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ONom

tion, in some equations concerning various sectors of Chern-Simons theory
and Yang-Mills gauge theory, precisely the two dimensional quantum Yang-
Mills theory. In conclusion, in Section 3, we have described also the possible
mathematical connections with some sectors of String Theory and Number
Theory, principally with some equations concerning the Ramanujan’s modu-
lar equations that are related to the physical vibrations of the bosonic strings
and of the superstrings, some Ramanujan’s identities concerning m and the
zeta strings.
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1.

Introduction

In this paper, we delve into the intricate realms of advanced mathematical concepts
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and their profound applications in theoretical physics. Starting with an explora-
tion of the Lebesgue integral and the Lebesgue measure, we lay the groundwork
for understanding their significance in modern mathematics. We then venture
into the realms of Chern-Simons theory and Yang-Mills gauge theory, with a spe-
cific focus on the two-dimensional quantum Yang-Mills theory, to showcase the
powerful applications of Lebesgue integration in these fields. Finally, we bridge
the gap between mathematics and physics by exploring the potential connections
with String Theory and Number Theory, particularly highlighting the elegant
equations of Ramanujan and their relevance to the vibrations of bosonic strings

and superstrings.

On the Lebesgue Integral and the Lebesgue Measure [1]-[4]

In this paper, we use Lebesgue measure to define the .[Rd f (x)dx of functions
f:R'>Cu {oo} ,where RY isthe Euclidean space.
If f=clg+-+¢l; isanunsigned simple function, the integral IR“ f (x)dx
is defined by the formula
simp[ , f(x)dx=cm(E,)+--+cm(E,), (1)

thus .[Rd f(x)dx will take values in [0, +oo].
Let k,k'>0 be natural numbers, ¢,,---,C,C},-,C €[0,+0], and let
E, - E.E, - E,.C RY be Lebesgue measurable sets such that the identity
Clg + 4Gl =Clg +--+C 1, (2)

holds identically on R? . Then one has
cm(E)+--+cm(E ) =cim(E])+---+c.m(E ). (3)
A complex-valued simple function f:R® —C is said to be absolutely inte-

grable of .[Rd | f (X)| dx<oo.If f isabsolutely integrable, the integral
IRd f (x)dx is defined for real signed f by the formula

simp| , f (x)dx:=Simp[ . f, (x)dx—Simp[ , f (x)dx (4)

where f, (x):= max( f (X),O) and f (x):= maX(—f (X),O) (we note that these
are unsigned simple functions that are pointwise dominated by |f| and thus

have finite integral), and for complex-valued f by the formula
simp| . f (x)dx:=Simp| ,Re f (x)dx+iSimp[ ,Im f (x)dx.  (5)
Let f:R > [0,+oo] be an unsigned function (not necessarily measurable).
We define the lower unsigned Lebesgue integral J.Rd f(x)dx
oo T (X)0X = SUPG. - simpe SIMP [, 9 (X)X (6)
where g ranges over all unsigned simple functions g:R’— [0,4+0] that are

pointwise bounded by f . One can also define the upper unsigned Lebesgue in-

tegral

[o £ () dx =0 e SIMP [ h(x) X ?)
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but we will use this integral much more rarely. Note that both integrals take values
in [0,+0], and that the upper Lebesgue integral is always at least as large as the
lower Lebesgue integral.

Let f:RY—> [0, +oo] be measurable. Then for any 0< A <o, one has

m({XERd : x)>/1})_—J.Rd , (7b)

that is the Markov’s inequality.
An almost everywhere defined measurable function f:R® — C is said be ab-

solutely integrable if the unsigned integral

¥ e = foo £ O ®

is finite. We refer to this quantity || f "B qd) asthe L ( R ) norm of f ,and use
Ll(Rd ) or L' ( R - C) to denote the space of absolutely integrable functions.
If f is real-valued and absolutely integrable, we define the Lebesgue integral

I o f(x)dx by the formula
R

[ oo FOx)dx= [ f(x)dx—[ ,  (x)dx (9)
where f :=max(f,0) and f :=max(—f,0) arethepositive and negative com-
ponentsof f .If f iscomplex-valued and absolutely integrable, we define the

Lebesgue integral f f(x)dx by the formula
[ F(x)dx:=][  Ref(x)dx+if ,Imf(x)dx (10)

where the two integrals on the right are interpreted as real-valued absolutely inte-
grable Lebesgue integrals.
Let fel'(R"—>C).Then

e 10000 = [ (x)]ax. (1)

This is the Triangle inequality.
If f isreal-valued, then |f|: f,+f .When f iscomplex-value one can-
not argue quite so simply; a naive mimicking of the real-valued argument would

lose a factor of 2, giving the inferior bound

y f(x)dx‘sZJ'Rd|f (%)]dx. (12)

To do better, we exploit the phase rotation invariance properties of the absolute
value operation and of the integral, as follows. Note that for any complex number

Z , one can write |Z| as ze' forsomereal O.In particular, we have

dx‘:e"’ o F()dx = e (x)dx, (13)

for some real @. Taking real parts of both sides, we obtain

x)dx‘ = JRU Re(eigf (x))dx. (14)

Since
Re(e”f (x))< |ei9f (x)| =[f(x)

we obtain the Equation (11)
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Let (X,B,u) beameasurespace,andlet f,g:X —[0,+] be measurable.

Then
[ (f+g)du=] fdu+[ gdu. (15)
It suffices to establish the sub-additivity property
[ (f+g)du<| fdu+[ gdu. (15b)

We establish this in stages. We first deal with the case when g isa finite meas-
ure (which means that z(X)<o)and f,g arebounded. Pickan ¢>0 and
f_ be f rounded down to the nearest integer multiple of ¢,and f° be f

rounded up to nearest integer multiple. Clearly, we have the pointwise bound
f (x)<f(x)<f(x) (16)
and
fo(x)-f (x)<e. (17)

Since f is bounded, f, and f° are simple. Similarly define g ,,g°. We
then have the pointwise bound

f+g<f+9°<f +0, +2¢, (18)
hence, from the properties of the simple integral,

jx f +gdﬂij f+g. +25dy:8impIX f +9. +2edu

. | (19)
= Slmp.[X f du+ Slmp_fX 9,du+2ep(X).
From the following equation
jx fdp = SUPoyct gsimple Simpjx gdu. (19b)
we conclude that
[ f+gdus<[ fdu+[ gdu+2eu(X). (20)

Letting ¢ -0 and using the assumption that (X is finite, we obtain the
claim. Now we continue to assume that g is a finite measure, but now do not
assume that f,g are bounded. Then for any natural number (also the primes)

N, we can use the previous case to deduce that
[ min(f,n)+min(g,n)du<| min(f,n)du+[ min(g,n)du. (21
Since min( f +g,n)<min(f,n)+min(g,n), we conclude that
jx min( f +g,n)sjX min(f,n)dy+jX min(g,n)dg. (22)

Taking limits as N — oo using horizontal truncation, we obtain the claim.
Finally, we no longer assume that 4 is of finite measure, and also do not re-
quire f,g to be bounded. By Markov’s inequality, we see that for each natural

number (also the primes) n, the set

E. :z{XeX : f(X)>%}U{X€X :g(x)>%},
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has finite measure. These sets are increasing in n, and f,g,f+g are sup-

portedon | J E,,and so by vertical truncation
[ (f+g)du=lim_ [ (f+9)L du. (23)
From the previous case, we have
[ (f+0)lg du<[ fic du+| gl du. (24)

Let (X,B,u) be a measure space, and let 0< f <f,<... be a monotone

non-decreasing sequence of unsigned measurable functionson X . Then we have
lim, [ fdu=[ lim _, fdu. (25)

Write f=lim_, f, =sup,,, f,,then f:X —[0,+0] is measurable. Since

n—oo N

the f, are non decreasing to f , we see from monotonicity that .[x f.du are

non decreasing and bounded above by I . Fdu, which gives the bound
lim,_,, [ fdu<[ fdu. (26)
It remains to establish the reverse inequality
[, fdu<tim_ [ fdu. (27)
By definition, it suffices to show that
[ gdus<iim [ fdu, (28)

whenever g isasimple function thatis bounded pointwise by f . By horizontal
truncation we may assume without loss of generality that ¢ also is finite every-

where, then we can write

9=, (29)
for some 0<c; <o andsome disjoint B -measurable sets A,---, A , thus
[ 9du=2 1 cu(A). (30)
. J5-1
Let O0<e <1 be arbitrary (also 5 =0,61803398---). Then we have
f(x)=sup, f,(x)>(1-¢)g (31)
forall Xe A. Thus, if we define the sets
An={xeA:f (x)>(1-¢)c} (32)

then the A increaseto A and are measurable. By upwards monotonicity of

measure, we conclude that

lim, ., u(A,)=u(A) (33)
On the other hand, observe the pointwise bound
f,2 3 (1-¢)cl, (34)
for any n;integrating this, we obtain
Ix fnd,uz(l—f)z:;lciy(ﬁn). (35)
DOI: 10.4236/jmp.2025.161004 97 Journal of Modern Physics


https://doi.org/10.4236/jmp.2025.161004

M. Nardelli

Taking limits as N — o, we obtain
lim, ., [ f.du>(1-€)Y cu(A), (36)

sending ¢ — 0 we then obtain the claim.

Let (X,B,u) beameasurespace,andlet f,,f,-:X —C bea sequence of
measurable functions that converge pointwise g -almost everywhere to a meas-
urable limit f : X — C. Suppose that there is an unsigned absolutely integrable
function G:X —)[O,+oo] such that |fn| are pointwise u -almost everywhere
bounded by G foreach n.Then we have

lim,_,, [ fdu=[ fdu. (37)

By modifying f,, f on a null set, we may assume without loss of generality
that the f, convergeto f pointwise everywhere rather than x -almost eve-
rywhere, and similarly we can assume that |fn| are bounded by G pointwise
everywhere rather than u -almost everywhere. By taking real and imaginary
parts we may assume without loss of generality that f,, f are real, thus
-G < f, <G pointwise. Of course, this implies that -G < f <G pointwise also.

If we apply Fatou’s lemma to the unsigned functions f, +G, we see that

[ f+Gdu<lim,_ inf[ f +Gdu, (38)
which on subtracting the finite quantity IX Gdyu gives
[, fdu<tim _ inf[ fdu. (39)

Similarly, if we apply that lemma to the unsigned functions G — f, , we obtain

[ G—fdu<lim__ inf[ G—fdu; (40)
negating this inequality and then cancelling _[X Gdy again we conclude that

lim,_, sup[ fdu<[ fdu. (41)

The claim then follows by combining these inequalities.
A probability space is a measure space (Q,F,P) of total measure 1:

P (Q) =1. The measure P is known as a probability measure. If Q isa (pos-
sibility infinite) non-empty set with the discrete o -algebra 2%,andif (p, )we 0
=1, then the probability
measure P defined by P:= Zweﬂ p,0, > or in other words

P(E)=>.p,, (42)

weE

are a collection of real numbers in [0,1] with Zwe o Po

is indeed a probability measure, and (Q, 2°, P) is a probability space. The func-
tion @ p, is known as the (discrete) probability distribution of the state
variable @ . Similarly, if Q isa Lebesgue measurable subset of R of positive
(and possibly infinite) measure, and f:Q — [O, +oo] is a Lebesgue measurable

functionon Q (where of course we restrict the Lebesgue measure space on R*
to Q in the usual fashion) with [ f(x)dx=1, then (QL[R’]¥,,P) isa
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probability space, where P:=m, isthe measure
E)::IglE(x)f(x)dx:jEf(x)dx. (43)

The function f isknown as the (continuous) probability density of the state
variable .

Theorem 1

(Connes’ Trace Theorem) Let M be a compact N -dimensional manifold,
& a complex vector bundle on M , and P a pseudo-differential operator of
order-N acting on sections of & . Then the corresponding operator P in
H=L*(M,&) belongsto £ (H) and one has.

Trw(P):%Res(P) (44)
forany o.

Here Res is the restriction of the Adler-Manin-Wodzicki residue to pseudo-
differential operators of order-n. Let & be the exterior bundle on a (closed)
compact Riemannian manifold M, |VO|| the 1-density of M, f eCm(M),
M, the operator given by f acting by multiplication on smooth sections of
&, A the Hodge Laplacian on smooth sections of &,and P=M, (1+A) n/ 2

which is a pseudo-differential operator of order- n. Using Theorem 1, we have

that
ot 2I [ j
2

where we set T, =(1+ A)fn/ ? & £+ . This has become the standard way to identify
¢, with the Lebesgue integral for f €C”(M).
Corollary 1

b (M) =Tr,(M{T,)=—————|, f(x)ol|(x), feC™(M) (45

Let M be a n -dimensional (closed) compact Riemannian manifold with
Hodge Laplacian A . Set T, =(1+ A)fn/z Vs (LZ( )) Then

8,(M)=Tr,(MT,)=c] f(x)ol|(x), vf eL"(M) (46)

where C>0 isa constant independent of we< DL,.

Theorem 2
Let M,A,T, be as in Corollary 1. Then, <|\/| ¢ >T5 =TI°M T e El(L2 (M ))
forall s>1 ifandonlyif fel'(M).Moreover, setting

(M, )= 5(%Tr(<M . >T:+§ )] (47)
forany £eBL,
ve(M)=lmTr((M ) ot ) =cf, F(x)oll(x), vFeL(M)  8)

for a constant ¢ >0 independent of &< BL.
Thus ., as the residue of the zeta function Tr (TAS/ZM fTAS/Z) at s=1,is the
value of the Lebesgue integral of the integrable function f on M . This is the

most general form of the identification between the Lebesgue integral and an
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-1
algebraic expression involving M, , the compact operator (l+ Az) and a
trace.

Theorem 3
Let 0<G(D)e L™ and £eBLNDL. Then

bo(e) (T1)=Tree) (TiG(D)) = [ff dﬂl )J’ Vi el5(Fom.). (49)

Moreover, if lim, k’lJ. h(x)du,,, . (x) exists for all hel”(F,m,,), then
4, (T )=Tr,(T,G(D ))_Ilmk%oc [ f(x)du 2 vl el5(Fom,.) (50)

andall weDL,.

We note that it is possible to identify ¢, with the Lebesgue integral.

Now we consider an arbitrary manifold X with a fixed continuous non-neg-
ative finite Borel measure M. The construction of the integral models of repre-
sentations of the current groups G* is based on the existence, in the space
D(X) of Schwartz distributions on X, of a certain measure £ which is an
infinite-dimensional analogue of the Lebesgue measure. Furthermore, we have

that & runs over the points of the cone
I1(X)= {5 Zrk |r. >0, Zrk<°° xkex}

on which the infinite-dimensional Lebesgue measure £ is concentrated. With

each finite partition of X into measurable sets,

n

a: X=X, m(X,)=4, k=1--n,

k=1
we associate the cone F, =R of piecewise constant positive functions of the

form
f(x)=> fx(x), f,>0,
k=1

where y, is the characteristic function of X, , and we denote by @, =(RL1 )

the dual cone in the space distributions. We define a measure £, on ®, by

Nkl
dﬁa(Xl.---,Xn)= XX,

g 7(A)

Let D,(X)cD(X) be the set (cone) of non-negative Schwartz distributions
on X ,andlet Ii (X ) cD, (X ) be the subset (cone) of discrete finite (non-neg-

X, where 4, =m(X,). (51)

ative) measures on X, that is,
Ii(x):{g:z‘r@xk [ >0,>"f <o,% € X}.
k=1 K

There is a natural projection D, (X)—>®, .
Theorem-definition
There is a © -finite (infinite) measure L on the cone D, (X ) that is finite

on compact sets, concentrated on the cone |i (X) , and such that for every
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partition a of the space X its projection on the subspace ®, has the form

(51). This measure is uniquely determined by its Laplace transform
F(f)= .[|1 exp( > f(x )] L(&)= exp(—jX log f (x)dm(x)) , (52)
where f is an arbitrary non-negative measurable function on (X,m) which

satisties .[x log f (x)dm(x) <o

Elements of I} (X) will be briefly denoted by &={r,x},  , or even just
é= {rk , Xk} (sequences that differ only by the order of elements are regarded as
identical).

Let us apply the properties of the measure £ to computing the integral
=TTt (), &
* k=1

where ¢(r,x) isa function on R x X satisfying the conditions
¢(0,x)=1 and _[X J':(go(r X)— ’“) “drdm(x) <o (54)

Theorem

The following equality holds:

J.&(X)(lj o (o % )jdﬁ(g) = exp(.fX [ (e(r, x)—e”)r’ldrdm(x)) . (55)

Proof. Under the projection D, (X)—®, (recall that @, is the finite-di-
mensional space associated with a partition a:X = UE:l X, ) the left-hand side
of (53) takes the form

L=TT15 1k= j @i (1) rldr, (56)

1051 =0
where 4, =m(X,) and ¢, (r)=4 I (., x)dm(X). Thence the Equation

(56) can be rewritten also as follows
H—j A j o(r,, x)dm(x)rAdr, . (56b)

The original integral | is the inductive limit of the integrals |, over the set

of partitions « . Since

)j: e'r*dr, =1, the integral |* can be written

in the form
k _ 1 © -1, A=
l; —1+mfo (%,k(rk)—e k)rk 'dr. . (57)
It follows that
X =1+/1k_[:(¢)a’k (r)-e™ )rk‘ldrk +O(/1k2), (58)
whence

£ =exp(4[; (ou (1) —e™ )5 |+ O(47) .
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The Equation (58) can be rewritten also as follows

1K =1+ /ijow((p&k (r)-e ™ )rdr, +O(4?)
. (58b)
= exp(/lkjo (gpavk (r)—e™ ) r,dr, )+O(ﬂk2)

Thus, up to terms of order greater than 1 with respect to 4,,
I, = exp(z/?%('[;((pavk (r)-e") rldrj
k=1
Since
il (ouc(r)-¢7)) =, (o(rx)-€")am(x),
the expression obtained can be written in the following form
1, ;exp(fX J':((p(r,x)—e")r’ldrdm(x)). (59)

The proof is completed by taking the inductive limit over the set of partitions
a.

Corollary

If o(r,x)= zin:lci(/)i (r,x), where ¢, >0, Y. =1, and the functions
o (r, X) satisty (54), then

J.&(X)[E(p(rk'xk )jd£(§)=]:!exp(cijx [ (o (r,x)—e*r)r*ldrdm(x)). (60)
Let o(r,x)= e where o>1 and Re a(x)>0. In this case we obtain
J‘&(X)(Eer{a(w)jdﬁ(é) _ eXp(J'X J':(e—r"a(X) _e™' ) r~drdm (X)) 61)

Let us integrate with respect to . We have

.[w(e”da(x) e ) ridr = Iim(.[w(e"ga(x) e ) r“dr)
0 A—0\J0

. A
_ -1 Ao _
Illﬁmo(o- F(—ja (x) F(ﬂ)j.
Since F(ﬂ) ~A"+y as A—0, where y is the Euler constant, it follows
that

(62)

I:(exp(—r“a(x)) - exp(—r)) rdr=—o"loga(x) +(o"1 —1);/ .
Hence,
o Floo(-rat ) occe)
- exp((a’l —1)y)exp(—a’1j'x loga(x)dm (x))

In particular, for o =1 we recover the original formula for the Laplace trans-

(63)

form of the measure L :

Igmkﬁexp(—z ra(x))dL(¢)=exp(-[, loga(x)dm(x)).  (63b)
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2. Mathematical Applications in Some Equations Concerning
Various Sectors of ChernSimons Theory and Yang-Mills
Gauge Theory

2.1. Chern-Simons Theory [5]
The typical functional integral arising in quantum field theory has the form
-1 BS(A)

z7[ f(A)e”"DA (64)
where S () is an action functional, £ a physical constant (real or complex),
f issome function of the field A ofinterest, DA signifies “Lebesgue integra-
tion” on an infinite-dimensional space A of field configurations, and Z a “nor-
malizing constant”. Now we shall describe the Chern-Simons theory over R®,

with gauge group a compact matrix group G whose Lie algebra is denoted

L(G). The formal Chern-Simons functional integral has the form
1 ics(A)
2jAf(A)e DA (65)

where f isa function of interest on the linear space A of all L(G)-valued 1-

forms A on R%®,and CS (-) is the Chern-Simons action given by

CS(A)=4£an3Tr(AAdA+§AAAAAj, (66)

involving a parameter K . We choose a gauge in which one component of
A=a,dx, +a,dx, +a,dx, vanishes, say a, =0.This makes the triple wedge term

AAAA A disappear, and we end up with a quadratic expression
K
CS(A)=EJ'R3Tr(A/\dA) for A=a,dx, +a,dx . (67)
Then the functional integral has the form

%JA ¢(A)eiA—T[jR:-;Tr(AAdA) DA (68)
0

where A, consistsofall A for which a, =0. Asin the two dimensional case,

the integration element remains DA after gauge fixing. The map

LK
'HIRS Tr(AndA)

b (F)es = %IAO d(A)e DA, (69)

whatever rigorously, would be a linear functional on a space of functions ¢ over
A, . Now for A=aydx,+a,dx, € A, decaying fast enough at infinity, we have, on
integrating by parts,

CS (a,dx, +adx, ) = —z—insTr (a, f, ) dx,dx,dx, (70)

where
f=0,a. (71)

So now the original functional integral is reformulated as an integral of the form

<¢>cs = %Jeiﬂ@(ﬂlv(ao’ fl) Da, Df; (72)
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where
(a, f)y=—[ ,Tr(af)dvol , (73)

and Z always denotes the relevant formal normalizing constant. Taking ¢ to

be of the special form

4, (g, f,) =€ (74)
where j, and j, are, say, rapidly decreasing L(G)-valued smooth functions
on R?,we find, from a formal calculation

2n, .
*l7( Jo-i1)

<¢J >cs =¢ ’ (75)

In the paper “Non-Abelian localization for Chern-Simons theory” of Beasley
and Witten (2005), the Chern-Simons partition function is

1 (k¥ -k 2
Z(k)_vm(g)(rnzj IDAeXp[IEJXTr(A/\dA+§A/\A/\AH. (76)

We note that, in this equation, DA signifies “Lebesgue integration” on an in-
finite-dimensional space of field configurations. If X is assumed to carry the
additional geometric structure of a Seifert manifold, then the partition function of
Equation (76) does admit a more conventional interpretation in terms of the co-
homology of some classical moduli space of connections. Using the additional
Seifert structure on X , decouple one of the components of a gauge field A, and

introduce a new partition function

Z(k)=K-[DADDexp i [ Tr AndA+ZANANA
4m | *x 3

[ 2 ATr(OF,)+ ] K/\dKTr(d)z)H,

Equation (77), then give a heuristic argument showing that the partition func-
tion computed using the alternative description of Equation (77) should be the
same as the Chern-Simons partition function of Equation (76). In essence, it is

possible to show that
Z(k)=Z(k), (78)

by gauge fixing ® =0 using the shift symmetry. The ® dependence in the in-
tegral can be eliminated by simply performing the Gaussian integral over @ in

Equation (77) directly. We obtain the alternative formulation

Z(k)=2Z(k)= K’.J'DAexp{iAanUXTr(A/\dAJrgA/\A/\Aj

(79)
1 2
- Tr[ K AF } ,
'[X xAadx ( A) H
11 (k)"
where K':= (—2) . Thence, we can rewrite the Equation (79)
Vol (G) Vol (S)\ 4
also as follows:
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Z(k)=2Z(k)

B vOll(g)vol;(s)(ﬁjAg/2

- [ DAexp i ) TI’(A/\dA+gA/\A/\A]
4\ *x 3

-[. KAldKTr[(KA FA)Zm.

We restrict to the gauge group U (1) so that the action is quadratic and hence

(79b)

the stationary phase approximation is exact. A salient point is that the group
U (1) is not simple, and therefore may have non-trivial principal bundles associ-
ated with it. This makes the U (1) -theory very different from the SU (2) -theory
in that one must now incorporate a sum over bundle classes in a definition of the
U (l) -partition function. As an analogue of Equation (76), our basic definition of
the partition function for U (1) -Chern-Simons theory is now

Zu(l)(x'k): Z Zu(l)(X,p,k) (80)

peTorsH2(X;2)
where

1 7ikSy p(A)
Zu(l)(X,p,k)_WJ'APDAe xpA) (81)

Thence, the Equation (80) can be rewritten also as follows

Zyy(X k)= 2

peTorsH (X;2) Vol (gP)

The main result is the following:

I mka p( (80b)

Proposition 1
Let (X 0.&, K, g) be a closed, quasi-regular K -contact three manifold. If,

Zyy (X, p.k) =k™ e"ikSX'P(A")eT‘[‘("( Red “dKJI ()" (82)

Mp
where ReC” (X ) = the Tanaka-Webster scalar curvature of X , and
; ”(_*d)+ics(As)

4 12 2rn

my A TiKSx Y
Zygy (X, pk) =kl Jo (1) ’ (83)

then
( (X k) U(l (X'k)

as topological invariants.
Now our starting point is the analogue of Equation (79) for the U (1) -Chern-

Simons partition function:

nikSy p(A)

z‘u(l)(x,p,k)=mj Aexp{ {j AndA- J.X—(’I((//\\(ZAK)_J:| (84)

where S, ,(A)) isthe Chern-Simons invariant associated to P for A, aflat
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connection on P . Also here, DA signifies “Lebesgue integration” on an infi-
nite-dimensional space A, of field configurations. The Equation (84) is ob-
tained by expanding the U (1) analogue of Equation (79) around a critical point
A, of the action. Note that the critical points of this action, up to the action of
the shift symmetry, are precisely the flat connections. In our notation, AeT, A, .

Let us define the notation

_ (kA dA)2
S(A).—JXA/\dA—J.XTdK (85)
for the new action that appears in the partition function. Also define
_ (A dA)2
S(A)=| —— 86
( ) '[ X kadx (86)
so that we may write
S(A)=CS(A)-S(A). (87)
Thence, we can rewrite the Equation (87) also as follows:
2 2
[ Anda-| M:j Tr(A/\dA+EA/\ An Aj—j (A dA)  omy
X X knadx X 3 X gadx

The primary virtue of Equation (84) above is that it is exactly equal to the orig-
inal Chern-Simons partition function of Equation (81) and yet it is expressed in
such a way that the action S(A) is invariant under the shift symmetry. This
means that S(A+cK)=S(A) for all tangent vectors AeT, (Ap)=Q'(X)
and oceQ’ (X ) . We may naturally view AeQ! ( H), the sub-bundle of
QI(X) restricted to the contact distribution H cTX . Equivalently, if & de-
notes the Reeb vector field of x, then Ql(H )= {a) e (X)] l.o= O} . The re-
maining contributions to the partition function come from the orbits of S in
A, , which turn out to give a contributing factor of Vol(S). We thus reduce our

integral to an integral over A, :=A,/S and obtain:

e Sxplh) ik (/c/\dA)2
ZU(I)(X’ p’k)_ VOI(QP) .[,&P DAexp E .[x A/\dA_.[X K AdK (88)

e“iksx,p(Aﬂ) _ |k
—————[ DAexp [—S (A)} :
Vol (gp) Ap Ar

where DA denotes an appropriate quotient measure on A, , ie. the “Lebesgue
integration” on an infinite-dimensional space A, of field configurations.
We now have

e“iksX,p(%)

Vol (G,)
B Vol (gp ) eﬂiksx,P(/"o)
~ Vol(H) Vol(G,)

nikSx p(Ao) i—';s(A) . y
:WJAPIQPG[A ][det (deH)] H

ik
Zu(l)(X' p,k): .[A SAe{TﬂS(A)}

ik
[, e[MS(A)}[det’(d;dH)]l/zy (89)

AplG,
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where g is the induced measure on the quotient space Ap/gp and det’

denotes a regularized determinant. Since S(A)= A<, —%, D1A>T( is quadratic in

A, we may apply the method of stationary phase to evaluate the oscillatory inte-
gral (89) exactly. We obtain,

enika,P(AO) e%isgn(—*H Dl) M

= v (90)
Vol (H) [det'(—k; D) ]

Zu(l)(x- p.k)

We will use the following to define the regularized determinant of —k *, D':

[der'(5? +TT*)]M

det’(—k =, D*):=C(k,J)- (90b)
(o D) =0() [der'(177)]"
where SZ+TT*:kz((Dl)*D1+(de;)2), TT*:kz(de;)2 and
C(k,J):= e (90¢)

is a function of ReC” (X ) , the Tanaka-Webster scalar curvature of X , which
in turn depends only on a choice of a compatible complex structure J € End ( H ) .
The operator

A=(DY) D' +(dyd; ) (91)

is equal to the middle degree Laplacian and is maximally hypoelliptic and invert-
ible in the Heisenberg symbolic calculus. We define the regularized determinant

of A viaits zeta function

(A)(s)= 2 A7 (92)

Aespec”(A)

Also, ¢{(A)(s) admits a meromorphic extension to C that is regular at

§ =0. Thus, we define the regularized determinant of A as
det'(A):=e <O, (93)
Let A, ::(d;dH )2 on Q°(X), A=A on Q'(H) and define
i (s)=<(A;)(s). We claim the following
Proposition 2
For any real number O<ceR,
det'(cA, )= det'(A,) (94)

for 1=0,1.

Proposition 3

For A, :=(d,:dH)2 on Q°(X), A;==A on Q'(H) defined as above and
¢ (S)::g(Ai)(S), we have

o (o)_gl(o) = (_8%& RZK/\dKj+ dimKerA, —dimKerA,, (95)

DOI: 10.4236/jmp.2025.161004

107 Journal of Modern Physics


https://doi.org/10.4236/jmp.2025.161004

M. Nardelli

go(o)—gl(o)z(—é § RZK/\dK)-f-dim H*(X,d,)-dimH®(X,d,), (96)

where ReC” (X ) is the Tanaka-Webster scalar curvature of X and

ket ( X ) is our chosen contact form as usual. Let
£, (s)=dimKera, +¢,(s), £(s):=dimKera, +£(s) (97)

denote the zeta functions. We have that (Al (0)= 250 (0) for all 3-dimensional
contact manifolds. We know that on CR-Seifert manifolds that

2,(0)=2(8,)(0)=£(2)(0) =$L R?% Adi . (98)
Thus,

(o)_ j R’k Adx (99)
By our definition of the zeta functions, we therefore have

£ (0) 512'[ R*x Adx —dim KerA,,
(100)

& (0)= j R%x Adx —dim KerA,.

256 %

Hence,
40(0)_§1(0)
J. R Adi— dimKerA, |- ij R%x Andx—dimKerA
5129x X !

101
= IRZK/\dK +dimKerA, —dimKerA, (101)
512

=( 512] RZK/\dKj+dImH (X,d,)-dimH®(X,d,,).

2.2. Yang-Mills Gauge Theory [6]

Let ¥ be an oriented closed Riemann surface of genus g.Let E bean H
bundle over X . The adjoint vector bundle associated with E will be called
ad(E). Let A be the space of connectionson E,and G be the group of gauge
transformationson E .TheLiealgebra G of G isthespaceof ad(E)-valued
two-forms. G acts symplectically on A, with a moment map given by the map

,u(A)z—T, (102)

from the connection A toits ad ( E) -valued curvature two-form
F=dA+AAA-u* (0) therefore consists of flat connections, and (0) / G is
the moduli space M of flat connections on E up to gauge transformation.
M  is a component of the moduli space of homomorphisms p:7,(£)—>H , up
to conjugation. The partition function of two dimensional quantum Yang-Mills
theory on the surface X is formally given by the Feynman path integral

Z(e)= j Aexp( : —(F, F)j (103)

voI
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where ¢ is a real constant, DA is the symplectic measure on the infinite di-
mensional function space A, Ze. the “Lebesgue integration”, and vol(G) is the
volume of G.

For any BRST invariant operator 0 (we want remember that the BRST (Ze. the
Becchi-Rouet-Stora-Tyutin) invariance is a nilpotent symmetry of Faddeev-Po-
pov gauge-fixed theories, which encodes the information contained in the original
gauge symmetry), let <0> be the expectation value of 0 computed with the fol-
lowing equation concerning the cohomological theory

L=-i{Q,v}:h—12jdyTr(%(H - f)z—%fz—iz*Dwime‘
z

_ . (104)
+ DiﬂDi¢+'§;([;{,¢]+ [y, l]wij

and let <0> be the corresponding expectation value concerning the following

equation
" _L i i 1 j
L"(u)= = !dyTr(Di D'g+if [y, |-iDw's"Dy, ). (105)
We will describe a class of 0’s such that the higher critical points do not con-

tribute, and hence <0> = (O) . Two particular BRST invariant operators will play
an important role. The first, related to the symplectic structure of M, is

1 . 1
=—|Tr| igF +— . 106
» 4n2£ (¢ waj (106)
The second is
1
©=——|duTrg*. 107
ani pTrg (107)
We wish to compute
(exp(0+£0)- ) (108)

with & a positive real number, and [ an arbitrary observable with at most a

polynomial dependence on ¢ . This is

<exp(a)+ £0)- ﬁ>'

__1 Beexol K
_Vol(G)jDADy/D¢ B exp[hzu {Q,_l'd;u// Dkf} (109)

1 . 1 & 2
+—|Tr|igF +—= +— | duTrg” |.
4n2£ (¢ 21///\1//] 8nz£ﬂ ¢J

Thus, we can simply set U=o0 in Equation (109), discarding the terms of or-

der 1/u, and reducing to

<exp(a)+ £0)- ﬁ’)
(110)

1 2 irrlige+ L £ 2.
_VOI(G)fDADy/D¢exp[4n2 £Tr(|¢F+2y//\y/j+8n2 id,uTwﬁ j B
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Thence, we have passed from “cohomological” to “physical” Yang-Mills theory.
Also here DA is the “Lebesgue integration”. With regard the Equation (110), if
assuming that =1, in this case, the only y dependent factors are in

DADy/exp£i2.[Try/m//j. (111)
4n”

Let us generalize to ¢ # 0, but for simplicity S =1.In this case, by integrating
out @, we get

1 2n* 2
(exp(w+£0)) _—VOI(G)IDAexp{ . .z[dyTrf J (112)

This is the path integral of conventional two dimensional Yang-Mills theory.
Now, at ¢ #0, we cannot claim that the < > and < > operations coincide,
since the higher critical components M, contribute. However, their contribu-
tions are exponentially small, involving the relevant values of | =— I duTrf? . So

we get >

(exp(w+£0)) =

G)IDAexp(z—nzfdyTrf 2J+O(exp(—2n2c/g)), (113)
& z

where C is the smallest value of the Yang-Mills action | on one of the higher

critical points. We consider the topological field theory with Lagrangian

=L [TrF, (114)
T3
which is related to Reidemeister-Ray-Singer torsion. The partition function is de-
fined formally by
Z(Z DADgex 115
(z)= VO, Vol (G)1 PAD#eXP(-L). (115)

Hereif E istrivial, G isthe group of mapsof X to H ;ingeneral G is

the group of gauge transformations. Now we want to calculate the H' partition

function
= 1
Z(Zu)= DA'Dgexp(-L). 116
Thence, with the Equation (114) we can rewrite the Equation (116) also as fol-
lows
7(Z;u)=——— [ DA'Dgex TroF 116b
(=2)= o ey PAD? p[ [0 j (116b)

First we calculate the corresponding H partition function for connections on

X —P with monodromy U around P . Thisis

Z(Zu)= VI IDAD¢exp( L). (117)

Also here, we can rewrite the above equation also as follows
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Z(Zu)=——=| DADgex TrgF 117b
(=:4) = o1 a7y PADY p( > [Trd ] (117b)
A s the lift of A’. From what we have just said, this is given by the same

formula as the following

29-2
Vol (H) 1

Z(2)= . Y . (118)

( ) {(Zﬂ)dlmHJ g(dima)m—z

but weighting each representation by an extra factor of A, (u’l) . So

vol(H) "7 o A(u7)

Z(Zu)= . S (119)
( ) [(Zn)dlmH J Za:(dima)2972
We now use the following equation

Vol (G) =#I""*%Vol (G'), (120)

to relate Z(Z;u) to Z(E;u),andalso
V0|(H)=#F-VOI(H’); #Z(H)=#F-#Z(H'); #ﬂl(H')z#F; (121)

to express the result directly in terms of properties of H'. Using also (121), we

get

Z(Su)- 1 ,)(VOW_"')]Q ZM (122)

#m (H (ZTc)d'mH' = (dima )™

Note that in this formula, the sums runs over all isomorphism classes of irre-
ducible representations of the universal cover H of H'’. We can immediately
write down the partition function, with gauge group H', for connections on a
bundle E'(u), generalizing (122) to £#0. We get

7 (Se0)=— {VO'(H')}ZQZ.EZJQ(U])'exp(_gl[cz§%)+tJJ.(122a)

#ﬂ_l(H!) (2n)dimH' - (dima)Zg—z

Furthermore, with the (119) and (122) we can rewrite the Equations (116b) and
(117b) also as follows:

1 , i
Z(Zu)= VM(G,IDAD¢m@[7€£ﬂ¢Fj

29-2 122b

L e e Al

it (HY)| (20)™ o (dima)™
L .
Z (Z;u)z\/OI (G,)J-DAngexp[%w,_J;TrqﬁF]

(122¢)

“(2m)™ = (dima)*

We consider the case of H =SU(2). Then VOI(SU (2))=25/21T,2 with our
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conventions, and so
1 zexp(-gn’/a)
(2752)971 n=1 n%9-?
On the other hand, for a non-trivial SO (3) bundle with u=-1, we have
A (u™)=(-1)"", #z,(H')=2 and Vol (SO(3))=2"n*, so0
1 ~ (-1)™ exp(—g’n2/4)
2.(87:2)@”1 = n? '

Z(Z,¢)= (123)

Z(Z,6-1)= (124)
We will now show how (124) and (123) can be written as a sum over critical
points. First we consider the case of a non-trivial SO(3) bundle. It is convenient
to look atnot Z but
vz () ¢

e D o) 12s)

We write
< n ! 1 1 n ’
(el )=y R eelem/y). 0

The sum on the right hand side of (126) is a theta function, and in the standard
way we can use the Poisson summation formula to derive the Jacobi inversion

formula:

> (-1)"exp(-£m’/4)=> T dnexp(2minm +inn— £’ /4)

neZ meZ

2 (127)
2n(m+1/2
_ “—’TZexp[—( (m+y ))]
& mez &
Putting the pieces together,

ot (<Y | [ (2n(m+12)y
65’9*1_4,(32752)9*1 1+ g,néexp{ — |- (128)

The Equation (128) shows that 9z / 0&%" is a constant up to exponentially
small terms, and hence Z (8) is a polynomial of degree g—1 up to exponen-
tially small terms. The terms of order £, k< g—2 that have been annihilated
by differentiating g—1 times with respect to &' are most easily computed by
expanding (124) in powers of &:

1 g2
2(8%)" " i3

Using Euler’s formula expressing ¢'(2n) for positive integral N in terms of

Z(¢e)=

( “klg) (1-2%79)¢ (2g-2-2k)+O(£*).  (129)

the Bernoulli number B, ,
(zn)ZH (_l)n+l Bz

£(2n)= 2(2n)! = (130)

Equation (129) implies
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gt gk (ZZQ_Z_Zk - 2) By 2 2

0)=(-1)"" Y = 131
Mj(ll)exp(aﬂre )=(-1) gk! 777 (29~ 2-2K)! (131)
Thence, we obtain the following relationship:
k
~ 1 g2 (-n’e oas y
e IR RIS
ot ok (22972 -2)B
= J exp(w+£0)=(-1)"" g( )Zg_Hk (132)

Al Skl 2%7(2g-2-2k)!

With regard the link between the Bernoulli number and the Riemann’s zeta

function, we remember that
5, () Bua )-8, 1)
k+1
As B! (x)=mB,_(x) forall m,we see that

1B, (x+1)-B,, (1 « By,
[is (x-1)dx = al kll “():(—1) e

Thence, we have that:

1 k By,
—K) = [ S (x-1)dx =(-1) o

The cohomology of the smooth SO(3) moduli space M'(-1) is known to
be generated by the classes @ and O, whose intersection pairings have been
determined in Equation (131) above, along with certain non-algebraic cycles,
which we will now incorporate. The basic formula that we will use is Equation
(110):

(exp(w+£0)- )
d ) (133)
DADy Dgex TrligF +-w A Trg® |- B.
VolG)I wDgexp j(qﬁ l//t//) z,zfu¢ﬁ
We recall that ( > coincides with integration over moduli space, up to terms
that vanish exponentially for & — 0. Note that i is a free field, with a Gauss-

ian measure, and the “trivial” propagator
(v (w5 (v) = —4ne,0°5% (x-) . (134)

For every circle Cc X there is a quantum field operator
1
=——|Trgy. 135
pecl L (135)

It represents a three dimensional class on moduli space; this class depends only
on the homology class of C . As the algebraic cycles are even dimensional, non-
zero intersection pairings are possible only with an even number of the V. ’s. The
first case is <eXp (0+£0)-V V,, > , with two oriented circles C,,C, thatwe can

suppose to intersect transversely in finitely many points. So we consider

DOI: 10.4236/jmp.2025.161004 113 Journal of Modern Physics


https://doi.org/10.4236/jmp.2025.161004

M. Nardelli

<exp(a)+ £0)-VoV, >

=i e GjDADWDqﬁexp[ JTr£|¢F+ t///\(//j 2fdyTr¢2j (136)

1 2
Upon performing the y integral, using (134), we see that this is equivalent to

\'e}

IDAD://D¢exp( fTr(|¢F+ l///\l//] Zjd,,,Trg,;ZJ

- z 4—12—0(P)Tr¢2(P)

P.CIAC,

(137)

Here P runs over all intersection points of C, and C,,and o(P)==1 is
the oriented intersection number of C, and C, at P. Since the cohomology
class of Trgzlﬁ2 (P) is independent of P, and equal to that of .[d,uTr¢52 , Equa-
tion (137) implies x

<exp(w+g®)-quC2>'

1 1 . 1 £ )
= DADy Dgexp| — | Tr| igF + = —|Tr
vl (G) [ DADy D¢ p[%zi (gb +2WAWJ+87:2£ ¢] (138)

( (C“C IT¢j

with #(C,n Cz) = ZP o(P) the algebraic intersection number of C, and C,.
The Equation (138) is equivalent to

. 0 .
<exp(a)+ P)AS > =-2#(C,NC,) ~£<exp(a}+ £0))', (139)
which interpreted in terms of intersection numbers gives in particular

f exp(w+g®)vclvcz=—2#(Clr\C2)i _[ exp(w+¢£0).  (140)
M) 08 pi(-1)

Of course, the right hand side is known from (131). Indeed, we can to obtain

the following relationship:

M(-1) 1)

¢ (29-2-2k _
Oe (2 Bag-2-2

6’ g+l
=2#(C,nC,)—| (-1
(C.n Z)ag{( ) A 29 —2-2k)

where we remember that B represent the Bernoulli number. The generaliza-

[ exp(o+0)V, Ve, =—2#(C,NC,) j exp(o+£0)
M-
2)

] (140b)

tion to an arbitrary number of V ’s is almost immediate. Consider oriented cir-
cles C_,0=1-,2g, representing a basis of H,(2,Z). Let y,, =#(C,NC,)
be the matrix of intersection numbers. Introduce anticommuting parameters

n.,0=1---,2n.1Itis possible to claim that

29
[ eXp(ﬂ)+€®+ZU§V¢6]= [ exp(w+éo) , (141)
1) M

M- = “
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with

E=6-2) 1,070 - (142)

o<7T

The computation leading to this formula is a minor variant of the one we have
just done. The left hand side of (141) is equal to

e _[DADy/D¢exp( jTr(¢F+;y/Az//j

(143)
£ 1 &

+—— [ duTre? +— Tr
8n2£ LiTrg 4n2;’7"c{ ¢Jt/f

Shifting y to complete the square, and then performing the Gaussian integral

over  , this becomes

jDADy/D¢exp[ ITr(|¢F+;y/Ay/J ZjduTr¢2]. (144)

Vo

The polynomial part of this is the right hand side of (141). Thence, we can re-
write the Equation (141) also as follows:

29
[ exp[a)+ PR AS J
o=1

Mi-)

- jDADV/Dqsexp[ ITr( ¢F+11///\1//j (144b)
vo 2

+- 2 [duTrg? T [Trow |
8n” { e

We now want to evaluate the generalization of the following conventional

Yang-Mills path integral
[ DAD¢exp(4l? i TrgF +$ i duTrqézj , (145)
Le.:
jDAD¢exp[ jTr¢F +jQ( )] (146)

with Q(¢7) an arbitrary invariant polynomial on H. The path integral can be
evaluated by summing over the same physical states. The Hamiltonian is now:

H= —é . With our normal-ordering recipe, the generalization of the following

equation
L \292 ﬂa(ul)~exp(—g’(cz(a)+tD
5 U 1 Vol (H') . 2
TG [(2@“‘”‘”} 2 (dima)*® .t
is then
S (Vo (H)YT A (ut)-exp(Q(h+))
Z(Z'Q'u)_#ﬂl(H’)'{(zn)d‘m”'j ; O . (148)
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With regard the intersection ring of the moduli space, the basic formula that we
will use is (110):

<exp(a)+ 5@))-ﬂ>'

(149)
J'DADz//Dqﬁexp( jTr(|¢F+ y/wj ZjduTwﬁzJ-ﬂ-

voI

In Equation (149), S is supposed to be an equivariant differential form with

a polynomial dependence on ¢ . We aim to compute

<exp[Q +To +Zsp( )J> (150)

It is convenient to introduce

- aQ
= 4n° — 151
¢ oF (151)
We will first evaluate (150) under the restriction
det a¢b =1. (152)
o¢

The basic formula (149) equates (150) with the following path integral:
2
Q. 1 9Q WaWbJ

Vo o 2 0¢°0¢"

jDADquﬁexp[ [ {
(153)

—298 v fout ().

First we carry out the integral over i . Because of (152), the y determinant
coincides with what it would be if Q =Trg? / 8n” . As we have discussed in con-
nection with (111), this determinant just produces the standard symplectic meas-
ure on the space A of connections; this measure we conventionally call DA (itis
always the “Lebesgue integration”). Let (62Q)7l be the inverse matrix to the ma-
trix 6°Q/0¢°0¢" , and let

- 57 5° )
T =T0)- 270 555 (0°Q)_ - (154)

The second term arises, as in the derivation of (138), in shifting y to complete

the square in (153). Then integrating out y gives

RQ ca
v | j DAD ¢exp[j F +jdm (155)
Now change variables from ¢ to ¢ , defined in (151). The Jacobian for this
change of variables is 1 because of (152). Because the &, are nilpotent, the trans-
formation is invertible; the inverse is given by some functions ¢* =W* (¢) . After

the change of variables, (155) becomes

VI jDADqﬁexp[ jTr¢F+jdyTow(¢)J (156)
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This is a path integral of the type that we evaluated in Equation (148). In ca-
nonical quantization, ¢ / 4n” s identified with the group generator —iT?. To
avoid repeated factors of 472, define an invariant function V by
W (¢?) =V (¢?/ 47t2) . The invariant function T oW (¢?) corresponds in the quan-
tum theory to the operator that on a representation of highest weight h is equal
to ToV (h+6),with & equal to half the sum of the positive roots. Borrowing
the result of (148), the explicit evaluation of (156) gives

1 .(VOI(H') ng’z .Zﬂh(ul)exp(fov(hﬂi))

M N 157
#m (H') | (2n)"™ : d(h)*™ (157

with N running over dominant weights and & as above. The determinant in
the y integral would be formally, if (152) is not assumed,
20y
[ det % ) (158)
xer  \ 0409
times the determinant for Q =Tr¢2 / 8n° . We have set Q' =4n°Q . The factors
in (158) are all equal up to coboundaries (since more generally, for any invariant
function U on H, U (¢(P)) is cohomologous to U (¢(P')) ,for P,P'eX,
according to the following equation: d O(TO) =—i {Q, Of) } ). This infinite product of

essentially equal factors diverges unless (152) is assumed. The Jacobian in the

changes of variables from ¢ to ¢? is formally

2 )
g(det[WD ) (159)

Formally, these two factors appear to cancel, but this cancellation should be
taken to mean only that the result is finite, not that it equals one. The number of
factors in (158) should be interpreted as N, /2, half the dimension of the space of
one-forms. The number of factors in (159) should be interpreted as N, the di-
mension of the space of zero-forms. The difference N,/2—N; is —1/2 the Euler
characteristicof X, or ¢g—1. Thus the product of (158) and (159) should be in-
terpreted as det(ale / o¢Po¢" )gfl. A convenient function cohomologous to this

1S
B 62Qr
eXp[_[z(g 1)in det[a¢aa¢b JJ .

The sole result of relaxing (152) is accordingly that (156) becomes

1 . - .
Vol(G,)IDAD¢exp(4—TCZ£Tr¢F +£dyT oW(¢)J) (160)

with

~ N aZQl
T=T —1)Indet
+(g ) [a¢aa¢bj
0S° oS’

o (161)
— — —_— 2 A - Pyeyn
=T->7,. oF o (6 Q)ab+(9 1)Indet[a¢aa¢b],

o<7T
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The evaluation of the path integral therefore leaves in general not quite (157)
but

1 [vor(H) T < A (u)exp(T eV (h+6) (162)
#r(H)| (2n)™™ | 5 d(h)*** '
Furthermore, we can rewrite the expression (160) also as follows:
1 - i A 0S°? oS’ -1
DAD —— [TrgF + |du-T - —(o*
Vol (@) ¢exp[4n2£ S L R Al (1620)
162

+(g-1)In det[%}w (&)]

2.3. On Some Equations Concerning the Large N 2D Yang-Mills
Theory and Topological String Theory [7]

The partition function of two-dimensional Yang-Mills theory on an orientable

closed manifold Z; ofgenus G is

1 2 ij

Z(SU(N),ZT):I[DA”]exp[—EfZTd X detGijTrFijFJ}

(163)

. 226 _20Cy(R)
=>(dimR)" e 2N
R

where the gauge coupling A =e’N is held fixed in the large N limit, the sum
runs over all unitary irreducible representations R of the gauge group
G=SU (N ) , G, (R) is the second casimir, and A is the area of the spacetime
in the metric G;;. Also here DA is always the “Lebesgue integration”. Let F 2
be the simple Hurwitz space of maps with B simple branch points. Denote these
simple branch points by P, with corresponding ramification points of index 2
at R, :these are the unique ramification points above P, . We can choose a basis
{G, }|:1~- ,g for TF ,suchthat G, ; and G, have support only at the | o
ramification point. The analogue in ordinary string theory is a choice of Beltrami
differentials which have support only at punctures. This is a well-defined choice
away from the boundary of moduli space. Now consider the curvature insertions

in these local coordinates:

jD[A]exp{—%A'R,JAJ}:(_ZLB)BPfaff(R,J), (164)
where B is even and the matrix, R,;, takes the following form in an oriented
orthonormal basis

0 Ry
Ry=| = 0 - , (165)
0 Ros 128
“Ros 108 0
so that
Pfaff(R,J)zliRz,lz, (66" ](R) (166)
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and the full measure for the topological string theory is

%J‘f(l)p[F'G]ﬁT‘)’zum [GZH'GZI :|(RI )exp{_%jzw f*a)}

= (2715)5 é%jﬂnp[':'@]ﬁmm [ciacR ][EIEW f*w} (167)

13 (—1)k< @ . A0 >
- AD A .
(2r)® i 2°K! < >f<B,k)

In the last line we have introduced a space (B, k), which is the product space

F(Bk)=FYx(5,)" (168)

The integral over this space, << . >> is formally defined by the Equation

F(B.k)
(167). Furthermore, we have the following expression:

<< INCING >>f(ka)
) NN (169)
:z(ll(jz B'( 1) (nA)H <<A(0)(Rl)...A(0)(Rl )>> )

1= (B —|)! F(B,0;B-1)

When |>B it is clear that the correlation function on the right vanishes, by

ghost number counting. So that altogether

1 B 1-1 | 1 *
WLO)D[F’G]URZFH' [Gz .G’ ](Ql)eXp_EJ;W ()
s Bt "k - <<A(°)( )--AQ(R )>> -
ST & A
Substituting in the right-hand side of (170) we obtain
M B! ©(R)... A0
é k!(B—k)!<<A (Ri) A (Rk )>>f(B,0,r:B—k) ' (71)

So we are left with the integral
o 211 (21 (0) (0)
J'f(l)D[F,G]HRZHZ,[G G (R)A (Rg i) -AV(Ry).  (172)

We are only interested in the contribution of simple Hurwitz space. This space
is a bundle over C,, /S, with discrete fiber the set ¥(n,B,G,L =B). Further
the measure on Hurwitz space inherited from the path integral divides out by dif-

feomorphisms. Therefore the correlator in (171) is:

o aile (TR [0 TR A ()27 R0

pe¥(n.B.G L=B) |C (l//)| B!
(173)

In isolating the contributions of simple Hurwitz space we must ignore the sin-
gularities from the collisions of R;,1 <B-k with R;,J 2B—k+1. Thus we re-
place (173) by the expression:
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1 1 5k
— x—x R G*'* 6" |(R
y/e‘i‘(n,B,G,L:B) |C (W)| Bl '[CD‘Bka(ZT) < -1 21121 |: :|( | )> (174)

AO(Py )~ no(Py),

where P; €X; are the images of the simple ramification points R;. Thence,

from the Equations (170) and (174), we obtain the following expression:

1 B 2114 ~21 1
#J,0 PIF I [Ro i [6 .67 JQoxp -5 ], o

(2n)

1 1 8 2110 ~21
:Wﬁw(n;;,LB)C(W)XEXICO,BkX<zT)k<|1R2'12'[6 G |(R)) (174b)

/\a)(PB_k+1)/\---/\a)(PB).

3. Ramanujan’s Equations, Zeta Strings and
Mathematical Connections

Now we describe some mathematical connections with some sectors of String
Theory and Number Theory, principally with some equations concerning the Ra-
manujan’s modular equations that are related to the physical vibrations of the
bosonic strings and of the superstrings, the Ramanujan’s identities concerning n

and the zeta strings.

3.1. Ramanujan’s Equations [8] [9]

With regard the Ramanujan’s modular functions, we note that the number 8, and
thence the numbers 64 =8> and 32=2°x8, are connected with the “modes”
that correspond to the physical vibrations of a superstring by the following Rama-

nujan function:

» COS TTtXwW'’ oW gy
4| antilog -~ cOsh X : 214?
,%w’¢ (|tw’) t°w
e ,
8= 1 - (175)
3 Nloul\/i \/10+7\/§]
log 4 + 2

Furthermore, with regard the number 24 (12=24/2 and 32=24+8) this is
related to the physical vibrations of the bosonic strings by the following Ramanu-

jan function:
© COS TttXW' oW
4| antilog = C?fzh X
e ¢ g, (iw)

Iog[\/10+‘111\/§+\/10+47\/1

It is well-known that the series of Fibonacci’s numbers exhibits a fractal char-

x| 122

2W!

24 — (176)

acter, where the forms repeat their similarity starting from the reduction factor
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J5-1

1¢= 0.61803327 (Peitgen et al 1986). Such a factor appears also in the

famous fractal Ramanujan identity (Hardy 1927):

V5-1
7 1+ 3+Iexp[f 5(_t)m])

0.618033=1/¢ =

and

where

Furthermore, we remember that 7 arises also from the following identities
(Ramanujan’s paper: “Modular equations and approximations to 7~ Quarterly
Journal of Mathematics, 45 (1914), 350372.):

12 | (2+\/§)(3+\/]§)

n= 30 0g 72 (178a)
and
__ Jij_z 03 Nlo +£111\E +J10+47ﬁ] . (175b)
From (178b), we have that
24= m142 (178c¢)

Iog[\/10+i1ﬁ+\/10+47\/§]'

Let u(q) denote the Rogers-Ramanujan continued fraction, defined by the

following equation

_ a°qq° q3
u=u(a):= 14 1+ 1+ 1+-- <1 (179)
and set v=u(q2). Recall that y(q) is defined by the following equation
- qz;qz
via)="f(a.e)= 2" =% (180)
Then
8 v (a)d . : 1+(\/§—2)uv2

IW(QS) og(u*v*)++/5log 1_(£+2)uv2 (181)
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We note that 1+(5-2)=2:061803398 and that
1—(\6 + 2) =2.1.61803398, where ¢=0.61803398 and ® =1.61803398 are
the aurea section and the aurea ratio respectively. Let k:=k(q):= uv® . Then from

page 326 of Ramanujan’s second notebook, we have

2
uszk(ﬂj and V5=k2(ﬁj. (182)
1+k 1-k
It follows that
1-k
log(u?® Io ke — j 183
g(u'v') =< g( T (183)

If weset &= (\/g +1)/2 =1.61803398, i.e. the aurea ratio, we readily find that
=«/§+2 and &3 = \/5—2. Then, with the use of (183), we see that (181) is

equivalent to the equality
-3
—j q)da _1, (ksﬂ}r 5 log ﬂ . (184)

( °)a 1+k 1-&%

Now from Entry 9 (vi) in Chapter 19 of Ramanujan’s second notebook,

v*(a) d . ae)

=250%y (q)v?(q°)+1-59—log———~. (185)
() o O )0 o0 g
By the Jacobi triple product identity

f (a,b)=(-a;ab)_(-b;ab)_(ab;ab)_, (186)

we have

- '_°°’ w7 (187)

by the following expression

(0:0°) (a%a®)

=q” . (188)
u(q) q (qz;qS)w<q3;q5)m
Using (187) in (185), we find that
8rv’(a)dg 35 8 oed
wa(qs) ; =40[ay (q)v*(q )dq+J'5q dq deq log (" u/v)dg
=40[ay (a)w°(a*)dq—8log(u/v) (189)

=4quw(q (q )dq+—|ogk——|og1 k

where (182) has been employed. We note that we can rewrite the Equation (189)
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also as follows:

—IW( )dq 40[ay (q) (q5)dq+glogk— Iogu (190)

In the Ramanujan’s notebook part IV in the Section “Integrals” are examined
various results on integrals appearing in the 100 pages at the end of the second
notebook, and in the 33 pages of the third notebook. Here, we have showed some

integrals that can be related with some arguments above described.

© 2
jo e "y (n)dn

- k ® xdx (191)
4 2 _4 2 ,
8na’ +44a é(ean —1)(4a4+k4) a Io (e2nx _1)(4a4+x4)
o xdx 1 = 2 1
a’ =———+4+a) —. 192
J (e -1)(4a" +x*) 4a 4 & a’+(a+k)’ (192
Let n>0.Then
~  sin(2nx)dx = (-1)" e **cos{(2k +1)n}
I, -2y P(193)
x(cosh(nx)+cos(nx)) 5 (2k+1)cosh{(2k +1)m/2]
Now we analyze the following integral:
Iog[1+\/1+4xJ 2
1 T
l=| —— 2dx=—; 194
IO X X 15 (194)

Let U= (1+ 1+ 4X) / 2,50 that x=u®—u. Then integrating by parts, setting

=—J2Md

u=1/v and using the following expression Li, (Z) w, zeC,

V5 1} w_ Iogz[ﬁ—l

and employing the value Li, ( 5 10 T] , we find that

|- [ 100Y gy [V log(u® —u)

2 1 u
u"—u u
_ _J-(J%u)/z[logu , Jog(u _1)]du
1 u u
)2 log(1—-v) -1
_ Liog (\/§+1J+J(J§ )2log(1-v)-logv (195)
2 2 1 %
1 B5+1) L (B-1) . J5+1
lo Li,| —— [+ Li,(1)—-=lo
29(2j2[2]+2() Q(ZJ
N S
10 6 15
Thence, we obtain the following equation:
Iog(1+\/1+4xJ
1 2 (v5+1)/2 logu n°
l=| ——— “Zdx= — (2u-1)du=—. 196
J X k uz—u( ) 15 (199
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In the work of Ramanujan, [Ze. the modular functions, the number 24 (8 x 3)
appears repeatedly. This is an example of what mathematicians call magic num-
bers, which continually appear where we least expect them, for reasons that no
one understands. Ramanujan’s function also appears in string theory. Modular
functions are used in the mathematical analysis of Riemann surfaces. Riemann
surface theory is relevant to describing the behavior of strings as they move
through space-time. When strings move they maintain a kind of symmetry called
“conformal invariance”. Conformal invariance (including “scale invariance”) is
related to the fact that points on the surface of a string’s world sheet need not be
evaluated in a particular order. As long as all points on the surface are taken into
account in any consistent way, the physics should not change. Equations of how
strings must behave when moving involve the Ramanujan function. When a string
moves in space-time by splitting and recombining a large number of mathemati-
cal identities must be satisfied. These are the identities of Ramanujan’s modular
function. The KSV loop diagrams of interacting strings can be described using
modular functions. The “Ramanujan function” (an elliptic modular function that
satisfies the need for “conformal symmetry”) has 24 “modes” that correspond to
the physical vibrations of a bosonic string. When the Ramanujan function is gen-

eralized, 24 is replaced by 8 (8+2 =10 ) for fermionic strings.

3.2. Zeta Strings [10]

The exact tree-level Lagrangian for effective scalar field ¢ which describes open

p-adic string tachyon is

1 p? -2 1 1
L = —=op 2p+——p"" |, 197
0 =3 { PP ‘e p+1¢ } (197)

where p isany prime number, 0=-9?+V’ is the D-dimensional d’Alamber-
tian and we adopt metric with signature (—+---+) . Now, we want to show a
model which incorporates the p-adic string Lagrangians in a restricted adelic way.

Let us take the following Lagrangian

n-1 1 1 o 1
L= C = — L =] -= n 2é+ n+l . 198
Se-x"te g{ Ly iy Ly } 158)
Recall that the Riemann zeta function is defined as
?(S)ZZ L _H% Ss=o+ir, o>1. (199)

n>1 ns p 1- p

Employing usual expansion for the logarithmic function and definition (199)

we can rewrite (198) in the form

1]1 m
L:—?{E¢§[Ej¢+¢+ln(l—¢)}, (200)

where |¢| <1d (%j acts as pseudodifferential operator in the following way:
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g 1 ixk k_2 7 K22 |2
C(Ej¢(X)=Wje ;[—quﬁ(k)dk, k?=kZ-k?®>2+&, (201)

where §(k Ie"kx x)dx is the Fourier transform of ¢(X).

Dynamics of this field ¢ is encoded in the (pseudo)differential form of the
Riemann zeta function. When the d’Alambertian is an argument of the Riemann
zeta function we shall call such string a “zeta string”. Consequently, the above ¢

is an open scalar zeta string. The equation of motion for the zeta string ¢ is

o), 1 we K7 __9
§(2j¢_ (ZK)D .[kg—k2>2+se [ 2 J¢(k)dk l—¢ (202)

which has an evident solution ¢=0.
For the case of time dependent spatially homogeneous solutions, we have the
following equation of motion

—0? 1 gt [ K ) 5 (1)
C[ 5 ]qj(t):ﬁjkp@ge k g(?jﬂko)dko = ) (203)

With regard the open and closed scalar zeta strings, the equations of motion are

g( j¢—( e j'kk@;[ J (k)dk:éen(nzl)qﬁ", (204)

Gt o

g 2]

(205)

n>1
and one can easily see trivial solution ¢=6=0.

3.3. Mathematical Connections

With regard the mathematical connections with the Lebesgue measure, Lebesgue
integrals and some equations concerning the Chern-Simons theory and the Yang-

Mills theory, we have the following expressions:

1
2”1n2r[” +1j
2
eﬂiksx (M)

= Vol (s)vol (G, P ex'{ [J AndA-], I;AA?:() H (200)

thence between the Equation (45) and the Equation (84).

4,(My)=Tr, (M T,) = —————], f (x)|vol[(x)
2 g2 (2+1)

4,(M)=Tr,(MT, )= Jiu T ()lvol|(x)
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J'DADy/D¢exp( .[Tr(|¢F+ y//\y/) zjd,uTr¢2j.ﬁ, (207)

thence between the Equation (45) and the Equation (110).

L&(x)uj exp(—rk"a(xk ))j dL(¢)
= exp((afl —1)}/)8Xp(—o"lj‘x log a(x)dm(x))

eﬂiksx.P(Ao)

:WLPDAexp{;—i[J.xA/\dA—jXMH, (208)

xKxAdx

thence between the Equation (63) and the Equation (84).

e femeattcs
= exp(<o‘1 —1)7)exp(—a’1jx log a(x)dm(x))

IDADWD¢exp( ITF(¢F+;WAWJ ZjdyTr¢2].ﬂ, (209)

thence between the Equation (63) and the Equation (110)
With regard the Ramanujan’s equations we now describe various mathematical

connections with some equations concerning the Chern-Simons theory and the
Yang-Mills theory. With regard the Chern-Simons theory, we have:

z (k)=Voll(g)(4Ln2]AgIDAexp{iAan.[xTr(A/\dA+%A/\ AA Aﬂ

2 [ xdx 1l o < 1
=4 '[0 (ez“x—l)(4a“+x“) 4a 4+aé a’+(a+k)’ > (10

thence, between the Equation (76) and the Equation (192).

kS, p (#0) 2
= groxp (x ~dA)
Z,p (X, pK)=—————| DA AAndA—-| ~———
o (X PK) vOl(s)vOl(gP)I EXp[ [I o P ﬂ
:>4a2_[w xdx 1l on & 1

0 (ez’“—l)(4a“+x“)_E_Zﬁléa%(a+k)2 > @1

thence, between the Equation (84) and the Equation (192).

Zyy (X pk)= %;(AO))IAPISA(EXF)[;_EE(J.XAAdA_J.X(KAdA)ZJ:I

K Adx
nikSx p(Ao) P
:e—_[, 5Aexp[£S(A)}
Vol (G, ) *Ae 4n
:>4a2j: xdx 1S !

(e -1)(4a*+x*) 4a 4 (Fa’+(a+k)
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N sin(2nx)dx o i(—l)k e *cos{(2k +1)n}
0 x(cosh(nx)+cos(nx))_4 & (2k+1)cosh{(2k +1)m/2}

(212)

thence, between the Equation (88) and the Equations (192) and (193).
With regard the Yang-Mills theory, we have:

(exp(w+g®)~ﬁ>‘

Vol(G jDADnyqﬁexp[ jTr(|¢F+ y/wj ZjdﬂTr¢zj.ﬁ

8y (a)d 8 24 1-k
:>gfw(ff,;Fq=40fq'//(<1)1//3(q5)dq+§Iogk—?|ogm, (213)

Thence, between the Equation (110) and the Equation (190), where 8 and 24
are connected with the physical vibrations of the superstrings and of the bosonic

strings respectively.
1 i
z (Z;u):VOI(G,)IDAD¢exp[4—n2£Tr¢F]
Z(VOI(H)JZQZ'Z 2 (u)

(2m)™™" = (dima)*™

:>4azj'w xax 1y 1
" (e -1)(4a'+x*) 4a 4 Ha'+(a+k)’

- sin(2nx)dx n o (1) e ® P cos{(2k+1)n}
=3 x(cosh(ﬂX)JrCOS(“X))_Z_Zé (2k+1)cosh{(2k +1)m/2} 214)

thence, between the Equation (122c) and the Equations (192), (193).
<exp(a)+ £0) Ve Ve, )

= jDADy/D¢exp[ fTr(wﬁF - ;V/M//j%—jmﬁ ]
#(C,NC,)
.(_%.{Trqﬁz]
:f:e’zazny/(n)dn

1 > k xdx (215)

- 2 a2
ey +4a ;<e2nk _1)<4a4+k4) 4a J.o (ezm _1)<4a4+x4)1

thence, between the Equation (138) and the Equation (191).

29
j exp[a)+5®+27ygvcaj
1) o=1

M=

1 1 . 1
- ©) | DAD://D¢exp[4—n2.szr(|¢F 14 /\(//j

& 1 2n
+W£duTr¢2 +W§1%C{Tr¢wJ
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= e 2"y (n)dn
= k xdx (216)

_ L 4 o
“ona é(ez“k -1)(4a* +k*) ), (e -1)(4a* +x*)

thence, between the Equation (144b) and the Equation (191).

% 5 5.

[ AD¢exp(—ITr¢F+.[dyT S 7.

Vol G’ ST 09 0g°
aZQv N
:>4a2.[°o xdx 1 2 1

° (e -1)(4a* +x) Taa 4 ak:lm

[ sin(2nx) dx ES i(—l)k e " cos{(2k +1)n}
o x(cosh(nx)+cos(mx)) 4 & (2k+1)cosh{(2k+1)m/2}

» (217)

thence, between the Equation (162b) and the Equations (192) and (193).

Furthermore, we have the following mathematical connections:

<exp(w+ £0)- ﬁ)‘
IDADz//Dqﬁexp( ITr(I¢F+1wij ZjdyTr¢2J.ﬁ

Vo I(G
8 v’ (a) dg 35\ g, 8 24 1-k
= — =40 dg+—logk —==log=—
:>5'[y/(q5) ; fay (a)y* (o )da+Zlogk —"logi—
Iog[1+\/1+4x
1 (+5:1)/2 logu n
= [ ————dx _j /uz_u(zu 1)du_15, (218)

thence, between the Equation (110) and the Equations (190) and (196).

29
| exp[a)+ £0+Y Ve, J
o=1

M)

- IDAD{//D¢exp( ITr(¢F+;y//\y/j

VO

+—jdyTr¢ to 7 ch jTrwJ

8 v°(d)dg 1-k
=2 —=40[qw(q q dq+—|ogk——|og—
5fw(q5) q .[ ( ) ( )
| [1+\/1+4x
1 2 (+5+1)/2 logu n?
= 0fdx L _u(2u 1)du—15 (219)

thence, between the Equation (144b) and the Equations (190) and (196).

With regard the mathematical connections between the fundamental equation
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of the Yang-Mills theory that we have described in this paper and the topological

string theory, we have the following relationship.

*

1 s _1)k 2 21 ~an | 1 .
= (ZTE)B éTIf(l)D[F’G]E&Hm [G ,G :||:E-[Ew f a):l
1 < (_1)k 2 2
) (ZTE)B é 2%k! <<A( A )>>]-'(B k)
=Z(SU(N).2;)= I[DA“]exp[——_f d?x,[det G, TrF, F”}

A (220)
Z(dlm R)z 26 e*mcz(R)

R

thence, between the Equation (167) and the Equation (163).
With regard the zeta strings, it is possible to obtain some interesting mathemat-

ical connections that we now go to describe.
o (O) -4 (O)

I R’k Andx —dimKerA, i.[ Rk Adx —dimKerA,
512 7% 256 7%
:(—— R K/\dKj+dlm KerA, —dimKerA,

:(_i . RZK/\dKj+dim Hl(X,dH)—dim HO(X,dH)

—8f 1 ikt kg ~
= —L |o(t)=— e | 2 14 (k,)dk, = , 221
g( 2 j¢() ZTEJ.‘kO‘>\/§+£ 2 ¢( 0) 0 l—¢(t) ( )
thence, between the Equation (101) and the Equation (203).

Z(g)_ glz( ng) (1_23—Zg+2k)§(2g_2_2k)+o(gg—l>

g-1 .k 2297272k _2) B
_(_1\9% 6‘_( 29-2-2k
= J exp(w+e0)=(-1) zk! 27 (2g—2-2K);

M(-1) k=0

-2 1 “ikot k; 7
= §(TtJ¢(t) g 05(7j¢(k°)dk° S ¢

thence, between the Equation (132) and the Equation (203).

[ exp(o+e0)V,V, =-2#(C,nC ) [ exp(w+e0)
i) 08 wi)
g-1 k (22g—2—2k —Z)B
— o4 C C g+l 29-2-2k
( M ) |:( ) kzo | 239—1(29_2_2k)|
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~0? 1 i [ Ko ) 7 _ o)
e R I L ETRL TS
Thence, between the Equation (140b) and the Equation (203).
We note also that the Equations (101) and (132) can be connected with the Ra-
manujan’s Equation (175) concerning the number 8, corresponding to the physi-

cal vibrations of the superstring. Indeed, we have:
o (0) -4 (0)

ij' R%x Adx —dimKerA, |- ij Rk A dx —dim KerA
512 9x o] | 256 % !

(—i Rk A d/«)+dim Ker, —dim KerA,

512X
:(_5% XRzmohc)mlimHl(x,dH)—dimHO(X'O‘H)
OO%txw'e’ﬂxzwrdx s
4| antilog ~*coshmx ' §42
_%W' t , tW’
gl e ‘4, (itw) (224)
. \/10+11\/§+\/10+7~/§
g 4 4
1 9—2(—n2€)k
Z(e)=— gy (26 (20-2-2K)+0(e)
2(8n?)" i K!
g1k (229’2’2k—2)B
. o) (L1t S e 2g-2-2k
SM'J(:l) Xp(aH_g ) ( ) gk! 239_1(29_2_2k)!
cX)%J[X\N'e’ﬂxzw(dx (
4| antilog ~*cosh X : §42
,%w’ t , tW’
gt e * g, (itw) (225)
3 \/10+11J§+\/10+7~/5

In conclusion, also the Equations (110) and (218) can be related to the Rama-

nujan’s Equation (175), obtaining the following mathematical connections:

<exp(a)+g®)-ﬁ>'
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20
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=y w
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<exp(a)+g®)-ﬂ>'
IDADwD¢eXp( ITF(I¢F+;¢1AW]+—IdﬂTr¢ J B

I(G
8" (q)dg SUN: 1-k
2 =40 dg+=Ilo k— Io
(7) o fav (a)y? (o )da+Zlogk—"log—
|og(1+*/1+4xj
! (V5+1)/2 Iogu :
dx = -1)du=—
:-[0 X I u? u( . ) Y 15
 COS TtXW' o™ gy
4antilog ~—COSh X : 542
,%W’¢ (ltw’) tW
e ,
g1 w (227)

3 10+11W2  [10+7+/2
o (221, 0T

4. Conclusion

In conclusion, our exploration underscores the versatility and depth of Lebesgue
integration in various mathematical and physical contexts. By examining its ap-
plications in Chern-Simons theory and two-dimensional quantum Yang-Mills
theory, we illustrate how these concepts can enhance our understanding of com-
plex physical phenomena. Furthermore, the mathematical connections with String
Theory and Number Theory, especially through Ramanujan’s modular equations
and identities, open new avenues for research and discovery in both mathematics
and theoretical physics. This paper not only highlights the interconnectedness of
these disciplines but also emphasizes the importance of continued exploration in

these fundamental areas of study.
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