-atom (like the
Thomas-Fermi atom). Its electron shell is formed by a cloud of free electrons.
Each such quasi-atom is retained on the star surface by its negative potential

energy

(Egravitationa

 +E

electric

)< 0. (82)

DOI: 10.4236/jmp.2018.910120

1922 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.910120

B. V. Vasiliev

The electron cloud of the cell is placed in the volume oV :%rf, (where

Y3
r, = [—] ) under pressure P, . The evaporation of plasma cell releases energy
e

& =PV, , and the balance equation takes the form:

ggravitational + gelectric + €PV =0. (83)
In cold plasma, the electron cloud of the cell has energy &, ~e’n>. In very
2,2
hot plasma at KT > € , this energy is equal to &, ngkT. On the star
rS

surface these energies are approximately equal:

2
KT, 1(R,
—/;[—] - o
e

One can show it easily, that in this case

& ~2Z /%kT -e’n?®, (85)

And if to take into account Equations (51)-(52), we obtain

3
&y =1.5ZKT, (E* ) NJon (86)

0

The energy of interaction of a nucleus with its electron cloud does not change
at evaporation of the cell and it can be neglected. Thus, for the surface
o 2w _zeu,
eetie — 3 R,

S

(Amp —Zme). (87)

The gravitational energy of the cell on the surface

P 2GM,

gravitational —

(Amp +Zme). (88)

0

Thus, the balance condition Equation (83) on the star surface obtains the form

3
_AGMLZM, o szt [ B | om0, (89)
RO IRO

4.10.3.The R, /R, Ratioand R,

With account of Equation (52) and Equations (78)-(77), we can write
12

A
—m
p
Ry _[Nemz @ z4_56\/E (90)
R, 2n m, z

As the star core radius is known Equation (81), we can obtain the star surface

radius:

e

~————  =CM. 91
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4.10.4. The Temperature of a Star Surface
At known Equation (52) and Equation (75), we can calculate the temperature of
external surface of a star

R*

TozT*[ Z
R

(AzZ)

4.10.5. The Comparison with Measuring Data

4
J ~4.92x10° (92)

0

The mass spectrum (Figure 1) shows that the Sun consists basically from plasma
with A/Z =5. The radius of the Sun and its surface temperature are functions
of Ztoo. This values calculated at A/Z =5 and differen Z are shown in Table
1.

One can see that these calculated data have a satisfactory agreement the

measured radius of the Sun

R, =6.96x10" cm (93)

and the measured surface temperature

T, =5850 K (94)
at Z=3.
The calculation shows that the mass of core of the Sun
M, (Z =3,A/Z =5)~9.68x10% g (95)

i.t. almost exactly equals to one half of full mass of the Sun
M, (Z=3,A/Z=5)

~0.486 96
M (96)

(0]

in full agreement with Equation (54).

In addition to obtained determinations of the mass of a star Equation (80), its
temperature Equation (92) and its radius Equation (91) give possibility to check
the calculation, if we compare these results with measuring data. Really,

dependencies measured by astronomers can be described by functions:

Cons
M=k (97)
(AZ)
Const
Ry=—2— T (98)
Z(w2)
Table 1. The calculated stellar parameters.
z R,,cm T,,K
(calculated (91)) (calculated (92))
1 2.0x10% 1961
2 1.0x10" 3923
3 6.65x10" 5885
4 5.0x10" 7845
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T, = Const,Z (99)

(Az)"
If to combine they in the way, to exclude unknown parameter Z, one can

obtain relation:
T,R, = ConstM®* (100)

Its accuracy can by checked. For this checking, let us use the measuring data
of parameters of masses, temperatures and radii of close binary stars [12] (see
[6]). The results of these measurements are shown in Figure 2, where the
dependence according to Equation (100). It is not difficult to see that these data
are well described by the calculated dependence. It speaks about successfulness

of our consideration.

5. The Thermodynamic Relations of Intra-Stellar Plasma

5.1. The Thermodynamic Relation of Star Atmosphere
Parameters

Hot stars steadily generate energy and radiate it from their surfaces. This is
non-equilibrium radiation in relation to a star. But it may be a stationary
radiation for a star in steady state. Under this condition, the star substance can be
considered as an equilibrium. This condition can be considered as quasi-adiabatic,
because the interchange of energy between both subsystems—radiation and
substance—is stationary and it does not result in a change of entropy of
substance. Therefore, at consideration of state of a star atmosphere, one can base
it on equilibrium conditions of hot plasma and the ideal gas law for adiabatic
condition can be used for it in the first approximation.

It is known, that thermodynamics can help to establish correlation between
steady-state parameters of a system. Usually, the thermodynamics considers
systems at an equilibrium state with constant temperature, constant particle
density and constant pressure over all system. The characteristic feature of the
considered system is the existence of equilibrium at the absence of a constant
temperature and particle density over atmosphere of a star. To solve this

problem, one can introduce averaged pressure

~ M?
S — (101)
IRO
averaged temperature
. |.TdV R
T= I"— ~T,| =% (102)
\ R,
and averaged particle density
.~ N,
n~—% 103
R: (103)

After it by means of thermodynamical methods, one can find relation between

parameters of a star.
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Figure 2. The relation between main parameters of stars (Equation (100)) and
corresponding data of astronomical measurements for close binary stars are shown.
These astronomical data were collected for the first time by K.F. Khaliullinin in his
dissertation [12] (in Russian) and with his permission is republished in [6].

5.1.1. The cp/cyv Ratio
At a movement of particles according to the theorem of the equidistribution, the
energy KT/2 falls at each degree of freedom. It gives the heat capacity
c, =3/2k.

According to the virial theorem [7] [8], the full energy of a star should be
equal to its kinetic energy (with opposite sign), so as full energy related to one

particle
£= —g KT (104)

In this case the heat capacity at constant volume (per particle over Boltzman’s

dE 3
°v —(ﬁl “2 (109

constant k) by definition is

The negative heat capacity of stellar substance is not surprising. It is a known
fact and it is discussed in Landau-Lifshitz course [7]. The own heat capacity of
each particle of star substance is positive. One obtains the negative heat capacity
at taking into account the gravitational interaction between particles.

By definition the heat capacity of an ideal gas particle at permanent pressure

[7] is
dw
Cp —(Fjp , (106)

where Wis enthalpy of a gas.
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As for the ideal gas [7]
W —& = NKT, (107)
and the difference between ¢, and ¢,

C, —C, =1. (108)

Thus in the case considered, we have

G == (109)

Supposing that conditions are close to adiabatic ones, we can use the equation

of the Poisson’s adiabat.

5.1.2. The Poisson’s Adiabat
The thermodynamical potential of a system consisting of N molecules of ideal

gas at temperature 7'and pressure P can be written as [7]:

®=const-N +NT InP—-Nc,TInT. (110)

The entropy of this system
S=const-N—-NInP+Nc, InT. (111)

As at adiabatic process, the entropy remains constant
—NT InP+ Nc,T InT = const, (112)

we can write the equation for relation of averaged pressure in a system with its

volume (The Poisson’s adiabat) [7]:
PV7 = const, (113)

~ Cp . . . . .
where 7 =-% is the exponent of adiabatic constant. In considered case taking

into account of Equations.(106) and (105), we obtain

- C 1

7= a" =3 (114)
As V¥~ R, we have for equilibrium condition

FA’]R0 = const. (115)

5.2. The Mass-Radius Ratio

Using Equation (101) from Equation (115), we use the equation for dependence

of masses of stars on their radii:

MZ
—5-=const (116)
RO

This equation shows the existence of internal constraint of chemical
parameters of equilibrium state of a star. Indeed, the substitution of obtained

determinations Equation (91) and (92)) into Equation (116) gives:
z~(NzZ)" (117)

Simultaneously, the observational data of masses, of radii and their temperatures
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was obtained by astronomers for close binary stars [12]. The dependence of radii
of these stars over these masses is shown in Figure 3 on double logarithmic scale.
The solid line shows the result of fitting of measurement data R, ~ M*®. It is
close to theoretical dependence R, ~ M?3 (Equation (116)) which is shown by
dotted line.

If parameters of the star are expressed through corresponding solar values

0

M
p= and u= Vi that Equation (116) can be rewritten as

RO (0]
=1 (118)
Y7
Numerical values of relations % for close binary stars are obtained from
U

Table [12] (see [6]).

5.3. The Mass-Temperature and Mass-Luminosity Relations

Taking into account Equations (52), (25) and (42) one can obtain the relation

between surface temperature and the radius of a star
T, ~ R7®, (119)
or accounting for Equation (116)

T, ~ M"* (120)

Figure 3. The dependence of radii of stars over the star mass. Here the radius of stars is
normalized to the sunny radius, the stars masses are normalized to the mass of the Sum.
The data are shown on double logarithmic scale. The solid line shows the result of fitting
of measurement data R, ~M®®. The theoretical dependence R, ~M?>* (Equation
(116)) is shown by the dotted line. These astronomical data were collected for the first
time by K.F. Khaliullinin in his dissertation [12] (in Russian) and with his permission is
republished in [6].
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The dependence of the temperature on the star surface over the star mass of
close binary stars [6] [12] is shown in Figure 4. Here the temperatures of stars
are normalized to the sunny surface temperature (5875 C), the stars masses are
normalized to the mass of the Sum. The data are shown on double logarithmic
scale. The solid line shows the result of fitting of measurement data (T, ~ M%),
The theoretical dependence T, ~ M2 (Equation (120)) is shown by dotted

line.
If parameters of the star are expressed through corresponding solar values

T
r=-—" and u=-—, that Equation (120) can be rewritten as
T, M,
T

Numerical values of relations for close binary stars are shown in the

T
/17/12
last table of [6].

The analysis of these data leads to few conclusions. The averaging over all

tabulated stars gives

7/12

<L> —1.007+0.07. (122)

Figure 4. The dependence of the temperature on the star surface over the star
mass of close binary stars. Here the temperatures of stars are normalized to
surface temperature of the Sun (5875 C), the stars masses are normalized to
the mass of Sum. The data are shown on double logarithmic scale. The solid
line shows the result of fitting of measurement data (T, ~ M®® ). The

theoretical dependence T, ~ M2 (Equation (120)) is shown by dotted line.

These astronomical data were collected for the first time by K.F. Khaliullinin
in his dissertation [12] (in Russian) and with his permission is republished in

[6].

DOI: 10.4236/jmp.2018.910120

1929 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.910120

B. V. Vasiliev

and we can conclude that the variability of measured data of surface temperatures
and stellar masses has statistical character. Secondly, Equation (121) is valid for
all hot stars (exactly for all close binary stars).

P

7 looks different. There are a few of
U

The problem with the averaging of

giants and super-giants in this Table. The values of ratio L;/s are more than 2
u

for them. It seems that, if to exclude these stars from consideration, the
averaging over stars of the main sequence gives value close to 1. Evidently, it

needs in more detail consideration.
The luminosity of a star
L, ~ R2T;. (123)

at taking into account (Equation (116)) and (Equation (120)) can be expressed as

L, ~ M"? ~ M3¥ (124)

This dependence is shown in Figure 5.

It can be seen that all calculated interdependencies R(M) , T(M) and
L(M) show a good qualitative agreement with the measuring data. At that it is
important, that the quantitative explanation of mass-luminosity dependence

discovered at the beginning of 20th century is obtained.

The Compilation of the Results of Calculations

Let us put together the results of calculations. It is energetically favorable for the
star to be divided into two volumes: the core is located in the central area of the
star and the atmosphere is surrounding it from the outside (Figure 6).

The core has the radius:

Y2 11
R, =208 2o | M | 1ADA0 (125)
z(Az)\om? ) T Z(AZ)

It is roughly equal to 1/10 of the stellar radius.
At that the mass of the core is equal to

MCh

M, =6.84 5 (126)
A
z
It is almost exactly equal to one half of the full mass of the star.
The plasma inside the core has the constant density
3
N :EZ—le.leoz“z3 cm™ (127)
Orm ag
and constant temperature
13
T =(25—X143j M |7~ 7x213x10 K. (128)
28n ka,
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Figure 5. The dependence of star luminosity on the star mass of close binary stars. The
luminosities are normalized to the luminosity of the Sun, the stars masses are normalized
to the mass of the Sum. The data are shown on double logarithmic scale. The solid line
shows the result of fitting of measurement data L ~ M®™ . The theoretical dependence
L~ M™% (Equation (124)) is shown by dotted line. These astronomical data were
collected for the first time by K.F. Khaliullinin in his dissertation [12] (in Russian) and
with his permission is republished in [6].

Figure 6. The schematic of the star interior.

The plasma density and its temperature are decreasing at an approaching to

the stellar surface:

6
ne(r):n*(R*j (129)

and
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4
R
Tr=’]I‘*£ j : (130)
r
The external radius of the star is determined as
A\
—m 11
N p
RO = ﬂz_ R* z6.44—><10]/20m (131)
2. m, Z(NZ)

and the temperature on the stellar surface is equal to

z

(AZ)

(132)

4
T, =’H‘*(R*j ~4.92x10°
R

0

5.4. About {Black Holes)

It seems that the idea about the ({black holes) existence is organic related to the
suggestion about an inevitable collapse of large cosmic bodies on the last stage of
their evolutions. However, the models of collapsing masses were appearing as a
consequence of the rejection from attention of the gravity induced electric
polarization of the intra-stellar plasma. At a thermal energy lowering, the
gravitational contraction of cooling star is balanced by a counteraction of
electrically polarized plasma. If to take into account this mechanism, the
possibility of collapse must be excludes.

It allows newly to take a look on the ({black hole) problem.

In accordance with the standard approach, the Schwarzshield radius of {black
hole) with mass My, is

2GM
Ly =—— (133)
c
and accordingly the average density of {black holes) :
3c®
= 134
T = 32aM2 G? (139

The estimations are showing that all large inwardly-galactic objects of all
classes—stars, dwarves, pulsars, giants—possess the mass of the order M, (or
10Mg, ). As the density of these objects are small relatively to the limit Equation
(134). As result, a searching of {black hole) inside stellar objects of our Galaxy
seems as hopeless.

On the other hand, stellar objects, consisting of hot relativistic plasma—a
quasars, in accordance with their mass and density, may stay {black holes). The
process of collapse is not needed for their creation. As the quasar mass
Mg, > M, all other stellar objects must organize their moving around it and
one can suppose thata {black hole} can exist at the center of our Galaxy.

6. Conclusions

Evidently, the main conclusion from the above consideration consists in

statement of the fact that now there are quite enough measuring data to place
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the theoretical astrophysics on a reliable foundation. All above measuring data
are known for a relatively long time. The traditional system of view based on the
Euler equation in the form Equation (1) could not give a possibility to explain
and even to consider with due proper attention to these data. Taking into
account the gravity induced electric polarization of plasma and a change starting
postulate gives a possibility to obtain results for explanation of measuring data
considered above.

Basically these results are the following.

Using the standard method of plasma description leads to the conclusion that
at conditions characteristic for the central stellar region, the plasma has the
minimum energy at constant density n,_ and at the constant temperature T, .

This plasma forms the core of a star, where the pressure is constant and
gravity action is balanced by the force of the gravity induced by the electric
polarization. The virial theorem gives a possibility to calculate the stellar core
mass M, and its radius R, . At that the stellar core volume is approximately
equal to 1/1000 part of full volume of a star.

The remaining mass of a star located over the core has a density approximately
thousand times smaller and it is convenient to name it a star atmosphere. At
using thermodynamical arguments, it is possible to obtain the radial dependence
of plasma density inside the atmosphere n, ~r™° and the radial dependence of
its temperature T, ~r™*.

It gives a possibility to conclude that the mass of the stellar atmosphere M,
is almost exactly equal to the stellar core mass.Thus, the full stellar mass can be
calculated. It depends on the ratio of the mass and the charge of nuclei
composing the plasma. This claim is in a good agreement with the measuring
data of the mass distribution of binary stars (and close binary stars too).> At that
it is important that the upper limit of masses of both binary stars and close
binary stars is in accordance with the calculated value of the mass of the
hydrogen star. The obtained formula explains the origin of sharp peaks of stellar
mass distribution. They evidence that the substance of these stars has a certain
value of the ratio A/Z. In particular, the solar plasma consists of nuclei with
A/Z =5.

Knowing temperature and substance density on the core and knowing their
radial dependencies, it is possible to estimate the surface temperature T, and
the radius of a star R, . It turns out that these measured parameters must be
related to the star mass with the ratio T,R, ~M%*. It is in a good agreement
with measuring data.

Using another thermodynamical relation—the Poisson’s adiabat—gives a way
to determine the relation between radii of stars and their masses RJ ~M?, and
between their surface temperatures and masses T,~M?" . It gives the
quantitative explanation of the mass-luminosity dependence.

The model described above gives a quite satisfactory quantitative explanation

°The measurement of parameters of these stars has a satisfactory accuracy only.

DOI: 10.4236/jmp.2018.910120

1933 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.910120

B. V. Vasiliev

to other astronomical data, such as seismic oscillations of the solar surface,

magnetic fields of stars, etc. [5].

The concept of star evolution, including their collapse and “black hole”

formation, is flawed.
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Abstract

FSC is shown to be an excellent model of Penrose’s Weyl curvature hypothe-
sis and his concept of gravitational entropy. The assumptions of FSC allow
for the minimum entropy at the inception of the cosmic expansion and rigo-
rously define a cosmological arrow of time. This is in sharp contrast to infla-
tionary models, which appear to violate the second law of thermodynamics
within the early universe. Furthermore, by virtue of the same physical as-
sumptions applying at any cosmic time ¢ the perpetually-flat FSC model pre-
dicts the degree of scale invariance observed in the CMB anisotropy pattern,
without requiring an explosive and exceedingly brief inflationary epoch. Pe-
nrose’s concepts, as described in this paper, provide support for the idea that
FSC models gravitational entropy and Verlinde’s emergent gravity theory.

Keywords

Flat Space Cosmology, Cosmology Theory, Gravitational Entropy, Weyl’s
Curvature Hypothesis, Black Holes, Cosmic Inflation, Cosmic Flatness,
Cosmic Microwave Background

1. Introduction and Background

If the expanding universe follows the second law of thermodynamics, then the
total cosmic entropy of each earlier epoch in time must have had a lower value.
The various theories of cosmic inflation appear to ignore this stipulation, as de-
tailed by Roger Penrose in his 2016 book entitled, Fashion, Faith and Fantasy in
the New Physics of the Universe [1]. Penrose makes a convincing argument that
the gravitational entropy state of the earliest universe (Ze., before the supposed

inflationary epoch at 1077 to 10~** second of cosmic time) must have been ex-
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ceedingly low, even in comparison to the post-inflationary universe. This is in
stark contrast to the belief on the part of inflationists that inflation “solves” the
problem posed by an extremely chaotic (Ze, high entropy) Big Bang quantum
fluctuation event as a beginning of the universe. Yet, as Penrose points out, any
such inflationary solution would be either a violation of the second law or an
unnecessary solution to a non-existent problem (Ze., that inflation began in a
smooth flat patch of primordial space-time). So, in Penrose’s view, a theory of
cosmic inflation is either a violation of physics or, at best, completely unneces-
sary. Others have expressed similar concerns with inflationary theory, including
one of its founders [2].

In 1979, before any theories of inflation were proposed, Penrose first ad-
dressed the tension between the remarkable apparent homogeneity and isotropy
of the universe (also inherent in the FLRW model) and the second law require-
ment of extremely low beginning entropy. He introduced the concept of “gravi-
tational entropy”, wherein the ongoing clustering of stars and galaxies, and the
formation of black holes, is in the direction of ever-greater total cosmic entropy.
Thus, in stark contrast to the thermal entropy of a gas, the total entropy of a gra-
vitating system can be considered to be lowest at its smallest scale and its most
homogeneous gravitational state. In his “Weyl curvature hypothesis” [3], Pe-
nrose associates the lowest entropy state of the earliest universe with a vanishing
Weyl curvature tensor. Thus, if one wishes to consider the theoretical possibility
of a “Big Bang” from a singularity condition, under this hypothesis, the universe
begins “free of independent gravitational degrees of freedom” [Penrose (2016),
pages 371-374]. Operationally, one can consider this to be a “zero” gravitational
entropy state with respect to any future positive gravitational entropy values of
the expanding universe. This gravitational entropy concept is a key feature of the
Flat Space Cosmology (FSC) model [4] and Erik Verlinde’s “emergent gravity”
(entropic gravity) theory [5] [6]. The concept of gravitational entropy also allows
for a very tight FSC correlation with the observed anisotropy magnitude (0.66 x
107 dT/T) in the cosmic microwave background (CMB) [7].

The Weyl curvature hypothesis and the FSC model both provide for a cosmo-
logical arrow of time [8]. This is in contrast to the standard inflationary model,
which has no effective means by which the law of entropy can be obeyed if the
model starts with a highly chaotic and high entropy quantum fluctuation event.

One of the current sources of tension between the most recent CMB observa-
tions [9] and standard inflationary cosmology is the assertion of global cosmo-
logical spatial flatness and dark energy dominance. The assertion of flatness sti-
pulates a Friedmann curvature & term value of zero, while the assertion of dark
energy dominance stipulates a small negative value to the & term. Both stipulations
cannot be true at the same time! Furthermore, while the near scale-invariance of the
CMB power spectrum is commonly touted to be a validation of inflationary
cosmology, scale invariance is even easier to explain in FSC. Scale invariance in a

cosmological model essentially means that the same laws of physics apply to any
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scale of the cosmological model. Thus, one would expect a large degree of
self-similarity between adjacent cosmological epochs in a spatially-flat model in
which the same set of basic assumptions is prescribed to occur at any cosmolog-
ical time ¢ The following section presents the current five basic assumptions of
FSC.

2. The Five Assumptions of FSC

FSC models the Hawking-Penrose conjecture that a smoothly-expanding cosmic
system beginning from a singularity can be modeled within the rules of general
relativity as a time-reversed black hole. Hence, the assumptions of FSC are as
follows:

1) The cosmic model is an ever-expanding sphere such that the cosmic hori-
zon always translates at speed of light C with respect to its geometric center at
all times ¢. The observer is operationally-defined to be at this geometric center at
all times t.

2) The cosmic radius R, and total mass M, follow the Schwarzschild for-
mula R = 2GMt/C2 atall times t.

3) The cosmic Hubble parameter is defined by H, =c/R, atall times t.

4) Incorporating our cosmological scaling adaptation of Hawking’s black hole
temperature formula, at any radius R, cosmic temperature T, is inversely pro-
portional to the geometric mean of cosmic total mass M, and the Planck mass
M, . R, isdefined as twice the Planck length (ie., as the Schwarzschild radius
of the Planck mass black hole). With subscript t for any time stage of cosmic
evolution and subscript pl for the Planck scale epoch, and, incorporating the

Schwarzschild relationship between M, and R,

3
kT, = nc N nc

"8G MM, 4n/RR;
(e Y L
t:[SnGk TJ Mp, (#)
(1) )
47:k Tt

RIT [ 4k,
ﬁ

IIZ

M
R

IIl

5) Total entropy S, of the cosmic model follows the Bekenstein-Hawking black
hole formula [10] [11], wherein R, is the cosmic radius at time ¢ and Z, is the
Planck length.

s =™ @)

These model assumptions correlate very closely with current observations, as
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detailed in “Clues to the Fundamental Nature of Gravity, Dark Energy and Dark
Matter” and “Temperature Scaling in Flat Space Cosmology in Comparison to
Standard Cosmology” [Tatum, et al (2018)]. It should be remembered that all
five of these assumptions apply to every second of the FSC cosmological model.
Hence, scale invariance to the degree seen in the CMB anisotropy pattern is a
prediction of FSC and must not be considered the exclusive domain of inflatio-

nary models.

3. Perpetual Friedmann'’s Critical Density in FSC

As described in some detail in the seminal FSC papers [12] [13] [14] [15], the
first three assumptions allow for perpetual Friedmann’s critical density (ie,
perpetual global spatial flatness) of the expanding FSC cosmological model from
inception. By dividing the Schwarzschild mass (defined in terms of cosmic

radius R,) by the spherical volume, and substituting CZ/RO2 with HZ,
2

Friedmann’s critical mass density p, = 3 (03
T

is achieved for any given moment

of observation (hence the subscript “0”) in cosmic time. So, perpetual Fried-
mann’s critical density (i.e., perpetual spatial flatness) from inception is a fun-
damental feature of the FSC model. For example, the current observational glob-
al Hubble parameter H, value is calculated by the FSC model to be
66.89325791854758 km-s™"-Mpc™', which fits the lower end range of the 2015
Planck Collaboration consensus observational value of 67.8 +/— 0.9 km-s™"-Mpc™
(68% confidence interval), as shown in the FSC “Clues” paper in the July 2018
issue of Journal of Modern Physics.

4. Gravitational Entropy in FSC

FSC models the Hawking-Penrose conjecture that a smoothly-expanding cosmic
system beginning from a singularity can be modeled within the rules of general
relativity as a time-reversed black hole. Thus, assumption #5 defining FSC
nR?
2
Lp

entropy by S, =

at all times ¢ seems appropriate. As of yet, there appear

to be no known scale limitations of a cosmological model which follows the
above assumptions. And yet, each successively earlier stage of the FSC model
must have a lower (gravitational) entropy value by virtue of the assumption that
the entropy of a black hole scales according to R?. Thus, it is shown by the
above theoretical considerations and model assumptions that FSC is a model of
Penrose’s Weyl curvature hypothesis, his concept of gravitational entropy, and

Verlinde’s theory of emergent gravity.

5. Summary and Conclusions

FSC has been shown to be an excellent model of Penrose’s Weyl curvature hy-
pothesis and his concept of gravitational entropy. The assumptions of FSC allow

for the minimum entropy at the inception of the cosmic expansion and rigo-
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rously define a cosmological arrow of time. This is in sharp contrast to inflatio-
nary models, which appear to violate the second law of thermodynamics within
the early universe. Furthermore, by virtue of the same physical assumptions ap-
plying at any cosmic time £ the perpetually-flat FSC model predicts the degree of
scale invariance observed in the CMB anisotropy pattern, without requiring an
explosive and exceedingly brief inflationary epoch. Penrose’s concepts, as de-
scribed in this paper, provide support for the idea that FSC models gravitational
entropy and Verlinde’s emergent gravity theory.
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Abstract

This paper, in conjunction with recent Flat Space Cosmology (FSC) publica-
tions, provides theoretical support for cosmic time being an emergent prop-
erty of cosmic entropy and temperature. Therefore, if Verlinde’s “emergent
gravity” theory is correct, both time and gravity are most fundamentally
emergent properties of cosmic thermodynamics. Since emergent properties
within complex systems with a huge number of degrees of freedom are often
not definable at the smallest scales, these results suggest that quantum time
and quantum gravity may be no more definable than consciousness within
two connecting neurons. String theorists now struggling to define quantum
space-time and quantum gravity should bear this in mind.

Keywords

Flat Space Cosmology, Cosmology Theory, Emergent Gravity, Dark Matter,
Cosmic Entropy, Entropic Arrow of Time, Universal Temperature, Black
Holes

1. Introduction and Background

A common dictionary definition of time is that it is “the measure of duration”.
However, this definition is somewhat unsatisfying, because “duration” is simply
a synonym for “time”. Einstein’s definition of time as “what a clock measures” is
correct, of course, but gets us no closer to a fundamental understanding of time.
The difficulty with the philosophical question “What is time?” is that one cannot
define time in a fundamental way using only words, because any word definition
of time invariably must use another word which can only be defined in terms of

time [1].

The only alternative to defining time in words is to use a more rigorous form
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of symbolic logic, namely mathematics. Mathematics is essentially rigorous logic
without the use of words, with the only exception to rigor being that some be-
ginning set of assumptions ultimately derived from word logic is necessary as a
starting point of any mathematical derivation. As proven in Godel’s theorem, all
mathematical systems must start with at least one unprovable assumption.

Aside from issues concerning starting assumptions, even with the use of ma-
thematical equations, it is not necessarily easy to define time in a fundamental
way. Every student of elementary physics learns the equation vz = s, where v
stands for velocity, ¢ stands for time, and s stands for distance travelled. Alge-
braic rearrangement defines time by ¢ = s/v (ie, time as distance divided by ve-
locity). However, this equation gets us no closer to a fundamental meaning of
time than a word definition, because the physics definition of velocity can only
be given in terms of time. When we search all other Gallilean and Newtonian
physics equations incorporating a time symbol # we invariably find at least one
other variable within each equation which can only be defined in terms of time.

It was not until the 19" and early 20" centuries that time could be redefined in
a non-Newtonian way. The first important breakthrough appears to have been
Maxwell’s discovery of a fundamental velocity (ie., speed of light ¢) which was
entirely derivable from Faraday’s laws of electromagnetism, which did not in-
corporate a time variable! Then, in 1905, Einstein conclusively proved that cis a
fundamental constant of nature which is completely unshackled from the New-
tonian concept of absolute time, and the tautological time definitions that come
with it.

Of even greater importance, for the purposes of this introduction, was Ludwig
Boltzmann’s concept of entropy, which also did not incorporate a time variable.
Entropy allowed for a probabilistic, but inevitable, sequence progression (ie.,
progressive change) within highly complex systems with many degrees of free-
dom, including the cosmos itself. Unfortunately, Boltzmann didn’t live long
enough to see the potential cosmic consequences of his second law definition,
because the universe in his day was widely believed to be infinite, eternal and
unchanging.

It was not until Edwin Hubble’s discovery of an expanding universe that
Einstein and the rest of the scientific world recognized the importance of under-
standing universal parameters in terms of their fundamental relationship to
cosmic time. This opened the way for thinking of cosmic time as being somehow
deeply connected to cosmic entropy. The idea of a cosmic “entropic arrow of
time” was seriously entertained, although, until recent developments, no one
had any idea how to mathematically define cosmic entropy in terms of cosmic
time, particularly for infinite universe theories or cosmic models with no defina-
ble finite horizon.

The recent developments began with the Bekenstein-Hawking definition of
black hole entropy [2] [3] and its possible application to cosmological models

according to

DOI: 10.4236/jmp.2018.910122

1942 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.910122

E. T. Tatum, U. V. S. Seshavatharam

1

5= ™ (1)

2
LP

wherein S, represents cosmic entropy at time # R, represents the cosmic radius at
time 4 and L, represents the Planck length. Furthermore, the Hawking-Penrose
conjecture that a universe smoothly expanding from a singularity could be mod-
eled as a time-reversed black hole was another development. Such a model im-
plies an ever-expanding, but definable and finite, cosmic horizon with a surface
area which is directly proportional to the total entropy of the cosmic system at
each point in cosmic time. Finally, the Flat Space Cosmology (FSC) model in-
corporated into spatially-flat universe Friedmann equations [4] completed this
development using the inspiration of the Hawking-Penrose conjecture. The
purpose of the current paper is to show how algebraic rearrangements from this
July 2018 Journal of Modern Physics FSC paper may provide for a more funda-

mental understanding of cosmic time.

2. Results

An entropic arrow of cosmic time is rigorously defined in FSC according to the

t= [CL#}E )

wherein ¢ represents cosmic time, Z, represents the Planck length, c is speed of

following equation

light and /S is the square root of Bekenstein-Hawking’s entropy S at time ¢
[see Equation (1)]. As detailed in the FSC references [4] and [5], Bekens-
tein-Hawking’s entropy is a unitless ratio, and the correct-scaling entropy term
in FSC is /S . The reason for this is simply that cosmic entropy in terms of
JS scales in exactly the same way as cosmic time  (60.63 logs of 10 from the
Planck scale). Furthermore, the FSC “Universal Temperature” 77, scale [5],
which is defined in a one-to-one correspondence to the Kelvin scale T'by 7, =
T?, scales downward from the Planck scale temperature by 60.63 logs of 10 as
time scales upward from the Planck scale time by 60.63 logs of 10. This allows

for a thermodynamic arrow of time in the form of
L c L c’
2p 2 TU—1 = 2p 2 T (3)
32n°kzG 32n°k;G

wherein 7, and T are defined as above and the other terms are well-known con-

t

I

stants.

3. Discussion

The above FSC definitions of cosmic time are in terms of cosmic entropy Js,
cosmic Universal Temperature 7, and temperature 7'in the Kelvin scale. Thus,
in this cosmological model, cosmic time appears to be fundamentally an emer-

gent property of cosmic thermodynamics. Furthermore, Erik Verlinde has re-
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cently suggested very persuasively that gravity and its manifestations (including
dark matter and dark energy) are also emergent properties of cosmic entropy [6]
[7]. The paper entitled “Clues to the Fundamental Nature of Gravity, Dark
Energy and Dark Matter” [Tatum, et al (2018)] shows how FSC appears to be
the cosmological model correlate to Verlinde’s “emergent gravity” theory. Fur-
thermore, as detailed in the July 2018 Journal of Modern Physics paper entitled
“A Potentially Useful Dark Matter Index” [8], there now appear to be at least
four recent observational studies [9] [10] [11] [12] in support of Verlinde’s
“emergent gravity” theory, particularly with respect to observations currently at-
tributed to “dark matter.” In addition, our own July 2018 Journal of Modern
Physics paper entitled “Equivalence between a Gravity Field and an Unruh Ac-

3%

celeration Temperature Field as a Possible Clue to ‘Dark Matter” [13] provides
further theoretical support for “dark matter” not actually being particulate in
nature. Thus, it appears likely that additional persuasive evidence in support of
Verlinde’s “emergent gravity” theory will be forthcoming. For the time being,
one must keep an open mind. However, if Verlinde’s theory is correct, both time
and gravity are most fundamentally emergent properties of cosmic thermody-

namics.

4. Summary and Conclusions

The current paper, in conjunction with recent FSC publications, provides theo-
retical support for cosmic time being an emergent property of cosmic entropy
and temperature. Therefore, if Verlinde’s “emergent gravity” theory is correct,
both time and gravity are most fundamentally emergent properties of cosmic
thermodynamics. Since emergent properties within complex systems with a huge
number of degrees of freedom are often not definable at the smallest scales,
quantum time and quantum gravity may be no more definable than conscious-
ness within two connecting neurons. String theorists now struggling to define

quantum space-time and quantum gravity should bear this in mind.
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Abstract

The purpose of this paper is to show how one can use the FSC model of gra-
vitational entropy to calculate cosmic radiation temperature anisotropy for
any past cosmic time ¢ since the Planck scale. Cosmic entropy follows the Be-

kenstein-Hawking definition, although in the correct-scaling form of Js,
which scales 60.63 logs of 10 from the Planck scale. In the FSC model, cosmic
radiation temperature anisotropy A, = (#/¢,). The derived past anisotropy val-
ue can be compared to current co-moving anisotropy defined as unity (z,/¢,).
Calculated in this way, current gravitational entropy and temperature aniso-
tropy have maximum values, and the earliest universe has the lowest entropy
and temperature anisotropy values. This approach comports with the second
law of thermodynamics and the theoretical basis of the Sachs-Wolfe effect,
gravitational entropy as defined by Roger Penrose, and Erik Verlinde’s
“emergent gravity” theory.

Keywords

Flat Space Cosmology, Cosmic Microwave Background, CMB Anisotropy,
Cosmology Theory, Cosmic Entropy, Gravitational Entropy, Black Holes,
Standard Cosmology

1. Introduction and Background

In the July 2018 issue of Journal of Modern Physics, the paper entitled, “How the
CMB Anisotropy Pattern Could Be a Map of Gravitational Entropy” [1] presents
the rationale for Flat Space Cosmology (FSC) calculations of gravitational en-
tropy in the form of /S . The theoretical basis for doing so is the Sachs-Wolfe
effect [2]. The Sachs-Wolfe effect is widely considered to be the source of large
angular scale temperature fluctuations in the cosmic microwave background

(CMB). However, in a spatially flat universe, the Sachs-Wolfe effect can also be
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considered to be the source of the smaller angular scale fluctuations of the CMB
temperature anisotropy [3]. The Boomerang Collaboration [4] reported CMB
anisotropy observations closely fitting “the theoretical predictions for a spatially
flat cosmological model with an exactly scale invariant primordial power spec-
trum for the adiabatic growing mode” [Bucher (2015), page 6]. Thus, this theo-
retical basis for the Sachs-Wolfe effect as a measure of “gravitational potential”
appears to explain the tight correlation between the FSC CMB anisotropy calcu-
lations and the observed CMB anisotropy [5] [6] [7].

Furthermore, the FSC CMB anisotropy paper and its companion paper [8] in
the July 2018 journal of Modern Physics show how the FSC model dovetails
nicely with Erik Verlinde’s concept of “emergent gravity” as an emergent prop-
erty of cosmic entropy [9] [10] and Roger Penrose’s concept of gravitational en-
tropy [11] based upon his “Weyl’s curvature hypothesis” [12] [13].

The purpose of this paper is to show how the FSC CMB anisotropy paper
opens the way for a definition of cosmic radiation temperature anisotropy at any
cosmic temperature T, whether it is in the form of “Universal Temperature” 77,
as defined in FSC reference [14], or in the Kelvin temperature scale. Although
the FSC CMB anisotropy paper shows how to calculate the gravitational entropy
ratios relating entropies at given years of cosmic time since the Planck epoch,
these values can also be calculated in given seconds of cosmic time since the
Planck epoch. This allows for the first year cosmic times and gravitational en-
tropies to be correlated second-by-second as shown below (see Equation (3)).
Therefore, cosmic radiation temperature anisotropy is not only predicted by FSC
for the CMB recombination/decoupling “last scattering surface” but also for any
other cosmic time t.

The rationale for generalizing the radiation temperature anisotropy calcula-
tions to be presented herein can be summarized as follows: Sachs and Wolfe
used a gravitational redshift theoretical argument that radiation temperature
anisotropy could be a result of inhomogeneous gravitational particle clustering.
So, while they applied their argument in anticipation of refined CMB anisotropy
observations, there was nothing particularly special about the CMB emission
event with respect to their gravitational redshift argument. The recombina-
tion/decoupling event concerned photon emission, making the event observable.
However, the coupling of electrons with protons to form the first hydrogen
atoms should have no impact whatsoever on gravitational particle clustering. As
explained in reference [1], the Sachs-Wolfe effect is now widely considered to be
the theoretical basis for large angular scale radiation temperature fluctuations.
Furthermore, in a spatially flat universe, the Sachs- Wolfe effect can also be con-
sidered to be the source of the smaller angular scale fluctuations of the CMB
temperature anisotropy [3]. Therefore, based upon this scale-invariant flat un-
iverse Sachs-Wolfe effect, the calculation method presented in reference [1] and
herein is believed to be generalizable to any other gravitational particle cluster-

ing stage (i.e., gravitational entropy stage) of universal expansion.
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The reader will maximally benefit in reading the present paper after first
reading FSC references [1] [8] and [14]. FSC is a mathematical model of the
Hawking-Penrose conjecture that a universe smoothly expanding from a singu-
larity can be treated, under general relativity, much like a time-reversal of giant
black hole collapse to a singularity. A brief introductory review of the FSC as-
sumptions, and their justification, is provided below. The five assumptions of
ESC are:

The Five Assumptions of Flat Space Cosmology

1) The cosmic model is an ever-expanding sphere such that the cosmic hori-
zon always translates at speed of light ¢ with respect to its geometric center at
all times ¢ The observer is operationally-defined to be at this geometric center at
all times t.

2) The cosmic radius R, and total mass M, follow the Schwarzschild for-
mula R = 2GMt/CZ at all times t.

3) The cosmic Hubble parameter is defined by H, =c/R, atall times t.

4) Incorporating our cosmological scaling adaptation of Hawking’s black hole
temperature formula, at any radius R, cosmic temperature T, is inversely pro-
portional to the geometric mean of cosmic total mass M, and the Planck mass
M-
of the Planck mass black hole). With subscript t for any time stage of cosmic

R, is defined as twice the Planck length (ie., as the Schwarzschild radius

evolution and subscript pl for the Planck scale epoch, and, incorporating the
Schwarzschild relationship between M, and R,

hc® . I
8xG MM, ~ 4n [RR,

YIS (L N SN
C T 8nGk,T, ) M,

el W
414

H]  ©
t=2t (0)

KgT, =

IIZ

R

RT’

IIl

5) Total entropy of the cosmic model follows the Bekenstein-Hawking black
hole formula [13] [14].

= 2)

The first two assumptions are based upon a literal interpretation of the
Hawking-Penrose conjecture as it would pertain to a smoothly-expanding
Schwarzschild black hole. The third assumption (Hubble parameter) treats

maximally redshifted radial photons at the cosmic model horizon as moving
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with speed of light ¢ relative to the geometric center at a distance of horizon ra-
dius R, This is a stipulation of relativity. The fourth assumption is a cosmic
temperature scaling assumption. While it shows similarity to the static Hawking
black hole temperature formula, the FSC cosmic model is treated as scaling in
Planck mass increments. This allows for dynamic cosmic expansion modeling
from the Planck scale epoch. Finally, the fifth assumption utilizes the Bekens-
tein-Hawking entropy definition, which seems appropriate for a model of the
Hawking-Penrose conjecture. The numerous observational correlations of FSC

are given in references [8] and [14].

2. Calculating Radiation Temperature Anisotropy in FSC

Equation (11) from reference [14] gives an FSC cosmic time value of 10"
seconds at the beginning of the recombination/decoupling epoch (3000 K). This

equation is repeated here as Equation (3):

T?t, =3.426525959553982x 10" K? s (3)

wherein cosmic temperature 7'is in degrees K and cosmic time ¢ is in seconds
since the Planck epoch. For reasons given in the reference [1] Discussion sec-
tion, the “end of decoupling” event happened in the FSC model at 10'*® seconds
(at a temperature of 924.63 K) after the Planck epoch. The Planck epoch is the
cosmic time of the Planck-scale universe and is often considered to be the ap-
proximate moment of the “Big Bang” in standard cosmology. FSC reference [8]

derives

Js = Cft )
p

showing the direct proportionality relationship between gravitational entropy
JS and cosmic time ¢ Speed of light c and Planck length Z, are assumed to be
constants over cosmic time. Thus, if we normalize the proportionality constant
to unity and operationally define JS  in terms of seconds,

JS = 107295 at 1072° second of cosmic time at Planck temperature 5.6 x
10*° K;

JS  =10" at 10" seconds of cosmic time at CMB beginning temperature
3000 K;

JS =102 at 10'2¢ seconds of cosmic time at end-of-decoupling tempera-
ture 924.63 K;

JS =107 at 107 seconds of cosmic time at current temperature 2.72548
K.

The above CMB emission epoch gravitational entropies (10'*® and 10'*°) can
then be related to current cosmic entropy (10'7%), in ratio form, as follows:

[\/g at the beginning of CMB emission]/ [\/g at current time] = 8.25 X
107 (0.825 x 107%);

[\/g at the ending of CMB emission]/[ \/g at current time] = 8.69 x 10°°
(0.869 x 107).

DOI: 10.4236/jmp.2018.910123

1949 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.910123

E. T. Tatum

These derived values of the beginning and ending CMB radiation temperature
anisotropy are the same as those calculated in reference [1]. This value range fits
the COBE DMR CMB d77 T anisotropy measurement of 0.66 X 107, as well as
with the WMAP and Planck report anisotropy estimates of “approximately”
107,

Thus, if this process for calculating the CMB radiation temperature anisotropy
as gravitational entropy ratios can be generalized and extended all the way back
to the Planck epoch (and conceivably beyond), the formula for doing such cal-

culations is:

A =~S /S, =t/t, (5)

wherein A, is the radiation temperature anisotropy at cosmic time £ ~/S, is the
gravitational entropy (cosmic entropy) at cosmic time # ~/S, is the gravita-
tional entropy (cosmic entropy) at current time £, and #¢, is the ratio of these
time values. This radiation temperature anisotropy formula can also be substi-
tuted by other FSC parameters correlated to S, as seen in reference [8].
Thus,

A=R/R, (6)

wherein R, is the cosmic radius at cosmic time ¢ and R, is the current observed

cosmic radius.
A =TT )
wherein 7, is the current cosmic radiation temperature in degrees Kelvin

(2.72548 K) and 7, is the cosmic radiation temperature in degrees Kelvin at cos-

mic time £

A =Tuo /Ty, 8)
wherein 77, is the current cosmic radiation temperature in Universal Tempera-
ture units and 7, is the cosmic radiation temperature in Universal Temperature
units at cosmic time # As indicated in reference [14], 7, is defined by T, =T?.

Based upon this calculation method, the following Figure 1 and Figure 2 can
be presented. For comparison, the reader is referred to Figure 1 and Figure 5 in
reference [14]. The lines are linear because the vertical and horizontal axes scale
in a logarithmic fashion.

Figure 1 shows how radiation temperature anisotropy and total cosmic en-
tropy in the form of VS scales with respect to cosmic time #and Kelvin tem-
perature 7. CMB starting and ending values are denoted by the white circles.

Figure 2 shows how radiation temperature anisotropy and total cosmic en-
tropy in the form of VS scales with respect to cosmic time ¢ and Universal
Temperature 7. CMB starting and ending values are denoted by the white cir-

cles.

3. Discussion

Extensive comparisons between FSC and standard inflationary cosmology are

given in reference [15]. Standard inflationary cosmology has no theoretical basis
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Figure 1. Total entropy, Kelvin temperature T, and temp anisotropy.

for predicting and calculating radiation temperature anisotropy at any given
cosmic time. Thus, standard model practitioners can only guess as to the possi-
ble reasons why the CMB anisotropy pattern has a d7/ 7 RMS anisotropy value
of 18 micro-Kelvins/2.725 K = 0.66 x 107%, as measured in the COBE DMR expe-
riment [Wright (1996)]. Current speculation seems to favor a CMB pattern
produced by a “quantum fluctuation” Big Bang event smoothed out by cosmic
inflation and splayed out across the sky. It is even proposed that a “quantum
fluctuation” CMB pattern somehow must provide important clues to the nature
of gravity at the quantum scale (i.e., “quantum gravity”).

In contrast, the FSC model, as detailed in references [1] and [8], indicates that
the CMB pattern could simply be a map of gravitational entropy. The theoretical
basis for this interpretation owes much to the prior work of Sachs and Wolfe,
Hawking, Penrose and Verlinde, as discussed in both FSC papers. Verlinde’s
papers [9] [10], in particular, address the deep correlation between cosmic en-
tropy and gravity. Thus, given the FSC success in correlating gravitational en-
tropy in the form of JS with the observed anisotropy of the CMB pattern, the
current paper proposes a reasonable extension of the same rationale to calculat-
ing radiation temperature anisotropy at any past cosmic time ¢ relative to cur-
rent cosmic anisotropy. For comparison purposes, current co-moving anisotro-

py can be defined as unity [ie, log(z/t) = 0].
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Figure 2. Total entropy, universal temperature 7,, and temp anisotropy.

Note that, by this definition of current co-moving anisotropy, current gravita-
tional entropy and temperature anisotropy have maximum values, and the earli-
est universe has the lowest entropy and temperature anisotropy values. This ap-
proach comports with the second law of thermodynamics and the theoretical ba-
sis of the Sachs-Wolfe effect, gravitational entropy as defined by Roger Penrose,
and Erik Verlinde’s “emergent gravity” theory.

4. Summary and Conclusions

The purpose of this paper has been to show how one can use the FSC model of
gravitational entropy to calculate cosmic radiation temperature anisotropy for
any past cosmic time ¢ since the Planck scale. In the FSC model, cosmic radia-
tion temperature anisotropy A, = (#¢,). The derived past anisotropy value can be
compared to current co-moving anisotropy defined as unity (t,/¢,). Calculated in
this way, current gravitational entropy and temperature anisotropy have maxi-
mum values, and the earliest universe has the lowest entropy and temperature
anisotropy values. This approach comports with the second law of thermody-
namics and the theoretical basis of the Sachs-Wolfe effect, gravitational entropy

as defined by Roger Penrose, and Erik Verlinde’s “emergent gravity” theory.
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1. Introduction

Three years ago, the author presented a paper describing the gravitational forces

as a result of anisotropic energy exchange between baryonic matter and quan-
tum vacuum [1]. Here, we try to show that the theory of circulation of double
stars around a common center of mass yields arguments in favor of the above
theory. Our goal can be achieved by investigating orbiting of two stars having
equal masses. We present two such models: the first one with a circular orbit and
the second one with two elliptical orbits with a common center of a mass located
in a common focal point. The presented mathematical descriptions of the above
models are derived by the author and certainly only the methods of derivations
are new. Most of the results belong to the existing knowledge. As regards the
circular orbit, we applied the notion of the instantaneous complex frequency.
We introduce the following notations:

0 MKS system of units is applied.

0 Ellipse: a—semi-major axis, b = semi-minor axis, e—eccentricity;

o s (t) =q (t) + ja)(t) —instantaneous complex frequency;
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G =6.67384x107" [m"’ / ( kg -s? )J —gravitational constant;
(p, p)—polar coordinates of the ellipse centered at the focus;
p.—curvature radius;

P—power;

E—energy;

F—force;

O O O 0O O 0O ©°

T'= orbital period.

N

. A Model of a Double Star of Equal Mass Orbiting on a
Circular Orbit

Figure 1 shows a circular orbit of a constant radius p,. Both stars are separated
by the distance |, =2p,. The angular position of the first star is defined by the
phasor , (t)=0,exp( jost);¢, (t) =t , and the second by
v, (t)=prexp(japt +7);¢, (t) = wpt + ©_This system is described by the equality
of two forces: the gravitational force of attraction and the centrifugal inertial
force.

For the circular orbit of Figure 1 (no inspiral), the two forces are collinear and
have opposite directions. They should have the same magnitude. This equality of

forces is described by
Gm’

F =
4p¢

g

=F, =ma}p, . (1)

We get the following time-independent relations between the angular velocity

N L il )
P74t R

The orbital tangential velocity is V, = @,p,. Therefore, the kinetic energy of

w, and the radius p;:

the system is E, =mVv. and the potential energy E,=-2p, | F, | The potential
energy is negative. Its value equals twice the kinetic energy. Therefore, the total
energy of the system is negative and time independent. Several authors derived
formulae for calculation of the power of gravitational waves emitted by the sys-
tem of Figure 1. The derivations apply linearized version of Einstein’s theory of
relativity. Let us present two examples:

26w’

Valeria Ferrari [2] derived the following formulae; P = P
c 0

(W],

m,m,

where u= , M=m+m, and |,=2p, is the orbital separation. If

m, =m,, we get
2G* m°
P=C"—5—%
5¢ py

26

5 ¢?

[W]. (3)

In the book of Gasperini [3], we find P = a‘wg [W], where a is wrongly

defined as one half of the orbital separation. Deleting this error and insertion
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Figure 1. The circular orbit of binary stars. Cartesian coordinates (x, y).

the formula (2), we get again (3). The above presented well known theory does
not explain the phenomenon of inspiral. The famous observations by Taylor and
Hulse [4] [5] [6], of the binary pulsar PSR1913+16 have shown that the stars in-
spiral. The instantaneous radius p(# decrease and the instantaneous angular ve-
locityw(t) increase. In order to explain this phenomenon we introduced a de-
scription of the circular system using the notion of instantaneous complex fre-

quency [7] [8].

3. Instantaneous Complex Frequency Description of the
Circular Binary System

We have to show that due to the emission of gravitational waves, the trajectory
of the stars is not circular since the instantaneous radius decrease in time and
the angular velocity and tangential velocity increase in time. The stars are orbit-
ing along spirals (Figure 2). A convenient method of description of this pheno-
menon is the notion of instantaneous complex frequency. The phasor

representing the first star has the form
v ()= oy exp[ﬁs(t)dt ¥ j(p(O):|; s(t)=a(t)+ jo(t) (4)
and the second one
v, (t)=p, exp['[;s(t)du j[¢(0)+nﬂ, (5)

a (9 is called instantaneous radial frequency and «(#—instantaneous angular

frequency. The instantaneous radius is p(t)=p, exp“(ja(t)dt] In the
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Figure 2. Inspiral orbits with enlarged rate of inspiral of binary stars. Cartesian coordi-
nates (x, y).

simplest description of the properties of inspiral, the instantaneous complex
frequency is time independent: S(t)=-,+ jo,. In this case, the Cartesian
coordinates of the orbit are:
0 For the first star X (t) = p, exp(—a,t)cos(wpt);
y(t) = pyexp(—agt)sin(wpt);
0 For the second X(t)=—p,exp(—a,t)cos(wyt);
y(t)=—pyexp(—at)sin(ayt).

We have to explain why the stars accelerate by orbiting along the inspiral orbit.
2

m
Let us show that the gravitational force F, = 4G2 ©
£

F.=ma?p, differ by magnitude and direction. The orbital distance

and the centrifugal force

2p(t)=2p,exp [— j;a(t)dt] is a line connecting the mass centers through the
origin (0, 0) and defines the direction of gravitation force. Differently, the direc-
tion of the centrifugal force F,is defined by the curvature radius p. The geome-
try of the addition of the two forces is presented in Figure 3 (with large rate of

inspiral). In the case «(t)=—q,, the angle yis given by the formulae (see Ap-

pendix 1)
tan (7 (1 =0)) =22, siny(1=0)) = ——2/%__,
o) 1+(a0/w0) ©
1
cos(y(t=0)) -—
1+(0‘0/C"o)
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Figure 3. The gravitation force F, is not collinear with the
centripetal force F, the forces F, and F cos(y) cancel
and F_sin(y) has the direction of the tangent of the orbit

causing de-acceleration (right) or deceleration (left).

The inspiral orbit is defined by the equation

Gravitational force x cos[ y (t) | = Centrifugal force . (7)

However, there is a tangential force (see Figure 3)

tan

Tangential force = F,,, = Gravitational force xsin| »(t)]. (8)

However, for the quasi-circular orbit, the tangential force is extremely small.

This force induces acceleration of the mass m given by
a(t)=mFy,. )

In consequence, the instantaneous angular frequency is increasing in time

o(t)=ay + [La(t)dt == (10)

T(t)
where 7(?) is a decreasing instantaneous period. The energies of the system also

increase in time. The instantaneous tangential velocity of the stars is
v(t)=a(t)p.(t). (11)

The curvature radius is (see Appendix 2)

(1+(0‘0/‘00 )2 )3/2
1_(%/% )2 '

The instantaneous kinetic energy of both stars is E, (t)=mv?(t) and the
: : : . Gm?
instantaneous negative potential energy is Ep (t) = Fg p(t) =————. We start

4p(t)
the investigations with Equation (2). We can define the value of the radius p, or
of w, but not of both. Our choice is the value @, = 2r/T, = 2.259554 x10"[rad/s] ;
T, =2.788720x10*[s] measured by Taylor and Hulse [8]. Using (2), we get the
following values: the radius p, =9.706500x10°[m]. The tangential velocity
equals V=g,p, =2.193236x10°[m/s] (about 219 km/s). The kinetic energy of
both stars is E, =mv® =1.346134x10%*[J] and the negative potential energy

—apt

P (t)=poe (12)
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(magnitude twice of E) is E, =—Gm’/(2p,) =-2.692268x10* [J] =—2E, . The
total energy of the system is negative. The power of the gravitational waves
emitted by the system given by Equation (3) is P =6.523698x10%[W].

1) Estimation of the value of the radial frequency aq,

The decrease of the radius of the circular model in one period 7j is

= poe*aoTo — poe*Z“(‘Zo/“'o) . (13)
We have an increase of the negative value of the potential energy
Gm>  Gm
b =— ~———(1+2na, /) - (14)
4p 4p,

Therefore, we get the increase
-Gm

VE . ~
4p,

4

(2nay /). (15)

pl

Assuming arbitrary that this increase should be equal to the energy emitted by

gravitational waves during one period we get

—-Gm
VE, ~

(2nay [, ) = PT, = P2n/ a, . (16)

Po

Therefore,

oy~ —Ei[s*] = —6.526980x10%/2.692268 x10* = —2.424343x10%%. (17)
p

2) The increase of the angular frequency (or decrease of the period T;)
during the inspiral

Taylor and Hulse have measured that the period of the PSR system decreases
by 76.5 ps per year [6]. Let us derive a formula for this decrease for the circular

—apt

system. We insert in Equation (2) p(t)= p,e in place of p, getting

3
——apt

m - T(t)=Tee 2

G 3,
o(t)= Tt wye?

ot

(18)

The decrease of the period per year is

3
——%tyear

VT :TO—T(tyear):T{l—ez

year

} ~ _gToaotyear =3.18022x10°[s]. (19)

It is more than one order of magnitude smaller in comparison to 76, 5 us per
year of the PSR system. Therefore, the circular model cannot be applied to de-
scribe the properties of the PSR elliptical system.

3) The increase of the negative value of the potential energy

The potential energy at the moment #=0 is

2
E, (0)=-S"" — 269226810 [4]. (20)
2p,
The value after one year is
Gm?
E, (tew ) =————[J]- (21)

- 2[0 e_aotyear
0
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The increase is

VE, = E, (0)(e™ ~1) = -2.052708x10" [J]. (22)

p

The division by £.,, yields the power

ear

p-YEs _ 6526017107 [W], (21)
year
Le., exactly the value defined by Equation (3) which represents the power of the
emitted gravitational waves. This result validates the correctness of Equation (17)
defining a, and Equation (19) defining the delay per year. The negative sign of
this power is applied in the book of Gasperini [3] with no comment. We found
that the authors of reference [9] derived a formula with a negative sign of the
gravitational “Poynting vector” also with no comment.
4) The inspiral time
The main goal of this paper is to validate the explanation of the nature of

gravity presented in [1]. Having this in mind, let us describe only briefly the
process of inspiral. During each period the radius p(t)=p, exp(—j; a (t)dt) is
a bit shorter, each next period is shorter corresponding to an increase of the an-

gular frequency which is a function of time. As well, the instantaneous radial

frequency increases with time. The angular frequency is

Gm? s ot
o(t)= |———=w,e? ; a(t)=«,. (22)
( ) 4P3 (t) 0 ( ) 0
We get
—ant —ant —3

T(t)=Tee2 and VT(t)=T,-T(t)=T,|1-e 2 z7Toaot. (23)

The instantaneous radius is
p(t)=p, exp[—ﬁ a (t)dt} ~ P a(t)ra,. (24)
The decrease of the radius during a year is
VPyear = Po (1— g e ) . (25)

The overestimated number of years of the total inspiral (overestimated since

calculated using the constant value a) is

1 ~1
Number of years = Po_ _ e — =1.098x10""years]. (27)
Vp year 1 —€ Oyear aotyear

5) Concluding remarks about the circular system

During a single revolution, the emitted power may be classified as time inde-
pendent since the increase is negligible. The directional pattern
o (Q)[W/steradian] is circular symmetric with maximum radiation in the
plane of the circle. The total energy of the system during a single revolution has

a negligible time dependence. The radiation is emitted in twice the orbital fre-
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quency with a circular polarization [2]. In long times, there is an increase of the
power and the negative energy of the system. Therefore, assuming that the gra-
vitational waves carry positive energy, the emission is at the cost of increasing
negative energy of the system. The presented theory of inspiral is valid only in
the frame of a linear gravitation. The phenomena in the last stage of inspiral are
certainly governed by nonlinear effects. Recently, the LIGO system registered a
chirp like signal of duration about 0.17 [s] emitted by two black holes shortly
before the collapse [10] [11]. Certainly, a linear theory is unable to describe this

signal.

4. The Theoretical Model of the Binary Pulsar PSRB1913+16

The PSR system differs considerably from the above described circular system.
The two stars are orbiting along elliptical orbits (see Figure 4) around a com-
mon center of mass located in the focus. We consider again equal masses
m, =m, =m. The data of this system measured by Taylor and Hulse are pre-
sented in Appendix 1. In the circular model, the distance between the stars, the
angular velocity w, the tangential velocity and the potential and kinetic energies
could be classified as constant during a single orbital time. This is not the case in
the PSR system. For example, the velocity changes from v,,, = 450 [km/s] to 120
[km/s]. These changes overshadow by several orders the inspiral change due to
the emission of gravitational waves.

1) The description of the elliptical orbits in polar coordinates centered at
the focus

The elliptical orbit of the first star can be defined in polar coordinates (p, ¢)
centered at the right focus of the left ellipse (Figure 4). The radius p in terms of
the angle ¢ is given by the formula

1-¢?
PlO)=a T cos(e) 29

and for the second one centered in the left focus of the right ellipse is

plp)= af (29)
1-&cos ( o+ n)

Note that the angle ¢ is a function of time. However, our derivations have the
form of functions of ¢. The inverse function #¢) has no closed form. Our goals
do not require the presentation of these relations.

For ¢ =0, we get periastrone separation = 2&[1—8] and for ¢ = m, the apa-
strone separation =2a[l+¢| . The insertion of the semi-major axis
a=9.7506x10° [m] and eccentricity &=0.617733 yields (see [6]):

Periastron separation = 7.45466 x10°[m] and
Apastron separation = 3.154477 x10° [m] .

2) Why the stars accelerate and decelerate?

In the previous section, we explained why the stars on a circular orbit accele-

rate. For a circular orbit, this acceleration is extremely small. Differently, in the
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1 L L L L L L L
-1 -0.5 o 0.5 1 1.5 2 2.5

Figure 4. The elliptical orbits of the PSR system. The stars (red points) rotate anti clock.
Blue arrows: deceleration. Red arrows: acceleration.

case of the two elliptical orbits we have large accelerations and decelerations

during each period. Again, the gravitational attraction force is given by

Fy(0)= om.

(o )[N] (30)

and the centrifugal force is given by
Fe(t) =ma* () : (¢) [N] (31)

where p, is the curvature radius of the ellipse and the angular velocity is defined
by the rotation of the curvature radius. Again, the force vectors have different
direction defined by the angle y. The gravitational force can be represented by a

vector sum of two perpendicular terms (Figure 3). The term
2

Fy (¢)cos(y)= cos(y)[N] (32)

4p*(9)

has the direction of (30) perpendicular to the tangent of the ellipse and the term

Gm?
4p° ()

represents a tangential force. Equating the terms (31) and (32) yields the follow-

Fy (¢)sin(y)= sin(7)[N] (33)

ing formula for the local angular velocity (local means the function of ¢).

o(p)=

Gmecos(y)

()0 (0) [rad/s]. (34)

The local tangential acceleration is
a(p)=F,(p)sin( /m— 2( )sm y)[m/s] (35)

The local velocity of the stars by orbiting from periastrone to apastron is (de-

celeration)
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V() =V — [ a(#)do (36)
and in opposite direction (acceleration)
V() =V + [ " a(p)dp. (37)
The mean velocity (in terms of ¢) is the same for both directions

Vinean =%J"V(¢)d<ﬁ- (38)

0

The local tangential velocity is alternatively defined as
v(g)=a(p)p.(¢) (39)

Where p. is the local curvature radius (see Figure 5). The local velocity is shown
in Figure 6. The maximum value equals 448.172 [km/s] and the minimum
106.287 (compare with Appendix 1).

Note that in this model, the maxima and minima of the velocity are located
near the periastrone and apastrone (not exactly at these locations). The mean

value in terms of ¢ (as in Equation (38)) is 269.782 [km/s]. The time average is

V(t) _ _cwcumfer_ence of elllptse :181.757[km/s] ' (40)
time of a single revolution

The local average differs from the time average by the factor 1.319. The local

angular velocity is shown in Figure 7.

14 T T T T T T

Periastron Apastron Periastron

Figure 5. Curvature radius in terms of . Vertical scale x 10%
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Figure 6. Orbital velocity [km/s] in terms of ¢. Note the localization of v, not at perias-
tron.

0 1 1 1 1 1 1
0 1 2 3 4 5 6

Figure 7. Angular velocity w (rad/s) in terms ¢. Vertical scale 107,

3) Kinetic and potential energies in the PSR system

The local kinetic energy is (Figure 8)
Ek(¢)=mv2(¢)[J] (41)
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Figure 8. Kinetic energy (upper curve at ¢ =) and the magnitude of potential energy in
terms ofg. Vertical scale x10*'.

and the local negative potential energy is
-Gm?
€ (0)=5 o
" 20(0)

The corresponding local averages are E, =2.38257x10*[J] and
E, =-4.369225x10"[J]. The ratio is |Ep|/Ek =2.02435~ 2, ie., almost the
value defined by the circular system. It is reasonable to assume that the same ra-

[9]. (42)

tio is valid for time averages.

4) Concluding remarks about the PSR system

Differently to the circular system the power emitted during a single revolution
is a function of time and the radiation pattern o (Q)[W/steradian] is a period-
ic function of time. Therefore, the reported by Taylor and Hulse power of the
emitted gravitational waves P = 7.35 x 10** [W] should be classified as a mean

value.

5. Final Conclusions

0 Both orbits, the circular and the elliptical, are defined by two forces of oppo-
site directions: the centrifugal force and a term of the gravitational force (see
Figure 3). It is logical to assume that both forces have the same physical ex-
planation: the anisotropic energy exchange as described in reference [1].
Here, both anisotropies of radiation cancel. The other part of the gravitation-
al force responsible for tangential acceleration or deceleration is the result of

the tangential anisotropy of radiation.
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0 In the case of a circular orbit, the tangential acceleration is extremely small.
We have shown that the notion of the instantaneous complex frequency is a
convenient tool to study the process of inspiral of circular systems in the
range of a linear gravitational force.

Arguments in favor of the radiation recoil nature of gravity presented in
(1 m]

In 2015, the author presented a paper “Gravitational Forces Explained as the
Result of Exchange between Baryonic Matter and the Quantum Vacuum” [1].
Let us present arguments in favor of this theory in terms of the description of
orbiting double stars given in this paper:

0 The orbit is defined by two forces: the gravitational force directed towards
inside of the orbit and the centrifugal force directed towards the outside of
the orbit. The forces are not collinear.

0 The centripetal force is perpendicular to the tangent of the orbit.

0 The gravitational force except some points is not perpendicular to the tan-
gent and can be decomposed in two terms: the perpendicular compensates
the centripetal force. The two forces cancel.

The tangent force is responsible for acceleration or deceleration of the star.
In the case of the common nearly circular orbit of the stars, we have an ex-
tremely small acceleration. In the case of a double-elliptical orbit, we have
large accelerations and deceleration.

0 The cancelation of the two forces shows that gravity and inertia have the
same physical origin. They are recoil forces of radiation. The radiation pat-
tern should be symmetric w.r.t. the tangent of the orbit. Differently, the pat-
tern is asymmetric w.r.t. the line perpendicular to the orbit resulting in a re-
coil force of radiation.

In a word, it is logical to assume that all described here forces are recoil forces
of radiation. The radiation pattern is symmetric w.r.t. the tangent of the orbit
(cancellation of gravitation and inertia) and asymmetric w.r.t. the line perpen-

dicular to the orbit, 7.e., the direction of the curvature radius.
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Appendix 1

This paper is illustrated by the properties of the binary pulsar PSR1913+16, a
system of two binary neutron stars discovered and measured during many years
by Taylor and Hulse [7] [8]. This great achievement of radioastronomy and also
of time-frequency metrology was awarded by the Nobel Prize in physics in 1993.
Let us repeat here the data compiled by Robert Johnston [8].

Mass of detected pulsar m, =1.441xsolar mass = 2.8764x10% [kg] and of its
companion m, =1.387 xs.m.=2.7205x10*[kg].

Orbital period T, =7.7511939106[hr] = 27807.19557[s].

Eccentricity of the elliptical orbits &=0.617131.

Semi-major axis 2a=1950100[km] (remark of this author: the name
semi-major axis should be replaced by major axis. Semi-major axis is equal not
2abuta. Periastron separation = 746600[km],

Apastron separation = 3153600[km|

Orbital velocity of stars relative to the center of mass: at periastrone 450

[km/s], at apastrone: 110 [km/s].

Appendix 2: The Derivation of the Curvature Radius of the
in Spiral Orbit

Let us define the in spiral orbit by the equation
v (t) = peef, s(t)dt (A1)
S(t):—(a+Aa*t)+j(a)0+Aw*t) (A2)
We assume that the binary stars have equal mass and rotate synchronously

around common center of mass located at x = y = 0. The Cartesian coordinates
of the first star are defined by the complex function w (t)=x(t)+ jy(t) with

—(aHO.SAa*IZ)

X(t)=pe cos(a)ot+0.5Aa)*t2) (A3)

—(aHO.SAa*IZ)

y(t)=pye sin(a)ot+0.5Aa)*t2) (A4)

and for the second star

—(aHO.SAa*IZ)

X(t)=—pe cos(a)ot+0.5Aa)*t2) (A5)

—(aHO.SAa*IZ)

y(t)=—pe sin(a)ot+0.5Aa)*t2) (A6)

The curvature radius at the point defined by ¢= £ is
[(X(to)2)+ (Y(to )2 )}
Pe = Tor e " 5
|y(to)x(t0)+ X(ty) y(t0)|

Let us calculate the derivatives beginning with zero values of Aa and Aw. We

(A7)

have

X(t)=p, [—aoe“’O‘ cos(apt) — we™ sin (a;ot)] (A8)
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y(t)=p, [—aoe’“‘)‘ sin(myt) +e ", cos (coot)] (A9)
K(t) = py | age ' cos(@nt) + pmne " sin (ayt)

+am,e " sin(wpt) — wfe ™ cos(a)ot)J
§(t) = Ry [ age ' sin (mpt) - apmpe * cos(ayt)

— argwp ™ cos (gt ) — e sin (a)ot)J

The insertion using ¢= 0 yields

3 2o
‘a)o(a)z—a(f)‘ 1-(ay/w,)

Of course, for a circular orbit o, = 0 and p,. = p,. Otherwise, p.> p,. The center

P (1) = pe™ (A10)

of the curvature radius is located at

(A11)

If t=0, x(0)=p,, y(0)=0, X(0)=-ayp,> ¥(0)=wpp;,
X(0) = p, (ag —wj) » Y(0)=—-2a,04R,.

The insertion yields x,(0)=0,y,(0) :—&po. The angle between p, and
I

0
P 1s

tan(p(t=0)) =—Z)—Z, sin(o(t=0)) =%,

1
1+(ao/a)0)2

The curvature radius of an ellipse in Cartesian coordinates (x, y) is

3
X2y )
pczazbz(?+— .

cos(p(t=0))=

b4
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Abstract

In recent papers, a few physicists studying Black Hole perturbation theory in
General Relativity (GR) have tried to construct the initial part of a differential
sequence based on the Kerr metric, using methods similar to the ones they
already used for studying the Schwarzschild geometry. Of course, such a dif-
ferential sequence is well known for the Minkowski metric and successively
contains the Killing (order 1), the Riemann (order 2) and the Bianchi (order 1
again) operators in the linearized framework, as a particular case of the Ves-
siot structure equations. In all these cases, they discovered that the compati-
bility conditions (CC) for the corresponding Killing operator were involving
a mixture of both second order and third order CC and their idea has been to
exhibit only a minimal number of generating ones. Unhappily, these physic-
ists are neither familiar with the formal theory of systems of partial differen-
tial equations and differential modules, nor with the formal theory of Lie
pseudogroups. Hence, even if they discovered a link between these differen-
tial sequences and the number of parameters of the Lie group preserving the
background metric, they have been unable to provide an intrinsic explanation
of this fact, being limited by the technical use of Weyl spinors, complex Teu-
kolsky scalars or Killing-Yano tensors. The purpose of this difficult computa-
tional paper is to provide differential and homological methods in order to
revisit and solve these questions, not only in the previous cases but also in the
specific case of any Lie group or Lie pseudogroup of transformations. These
new tools, which are now available as computer algebra packages, question
the mathematical foundations of GR and the origin of gravitational waves.

Keywords

General Relativity, Killing Operator, Riemann Tensor, Weyl Tensor, Bianchi
Identities, Lie Algebroid, Differential Sequence, Differential Module,
Homological Algebra, Extension Modules
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1. Introduction

In many recent technical papers, a few physicists working on General Relativity
(GR) are trying to construct high order differential sequences while starting with
the Killing operator for a given metric (Minkowski, Schwarzschild, Kerr, ...) ([1]
[2] [3] [4] [5]). The “ad hoc” (technical) methods involved are ranging from
Killing/Killing-Yano tensors, Penrose spinors, Teukolski scalars or compexified
frames.

Meanwhile, on one side, they have the feeling that the construction of these
sequences has surely to do with the fact that the corresponding Killing systems
of infinitesimal Lie equations have less linearly independent solutions than the
n(n+1)/2 that were predicted by A. Eisenhart in 1949 for nondegenerate
metrics with constant Riemannian curvature on a space of dimension n ([6]
along results first found by E. Vessiot in 1903 [7] [8]), that is 10 when n=4
(space-time) with the Minkowski metric, and discover that, perhaps for this
reason, they have to exhibit an unexpected mixture of generating compatibility
conditions (CC) of order 2 and 3.

However, on another side, they are clearly aware of the fact that their results
are far from being intrinsic and cannot be adapted to other metrics or
dimensions.

The purpose of this short but difficult paper, even though it is written in a
rather self-contained computational way, is to solve this problem in its full
intrinsic generality, using a few results ranging among the most delicate ones
that can be found in the formal theory of systems of ordinary differential (OD)
or partial differential (PD) equations and Lie pseudogroups introduced around
1970 by D. C. Spencer and coworkers ([9] [10] [11]). It must also be noticed that
these new methods, though they can be found in many books ([12]-[18]) or
papers ([19]-[25]) of the author of this paper to which we shall often refer, have
rarely been acknowledged by the computer algebra community and/or by
physicists. The essential new “trick” is to deal with sections of jet-bundles and
not with solutions of systems of OD or PD equations.

In Section 2, we provide and illustrate the two crucial mathematical results
needed for the applications presented in Section 3. The first result, roughly
discovered by M. Janet in 1920 ([26]), describes the way to use a certain
prolongation/ projection (PP) procedure absolutely needed in order to transform
any sufficiently regular system into a formally integrable system and, finally,
even an involutive system, that is a situation where we know that the generating
CC are described by a first order involutive system and the possibility to
construct a canonical Janet or Spencer sequence. In this homological algebraic
framework, the technique of diagram chasing is absolutely needed and we ask
the reader to learn at least the so-called “snake” lemma in textbooks ([27]-[32]).
As for the second result, it is allowing to study effectively Lie operators acting on
vector fields and such that, if two vectors are solutions, their bracket is also a

solution. It is thus also absolutely needed when dealing with the PP procedure
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because it is not possible to work out solutions in general and the use of
computer algebra is therefore a pure nonsense for the intrinsic study of most Lie
operators as we shall see in Section 3.

The author thanks Prof. Lars Andersson from Albert Einstein Institute of
Potsdam for many enlightening discussions during his last visit to AEI (October
23-27, 2017), in particular for bringing the problem of finding new generating
CC to his attention when studying the specific Lie operators to be met in GR.

2. Mathematical Tools

A) Formal Integrability

All operators and systems considered in this paper will have coefficients in a
differential field K with n derivations 0,,---,0,, for example the standard
derivations when K = Q(Xl, X Xn) is the differential field of rational functions.
Starting with a given operator D, a direct problem is to look for generating
compatibility conditions (CC) described by an operator D, in such a way that
D=0 denotes the CC needed for solving (at least locally) the linear
inhomogeneous system D& =7. Going along this way, one may construct
inductively a differential sequence D,D,,D,,--- of operators such that not only
D,

,,°oD, =0 of course but also each operator D,, generates the CC of D,.
Such a result has been found for the first time as a footnote by M. Janet in 1920
([26]) who even proved that, under slightly additional conditions, the sequence
stops at D, which is thus formally surjective, when 2 is the number of
independent variables.

The main problem is that, in general and though surprising it may look like,
the word “generating” has no clear meaning at all, a result leading to refine the
definition of a differential sequence in an intrinsic way. Apart from the
Macaulay example that will be treated and revisited later on, our two favorite
examples are the following ones that will also be revisited and are treated in a
way adapted to the aim of this paper. We shall denote by m the number of
unknowns (yl, sy ym) also called differential indeterminates, by n the number
of independent variables (Xl,---, X") and by g the order of the system/operator
considered. We shall finally introduce the non-commutative ring
D=K[d]=K [dl,---,dn] of differential operators P,Q,--- with coefficients in
K

EXAMPLE 2A.1: With m=1,n=2,K=Q, we shall use formal derivatives
(d;,d,) when using differential modules or computer algebra but will set
di(djy)zdj (diy)zdijyz y; for simplicity while using jet coordinates and
notations. Let us consider the second order system:

PYy=y, =UQy=sy,+y=v=y,=V, U = y=V-V, +U,

There are many different ways to look at such a system. The first natural one
is to say that the only solution is y=0 when U=V=0. The second one is to
look for the CC that must be satisfied by (u,v) and we may adopt two possible

presentations:
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* Substitute yand obtain the 2 fourth order CC:

{A = Vg —Vyp —Uyppy +U=0
B =Viyp — Uy — Uy =0

which are not differentially independent because one can easily check:
B,-B-A,=0

¢ However, we also have:

PoQ-QocP=0=C=Pv-Qu=v,-u,—-u=0

that is a second order CC.

Finally, we obtain:

A=C,-C,B=C, C=B,,-A,+A

and we discover that the CC of D=(P,Q) are generated by (A,B) but also

by Calone, though any student will hesitate between the two possibilities!.
Referring to differential homological algebra as in ([25]) while indicating the

order of an operator below its arrow, the same trivial differential module

M =0 (care) defined by D has therefore two split resolutions:

0-D D? > D? >D -0

2 4 2

0>D——>D*——>D—0

which are quite different even if the two Euler-Poincaré characteristics both
vanish because we have:
1-2+2-1=0, 1-2+1=0

EXAMPLE 2A.2: (Janet) Now with m=1n=3,q=2 and K =Q(x2), let

us consider the second order system (see [15] [16] for more details):
Ya3 — X2y11 =U, Y, =V

We let the reader use computer algebra and Grobner bases in order to find out
the two generating CC of respective order 3 and 6 and work out the following

possible resolution where dim, (M)=12:

0»>D—»D*——->D*——>D—>M 0.

The main point in this subsection is to use the three following highly
non-trivial theorems (Compare [10] [11] to [12] [16], in particular pp. 364-366
for details) and just follow their proofs on the two previous examples but the
next example found by Macaulay will provide all details.

When X is a manifold with dim(X)=n and local coordinates (Xl,---, X”) ,
we denote by 7 the tangent bundle and by T~ the cotangent bundle. If Eis a
vector bundle over X with projection 7, local coordinates (X, y") for
k=1---,m, we use to denote by dim(E)=m the fiber dimension of E. A local
or global section £can be locally described by y* = f* (x). Using multi-indices
p=py, -+ pty) with length |p|= gy +---+ p, , we shall denote by J.(E) the
g-jet bundle of £ over X with projection 7, on X local coordinates X, y;
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and sections f, = ( fr (X)) over for j ()= (aﬂ fX (X)) The Spencer operator
D:J, 1 (E)>T ®J,(E): fy > Ji(fy)—f

:(6ifk(x)_ fik(x)'aifjk(x)_ fijk(x)l"'>

to distinguish among these two types of sections. We denote by SqT* the vector

1
" (care to the notation) will allow

bundle of (completely) symmetric tensors and by A'T" the vector bundle of
(completely) skewsymmetric tensors over X. We set:

DEFINITION 2A.3: A system of order g on E is an open vector subbundle
R, < J,(E) with prolongations
P (Ry) =Ry =3, (R, )N, (E) =3, (3, (E)) and symbols
o (gq ) =04 =S¢ T ®ENR,,, =, (E) onlydependingon
g, <S,T ®E. For 1,520, we denote by Réi)r SRy =7 " (Rqﬂﬁ) the

projection of R on R, , which is thus defined by more equations in

qeres
general. The system R, is said to be formally integrable (FI) if we have
Ré‘?r =R, Vr,s20, that is if all the equations of order (+I can be obtained
by means of only r prolongations. The system R, is said to be involutiveif it is
FI with an involutive symbol g, . We shall simply denote by
0= {f eEl], (f)e Rq} the “set” of (formal) solutions. It is finally easy to
>T ®R,.

Comparing the sequences obtained in the two previous examples, we may

prove that the Spencer operator restrictsto DR,
state:

DEFINITION 2A.4: A differential sequence is said to be formally exact if it is
exact on the jet level composition of the prolongations involved. A formally
exact sequence is said to be strictly exact if all the operators/systems involved are
FI. A strictly exact sequence is called canonical if all the operators/systems are
involutive. The only known canonical sequences are the Janet and Spencer
sequences that can be defined independently from each other.

EXAMPLE 2A.5: In the first example with dim(E)=1,dim(F,)=2, we let
the reader prove that dim(R,, )=4,vr>0. Hence, if (A B) is a section of

F, while Cis a section of F/, the jet prolongation sequence:
0—>R;—>J;(E)>J,(FR)—>F >0
0->4—-528-30—-2-0

is not formally exact because 4—28+30-2=4=0, while the corresponding

long sequence:

0>R,, > J.,(E)>J

r+4

(FR)—J, (F)—>0

r+2

054> (r+5)(r+6)/2—(r+3)(r+4)—>(r+1)(r+2)/2-0

is indeed formally exact because

r?+11r+30 r?+3r+2
_(r*+11r+30) (r*+3r+2)

+ (r2 +7r +12) - =0 but mnot strictly exact
because R, is quite far from being FI.
With canonical projection ®,:J,(E)=J,(E)/R, =F,, the case r=0,s=1

is described by the following commutative and exact diagram:
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0 0 0
2 \2 J
0> gy — ST ®E - T®F - h -0
2 J J J
0—> R, — Jqﬂ(E) - J(FR) - Q -0
2 J
q - 0

J
0> R, - J(E

\2

0

SN—
\2
o «— N <«

Chasing in this diagram while applying the “snake” lemma, we obtain the
useful Jong exact connecting sequence:
0— Jgu = R

qﬂ—)Rq—)hl—>Ql—>O

which is thus connecting in a tricky way FI (lower leff) with CC (upper right).
Having in mind the fact that the Riemann (g, is not 2-acyclicsbut g, =2 is
trivially involutive) and the Wey/ (G, is not 2-acyclic but §, is 2-acyclic
V¥n>4 while §,=0,Vn>3) operators (linearization of the respective tensors)
are second order, a key stone is:
THEOREM 2A.6: If a system R, < J,(E) is FL, then the corresponding
operator D:E Jo Jq (E) o, Jq (E)/Rq =F, admits (minimal)

generating CC of order s+1 if s is the smallest integer such that g

becomes 2-acyclic.

THEOREM 2A.7: (prolongation/ projection (PP) procedure) If a system
R,cJ,(E) has a 2-acyclic symbol ¢, c SqT* ®E and g, is a vector
bundle, then p, (Rél)) = Rglfr ,Vr>0. Hence, if an arbitrary system R, < J (E)
is given, one can effectively find two integers r,$>0 such that the system
Rgi)r is formally integrable or even involutive, with the same solutions.

THEOREM 2A.8: Starting with any operator D=E — F, of order g defined
over a differential field Kby a system R, < J,(E), one can construct a formally

exact commutative diagram:

D n
0> ®® - E > F - K

| Il P \%0)
» o
0-»> ® > E > F -»> F

(s)

where P is an injective operator of order at least r+s whenever R, isa
formally integrable system with the same solutions as R, obtained by the PP
procedure and the upper sequence is formally exact while the lower sequence is
strictly exact with ord (D/)=1 when D’ isinvolutive.

Starting with an arbitrary system R, < J,(E), the main purpose of the next
crucial example is to prove that the generating CC of the operator
D=®,0j,:E Jo J,(E) 2o Jq(E)/Rq =F,, though they are of course
(s)

q+r

fully determined by the first order CC of the final involutive system R

produced by the up/down PP procedure, are in general of order r+s+1 as we
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shall see in the applications but may be of strictly lower order. All diagrams and
chases will be described in actual practice. We invite the reader to study similarly
the first example where R§4) =0,D'=j, and D/=D, is the first Spencer
operator.

EXAMPLE 2A.9: ([33], p 40 with the first feeling of Formal Integrability).
With m=1n=3,g=2, let us consider the second order linear system
R, =J,(E) with dim(E)=1,dim(R,)=8 and
par, ={Y, Y1, Ya: ¥3: Yiur Yizs Yoz Yas | if We use jet coordinates, defined by the two

inhomogeneous PD equations:
Py=yp=u Qy=y,+y,=V

As we already said, the only existing intrinsic procedure has two steps:
* Step 1: First of all we have to look for the symbol g, defined by the two
linear equations Vy; =0,V;; =0. The coordinate system is not d-regular and

exchanging x' with x*, we get the Janet board:

{vsszo 123

V=01 2 e

It follows that g, is involutive, thus 2-acyclic and we obtain from the main

theorem p, (R(l)) =
r 2

Rgl) with dim(Rf)) =7 is now defined by the 3 equations:

Yaz =U, Y3 =V3—U;, Yzt Y, =V

Rg)r. However, Rf) c R, with a strict inclusion because

We may start again with Rgl) and study its symbol ggl) defined by the 3
linear equations with Janet board:
v;=01[1 2 3
Vyo=01[1 2 o
V=0 {1 e o

It follows that ggl) is again involutive but we have a strict inclusion
Rgz) c Rgl) because dim(Rgz)) =6 as Rgz) is defined by the 4 equations with

Janet board:

Y3 =U 123
Yoz =V —U; 12 e
Yop =V, =Vig+Uy |1 2 e
Yiz =Y, =V 1 e o

As R§2> is easily seen to be involutive, we achieve the PP procedure with the

strict intrinsic inclusions and corresponding fiber dimensions:

R?cRYcR,<6<7<8

Finally, we have p, (R )= p, ((RS) )m)j - ( o, (RY ))m =(RY) )(1) =R?

* Step2: It remains to find out the CC for (u,v) in the initial inhomogeneous
system. As we have used two prolongations in order to exhibit R§2> , we have

second order formal derivatives of z and vin the right members. Now, as we
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have an involutive system, we have first order CC for the new right members
and could hope therefore for third order generating CC. However, we have
successively the 4 CC:
Yass =03 (V3 —U ) =d,u= vy —Uy;—u, =0
Yooz =03 (V, —Vig + Uy ) =d, (V3 — Uy ) = Vigg —Uyy3 — Uy, =0
Yiss + Yoz =dv=du+(v; —u,)=0=0
Yios + Yoo =0V =0, (V; =) +(V, —Vi5 + U, ) =0=0
It follows that we have only one second and one third order CC:

Vag =Uj3—U, =0, Vjg3—Ujps—U;, =0

but, surprisingly, the only generating second order CC Vg, —U;; —U, =0 which
is coming from the fact that the operator £ commutes with the operator Q.

We finally show how FI is related to CC by means of an homological
procedure known as the “Jong exact connecting sequence” which is the main
byproduct of the so-called snake lemma used when chasing in diagrams.
Needless to say that absolutely no classical procedure can produce such a result
which is thus totally absent from the GR papers already quoted. First of all, let us
compute the dimensions of the bundles that will be used in the following

diagrams while using parametricjets:
par, ={Y., V1, Y21 Y Ya1s Yi2» Yoo Yos}
par ={Y, Y1 Yar Yas Y1 Yaz: Yoo Yaars Yaazs Yaoos Yooos Yoos |
par, ={Y, Y1, Y21 Yar Yau Yazs Yaus Yaror Yooz Yooz Yaaas Yasso Yasoos Yaooos Yaooos Yoroa |
and thus dim(R,)=8,dim(R,)=12,dim(R,)=16 in the following

commutative and exact diagram where F is the trivial vector bundle with
dim(E)=1 and dim(g,,, )=4+r:

0 0 0
\2 \’ \’
0> g, > ST®E —» ST ®F — h, >0
2 \ \’ \A
0> R, - J(E) » J(R) - K -0
2 \ \ \A
0> R, » J(E) - J(FR) —> 0
\ \:
0 0
0 0 0
\ \2 \!
0> 6 > 15 - 12 » 3 >0
2 \2 \2 \2
0> 16 - 35 » 20 > 1 >0
\ 2 \’ \
0> 12 > 20> 8 > 0
\2 A
0 0
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0 0 0 0
J J J J
0— g, - S,T'®E - ST ®F —> h -0
6 6 s s
0— T'®g, - T ®ST ®E - T®T'®F — T ®h —0
6 6 s J
0> AT'®g, — AT ST ®E —» A T'®F —> 0
16 6 J
0> AT'®T'®E = AT ®T'®E - 0
A J
0 0
0 0 0 0

0> 6 —»> 15 —» 12 —»> 3 -0
s s ) s

0—» 15 » 30 —»> 18 —»> 3 -0
s s s \A

0—» 12 —»> 18 —»> 6 —> 0

) 16 \2
0> 3 = 3 —> 0

\2 \2

0 0

where S,T"®E =S,T" and F, =Q,. From the snake lemma and a chase, we

obtain the Jong exact connecting sequence:
0—-9,»>R, >R, >h >F -0
0-56-516—-12-53->1->0
relating FI (Jower lefi) to CC (upper right). By composing the epimorphism
S,T"®F, > h with the epimorphism h — F,, we obtain an epimorphism
S,T"®F, — F, and the long exact sequence:
0-g9,>ST ®E—>S,T"®F, > F, >0
which is nevertheless not a long ker/coker exact sequence by counting the
dimensions as we have 6-15+12-1=2=0. In order to convince the reader
about the usefulness of these new methods, even on such an elementary example,
let us prove directly the exactness of the following long exact sequence Vr>0:

0>R.,, >3, (E)> I, (R)—>J.(FR)—>0

r+4

We let the reader check that dim(R,,)=4r+8,vr>0 and thus
dim(R.,,)=4r+16,vr>0 as a tricky exercise of combinatorics and then use

r+2

the standard formulas:
dim(J,.,(E))=(r+5)(r+6)(r+7)/6

dim(J,,,(Ry))=(r+3)(r+4)(r+5)/3
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dim(J, (F,))=(r+1)(r+2)(r+3)/6
in order to check that the Euler-Poincaré characteristics (alternate sum of
dimensions) is zero. We let the reader prove as a chasing exercise that the
previous result is equivalent to prove that the following symbol sequence where

dim(g,,,)=r+4=dim(g,.,)=r+6,vr>0:
0>9,,—>S.T ®E—>|S,,T®F|>ST ®F -0

is exact everywhere but at S, ,T" ® F, where the cohomology has dimension

r+2, thatis:
r+2:(2(r+3)(r+4)/2—(r +1)(r+2)/2)—((r+5)(r+6)/2—(r+6))
=dim(R, ;) —(dim(R,_,)—dim(g,.,))

but such a method cannot be used for the more complicate examples dealing

r+2

with GR that we shall find in the next section. Referring to the general theorem,

we may consider the commutative diagram where P is an injective operator:

D D
0—>®—>1—2>2—2>1
I I P N Lo
D n
0—>®—>1—2>4—l>4

and the double prolongation diagram with q=2,r=0,s=2,u>0 and
D=®o j,, D, =¥, 0 J,, where the two left upper downarrows are epimorphisms

while the two left lower downarrows are monomorphisms:

Ps+v+1(‘D) pv+1(\y1)
0 - Rq+s+v+1 - ‘] g+S+v+1 ( E ) - ‘J S+V+1 ( I:0 ) - ‘Jv+1 ( Fl)
\ \ \ \
(s) /’v+1(¢") , (lyi) ;
0— Rq+v+1 - J g-+v+l ( E ) - ‘]v+1 ( FO ) - ‘]v ( Fl)
2 A {
p\/+1(q))
0 - Rq+v+1 - ‘J g+v+1 ( E ) - ‘Jv+1 ( I:0 )

because we have been able to choose ord(D,)=r+s=s=2 instead of
r+s+1 as usual and where the columns are not sequences. Chasing now in an
unusual way, we may start with any be B, =ker(p,(\¥,)) whenever u>0

that we can lift to b B, ,,
whenever v>u>0. Choosing v=r+s+u=s+u, we may use the fact that the

because we have chosen an involutive CC system,

central line defines a Janet sequence and is thus an exact sequence. Therefore,
choosing Tel,,, (E) such that p  (®')(C) is the image of b in
E)=1J (E) such

— Yg+s+u+l

J,.:(Fy), we obtain by inclusion an element ceJ,,, ., (
that p,,,(®)(c) is b, ending the proof. In the differential module point of view,
we have the commutative and exact diagram over D =Q[d,,d,,d;] where the
upper sequence comes from a Janet sequence:

0—>D—1>D4—>D4—>D—>M—>O

1 2
2 A I [
0 > D > D > D > M -0
2 2
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The Euler- Poincaré characteristic, which is equal to the differential rank
rky(M) of M, vanishes in both resolutions which are called “exact’ in algebraic
analysis because infinite jets are implicitly used, even though the lower one is not
“strictly” exact (Care, see [17] [18] [20] for more details).

B) ALGEBROID BRACKET

As we do not want to provide details about groupoids, we shall introduce a
“copy” Y (target) of X (source) and define simply a Lie pseudogroup
I c aut ( X) as a group of transformations solutions of a (in general nonlinear)
system R, such that, whenever y=f(x),z=g(y)eI can be composed,
then z=gof(x)el , x=f7(y)el' and y=id(x)=xel . Setting
y=X+t&(X)+--- and passing to the limit when t— 0, we may linearize the
later system and obtain a (linear) system R < J (T) such that [©,0]c®.
We may use the Frobenius theorem in order to find a generating fundamental
set of differential invariants {(DT (yq )} up to order ¢ which are such that
®° (Vq ) =0’ (yq) whenever y=g(y)el’ . We obtain the Lie form
0 {y0) -, {18, () = (4) (0) =" () of R,

Of course, in actual practice one must use sections of R, instead of solutions
and we now prove why the use of the Spencer operator becomes crucial for such
a purpose. Indeed, using the algebraic bracket
{jqﬂ(i), jqﬂ(n)} =J,([&n]).VEneT , we may obtain by bilinearity a
differential bracketon J (T) extending the bracket on T:

[fqvﬂq] = {§q+1n77q+1} +1(&) D1y =i(7) D1, Vg1 € 34 (T)

which does not depend on the respective lifts &, and 7, of £ and 7, in
N (T). This bracket on sections satisfies the Jacobi identity ([12] [13] [14] [15]

7))
[um )it )+ [[mece ) & )+ [[ €0 ]m =0

and we set ([12] [13] [14] [15]):

DEFINITION 2B.1: We say that a vector subbundle R, = J (T) isa system
of infinitesimal Lie equations or a Lie algebroid if I:Rq, Rq] c Rq , that is to say
[fq , ﬂq] €R,, V&, 1, € R, . Such a definition can be tested by means of computer
algebra. We shall also say that R, is transitive if we have the short exact
sequence 0— R} >R, A 5T 0.

THEOREM 2B.2: The bracket is compatible with prolongations:

[Ry:R, J© Ry =[Ryirs Ry ] Ry, VT 20

q' g q+r U Ngr q+r?

Proof: When r =1, we have
o) (Rq ) =R, = {fqﬂ €. (T)I& R, DE, eT'® Rq} and we just need to use
the following formulas showing how D acts on the various brackets if we set
L(&)¢ =[&.¢]+i(&)DéE (see [12] and [15] for more details):

(($)D{& My ) ={i($)DEuim } +{&,1() D}, VS €T
1(£)D[ &yt | =[1() Dy [+ £1(£) D |
+i(L(7)¢) Dégs =1 (L(&)¢) Dt
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The right member of the second formula is a section of R, whenever
S Mg € Ryyr - The first formula may be used when R, is formally integrable.
Q.E.D.
COROLLARY 2B.3: The bracket is compatible with the PP procedure:
[RyR,J=R, =[RERY | =R

q' g q+r T Ngr W,Vr,szo

EXAMPLE 2B.4: With n=1q=3 X=R and evident notations, the
components of [&;,7,] at order zero, one, two and three are defined by the

totally unusual successive formulas:
[&.17]=E0,1-10,&
([&om]), = 0., —10,&,
([&01,]),, = St — Mo+ E071 — 110,65
([715]))..,, = 26000 = 21, E e + E0 T = 110,

Affine transformations: &, =0,7, =0= ([52 , nz])xx =0=[R,,R,|=R,.

Projective transformations:

o =071 =0=([&.7]) , =0=[Ry,R] = R,.

EXAMPLE 2B.5: With n=m=2 and =1, let us consider the Lie
pseudodogroup T —aut(X) of finite transformations y=f(x) such that
ydy' =x’dx' = . Setting y=x+t&(x)+--- and linearizing, we get the Lie
operator DE=L(E)a where L is the Lie derivative and the system

R, < J,(T) oflinear infinitesimal Lie equations:
X20,EM +E2 =0, 0,8'=0

Replacing j, (&) byasection & eJ,(T), we have:
1
&=-5¢, §=0
X
Let us choose the two sections:
& :{51 =0,E2=—x2,E =1 =0, =0,& :o}e R
m={n" =X 0" =0, =0,y =—x2,p} = 0.} =1} € R,

We let the reader check that [&,7,]eR,. However, we have the strict
inclusion Rl(l) c R, defined by the additional equation & +¢&2 =0 and thus
& e Ri(l) though we have indeed [Ri(l), Rl(l)] c Rl(l) , a result not evident at all
because & and 7, have nothing to do do with solutions. We invite the reader
to proceed in the same way with = x*dx" — x'dx® and compare.

C) EXTENSION MODULES

Let D=K][d,---,d,]=K[d] be the ring of differential operators with
coefficients in a differential field K of characteristic zero, that is such that

Qc K, with n commuting derivations &,,---,0, and commutation relations

n
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da=ad, +0,a,vaeK.If y',-.-,y" are m differential indeterminates, we may
identify Dy'+---+Dy™ =Dy with D" and consider the finitely presented left
differential module M = M with presentation DP ->D" >M >0

determined by a given linear multidimensional system with n independent
variables, m unknowns and p equations. Applying the functor homj (e,D), we
get the exact sequence 0—hom,(M,D)—D" —»D" - N, —>0 of right
differential modules that can be transformed by a side-changing functor to an
exact sequence of finitely generated Jeft differential modules. This new
presentation corresponds to the formal adjoint ad (D) of the linear differential
operator D determined by the initial presentation but now with p unknowns
and m equations, obtaining therefore a new finitely generated Jeft differential
module N = N and we may consider hom,(M,D) as the module of
equations of the compatibility conditions (CC) of ad (D), a result not evident
at first sight (see [16]). Using now a maximum free submodule
0— D' — hom, (M,D) and repeating this standard procedure while using the
well known fact that ad(ad(D))=D, we obtain therefore an embedding
0 — hom, (hom, (M, D),D)— D' of left differential modules for a certain
integer 1<l <m because Kis a field and thus D is a noetherian bimodule over
itself, a result leading to | =rk; (homD (I\/I , D)) =rkp (M )< m asin ([15] [16]).

Now, setting t(M)={meM |30=PeD,Pm=0}, the kernel of the map
M > homD(homD(M ,D), D):m—>e(m)( f)=f(m),vf ehom,(M,D) is
the torsion submodule t(M)cM and e is injective if and only if M is
torsion-free, that is t(M)=0. In that case, we obtain by composition an
embedding 0—>M — D' of M into a free module. This result is quite
important for applications as it provides a (minimal) parametrization of the
linear differential operator D and amounts to the controllability of a classical
control system when n=1 ([16] [34]). This parametrization will be called an
“absolute parametrization” as it only involves arbitrary “potential-like” functions
(see [16] [18] [20] [21] [24] [31] [33] [35] [36] [37] for more details and
examples, in particular [34] for the Einstein equations).

If P=a“d,eD=K [d], the highest value of || with a“#0 is called the
order of the operator Pand the ring D with multiplication (P,Q)— P~Q =PQ
is filtred by the order ¢ of the operators. We have the filtration
0cK=DycD c--cD,c---cD,=D. Moreover, it is clear that D, as an
algebra, is generated by K=D, and T=D,/D, with D,=K®T if we
identify an element £=¢&'d,eT with the vector field &=¢&'(x)0, of
differential geometry, but with &' e K now. It follows that D= D, is a
bimodule over itself, being at the same time a left D-module by the composition
P —> QP and a right D-module by the composition P — PQ . We define the
adjoint map ad:D—D®:P=a“d, »ad(P) =(—1)M d,a“ and we have
ad (ad (P)) =P. It is easy to check that ad(PQ)=ad(Q)ad(P),vP,QeD.
Such a definition can also be extended to any matrix of operators by using the

transposed matrix of adjoint operators (see [21] [23] [25] [34] for more details
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or applications to control theory and mathematical physics).
Accordingly, if y= (yl, S y’") are differential indeterminates, then D acts
k

on y* by setting dﬂyk = y/‘j with diyz = yﬁﬂi and yf=y*. We may
therefore use the jet coordinates in a formal way as in the previous section.

Therefore, if a system of OD/PD equations is written in the form:
O =ajy; =0

7]

with coefficients a € K, we may introduce the free differential module
Dy=Dy'+---+Dy"=D™ and consider the differential submodule
| =D® < Dy which is usually called the module of equations, both with the
differential module M =Dy/D® or D-module and we may set M = M if
we want to specify the ring of differential operators. Again, we may introduce
the formal prolongation with respect to d; by setting:

d,@" = aﬁllyzui + (aial:”) yr,
with  p+1 =(, phg, g +1 thiy,---, 44,)  in order to induce maps
d:M->M V; - Vllj*:Li by residue if we use to denote the residue
Dy — M :y* - ¥ by a bar as in algebraic geometry. However, for simplicity,
we shall not write down the bar when the background will indicate clearly if we
are in Dyor in M. We have a filtration
0cMycM,c-cM,c-~-cM_ =M induced by that of Dand
d;M, =M, (compare to [35] and [37]).

As a byproduct, the differential modules we shall consider will always be
finitely generated (k=1,---,m<ow) and finitely presented (7=1---,p<co).
Equivalently, introducing the matrix of operators D = (a;" d ”) with m columns
and p rows, we may introduce the morphism

D —2D" :(PT)—>(PT®T): P — P®=PD over Dby acting with D on the
left of these row vectors while acting with D on the right of these row vectors
and the presentation of M is defined by the exact cokernel sequence

D? - D™ —- M — 0. It is essential to notice that the presentation only depends
on K,D and ® or D, that is to say never refers to the concept of (explicit
or formal) solutions. It is at this moment that we have to take into account the
results of the previous section in order to understant that certain presentations
will be much better than others, in particular to establish a link with formal
integrability and involution.

Having in mind that K is a left D-module with the standard action
(D,K)—>K:(d,a)—>0d,a and that D is a bimodule over itself, we have only
two possible constructions:

DEFINITION 2C.1: We define the system R=hom, (M,K)=M " and set
R, =hom, (M, K)=M;
limit R=R, —»--—> R, > >R —R,. It follows that

as the system of order g. We have the projective

f,eR,: y; - f ﬂk e K with a*f ; =0 defines a section at order g and we may
set f,=feR for a section of R For a ground field of constants %, this

definition has of course to do with the concept of a formal power series solution.
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However, for an arbitrary differential field K, the main novelty of this new
approach is that such a definition has nothing to do with the concept of a formal
power series solution (care) as illustrated in the next example.

DEFINITION 2C.2: We may define the right differential module
hom, (M, D).

PROPOSITION 2C.3: When M is a left D-module, then R is also a left
D-module.

Proof As Dis generated by K'and T 'as we already said, let us define:

(af )(m)=af (m), vVaeK,vmeM
(f)(m)=¢&f(m)-f(ém), VéE=ad eT,VvmeM

In the operator sense, it is easy to check that d;a=ad;+d,a and that
En—-né=[&n] is the standard bracket of vector fields. We finally get
(d;f )l; =(d, f )(y/'j) =0,f,— f,, and thus recover exactly the Spencer operator
of the previous section though this is not evident at all. We also get
(didjf)i =0, =0ty 0, iy + fiy, = dd; =dd, Vi, j=1-n and
thus  dR,cR,=>dRcR  induces a  well defined operator
R->T ®R:f —>dx' ®d,f. This result has been discovered (up to sign) by
Macaulay in 1916 ([33]). For more details on the Spencer operator and its
applications, the reader may look at ([14] [15]).

Q.E.D.

We now recall the definition of the extension modules exty(M,D) that we
shall simply denote by ext‘(M) when there cannot be any confusion. We
divide the procedure into four steps that can be achieved by means of computer
algebra ([17] [36] [38] [39]):

* Construct a free resolution of M, say:

w>F->->F->F->M->0
* Suppress Min order to obtain the deleted sequence:

>k —>..>FK->F->0

* Apply hom, (e,D) in order to obtain the dual sequence heading backwards:
---<=hom, (F;,D) «--- < hom, (F;, D) <— hom, (F,,D) < 0

* Define ext'(M) to be the cohomology at hom,(F;,D) in the dual

sequence with ext’(M)=hom, (M,D).

The following nested chain of difficult propositions and theorems can be
obtained, even in the non-commutative case, by combining the use of extension
modules and double duality in the framework of algebraic analysis ([16] [35]
(39D).

THEOREM 2C.4: The extension modules do not depend on the resolution of
Mused.

PROPOSITION 2C.5: Applying homj, (e,D) provides right D-modules that

can be transformed to left D-modules by means of the side changing functor and
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vice-versa. Namely, if Nj is a right D-module, then N =A"T ®, N, is the
converted left D-module while, if [N is a left D-module, then
Ny =A"T ®, ,N is the converted right D-module.

PROPOSITION 2C.6: Instead of using hom, (e,D) and the side changing
functor in the module framework, we may use ad in the operator framework.
Namely, to any operator D:E — F we may associate the formal adjoint
ad(D): AT"®F 5> A"T"®E" with the useful though striking relation
rk, (ad (D)) =rky (D).

PROPOSITION 2.C.7: ext'(M) is a torsion module V1<i<n but
ext’ (M)=hom, (M,D) may not be a torsion module.

We shall say that an operator is parametrizable if it generates the CC of an
operator and the next result will be essential for applications as it can be tested
by means of computer algebra ([38]).

THEOREM 2C.8: An operator is parametrizable if and only if the
corresponding differential module is torsion-free and double duality provides a

constructive test for checking such a property.

3. Applications

A) Minkowski Metric:

If n=4 and weS,T" is the non-degenerate Minkowski metric, the
corresponding Lie operator is {eT ->Q=D¢ = [,(5)0) €S,T" where L is
the standard Lie derivative for tensors and we have to study the corresponding
system R, < J,(T) of infinitesimal Lie equations. However, this system is finite
type with g,=0 but g, cT ®T is not 2-acyclic and the CC are
homogeneous of order 2, a result leading to the well-known finite length
differential sequence where the order of an operator has been indicated under its
arrow:

Killing Riemann Bianchi

0014 —1> 10 —2> 20 —1> 20—1>6—>O

In arbitrary dimension, we have successively:

n—>n(n+1)/2—> nz(n2 —1)/12—> nz(n2 —1)(n—2)/24—>-~

or, introducing the Spencer J-cohomology:

T—>S,T">H?*(g,)>H*(g,) >

However, this sequence is not canonical and we have to use the involutive
system R, < J,(T) in the following Fundamental Diagram I relating the
(upper) canonical Spencer sequence to the (lower) canonical Janet sequence, a
result first found exactly 40 years ago in ([12]) that only depends on the left
commutative square D=®;oj, when one has an involutive system
R, = J,(E) over E and thus the involutive system R, c Jl(Rq) over R,
when dim(X)=n.
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SPENCER
0 0 0 0
\ \ \ \
Iq Dy D, D3 Dy
- 0 - C, - C, - C, - - C, -0
s \ \ \
Iq D D, Ds Dy
- E > GCJ(E) » CJ(E) - GC,(E) - - C,(E) -0
I Lo, lo, lo, lo,
D el D, D D,
0> ® > E - K - F - F, - - F, -0
s \ \ \
0 0 0 0
JANET

Setting n=4,0=2,E=T,C, = AT ® R, , the first order first Spencer
operator D, is defined by the system R, J;(R,) and the epimorphisms
®,,---,®, are induced by the epimorphism ®;. The corresponding fiber
dimensions are indicated in the next diagram where
dim(R,)=dim(T)+dim(g,)=4+6=10:

0 0 0 0 0
J J J J J
J2 Dy D, D3 Dy
0O - ® > 10 - 40 - 60 —» 40 —»> 10 —0
J J J J J
J2 Dy D, D3 Dy
0 - 4 - 60 - 160 —» 180 —» 9% — 20 —0
Il ) J J { l
D D D, Dy Dy
0> ® > 4 - 50 —» 120 —» 120 —» 56 — 10 —>O0
J J J J J
0 0 0 0 0

We recall that, apart from j, and D=®,0 j, which have order 2, then all
the other operators have order 1. Of course, the reader may imagine easily that
the author of this paper avoided computer algebra by using the following
specific procedure:

1) First write down the Spencer sequence at once, keeping in mind that it is

locally isomorphic to the tensor product of the Poincaré sequence:

AT AT L S AT LS AT AT 50

1—2 54— 56— 549 3150

by a Lie algebra of dimension 4+6=10 and is thus locally exact.

2) Second, write down the central sequence just using some combinatorics on
the Janet tabular for the trivially involutive second order operator j, (see [12],
p. 157).

3) Then, obtain the Janet sequence by quotient.

4) Finally, use the vanishing of the three Euler-Poincaré characteristics for
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checking the exactness of all these numbers, namely:
10-40+60-40+4=0,
4—-60+160—-180+96—-20=0,
4-50+120-120+56-10=0

B) SCHWARZSCHILD METRIC:

In the Boyer-Lindquist coordinates (t,r,0,¢)= (Xo, X, X%, X3) , We may
consider the Schwarzschild metric
w=A(r)dt? —(YA(r))dr* —r’d6* —r’sin’(9)d¢* and &=¢'d;eT , let us

introduce & =w,;&" with the 4 formal derivatives

(d,=d,,d, =d,,d,=d,,d,=d,). With speed of light c=1 and A=1-—
r

where m is a constant, the metric can be written in the diagonal form:

A 0 0 0
0 -1JA 0 0
0 0 -r’ 0

0 o0 0 -r’sin’*(9)

Using the notations of differential modules theory, consider the Killing
equations:

Q=L(&)o=0o 0 =d& +d,& 27L& =0

where we have introduced the Christoffel symbols y through he standard
Levi-Civita isomorphism j (®)=(w,y) while setting A'=0,A in the
differential field K of coefficients ([40], p. 87). As in the later Macaulay and Janet
examples and in order to avoid any further confusion between sections and
derivatives, we shall use the sectional point of view and rewrite the previous
equations in the symbolic form Q=L(&)we S,T" where L is the formal Lie

derivative.

[E=N

20y, =&, +5in(0)cos(0)&, +rAsin® (0) & =0
2 =& +&,—200t(0)&,=0

w =t by 28 =0

Qu=&5+&,=0

-Q,, = gz,z +1AS =0

BN

e

N| -

2
Qy=8,+&, _Ffz =0
Qy =8y, +8,0=0

’

1 A
ZQ, =&, +—& =0
11 51,1 2A§1

2

A,
Q=81+ _Kgo =0
1

AA'
EQOO =%o0 _751 =0
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Though this system R < J,(T) has 4 equations of class 3, 3 equations of
class 2, 2 equations of class 1 and 1 equation of class 0, it is far from being
involutive because it is finite type with second symbol g, =0 defined by the 40
equations Vi'; =0 in the initial coordinates. From the symmetry, it is clear that
such a system has at least 4 solutions, namely the time translation
0, > & =1 & =A and, using cartesian coordinates (t,x,y, z), the 3 space
rotations Y0, —20,,20, —X0,,X0, — Y0, .

We may also write the Schwarzschild metric in cartesian coordinates as:

w=A(r)dt? +[l—ijdr2 —(dx2 +dy* + dzz), rdr = xdx + ydy + zdz

A(r)
and notice that the 3x3 matrix of components of the three rotations has rank
equal to 2, a result leading surely, before doing any computation to the existence
of one and only one zero order Killing equation Xx&* +y&Y +z£2 =0. Such a
result also amounts to say that the spatial projection of any Killing vector on the
radial spatial unit vector (Xl/ r,x* / r, X3/ I’) vanishes because r must stay
invariant.

Caring only about the last three equations, we get formally:

A,
Sonr &~ (K 50)

AL (A (A, A
_50,11 2A<§1,0 [ ]50 A§0,1

A A?
A AY L (AT (A)), A
= 680,11 +_§o,1 _%éo I ( 2) fo __50,1
2A 2A A A A
A A"
= 50,11 +ﬂ§1,o _Kégo

We obtain the linearized Christoffel symbols T'=L(&,)y e S,T"®T in the
form:
A A’

2850 A

and similarlyin R, with lower indices as usual:

" 2
r0,01 = 50,01 - [ﬂ + ﬂ] &=0

650:0

Fo,u = 6?0,11 +

2 4

AAI
Lo = fo,oo _751,0 =0

AA” AIZ
r1,00 = 51,00 + (_ ]51 =0

2 4
A/
[ = 51,01 + ﬂfw =0
A" 3(A 2
Iiy= 51,11 + [ﬂ_ ElAZ) }51 =0
DOI: 10.4236/jmp.2018.910125 1988 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.910125

J.-F. Pommaret

It follows that we obtain in R, and thus finally in Rl(z) for constructing

Posa

+& 00 + 2_A§1,00 =0

51,001 ( 2 4 ng [ 2 4 }gl,l_o

(A
gloo_i[ﬂ_( 4) ngzo

2A( 2
(AN ) A (A,
2 4 ™M 2A( 2 v
, , v [ AR (A’
Summing these four prolongations, we get &d [ 5 =0 :>-

because A=1-T = A4rA=1=2A+rA"=0 . Similarly, we could have
r

obtained:

" A’ 2
d1§1,00 - d0§1_01 = _[ AZA _%J &=

Using the relation A+rA'=1, we have also successively for constructing

Pozo1|*

2 A 1 A
A, Qg +doy, —d,Q =28, — (? + KJ 820 = %m = [F + ﬂj &0

AA 1 A
T‘fl,z’ 50,12 = _[? jfz 0
AAY)
dl (fz,oo ) - do (52,01) - (7)51,2 T

AA 1 A
2 51,12 - (_ J‘fz 00

:{Aﬁn (A ]éz AA'(1+i'j§12

r 2A

52,00 = _50,20 ==

%12

2r

AA' AA" 3AA
= 51 2= or

that is to say . However, we have:
Ar 3 A' 2 Aﬂ
d1(§1,01)_do(§1,11)=dl(‘ﬂé,o)‘{ ( ) __ng,o

4A%2  2A
i,éf _ i"—(A’)Z (;: _ S(A,)Z_An f
2A°Y [ 2A  2A7 MO 4ap?  2A "

{(A’f L(R) _3<A'>2] : o

407 2A7 4A?
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and such an approach does not bring & ,=0 for sections, even if it must be

surely true for solutions. We may also notice that:

A 2
A, Qg +d, Q0 —d €y, =28, _Kégo,z +?§z,0

A1l
= = —+—
50,12 (ZA rJégo,z
2 A
doQu + dZQm - dlgoz = 251,02 _Ffz,o _Kgo,z

=& = (i lj o2

2A 1
A” AV
50,11 :K‘fo _ﬂé,o
Studying the component , we obtain successively:
A" A Co1y A1
dzfo,u - d1§0,12 = Kfo,z _ﬂgl,oz - (ﬁ*‘ F) fo,z _(ﬁ‘FFJ Cfo,lz
AOAN(A 1) (A 1) (A 1Y
=l ————| === || =+ | —+=| |
A 2A\2A r 2A r 2A 1 ’
2A
:—Efo,z

and thus . We also have:

A 2
d3 Q0 + Ay —do Qs =285 _Kéfo,s + ?éts,o

= So1s = (ﬁ + %j Sos

2A
2 A
dogw + d3Q01 - digos = 251,03 _?53,0 - Kgo,s
A1
=i = (ﬁ - Fj So3
Studying the component , we obtain successively:
A” AI
50,11 = Kézo _ﬂfm
A'
d3Q; +d,Q0; —dpQy; = 26&0,13 - Kﬁo,s
2 A
dogls + d3(201 - d1Q0,3 = 251,03 _Féfs,o _Kézo,s
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A" A A 1Y A1
d3§o,11 - d1§o,13 = 7680,3 _ﬁ‘fl,os _(ﬁ‘FFj 50,3 _(ﬂ‘FFJ 50,13
AOAN(A 1) (A 1) (A 1Y
=l = e o | [Sos
A 2A\2A r 2A r 2A r
3A
__ﬂé:o,s
and thus . We also have:
2 A
d1903 + d0913 - d3Q01 = 253,01 _?53,0 _K‘fo,s
A1 AA
= 53,01 = (ﬁ‘?j 50,3' 53,00 = _égo,os = _751,3

Studying , we obtain successively:

A1 AA"Y AN
doSaon — Ui&s00 = (ﬂ - Fj Soos + (7) Siat - i1

| ) (2]
22 e

and thus . We also have:

2 A
dOQ12 + d1Qsz - d2Q01 = 252,01 _ng,o _(Xj 52,0 =0

1 A
=& = —+—
52,01 (r 2A)§2,0
Finally, studying the component when (rA)' =1, we
successively:

1 A
do (52,12 ) -d, (52,01) =d, (_rAgl,l) -&- (F + ﬂj S02
rA’ 1 A
= S0t rA(F + ﬁj 10— %10

= (A+ rA’)‘fl,O —&0=0

have

and thus & =0 cannot be obtained. As we already proved that we had & =0
and thus &, =0 but also &,=0,,=0,6,=0&,=0, we have therefore
obtained 10+5=15 linearly independent first order equations after only 2

prolongations that can also be obtained by computer algebra in a rather “brute’

way.

1t follows that one needs one more prolongation in order to obtain & ,=0

from & =0 bysetting &, =dy& formally.

REMARK 3B.1: We present an alternative approach for finding the same

results and illustrate it on two cases. First of all we obtain easily:
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I A 1 !
5 +ops =08 -5 g =0+ 18 =05 woot(8)¢7 + 2 =0

with & = A’ €& = —%51,52 =—r?& & =—r?sin’ (0)53 . Then, using r as a
summation index, we have:
Raj = ,0r|,ij§kr +pkr,ij§|r +Pk|,rj§ir +pkl,ir‘§jr + frarpkl,ij =0

and notice that p; =0=R; =p,& +p, & +&0,p; =0.

The 6 non-zero components of the Weyl tensor are:

mA mAsin®(0)
Poior :+F* Po2,02 :_?: Po3,03 :_—ZI’
‘2
m msin®(6) .
Pragp = +_2rA’ P31z = +T, Prazs =—Mrsin(6)

We obtain in particular:
Rovor = 2001 (égg + ‘:11) +&'0, (pOI,Ol) = 5181,‘701,01 =0=>¢'=0

and similarly:
mA
2r’

and so on, as a way to avoid using computer algebra. However, the main

Rovee = Pmmf% + p02,02§12 +&"0, Poroy = (3681,2 _le) =0=4=0

consequence of this remark is to explain the existence of the 15 second order CC.

«

Indeed, denoting by a linear proportional dependence, we have:

R01,o1 - Roz,oz - R03,03 - RlZ,lZ - R13,13 - R23‘23 —§=0

Rotor ~ Rizps > &, =0

Roros ~ Rizps > &3 =0
Rotiz ~ Rogzs = &, =0
Rot1s ™ Rozos = &3 =0

R01,23 - 0’ R02,03 - O’ ROZ,lZ - O’ R02,13 - 07 R03,13 - O’ I:\>12,13 - 0

as a way to obtain the 5 equalities on the right and thus a total of 20—-5=15
second order CC obtained by elimination. We have to notice that
Ros2s =0,Rpp50 =0= Ry;;, =0 from the identity
Reker(8)= Ry 3+ Ryps; + Rz, =0 and there is no way to have two identical
indices in the first jets appearing through the (formal) Lie derivative just

1 A
described. As for the third order CC, using the equation &, = EQH —ﬁgﬂ, we
have at least the first prolongations of the previous second order CC to which we

have to add the new generating (where the first is the identity 0 = 0):
do&y — 0 =0, dié - &.=0, dy& — ¢2=0, dy&; - &:=0, dzé‘:o,a - dsé‘:o,z =0

provided by the Spencer operator, leading to the crossed terms
di&;—d;&,;=0,Vi, j=12,3 because the Spencer operator is not FI. Finally, we

have:
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digio —doéi =d, (di§1 - &, )_ d, (dO§1 - 51,0) =0,vi=123
and do not find any new generating fourth order CC, even if the left member is
fourth order. Of course, in each of the preceding situations, we have to replace
the jets by their expressions in terms of j,(€) or j;(Q) for obtaining the
corresponding CC.

Such striking results are brought by the formal Lie derivative of the Weyl
tensor because the Ricci tensor vanishes by assumption and we have the splitting
Riemann = Ricci ®Weyl according to the fundamental diagram II that we
discovered as early as in 1988 ([14]) but is still not acknowledged though it can
be found in ([15] [21] [23] [24]). In particular, as the Ricci part is vanishing by
assumption, we may identify the Riemann part with the Wey/ part as tensors
([18] and [24], Th 4.8) and it is possible to prove (using a tedious direct
computation or computer algebra) that the only 6 non-zero components are the
ones just used in the remark. It is essential to notice that this result bringing a
strong condition on the zero jets because of the Lie derivative of the Weyl tensor,
thus on the first jets, involves indeed the first derivative of the Weyl tensor
because we have a term in (A")'. However, as we are dealing with sections,
& =0 implies &,=0 and we also have &,=0,,=0,6,=0 but not
&0=0, these later condition being only brought by another additional
prolongation in Rl(z) c Ri(l) =R, and it remains to determine the dimensions of
these subsystems, exactly again like in the Macaulay or Janet examples. Knowing
that 10=dim(R,)=dim(R,)>dim(R,)=5>dim(R,)=4 , we have thus
obtained the 16 equations defining R, with dim(R,)=20-16 =4, namely:

&5 +sin(0)cos(6)&, =0
$rat & —200t(0)&; =0

51,3 =0

‘fo,s =0

52,2 =0

51,2 =0

égo,z =0
2

983,1 __53 =0
r
2

‘52,1 - _"fz =0
r

4:1,1 =0
Al

930,1 _KSZO =0

§3,0 =

é:z,o =0

51,0 =0

§o,0 =

51 =0
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1
Setting now §0=A§°,§1:—K§1,§2=—r2§2,§3:—r2§3 , we may even

simplify these equations and get a system not depending on A anymore:

& +sin(@)cos(9)é? =0 (2 0 1 3
E+&-2c0t(0)e*=0 2 0 1 3
&=0 2 013
& =0 2 01 3
E=0 2 01 e
& =0 2 01 o
&=0 2 01 e
=0 2 01 o
S:O 2 0 o o
§02=0 2 0 o o
&=0 2 0 o o
§§=0 2 0 o o
2220 2 o o o
&=0 2 o o o
=0 2 o o o
=0 e o o o

It is easy to check that Rl(s), having minimum dimension equal to 4, is
formally integrable, though not involutive as it is finite type, and to exhibit 4
solutions linearly independent over the constants. Indeed, we must have &° =c¢
where cis a constant and we may drop the time variable not appearing elsewhere
while using the equation &'=0. It follows that &°=f(6,4),&°=g(6,9)
while f,g are solutions of the first, second and fifth equations of Killing type
with a general solution depending on 3 constants, a result leading to an
elementary problem of 2-dimensional elasticity left to the reader as an exercise.
The system Rl(s) is formally integrable while the system Rgz) is involutive.
Having in mind the PP procedure, it follows that the CC are of order 2, 3 and 4

along the following commutative and exact diagram and its various

prolongations:
0 0
\ \
0 - ST'®T — ST ®F — h -0
\ \ \ N
0 - R - J(M) - J(FK) - Q -0
! Lt L )
0 - R - 3T - J(FK) - Q -0
\ 2 \:
0 0 0
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0 0
\2 2
0 - 140 - 200 > 60 -0
\’ \! VA VN
0 » 4 > 280 - 350 - 74 >0
y Lt L ¢
0 - 5 —> 140 — 150 - 15 >0
\! 2 \!
0 0 0

and its various prolongations like:

0 0 0
\ \2 \2
0 - ST'®T —» ST ®F — h, —0
2 \2 \2 N
0 > R > J(T) - J(R) - Q -0
\2 N ¥ \2
0 > R - J(T) » J(FR) - Q -0
2 2 \ \’
0 0 0 0
0 0 0
\2 \2 \2
0 » 224 —» 350 —> 126 —>O0
\2 \2 VA VN
0 > 4 »> 504 —»> 700 —> 200 —O0
! Lt L !
0O - 4 > 280 —»> 30 —»> 74 -0
\’ \’ 2 \’
0 0 0 0

If we define F, =Q,, we have the exact sequences with
dim(R,,,)=dim(R;)=4,vr>0:

05 R;,, 23 (T) > 3, (FR) > I (R)

S5+r
by applying the Spencer J-map inductively to the symbol sequences:

0-S, T ®T >S5, T ®F>ST ®F

5+r 4+r

and chasing as usual along the south-west to north-east diagonal. However,
exactly like in the Macaulay example 2A.9 where we needed 2 prolongations
while here we need 3 prolongations, we could also define F, =Q,. Indeed,
applying the Spencer operator d of Proposition 2C.3 like in ([12], p. 190) or ([13],
p. 688), the local exactnes of the sequence T — F, —> F, is equivalent to the
local exactness of the first Spencer sequence R, ——>T ®R,—2>A’T ®R,.

As the second Spencer sequence is locally isomorphic to the tensor product of
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the Poincaré sequence by a 4-dimensional Lie algebra, it is locally exact and the
corresponding first Spencer sequence R;—'—>T ®R, —1>A’T " ®R, is also
locally exact. By projection, it is thus sufficient to prove the injectivity of din the
sequence 05T ® ( R, / Rgl))% AT ® ( R, / Rgl)) . A tricky computation,
justifying the use of the Spencer operator in Remark 3B.1, finally allows to
construct inductively the simplest, shortest, formally and locally exact

differential sequence:

0>0->4 10 74 170——164——76 14 -0

1 3 1 1 1

However, this fact is of no importance compared to the following comments
that we now provide and will be explained later on in a much simpler direct way.

First of all, denoting by R;=R{’cR, with dim(R})=4 the involutive
system provided by the PP procedure, we are in position to construct the
corresponding canonical/involutive (lower) Janet and (upper) Spencer sequences
along the following fundamental diagram I already constructed in many books
and papers (In particular, we advise the curious reader to look at the very
striking Example 3.14 described in [17], p. 119 and showing the importance of
involution) and presented in the last subsection A. In this diagram, not
depending any longer on m, we have now C, =A'T"®R] and provide the

fiber dimensions below:

0 0 0 0 0
\2 \2 \2 \2 \2
i2 Dy D, D3 Dy
0O > 66 > 4 > 16 > 24 - 16 > 4 -0
\2 \2 \2 \2 J

i Dy
0O - 4 - 60 - 160 —» 180 — 9% — 20 —0
[ \2 \2 J s \’

D P2 D, 2 Dy
0> ® > 4 - 56 —> 14 — 156 — 80 — 16 —0
J J J s J
0 0 0 0 0

We notice the vanishing of the Euler-Poincaré characteristics:
4-16+24-16+4=0,
4-60+160—-180+96—-20=0,
4-56+144-156+80-16=0

In actual practice, all the preceding computations have been finally used to
reduce the Poincaré group to its subgroup made with only one time translation
and three space rotations!. On the contrary, we have proved during the last forty
years that one must increase the Poincaré group (10 parameters), first to the
Weyl group (11 parameters by adding 1 dilatation) and finally to the conformal
group of space-time (15 parameters by adding 4 elations) as in ([41]), while only
dealing with the Spencer sequence in order to increase the dimensions of the

Spencer bundles and thus the number of corresponding potentials and fields. In
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view of the size of the matrices involved, we wish therefore good luck to the
reader who should like to find back these results by using computer algebra!
Now, in order to convince the reader that only new methods can allow to
study the strange phenomena happening in the constructions of CC (high order,
sudden increase in the number of generators,...), we shall turn over totally the
previous approach and use a totally different point of view in order to shortcut
the use of computer algebra, having in mind that we already know the final
formally integrable system R,cJ,(T) with dim(R;)=4 but the same
method could be used for other cases. For this, we use the known Killing vector
0, and the zero order equation &'=0 in order to restrict 7 to a sub-vector
bundle EcT of dimension 2 with section (52,53) in order to have a first
order system with 3 independent variables (r,6,¢)=(1,2,3) and 2 unknowns,
obtained by eliminating &' and & O as follows in order to get an equivalent

system for &2,&° for the variables (1,2,3) with only 5 equations:

& +sin(@)cos(9)E2 =02 1 3
&E+& —2cot(0)E°=0 |2 1 3
51320 2.1 e
& =0 2 1 e
& =0 2 o o

As a byproduct, we have the following commutative diagrams:

0 0
\ \
0 - ST'®E - ST ®F —> h -0
s s 2
0 - T'®S,T'®E — T T ®F, —» T ®Q —0
Ls %) \’
0 - AT'®g — A T'®T'®E —» AT'®F, — 0
s s \
0 > A'T'®E = AT'®E - 0
\ \
0 0
0 0
\ \A

0 - 20 —» 30 —> 10 -0
%) %) \2

0 - 36 > 45 > 9 >0
16 ) \2

16 16 \2
O -» 2 = 2 - 0

\2 J

0 0
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The next result points out the importance of the Spencer §-cohomology and
will be justified later on in cartesian coordinates as it is intrinsic:

LEMMA 3B.2: The last symbol diagram is commutative and exact. In
particular, the lower left map J is surjective and thus the upper right induced
map h, >T ®Q, is also surjective while these two maps have isomorphic
kernels.

Proof The 3 components of A*T ®g, are {v;lz,vgm,vjyza} and the kernel

of the map J'is described by the two linear equations:
V12,23 * V§,31 + V§,12 =0, sz3 + V§,31 + Vg,lz =0
that is to say by the two linearly independent equations:
V§,12 =0, Vg,lS =0

Accordingly, in the left column we have:
dim(Hz(gl)) = dim(Zz(gl)): dim(ker (5)) =1

An unusual snake-type diagonal chase left to the reader as an exercise proves

that the induced map h, >T ®Q, is surjective with a kernel isomorphic to
H? (9,) . This is a crucial result because it also proves that the additional CC has
only to do with the the single second order component of the Riemann tensor in
dimension 2, a striking result that could not even be imagined by standard
methods.

Q.ED.

Now, we have explained why the new zero order PD equation
£ =0&&'=0 should be replaced by the condition x'& =0 by using the
space euclidan metric for lowering the indices. Differentiating with respect to
x), we obtain 5}§i +X'& ; =0 with the Kronecker symbol J and, contracting
with x! we finally get Xjé‘j + Xixjfi’j =0. hence on space, we get a new
subsystem by adding to the standard Killing system of space (n=3) the above
zero order constraint in order to get a system R] with
dim(R)=(3+9)—(6+2+1)=3. Coming back to the computation previously
done with the Schwarzschild metric while using only &£° and &', we discover
that the new system does not any longer depend on “A” (See other examples in
[16]).

Its study can be therefore replaced by that of the 3-dimensional system R/
which is defining a nontransitive system of infinitesimal lie equations, that is the
map 7g:R/ =T isno longer surjective, a result modifying the constructions of
the Vessiot structure equations but this is out of our story. Suppressing from
now on the “” for simplicity, we are thus led to n=3 and the formally
integrable system of 9 linearly independent equations where @ is the Euclidean

metric:

&itéi=0, Xigi,j +&;=0, Xi‘:Ki =0
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because X'(X'&;+&)=XX& | +X'& =x¢& =0.
Changing slighty the notations with now n=3,m=dim(E)=2 in order to

Xl

keep an upper index for any unknown while setting &° = -—
X

2
1 X
-—¢ , we get
e
the following system R, < J,(E) with dim(R )=3 because

par, = {él, g‘z,(,ﬁf} and corresponding Janet tabular:

Xt 1
Q=&+ -=E=01 2 3
X X
O =g -5 -8 =0
X X 1 2 e
PP =£2=0
S 19 e
q)zzgzl"'%glz:o:o
1 e o
q)lzfllzo

It is easy to check that all the second order jets vanish and that the general
solution {fl =ax’ +bx®, &% = —ax? +CX3} depends on 3 arbitrary constants

(a,b,c) in such a way that the three space rotations are separately and
respectively obtained by each element of the basis {(1, 0,0),(0,1,0),(0, 0,1)} .

As before but with a different system, we have the following commutative

diagrams:
0 0 0
{
0 - ST ®E — ST ®F — h -0
2 2 X {
0 > R - J(E) - J(R) - kK -0
l L L ¢
0 > R - J(E) > J(FR) - Q -0
2 2 X {
0 0
0 0 0
2 { 2
0 - 20 - 30 - 10 -0
2 2 { 2
0 » 3 - 40 - 50 - 13 -0
! L [ )
0 » 3 — 20 - 20 - 3 -0
\ \ \ \
0 0 0
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0 0
J J
0 - ST’'®E - ST ®F —> h -0
s s J
0 - T'®S,T’T®E — T ®T ®F, —» T ®Q —0
6 s J
0 > AT'®g, — AT'RT'®E —» AT'®F — 0
s 6 2
0 > AT'"®E = ANAT'®E > 0
A J
0 0
0 0
J \2
0 — 20 — 30 — 10 —>0
s s J
0 — 36 — 45 - 9 -0
s s J
0 - 3 — 18 — 15 — 0
6 s J
0 - 2 = 2 — 0
J
0 0

The next result points out the importance of the Spencer J-cohomology:

LEMMA 3B.3: The last symbol diagram is commutative and exact. In
particular, the lower left map J is surjective and thus the upper right induced
map h, >T ®Q, is also surjective while these two maps have isomorphic
kernels.

Proof The 3 components of A°T ®g, are {vflz,vfla,va} and the map Jis

described by the two linear equations:
1 1 1 2 2 2 _
Vigs +Voa1 TVa10 =0, Vigg V5 +V35, =0

that is to say by the two linearly independent equations:
2 1
2 X 2 2 X 2
Viggt Fvl,lz =0, Vigs — FVMZ =0

Accordingly, in the left column we have:
dim(Hz(gl)) = dim(Zz(gl)):dim(ker(é)) =1
An unusual snake-type diagonal chase left to the reader as an exercise proves
that the induced map h, >T ®Q, is surjective with a kernel isomorphic to
H? (9,). This is indeed a crucial result because it also proves that the additional
CC has only to do with the the single second order component of the Riemann
tensor in dimension 2, a striking result that could not even be imagined by

standard methods.
Q.E.D.
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Collecting the above results, we find the 3 first order differentially
independent generating CC coming from the Janet tabular and the additional
single second order generating CC describing the 2-dimensional Riemann

operator, that is the linearized Riemann tensor in the space (Xl, XZ) :

¥* =d,®" +d,®*-d,d* =0
1

1
¥ = d,0° - d,0° +%d1®3 5’ =0

2

1
w2 = d,0? —d,0* —d,0° —%dlcbe' Jr%(dlcb2 ~d,0*) L

X3

@’ =0

2
¥t = d,0' - d,0* —%(dlcb2 —dzd)l)—%(bl =0

An elementary but tedious computation provides the second order CC:
x° (dzz‘I’1 +d,¥°-d, P’ ) —(xldl‘I’4 +%°d,¥P* + x3d3‘P4)— 2¥* =0
The corresponding differential sequence written with differential modules
over thering D=K][d,,d,,d;] with K :Q<X1,X2,X3) is:
0D D* D° D?—2>M -0

2 2 1

where p is the canonical (residual) projection. We check indeed that
1-4+5-2=0 but this sequence is quite far from being even strictly exact. Of
course, as R, is involutive, we may set C =A'T ®R, and obtain the
corresponding canonical second Spencer sequence which is induced by the

Spencer operator:

0-0—%25C,—25C,—25C,—25C, >0

with dimensions:

0502532592 59 B 5350

1 1

We let the reader compute the corresponding Janet sequence as a first step
towards the Vessiot structure equations which are not easily obtained because

we have now:
Xigi = Xiwijgj =&+ _275‘; =0

where y denotes the Christoffel symbols.

This result justifies “a fortiori” the comments we have already provided. The
reader may compare such an example with the Janet example (where we have
one third order CC and one sixth order additional CC) with the major difference
that we have now a formally integrable system. We do not know any other
similar situation.

In order to achieve the study of the Schwarzschild metric in a purely intrinsic
way, we prove that the situation of the previous example is just describing the
way to exhibit the torsion part t(M)c M of a differential module by
computing a certain extension module. Coming back to the systems already

obtained and keeping in mind that
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&=0=28,=0¢, —%cj‘o =0,&,=0,&,=0=¢£%=cst while replacing

r’s,,r’s&, by &%,& respectively, we may therefore replace the integration of
the previous system by that of the simpler system:

@55513:0 2 3
®4E§12:0 2 3
©° =& +sin(@)cos(0)E7 =0 2 3 o
O =£2+E -2c0t(0)E =0 |2 3 e
O'=¢7=0 2 o o

allowing to define an isomorphic differential module because both systems are
formally integrable though not involutive, with the same dimension
2+(2x3)-5=3 with par, = par, = {52,53,523} . We have now similarly the 3
first order CC and the single second order CC:

P4 =d;, @' +d,,®° - d,, @ —sin (@) cos(0)d,d!

—2cot(6)d,d° —ZSinz(Q)q)l-i-ﬁ
¥ =d,®° - d,®° —sin(#)cos(0)d* =0

V2 =d,0’ -d,d* —d,d° —2cot(0)®° =0
¥ =d,®' -d,®* =0

®*=0

describing again the single component of the linearized Riemann tensor for
(6,¢) and the first Spencer cohomology group Hz(gl) of the first symbol
g,cT ®E with dim(E)=2 and

dim(H 2 (91)) = dim(/\zT* ® gl)—dim</\3T* ® E) =3-2=1. Of course, we

could even simplified the later system by considering the new system:

®° =& +sin(@)cos(0)E2 =012 3
O? =& +& -2c0t(0)°=0 (2 3
@ =g =0 2 .

We let the reader fill in the details and discover again the only CC
Y= =0.

Considering both situations already studied with n=3,m=2, we discover
that the differential modules defined by the system W¥'=0,%?=0,%°=0 are
isomoprphic, provided we extend conveniently the ground differential field.
Hence, in both cases, we have t(M)=0 and the torsion submodule has a
single generator namely the residue of W* which is satisfying for example the

so-called autonomous equation:
X'd, P+ x2d, P+ Xd, P+ 29 =0
Setting M'=M /t(M ), we have the short exact sequence:

0>t(M)>M —>M'—>0

where the torsion-free differential module M’ is now defined by
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wl=0,---,¥*=0. The explanation can only be natural in the framework of
differential homological algebra because, by construction, the CC operator D,
is parametrized by D and MUST therefore provide the torsion-free differential
module M'. This result explains for the fiirst time the intrinsic character of the
additional higher order generating CC that can be found in an apparently
strange manner. In a more detailed way, let us proceed as follows in order to

construct the following commutative diagram:

4
Y
/!
D D
2 > 5 —> 3
ad(D) ad(7y)

2 « 5 « 3

1) Write down the operator D, :(®",- --,(DS) - (\I’l, ‘PZ,‘I’3) as we did.
2) Multiply by test functions A= (ll, 2%, 13) , integrate by parts and
construct the formal adjoint ad(D,): (/11, A2, /13) - (/ul, . #s) .

—dl/ll — /,[1
—-d, A% = 4
_dl/fi’o’ — /,[3

d;A% +d,A" —sin(0)cos(0) A° = u*
d;2% +d,2% —2cos(0)A° = u°

3) Construct generating CC as an operator ad (D): (,ul, ey ,us) - (vl, v2) :

dyp* +dyu’ +d,ut —sin(@)cos(0) 1 =v*

d, o’ +dy e’ +d, 8 —2005(6’);12 =?
4) Exhibit ad(ad (D))=D:(Y', 1*) > (@', ®°):
—d, Y =o'
—d, Y —d,Y? —2cos(6) Y* = ?
—d,Y? —sin(0)cos(0) Y = ®°

—d, Y = 0!
-d,Y? = ®°

5) Construct generating CC D':((Dl,---,(l)s)—>(‘P1,‘P2,‘I’3,‘P4) and
compare D<D'. Then each new CC is a torsion element of the differential
module determined by D which is thus parametrized by D, if and only if
D'=D. In the present case, ¥',W*,¥* being differentially independent, we
find the only additional generating CC ¥* =0.

Accordingly, the situation in GR cannot evolve as long as people will not
acknowledge the fact that the components of the Weyl tensor are similarly

playing the part of torsion elements (the so-called Lichnerowicz waves in [42]
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[43]) for the equations RicCi=0 for reasons only depending on the group
structure of the conformal group of space-time and bring the splitting
Riemann =Weyl @ Ricci .

C) KERR METRIC:

We now write the Kerr metric in Boyer-Lindquist coordinates:

pr—mr

2

Yol

2 22\ 2a 2
_(r +a) —f;\ Asin (¢9)sz(9)d¢2

P

2amrsin®(0)

2 _
ds® = >

2 ,02 2 2492
dt —Kdr —-pdo°+ dtd¢

where we have set A=r’>—mr+a’, p2 =r?+a’cos’ (9) and we check that:

m 1 .
a=0=ds’= [1——jdt2 ——=—dr?—r?d¢? —r’sin(0)’ d¢?
r m
1-=
r
as a well-known way to recover the Schwarschild metric. Now, we notice that ¢
or ¢ do not appear in the coefficients of the metric and thus, as the maximum
subgroup of invariance of the Kerr metric must be contained in the maximum
subgroup of invariance of the Schwarzschild metric because of the above limit
when a— 0, we obtain the only possible 2 infinitesimal generators {8“8,7,}

and we have the fundamental diagram I with fiber dimensions:

0 0 0 0 0
2 \’ \’ \’ \2
J2 Dy D, D3 Dy
0 > @ » 2 > 8§ » 12 - 8 » 2 -0
\’ 2 \2 \2 \2
I2 Dy D, D3 Dy

0 - 4 - 60 - 160 — 180 — 9% —> 20 —0
I J J J J d

D D Dy D3 Dy
0 ® - 4 - 58 —» 152 —» 168 — 88 — 18 —0
J J J J J
0 0 0 0 0

with Euler-Poincaré characteristic 4—58+152-168+88-18=0. Comparing
the surprisingly high dimensions of the Janet bundles with the surprisingly low
dimensions of the Spencer bundles needs no comment on the physical
usefulness of the Janet sequence, despite its purely mathematical importance. In
addition, using now the same notations as in the preceding section, we have the
additional zero order equations &'=0,£2=0 produced by the non-zero
components of the Weyl tensor and thus, at best,

dim(R((f)) =2 < dim ( Ri(z)) =2, if the zero order equations are obtained after
only two prolongations. As these zero order equations depend on j,(Q), at
best, we should obtain therefore eventually dim(Q,)=10+2=12 CC of order
2and 60—(4x12)=12 CC of order 3 at least.
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Using finally cartesian coordinates with &° =0, x'&" + x?£? =0, we have only
to study the following first order involutive system for fl =&  with
coefficients no longer depending on (a,m), providing the only generator
x'0, — x*0,

D =¢=0 123
2 1
PP=g-E=011 2 o
X
@1551:0 1l o o
¥ =d,®* -d,»° +i2q>3 =0,
X
Y2 =d, ' -d,®* =0,
1
‘Plzd2®1—dl®z—7®1:0

1
= d, ¥ -d,¥* +d, P’ +7‘P2 =0

0 0 0 0
J J J J
i Dy D, D3
0O >0 -1 >3 > 3 > 1 -0
2 { 2 I
i Dy D, D3
0 > 1 -4 >6 > 4 > 1 -0
I J J J J
D D Dy
0 ® 1 -3 - 3 -1 >0
J J
0 0 0

This result definitively proves that, as far as differential sequences are

concerned, the only important object is the group, not the metric.

4. Conclusion

We may summarize the results obtained in the 3 previous subsections by saying:

JANET AND SPENCER PLAY AT SEE - SAW

because we have the formula dim(Cr)+dim(Fr)=dim(Cr(E)) and the sum
thus only depends on (n,m,q) but not on the underlying group when E=T.
Hence, the smaller the background group is, the smaller the dimensions of the
Spencer bundles are and the higher the dimensions of the Janet bundles are. As a
byproduct, we claim that the only solution for escaping is to increase the
dimension of the Lie group involved, adding successively 1 dilatation and 4
elations in order to deal with the conformal group of space-time while using the
Spencer sequence instead of the Janet sequence ([23] [43]). The results of this
paper thus question the mathematical foundations of GR and even strengthen
the doubts we already had about the existence of gravitational waves in [23].

Two forthcoming publications will achieve this game.
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Abstract

Cosmologists have long ignored a stipulation by quantum field theorists that
the vacuum pressure p corresponding to the zero-state vacuum energy must
always be equal in magnitude to the vacuum energy density p (ie,
p=p). Although general relativity stipulates the additional condition of
proportionality between the vacuum gravitational field and ( p+3p ), the eq-
uation of state for the cosmic vacuum must fulfill both relativistic and quan-
tum stipulations. This paper fully integrates Flat Space Cosmology (FSC) into
the Friedmann equations containing a cosmological term, with interesting
implications for the nature of dark energy, cosmic entropy and the entropic
arrow of time. The FSC vacuum energy density is shown to be equal to the
cosmic fluid bulk modulus at all times, thus meeting the quantum theory sti-
pulation of ( p=p). To date, FSC is the only viable dark energy cosmological

model which has fully-integrated general relativity and quantum features.

Keywords

Cosmology Theory, General Relativity, Dark Energy, Cosmic Flatness,
Cosmic Entropy, Entropic Arrow of Time, Cosmic Inflation, Milne Universe,
Black Holes, Cosmological Constant Problem

1. Introduction and Background

Flat Space Cosmology (FSC) is a mathematical model of universal expansion
which has proven to be remarkably accurate in comparison to observations [1]
[2] [3] [4]. FSC began as a heuristic model following the Penrose-Hawking idea

of treating the expanding universe as a time-reversed giant black hole, which is
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smoothly expanding as opposed to smoothly collapsing [5] [6]. However, we
have also recently proven it to be a general relativity model by successfully inte-
grating the FSC assumptions into the Friedmann equations which include a
cosmological term and a global curvature term 4 set to zero [7] [8]. The relevant
equations will be repeated in this paper for clarity.
One of the results of integrating FSC into the Friedmann equations is that the
following relation holds true in FSC:
3H%c* _ Ac’

—_— = 1
8nG 8nG (0

This is merely a reflection that global space-time in FSC is flat during the
cosmic expansion. As stipulated by the space-time curvature rules of general re-
lativity, a globally flat universe must have a net energy density of zero. Other-
wise, if the positive energy density and negative energy density terms were not
equal in magnitude, there would be an observable global space-time curvature
representative of the greater energy density term.

Astronomical observations [9] [10] [11], in the context of general relativity,
indicate that a mysterious energy presumably within the cosmic vacuum must be
exerting a force in opposition to that of attractive gravity. Thus, this vacuum
“dark energy” is defined as a negative energy with respect to the positive energy
of cosmic matter. General relativity stipulates the associated vacuum gravita-
tional field to be proportional to ( o+ 3p ). Quantum field theory makes the ad-
ditional stipulation that the vacuum pressure p corresponding to the zero-state
vacuum energy must always be equal in magnitude to the vacuum energy density
p (ie, p=p). Cosmologists, who seem to be particularly focused on (p+3p ),
appear not to be strictly adhering to the quantum theory stipulation. If need be,
they appear willing to consider an equation of state w value other than exactly
minus one. Nevertheless, the cosmic vacuum equation of state must follow both
relativistic and quantum stipulations.

The purpose of this paper is to show how the FSC Friedmann equations
evolve further from Equation (1) and what they imply, especially with respect to
the vacuum energy conditions stipulated by general relativity and quantum field
theory. Before doing so, however, it is useful to review the five current assump-

tions of FSC and its observational correlations.

1.1. The Five Assumptions of Flat Space Cosmology

1) The cosmic model is an ever-expanding sphere such that the cosmic hori-
zon always translates at speed of light ¢ with respect to its geometric center at all
times £ The observer is operationally defined to be at this geometric center at all
times £

2) The cosmic radius R, and total matter mass M, follow the Schwarz-
schild formula R, =2GM, / ¢’ atall times ¢

3) The cosmic Hubble parameter is defined according to H, =c/R, at all

times £.
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4) Incorporating our cosmological scaling adaptation of Hawking’s black hole
temperature formula, at any radius R, cosmic temperature T, is inversely pro-
portional to the geometric mean of cosmic total matter mass M, and the
o R
Schwarzschild radius of the Planck mass black hole). With subscript ¢ for any

Planck mass M is defined as twice the Planck length (ie., as the

time stage of cosmic evolution and subscript p/for the Planck scale epoch, and

incorporating the Schwarzschild relationship between M, and R,

T = hc® . hc
°' G MM, 4 RR,
2
M, E[h—csj L (ZA)
8nCksT, ) M,
1
~ il )
S (TJ )
wtE]
c
Hl :E[ (ZD)

5) Total entropy of the cosmic model follows the Bekenstein-Hawking black
hole entropy formula [12] [13]
nR?

2
LD

S= (3)

The first two assumptions are based upon a literal interpretation of the
Hawking-Penrose conjecture as it would pertain to a smoothly-expanding
Schwarzschild black hole. The third assumption (Hubble parameter) treats
maximally redshifted radial photons at the cosmic model horizon as moving
with speed of light ¢ relative to the geometric center at a distance of horizon ra-
dius R. This is a stipulation of relativity. The fourth assumption is a cosmic
temperature scaling assumption. While it shows similarity to the static Hawking
black hole temperature formula, the FSC cosmic model is treated as scaling in
Planck mass increments. This allows for dynamic cosmic expansion modeling
from the Planck scale epoch. Finally, the fifth assumption utilizes the Bekens-
tein-Hawking entropy definition, which seems appropriate for a model of the
Hawking-Penrose conjecture. The numerous observational correlations of FSC
are given, most recently, in “Temperature Scaling in Flat Space Cosmology in
Comparison to Standard Inflationary Cosmology” [7] and “Clues to the Funda-
mental Nature of Gravity, Dark Energy and Dark Matter” [8].

As previously reported [Tatum, ef al (2015)], a number of past, current and
future cosmological parameters can be calculated using the FSC model. The ac-
curacy of these correlations with observations is largely accomplished by incor-
porating the appropriate cosmological scaling formula for cosmic temperature

[see the top equation in relation (2)]. This equation, by incorporating elementa-
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ry and fundamental constants of nature, allows for FSC scaling from the Planck
scale to the current scale. Thus, in this sense, FSC can be considered a quantum

cosmology model.

1.2. Cosmological Parameter Derivations of FSC

Incorporation of the FSC assumptions into the cosmological scaling temperature
formula allows for the following cosmological parameter definitions. Current
observational parameters are calculated in the right-hand column. 7he only free
parameter in any of these equations is the cosmic temperature. The currently
observed cosmic temperature value: T, = 2.72548 °K.

nY2c7/2 nY2c7/2

Ry—— Riz————— 4

32n%k2T 2GY? ° T 32n?kET G @)
_ 32n%kiT2GY? _ 32n’KiTGY?

(s h3/205/2 ‘= h3/205/2 ©)

3212k 2T 2GY? T 2n?K2TAGY?

M = h3/2Cll/2 M = hS/ZCll/Z )
T 64n’kiT2G? " 64n’k T G2
- he/zcls/z ) ha/zcls/z

©= 64n2k2T ?G¥? Moc” = 64n2k2T G ®

H, = 2.167862848658891x10** s™* (66.89325791854758 km.s™- Mpc’l)

This derived current Hubble parameter value fits very closely with the low end
range of the 2015 Planck Collaboration consensus observational value of 67.8
+/- 0.9 km-s™-Mpc™".

t, = Hi = 4.612837941379141x10" 5(14.61694683819266 x 10° sidereal yrs)

0

(multiplying by 1 sidereal yr/3.155814954 x 107 s)
This value is the reciprocal of the derived Hubble parameter, as one would
expect for a flat space-time cosmic model in comparison to the standard infla-

tionary model. 13.7 billion years is now consensus for the standard model.

R, = —— =1.382894024801713x10° m(14.61720137583068x10° light-yrs )

L
HO
(multiplying by 1 Julian light-yr/9.4607304725808 x 10'° m)

This current cosmic radius value correlates with current cosmic time by R, =
ct, For reasons given in the seminal FSC papers, a perpetually flat and finite
space-time cosmology model has no need to incorporate a superluminal infla-

tionary mechanism to solve the flatness and horizon problems.

3
Vol, :%"[HLJ —1.107784564915062x 107 m°

0
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M, = O _9.311265291518025x 10 kg
2GH,

This total matter mass number can be compared very favorably to a rough es-
timate made from astronomical observations. The visible matter consists of
roughly 100 billion galaxies averaging roughly 100 billion stars each, of average
star mass equal to roughly 1.4 x 10* kg (70 percent of solar mass), totaling to
roughly 1.4 x 10% kg. The 2015 Planck Collaboration report indicates a universal
matter ratio of approximately 5.47 parts dark matter to 1 part visible (baryonic)
matter. This brings the total estimated matter in the observable universe to ap-
proximately 9.1 X 10°® kg. A recent study [14] of average mass density of inter-
galactic dust gives a value of approximately 107° kg-m™. Since this is approx-
imately 1 part intergalactic dust to 1000 parts galactic and perigalactic matter,
intergalactic dust does not appreciably modify the total observational estimated
mass of matter given above. Accordingly, this observational estimate is remarka-
bly close to the above FSC theoretical calculation of total cosmic matter mass. By
the FSC Friedmann equations (below), the positive matter mass-energy must
always be equal in absolute magnitude to the negative dark energy. This predicts
a 50/50 cosmic energy density percentage ratio as opposed to the approximately
30/70 ratio currently claimed by standard cosmology proponents. However,
without unequivocally proving cosmic acceleration, standard cosmology cannot
yet rightfully claim this 30/70 ratio (see Discussion section).

5
2 C

M,c® = =8.368547901344209x10% J

0

2
00 = 3:0 =8.405303329200976 x107%" kg-m™> (critical mass density)

This closely approximates the observational critical density.

, 3HZc?

o€’ = = 7.554309895973191x10%° - m?

8nG

This closely approximates the observational critical energy density and the
observational vacuum energy density. They are equal in absolute magnitude in
ESC.

2. Flat Space Cosmology Friedmann Equations

With respect to the Friedmann equations, those incorporating a non-zero cos-

mological term (Ze, a dark energy term) are now the most relevant since the

1998 Type Ia supernovae discoveries. Therefore, accepting Friedmann’s starting

assumptions of homogeneity, isotropism and an expanding cosmic system with

a stress-energy tensor of a perfect fluid, we have his cosmological equation
a®+ke? _ 8nGp+ Ac?

7 3 (9)

This equation is derived from the 00 (ie., energy density) component of the

Einstein field equations. Since the global curvature term k is always zero in FSC,
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Equation (9) reduces to

N2 2
(EJ ~ 22 81Cp  Ac (10)
a 3 3
With rearrangement, we have
3H?  Ac?
= 11
8:G 821G ' v

This is the relevant Friedmann equation for cosmic mass density. Multiplying
all terms by & gives us the relevant Friedmann equation for cosmic energy den-
sity

3H%? Ac’ )
- = pC (12)
8:G  81G

At this point it is crucial to remember that Friedmann’s energy density deriva-
tion of Einstein’s field equations for the cosmic system as a whole (Ze., globally)
can be interpreted in the form of additive space-time curvatures represented by
the individual terms. The first term can be read as the positive energy density
(i.e., the positive space-time curvature) term; the second term can be read as the
negative energy density (ie., the negative space-time curvature) term; and the
third term can be read as the summation (Ze., net) energy density term for global
cosmic space-time curvature. Since global space-time is treated as constantly and
perfectly flat in FSC, the third term must always have a net value of zero energy
density. This is entirely in keeping with the general theory of relativity, as ap-
plied to cosmology, as well as current cosmological observations of flatness (Ze.,
critical density). Hence, in FSC

3H? _ Ac? (13)
8nG ~ 8nG

And
3H2c? N Ac? (14)
811G  8xG

From these respective critical mass density and energy density equations, it is
obvious that the FSC model defines the Lambda term A by
3H?

C2

A

1N

(15)

In FSC and other realistic linear Milne-type models, Hubble parameter His a
quantity which scales with cosmic time and is defined as
c
R

H

I

(16)

where ¢ is the speed of light and R is the cosmic radius as defined by the

Schwarzschild formula

R=20 (17)

where M represents the total matter mass of the cosmic system and G is the uni-
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versal gravitational constant. Therefore, FSC Equation (15) substituted by Equa-
tion (16) gives

3
R?
So the Lambda term A is also a scalar quantity (ie., like the Hubble para-

A

I

(18)

meter, not actually a constant) over the great span of cosmic time. This indicates
that FSC is a dynamic dark energy quintessence model.

Crucially, Equation (18) allows one to compare the Lambda term A with
total entropy for the FSC cosmic system over the span of cosmic time. Recalling
the Bekenstein-Hawking derivation of black hole entropy [Bekenstein (1974);
Hawking (1976)] as directly proportional to the event horizon surface area
(47‘[R2) , we can apply their formula for cosmic entropy

R’

S=z=
2
Lp

(19)

Then substituting Equation (18) into Equation (19) and rearranging terms

3n

= — (20)
SL?

Thus, the Lambda term A in FSC is inversely proportional to total cosmic
entropy Sat all times. Substituting Equation (20) into Equation (15) gives

nc?

Sz
22
HLp

21)

and

(22)

And, since the reciprocal of the Hubble parameter is the measure of cosmic
time ¢in FSC

Lp

t=—
C

I

ST

(23)

So cosmic time is always directly proportional to JS , with entropy S as de-
fined by Bekenstein and Hawking. Thus, the “entropic arrow of time” is clearly
defined in the FSC model.

The dark energy density cosmological term is not only expressed as
(AC4 / 8nG) in FSC Friedmann equation (14) but, by incorporating equation (20)
into this term, we now have a dark energy density equation

Act 3¢ _3H%*?
8nG  8GSL’  81G

(24)

wherein any of these terms can be used interchangeably to quantify the absolute
magnitude of the cosmic dark energy density at all times.
Since the FSC cosmic expansion model follows the Friedmann starting as-

sumptions of homogeneity, isotropism, and an expanding cosmic system with a
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stress-energy tensor of an ideal fluid, one can consider the bulk modulus B of
classical mechanics to apply to such a fluid. Thus, the wave velocity v,, of the

cosmic fluid should have the following relationship
vV, =,|— (25)

In a realistic cosmic model, where v, =c, and d=p, and B is the cosmic

vacuum bulk modulus, this can be expressed as

c= E (26)
p
Thus,
B = pc? (27)

Therefore, the pressure of this particular ideal fluid (the cosmic vacuum) must
always equal its energy density by virtue of the fact that the cosmic vacuum al-
ways has a wave velocity of c. This satisfies the quantum theory ( p = p) stipula-

tion for the zero-state vacuum energy.

3. Discussion

Cosmologists have long ignored a stipulation by quantum field theorists that the
vacuum pressure p corresponding to the zero-state vacuum energy must always
be equal in absolute magnitude to the vacuum energy density p (ie, p=p).
While general relativity further stipulates proportionality between the repulsive
gravity field of dark energy and ( p+3p), there appears to be little interest
within the standard inflationary cosmology community concerning strict adhe-
rence to the above quantum theory stipulation. Unfortunately, the effect of ig-
noring the quantum field stipulation is that it becomes difficult for cosmologists
to otherwise explain an observed equation of state term w = —1.006 +/— 0.045
(Planck 2015). Whereas, a value of exactly —1.0 is a prediction of the FSC model,
as is obvious from equation (27), when adopting the convention of opposite
pressure and density signages.

The discovery of dark energy within the cosmic vacuum applies to cosmic
models an accelerator pedal in opposition to the brake pedal of attractive gravity.
An important question yet to be resolved is whether the cosmic acceleration
value is precisely zero or very slightly positive. Deep statistical analysis of the
Supernova Cosmology Project compilation data shows only two remaining via-
ble categories of dark energy cosmological models: realistic Milne-type R, = ct
models (with a zero acceleration value, by definition); and the standard model
(with an exceedingly small positive acceleration value). A number of very recent
papers [15] [16] [17] [18] show strong statistical support for the continued via-
bility of realistic Milne-type R, = ct models.

The FSC model is the most realistic Milne-type R, = cf model to date, by vir-
tue of the fact that it is now fully integrated into the Friedmann equations, as

shown in this paper, and shows tight correlations with the 2015 Planck Collabo-
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ration report findings, including their consensus observational Hubble parame-
ter value of 67.8 +/— 0.9 km:s™-Mpc™". A realistic Milne-type model, in sharp
contrast to Milne’s original “empty universe” model [19], is one which contains
gravitational matter. As further evidence of the continued viability of realistic R,
= ct models, the following open source graph from the Supernova Cosmology
Project [20] is shown in Figure 1.

The FSC realistic Milne-type R, = ¢t model is mathematically a perpetual crit-
ical density (Z.e., “flat”) model, as shown in the seminal FSC papers [Tatum, et al.
(2015)]. Therefore, it falls on the “Flat” universe model line in Figure 1.

Those with knowledge of the observational studies of the ratio of dark matter
to visible matter realize the difficulty of determining a precise co-moving value
for this ratio at the present time. Too little is yet known about dark matter for
such precision. Galactic and perigalactic distributions of dark matter can be sur-
prisingly variable, as evidenced by the 29 March 2018 report in Nature [21] of a
galaxy apparently completely lacking in dark matter! Although the 2015 Planck
Collaboration consensus is a /large-scale approximate ratio of 5.47 parts dark
matter to 1 part visible matter, this can only be a rough estimate of the actual
co-moving ratio, particularly if this ratio varies significantly over cosmic time. A
10-to-1 actual ratio in co-moving galaxies remains a possibility, and would
change the actual ratio of total matter mass-energy to dark energy to essentially
unity (Ze., 50% matter and 50% dark energy). The intersection zone of tightest
constraints shown in Figure 1 would then correlate with 0.5 Omega_ matter and
0.5 Omega_Lambda. This is one of several important festable predictions dis-
criminating the FSC model from the standard model.

So long as these models are in a statistical dead heat, it is reasonable to ask if
one of the two models is more compatible with the quantum theory stipulation
of equality between the vacuum pressure and the vacuum energy density. The
answer to this question is clearly in favor of FSC, because the predicted 50/50
percentage ratio for FSC meets the quantum theory stipulation, whereas the
standard model 30/70 percentage ratio does not.

The reason why the 50/50 percentage ratio of FSC implies equality between
the vacuum pressure and the vacuum energy density (and why the standard
model 30/70 percentage ratio does not imply such equality) is contained in the
final four equations of this paper [Equations (24) thru (27)]. The crucial equa-
tions are (24) and (27). Only in the FSC model can the vacuum energy density
(AC4 / 87TG) be shown to be equal in absolute magnitude to both the total matter
mass-energy density (SHZCZ/BRG) and the vacuum pressure represented by
the bulk modulus Bterm in Equation (27).

One of the unexpected findings of integrating the FSC model into the Fried-
mann equations is the intriguing discovery of a possible close relationship be-
tween dark energy and total cosmic entropy [see relations (18) through (24)]. A
review of prior publications concerning this possible relationship indicates that
theoretical physicist Roger Penrose explores this subject in great detail in his re-
cent book entitled “Fashion Faith and Fantasy in the New Physics of the
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Figure 1. Accumulated Supernova (SNe), BAO and CMB data with highlighted
constraints.

Universe” [22] (pages 275-285). Perhaps most notably, Penrose uses the Bekens-
tein-Hawking black hole entropy formula to derive the same equation (in rear-
ranged form, on his page 277) as FSC relation (18) in this paper. This gives us
great confidence that resulting FSC Equations (19) through (24), showing ma-
thematical relationships between total cosmic entropy and the Hubble parame-
ter, cosmic time (“entropic arrow of time”) and vacuum energy density, are in-
deed realistic and correct. Thus, FSC also may prove to be a useful cosmological
model correlate to Erik Verlind€ s “entropic gravity” (23] and “emergent gravi-
ty” [24] theories.

It is important to reiterate that the equation of state for the cosmic vacuum is
stipulated by both relativistic and quantum considerations. By apparently ig-
noring the stipulation from quantum field theory that ( p = p ) must always hold
true for the cosmic vacuum, standard cosmology practitioners appear to have
reached an impasse between general relativity and quantum theory. The FSC
model, on the other hand, has fully integrated these relativistic and quantum
stipulations, while maintaining remarkable accuracy with respect to current ob-

servations.

4. Summary and Conclusions

The FSC model of cosmology was developed as a heuristic mathematical model
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of the Hawking-Penrose idea that an expanding universe arising from a singu-
larity state can be modeled as a time-reversed giant black hole. This idea was an
extension of Penrose’s paper [Penrose (1965)] on the singularities of black holes
and cosmology. Hawking’s doctoral thesis took the idea further by proving the
validity of time-reversal in the treatment of general relativity as it concerns cos-
mology [Hawking and Penrose (1970)]. Finally, the FSC model completes this
idea by incorporating scaling black hole equations suitable for cosmology. Thus,
the proven accuracy of FSC with respect to current astronomical observations
does not appear to be an accident.

To overcome any potential objections that FSC does not fit within general re-
lativity, this paper fully integrates FSC into the Friedmann equations. The im-
plications of the FSC Friedmann equations offer unique insights into the possi-
ble nature of dark energy with respect to total cosmic entropy and the entropic
arrow of time (see especially FSC reference [8]).

The primary purpose of this paper concerns the vacuum energy density im-
plications of the FSC Friedmann equations. Particular attention is paid to Equa-
tion (1) as it relates to Equations (24) thru (27). Since a perpetually flat universe
model implies (by the global curvature rules of general relativity) perpetual
equality of the absolute magnitudes of global positive energy density and global
negative energy density, the magnitude of the vacuum pressure can be equated
with the magnitude of critical energy density (now approximately 10~ J-m™).
Remembering that Friedmann’s assumptions included treatment of the cosmic
fluid (Z.e., the cosmic vacuum) as a perfect fluid, classical wave velocity equation
(25) would seem to be appropriate for the FSC model. Thus, the cosmic wave
velocity (speed of light ¢) should be directly proportional to the square root of
the cosmic fluid bulk modulus, and inversely proportional to the square root of
the cosmic fluid density. This relationship leads to Equation (27), indicating
perpetual equality between the absolute magnitudes of the vacuum pressure and
the vacuum energy density. So FSC predicts an equation of state wterm value of
—1.0 exactly (assuming the convention of opposite pressure and density signag-
es). This follows directly from the small number of FSC assumptions incorpo-
rated into the Friedmann equations. It is not an ad Aoc adjustment to cosmology
theory, as has clearly been the case for the various theories of cosmic inflation
([25], page 238, [26]).

In conclusion, so long as standard cosmology proponents accept, as fact that
cosmic expansion is undergoing positive acceleration, Aowever small, as implied
by their claim of a 30/70 percentage ratio of total cosmic matter mass-energy to
dark energy, standard cosmology is not adhering strictly to the ( p = p) stipula-
tion of quantum field theory. To date, FSC is the only viable dark energy cos-
mological model which has fully-integrated general relativity and quantum fea-

tures.
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