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Abstract

Niels Bohr constructed the first version of quantum mechanics. It has been
called “old quantum mechanics” with a connotation of being obsolete. It is
logically consistent, however, and deserves the name of simple quantum me-
chanics (SQM). It differs only from the semiclassical approximation by as-
suming that the average position and average velocity of an electron can be
sharply defined on closed orbits. This assumption does not contradict Hei-
senberg’s uncertainty relations, since the quantization rule means that the
electron can be anywhere on this orbit when it allows for stationary waves.
This approach was remarkably efficient for one electron in hydrogen atoms
and even for the electron pair in hydrogen molecules. However, dissociation
of H, and determination of the orbit of the single electron in H; led to
problems that remained unsolved for more than 100 years. Their solution,
presented here, yields more physical insight and reveals, for instance, that
mutual polarization of two hydrogen atoms can yield a metastable state.

Keywords

H, Molecules, H, Molecular Ions, Old Quantum Mechanics, Electron Pairs,

Simple Quantum Mechanics

1. Introduction

The basic aim of this article is to clarify the process of constructing new physical
theories. That is always necessary when careful observations led to the discovery
of facts that cannot be explained by existing theories. Since a new one requires to
invent adequate concepts, we will focus attention on this step. It is also useful to
realize that progressive structuring of physical theories results from a logical
process. The elaboration of quantum mechanics provides an instructive exam-
ple. It began in 1900, because of Planck’s analysis of empirical data concerning

EM waves in hot cavities. It revealed that the energy of waves of frequency v
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can only increase or decrease by quanta hy . However, Max Planck was troubled,
since this result contradicted the established idea that physical observables do
vary in a continuous way. This was an essential ingredient of Newton’s laws of
motion and remained valid in Maxwell’s theory of EM waves. Could the energy
of oscillating charged particles be quantized without modifying the concept of
continuous motions?

Planck found an astonishing answer, published in 1906 [1]. The position x
and momentum p of this particle can still vary in a continuous way in the course
of time, though its energy E =nhv , where n is a positive integer number. The
frequency v is the natural frequency of oscillation, determined by Newton’s
laws of motion. It is sufficient that for periodic motions, merely the “action” has

to be quantized. This means that the integral

qudx:nh (1)

This result was also weird, since the variations of x(t) and p(t) had to be
connected to one another during a whole period of oscillation. However, the
concept of continuous motions, attributed to the continual existence of material
particles, was saved.

Niels Bohr generalized this “quantization rule”, because of other empirically
discovered facts. In his PHD thesis of 1911, he had examined the validity of
Drude’s theory [2]. It had been proposed in 1900, immediately after the discov-
ery of the electron, to explain the heigh electrical and thermal conductivity of
metals [3]. Drude assumed that they contain a gas of freely moving electrons,
but when they are subjected to an electric field, they are randomly scattered by
colliding with small positive ions. Their average velocity is then reduced, in
agreement with Ohm’s law. Thermal gradients led to similar results, but Bohr
found that the effects of magnetic fields are not well explained. Since the elec-
trons are then orbiting, Bohr suspected that this could be due to quantum effects
that Planck had discovered for linear periodic motions. He decided therefore to
examine what happens for the single electron in hydrogen atoms. According to
Rutherford’s discovery of atomic nuclei, this electron should be moving around
the proton, but that raised new problems.

The electron would constantly lose energy and that was incompatible with the
finite radius of hydrogen atoms. Moreover, there were peculiar spectroscopic
observations. Bohr made sense of all these facts, by assuming that the quantiza-
tion rule (1) is also valid for circular motions. This would yield “stationary
states”, when radiation can only be emitted or absorbed by transitions between
these states. The resulting theory did perfectly account for spectroscopic data.
Sommerfeld generalized Bohr’s model of hydrogen atoms for elliptical orbits.
This led to the discovery of more quantum numbers. However, there are two
possible quantization rules for systems that require several canonical coordinates

g; and their conjugate momenta p,. They could yield
(f) pidg; =n;h or (j)zl pidg; =nh ()
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The first relation was independently proposed in 1915 by Wilson [4] and
Sommerfeld [5]. Ishiwara considered the second one [6]. Einstein noted also the
existence of an ambiguity [7], but these remarks were eclipsed by the success of
Sommerfeld’s theory. Louis de Broglie proposed a radically new idea in his doc-
toral thesis of 1924. It justified Bohr’s quantization rule, but resulted also from
trying to understand experimental results. He had studied history, but became
interested in quantum physics because of his brother Maurice [8]. He was a phy-
sicist and made experiments on the scattering of X-rays by electrons. These
processes involved waves and particles. Louis de Broglie thought that they were
always related to one another. A material particle had thus an “associated wave”.
Its wavelength A4 and frequency v are determined by the momentum p and

the energy E of the particle, so that
p=h/A and E=hv (3)

These relations generalized what was known for photons, but applied only to
freely moving material particles. Their trajectories are rectilinear, of course,
while Bohr’s model of hydrogen atoms is applied to circular motions. However,
the radius and orbital velocity were constant. This fact may have encouraged de
Broglie to assume that (3) is also valid for circular motions. Anyway, Bohr’s
quantization rule could be interpreted as being equivalent to the requirement
that circular orbits have to allow for stationary waves ( 2nr = n1 ). This explana-
tion led Erwin Schrédinger to another idea.

He realized that if an electron has an associated wave, it cannot only be de-
fined on particular orbits. It has also to exist in space and time, outside these or-
bits. Instead of determining possible orbits, he tried thus to discover the needed
wave equation. How could that be achieved? According to de Broglie’s reason-
ing, a single particle that is freely moving along a given x-axis should be asso-

ciated with a plane wave that varies in space and time so that

y/(x,t):Aei(kx"”‘) when p:%:hk and E =hv =ho

. o0y . Oy
Thus, —-ihi—= and ih——=Ey .
ox Py ot 4

These relations define “local values” of p and E by means of the function
v (x,t). Schrodinger assumed that the components of the momentum vector p
of any material particle at a given point in space and its instantaneous energy £
are always defined by first-order derivatives of its wave function, even when the
particle is subjected to forces. Assuming that these local values are also related
to one another as in classical mechanics, he got a differential equation that
could be solved for hydrogen atoms. This theory was published in 1926 and
constituted the foundation of wave-mechanics [9]. Since this equation did yield
a conservation law, similar to the continuum equation for fluids, Schrédinger
thought that the wave equation describes “matter waves”. When Max Born did
solve Schrodinger’s equation for electron scattering by a point-like particle [10],

it appeared that p(r,t)= |z// ( r,t)|2 is the probability density that the electron is
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detectable at the point r and the instant t. This statistical interpretation of the
wave function revealed that physical processes can be random.

In the meantime, Werner Heisenberg had followed another path. He consi-
dered that we are unable to observe how electrons are moving inside atoms. We
do only have spectroscopic data concerning frequencies and intensities of emit-
ted or absorbed light. This led to another definition of possible positions and
velocities. Being represented by arrays with two indexes, they were matrixes.
Motions at atomic scales were thus described in a rather abstract way [11]. This
“matrix mechanics” was published in 1925, but turned out to be equivalent to
wave mechanics. Because of a discussion with Einstein, who considered that
electron orbits should really exist, Heisenberg tried to find out if they are ob-
servable or not. This led to the ground breaking discovery that precise simulta-
neous knowledge of the position and velocity of an electron is limited by the
value of Planck’s constant A. These uncertainty relations [12] led us to propose a
generalization of fundamental importance.

It is not sufficient that the definition of local values of momenta and energies
by first-order derivatives does lead to the field equation of relativistic quantum
mechanics. Since there are two universal constants (/4 and ¢) that impose restric-
tions on possible results of measurements, there could exist a third one. Actually,
we do merely believe that space and time are continuous. This was initially sug-
gested by considering that space and time are analogous to continuous media,
but we can only define space and time by possible results of measurements. It has
therefore been assumed that it should be possible to measure always smaller and
smaller space-time intervals without ever reaching a finite limit. That allows to ex-
press physical laws by means of differential equations, but there could exist a finite
limit for the smallest distance. The value (a) of this “quantum of length” could be
extremely small, but it has to be a universal constant.

It is then still possible to define local values of p and instantaneous values of E,
but all differential equations have to be replaced by finite-difference equations.
We verified that this theory of space-time quantization (STQ) is logical consis-
tent and does explain basic mysteries of elementary particle physics [13]. Since
second-order finite differences can result from combining two different first-order
finite differences, there appear new degrees of freedom, indeed. They account
for the fact that elementary particle can be distinguished from one another by
means of a set of quantum numbers. Moreover, it is known that the “standard
model” of elementary particle physics is incomplete. It does not account for dark
matter, for instance, while STQ defines all possible elementary particles in our
4-dimensional space-time. STQ accounts also for astrophysical observations,
concerning dark matter and dark energy and even for the Big Bang, since Ac/a is
the highest possible energy. In this context of successive generalizations, it is also
useful to reanalyze the concept of orbital motions that are determined by classic-
al mechanics, but quantized.

In chapter 2, we consider the motion of two electrons in the ground state of

DOI: 10.4236/jmp.2024.158053

1316 Journal of Modern Physics


https://doi.org/10.4236/jmp.2024.158053

A. Meessen

H, molecules and their dissociation process (H, — 2H ). Chapter 3 is devoted to
the treatment of H,. There is only one electron, but its orbit could not be de-
termined, in spite of great effort. This problem will be solved. Chapter 4 presents

conclusions and discusses the physical relevance of the concept of electron orbits.

2. The Electron Pair in H2 Molecules

2.1. Bohr’'s Model for the Ground State

Let us begin with recalling Bohr’s treatment of hydrogen-like atoms. He as-
sumed that the electron is moving on a circular orbit around a proton or a
point-like ion of charge +Ze. It follows then from classical mechanics and the
quantization rule that the orbital radius r and velocity v of the electron are re-

lated to one another so that

ze* mv?
——=—— and 2armv=nh or rp=nh
r r

The Coulomb force is expressed in natural units (4ne, =1) and the energy of

this system is

-Ze? mv? mv:  n®* B?  Ze?
+ where —=———-=

E=V+T= =——=—
2 2r'm  2r

n2 hz
Thus, r:?a0 where a, =—2=52.918 pm
me

2

E="2E, where E, = =13606eV
n 2a

0

In honor of Niels Bohr and to facilitate comparisons with H atoms, we adopt
the Bohr radius (a,) and the ionization energy of hydrogen atoms (E, =1Ry)
as natural units. So-called “atomic units” are defined by setting A=m=e=1,
which yields a, =1,but 2E, =1 Hartree. We note that

V =-2T and E=-T (4)

What happens for H, molecules? Bohr assumed that the protons are bound to
one another when both electrons are moving on the same circular orbit, situated
in the median plane of the protons. The electrons are there always opposite, to
minimize their mutual repulsion. This model is represented in Figure 1(a). Dy-
namical equilibrium and the quantization rule for n=1 require that every

electron is attracted towards the symmetry axis by the Newtonian force

4
F:Z—Z—%:a—g here d?=r®+x* and d3:—8r
d® 4r° r r+4a,

Thus d=d(r) and x=x(r),but r>(4/7)a,. The energy of the molecule
is
2a

11 8

This function displays a minimum when

r=r,=09532a, x=x,=0.550a, E,, =-2.201E,

min —
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Figure 1. (a) The Bohr model (BM) for H, molecules in their ground state. (b) The re-
sulting energy curve is £(R) when R is the separation of the protons. The ground state
would thus be situated at the white dot. Experimental measurements did yield the red dot
and the first wave-mechanical calculation predicted the blue dot. The units are E, =1

and a, =1.

In parametric representation, we get the red curve of Figure 1(b) where
R =2x. The measured separation of the protons is R =1.40a, and the meas-
ured dissociation energy for H, - 2H is 0.329E_ . This energy is determined
with respect to the energy level —2E, of two separated hydrogen atoms [14].
Today, the dissociation energy of hydrogen molecules is known with very high
precision [15]. Figure 1 implies that both electrons are always moving in the
medium plane of the protons. The orbital radius rand the distance d would thus
be constantly increasing until the molecule is completely decomposed
(H, > 2H" +2e" ). When this state defines the energy level E =0, the ground
state energy E — —2.329E,.

The first wave-mechanical treatment of H, molecules was performed by Heit-
ler and London and published in 1927. They belonged to Schrédinger’s group
and demonstrated the power of his equation [16]. It was sufficient, indeed, to
consider the sum and difference of atomic wave functions, to get constructive or
destructive interference in the median plane of the protons. Linear Combination
of Atomic Orbitals (LCAO) could thus account for the bound state and the first
excited state. According to this approximation, the ground state would be si-
tuated at E=-2.23E, and R =1.51a . These results were reported by Paul-
ing and Wilson [17], who did extensively use this method for other molecular
structures.

Recent quantum-mechanical calculations for H, provide excellent agreement
with observations [18]. The probability density is then maximal near the proton,
but increased in the median plane. Bohr’s model indicates that it is sufficient to
assume that the electrons are only moving in the median plane to get a bound
state. This approximation applies to average positions, of course, though they are
assumed to be well-defined. Schrodinger attributed Bohr’s concept of “stationary
states” to the existence of stationary waves. Since they yield a static charge dis-
tribution, they restored agreement with Maxwell’s theory, but led also to the idea
that covalent bonds do merely result from electrostatic effects. Ruedenberg in-
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sisted therefore in 1962 on the fact that motions of both electrons are essential for
these bonds [19]. He did that by computing the quantum-mechanical average
values of the potential energy V and the kinetic energy 7. It appeared that
(V)=-2(T) and thus that (E)=—(T). This is a generalization of (4) and the
virial theorem, which was established already by Clausius in 1870 for any iso-
lated system that is composed of charged particles and has reached its equili-
brium state. Bacskay and Nordholm [20] did also perform tedious computations
of quantum-mechanical average values for other divalent molecules. However, it
is easy to verify that SQM accounts already for the virial theorem. It is merely
due to Coulomb forces and independent of more or less detailed quantum ef-
fects. The word “virial” stems even from the Latin word for force, which sur-

vived in the adjective “virile”.

2.2. Dissociation Process and Metastable Molecules

SQM has the advantage to describe what is essential during the dissociation of
hydrogen molecules by means of a modified Bohr model (MBM). The two elec-
trons are again assumed to move on circular orbits, but the orbital planes are
separated, as shown in Figure 2(a). The electrons are always moving as far as
possible from one another. Figure 2(b) represents the limit of applicability of
the BM. The value of 1, is unknown, but x, =x(r;) as for the BM of Figure 1.
The energy curve E(R) is then bifurcating, since E— 0 for the BM, while
E — —2E, for the MBM. Figure 2(c) shows that the MBM should allow for a
metastable state when X =X,, since two hydrogen atoms could polarize one
another. The orbital plane is then separated from the median plane by the dis-
tance Z, <X, and the orbital radius p=p,.

(a) (b) ’
i
o——0 BM
PoX
+1 ‘
o
AN (c) ’
XN )

oO—+—0 MBM
02z,

=
N

-1

Figure 2. (a) The modified Bohr model (MBM) for H, molecules accounts for separated
orbits of the electrons. (b) There is a limit of validity of the BM. (c) The dissociation
process should allow for a metastable state for mutually polarizing hydrogen atoms.

Even the MBM of Figure 2(a) led to difficulties and it is useful to see the rea-
sons. Svidzinsky and his collaborators treated this problem in 2005, by means of
dimensional scaling [21]. The result was amazing, since the energy curve of Fig-
ure 1(b) was modified so that the minimum did coincide with the red dot. Such
a precise agreement with experimental results without wave mechanics, could

have been suspicious, but was published in several scientific journals. A didac-
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tical version appeared in Physics Today [22]. However, D-scaling was merely a
hypothetical procedure, suggested by Witten to solve the riddle of elementary
particles [23].

We mentioned already in the introduction that they can be distinguished from
one another by means of empirically defined quantum numbers. Since this fact
cannot be explained by conventional theories, it has been proposed that elemen-
tary particles could be strings, instead of points. These strings should even have
peculiar structures, to allow for unobservable degrees of freedom. Another hy-
pothesis was that space could have more than 3 dimensions. Momentum vectors
do then have more components and the expression of kinetic energies is mod-
ified. However, when the number D of dimension is increasing, the limit
D — o yields finite results. Witten recognized that “so far there has not been
much tangible progress”, but since it was possible to apply this formalism to hy-
drogen atoms [24], it seemed credible that it could also account for dissociating
hydrogen molecules. However, the viral theorem cannot be satisfied when the
kinetic energy T is modified, while the potential energy V is still defined by
Coulomb forces. Moreover, the riddle of elementary particle physics can be
solved by means of space-time quantization [7].

Yang and Hou did also examine the problem of dissociating hydrogen mole-
cules [25]. Though their article was published in 2019, they ignored Svidzinsky’s
theory. They tried also to modify the BM, to get perfect agreement with experi-
mental results, but they modified the potential energy V instead of the kinetic
energy 7. This would also contradict the virial theorem. Actually, they proposed
that Coulomb interactions would be affected by screening effects. However, there
are only 4 interacting particles for SQM.

Allmendinger considered the MBM in 2018, without modifying the expres-
sions of Vor 7. This approach was realistic [26] and required that the energy is
defined by

11 4 4 2a0]E0 ©)

El(X,Z,p) :[;+———+—d—+ pz

The last term accounts for the kinetic energy of both electrons and the quan-
tization rule for circular motions. It results also from Figure 2(a) that
5°=2"+p® and d?=(x£2)" +p°
Since the electron orbits have to be radially and laterally stable,

p+p 2p a, X+z 21 X—12

s ¢ () @ 7

d*d (25)
Unfortunately, Allmendinger replaced the first condition (7) by the require-
ment that the forces applied on the protons should equilibrate one another. This
is not necessary, since the energy (6) is calculated for various separations of po-
sitions of motionless protons. Computing the energy for several structures by

Exel, Allmendiger found that the energy is minimal when
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E,(x,2,p) = E, (0.705,0.488,0.892) = —2.127E,

All distances are expressed in units a,. Allmendiger did not consider the BM
and was thus not aware that it yields a lower energy. To determine the metasta-
ble state, we have to account for both conditions (7) and require that the energy
(6) yields a minimum for this state. Thus, OE,(X,z, p)/ax =0. Solving these
equations by Mathcad, we get

E, (%,2,,p,) = E, (0.817,0.706,0.9755) = —2.130E, (8)

These values define the metastable state of Figure 2(c), but we would also like
to know the value of x; in Figure 2(b). SQM does even allow to describe the
dissociation process, by introducing a new variable yto define the position of the
proton for the MBM. The separation z between the orbital planes and the me-
dian plane of the protons is increasing so that Z — X in an asymptotic way. The
initial value of the orbital radius p is r; and its final value is a, =1, but a me-
tastable state would require that the total energy £ is decreased by reducing the
mutual repulsion of the electrons. These ideas are expressed by setting

x(y)=x+y where x =x(r) 9)
z(y)=x(y)(1-e) (10)
p(y)=1+(r, -1+ Ay)(1-e ) (11)

We get thus 4 adaptable parameters («,1;, A, Y, ), where Yy, =X, —X . These
parameters can be determined by solving the Equations (9)-(11) and (6) for the
metastable state (8). These conditions yield

a=42468 1 =1134 A=12545 Yy, =0.047

It follows that the branching point of the energy curves is situated at
¥, =x(r,)=0.770, well beyond x, =0.550 for the ground state in Figure 1(b).
Svidzinsky’s assumption led on the contrary to X, <X, and did not account for
a metastable state. The present results lead to Figure 3(a) for the functions
z(x) and p(x). We see that dissociation occurs in an explosive way when
X =X, since the orbital planes do then rapidly join the protons. The orbital ra-
dius p ceases to increase as for the BM and becomes rapidly equal to a, =1 as
in isolated hydrogen atoms, though the dissociation is not yet finished. The or-
bital radius p does not immediately decrease. There appears even a small initial
increase. Since the mutual repulsion of the electrons is then decreased, it causes
the existence of a metastable state, which is clearly indicated by the small poten-
tial well for the red curve in Figure 3(b). The black curve shows that the BM
remains valid in a large domain, since bifurcation of the energy curves occurs
only when the separation R =2x =1.54a, . Figure 3(b) accounts also for the
fact that E — —2E_ . This energy level is now replaced by E=0. It is ap-
proached in progressive way, since Coulomb forces have a quasi-infinite range.

Their effects become only negligible when R ~15.
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r(x) x
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Z(x) 0 3
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" BM MBM
0.5 1 1.5 2 .
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Figure 3. (a) The displacement z of the orbital planes with respect to the median plane does rapid-

ly increase for the MBM. Even the radius p of circular obits is very soon the same as in isolated hy-
drogen atoms, but there is a small peak for the metastable state. (b) The red energy curve for the
MBM of H, confirms its existence for mutually polarizing hydrogen atoms.

At present, it is possible to solve Schrodinger’s equation for hydrogen mole-
cules, by accounting even for correlated motions, as well as relativistic and
quantum-electrodynamic effects [27]. This yields an energy curve that agrees
with precise measurements of the dissociation energy and even with the infrared
spectrum for vibrating hydrogen molecules [28]. Schrédinger’s equation could
also be solved for excited states of H, molecules [29]. However, it is astonishing
that wave mechanics yields an energy curve that becomes suddenly flat, as if the
dissociation H, — 2H were immediately complete. There is not even the sligh-
test sign of a metastable sate. It might thus be useful to launch a more specific

search in this regard.

3. The Tricky Problem of Hydrogen Molecular Ions

3.1. The BM and MBM for the Electronin H}

Niels Bohr considered already the apparently simple case where only one elec-
tron is attracted by two protons. He adopted of course the model of Figure 4(a),
but found that H, would then be unstable [1, part III, p. 867]. It was not yet
known that hydrogen molecular ions are slightly stable. The search of an expla-
nation led to enormous difficulties. We begin therefore with Bohr’s model. Dy-

namical stability requires that the force

2re2 mv?
F= P = where d?=x%+r?
r

The values of rand x are also determined by the quantization rule rmv =n#n.
Thus,

E, =[1—%+a—ngo:Ei(r) (12)
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Since x=Xx(r), parametric representation yields the red curve of Figure
4(b), where R =2x is the separations of the protons. The ground state would
thus be situated at the white dot, where R=1.731a, and E; =-0.878E, >-E,.
According to the BM, hydrogen molecular ions would therefore be unstable. It
should be noted that x has to be real, but that concerns only small values of R
The LCAO approximation did yield the blue dot, while experimental results are
represented by the red dot.

(a)

+1 05 0 +1

o) o

Figure 4. (a) The BM for H, assumes that the single electron is orbiting in the median

plane of the protons. (b) The resulting ground state (white dot) is higher than experi-
mental results (red dot) and the first wave-mechanical prediction (blue dot).

Since H) molecular ions are at least slightly stable, the initial BM has to
modified. This can be done by adopting the model of Figure 5(a). The modified
energy is then

Em(x,z,r)z(l—i—i+a—ng0 (13)

Radial and lateral stability of the electron orbit requires that
1 1 a X+2Z X-12
@ d TRE
Bifurcation of the energy curves occurs when E, (x,0,r,)=E;(r,), while the
lowest possible energy for the MBM is reached when 0E, (X,z,0)/0x=0. The

solution of these equations is
X, =0583 r,=0.871 x,=46.668 z,=x, and p, =1

Since X, <0.866, bifurcation of the energy curves occurs now before reaching
the white dot in Figure 4(b). However, the dissociation process is again de-
scribed by of (9)-(11). Thus,

a=99.413 A=-1624 and Yy, =X,—X =46

The resulting effects are represented in Figure 5(b). Dissociation occurs when
R =R, =2x =1.1664a, . This process is explosive, since the displacement z of the
orbital plane with respect to the median plane of the protons is suddenly in-
creased. The electron does even immediately join the chosen proton (Z — X).
The orbital radius p becomes immediately equal to a, as in an isolated hydro-

gen atoms. Nevertheless, this electron is still attracted by the other proton. Their
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separation d, is increasing and the energy E, — —E, in a progressive way.
Since the value of x, is enormous, polarization effects are negligible. Neverthe-
less, there does exist a metastable state, since the (black) energy curve E, for the
BM is replaced by the red curve when R>R,.

2.5 b
(a) e (b)

1.5

-1.5

Figure 5. (a) The MBM for a dissociating H, molecule. (b) This model leads to a bi-

furcation of the energy curves and a metastable state when the separation of the protons

R=2x=R,.

The sudden increase of the orbital radius p does only reduce the attraction of
the electron by the departing proton. Hydrogen molecular ion would thus be
slightly stable, but for a peculiar reason. We ignore if the resulting metastable

state can be observed or not.

3.2. Wave-Mechanical Studies and Intensive Search of the
Electron Orbits

A general introduction that insists on basic concepts, also for hydrogen mole-
cules and molecular ions, was provided by Beiser [30]. Schrédinger’s equation
was solved in 2006 for H, with remarkable precision [31]. In 2021, the energy
curves were computed for the ground state and several excited states with an
accuracy of 40 digits [32]. The BM of Figure 4(a) was already abandoned very
soon, to search for another orbit. This adventure was initiated by Sommerfeld,
since he considered elliptical orbits for the single electron in hydrogen atoms.
His excellent results suggested that the single electron, attracted by two protons
in H; could be moving around both protons. It would then be sufficient to con-
sider a particular sagittal plane. The ground state seemed to require a lemniscate. It
is an 8-like orbit, but is not defined by some nice mathematical formula.

It results from Coulomb forces, when the electron is turning around both
protons, but the electron can also keep them together by passing through the
center. Since all sagittal planes are equally probable, this would generate two
closed conical shells that touch one another. They would generalize Bohr’s con-
cept of spherical shells for hydrogen atoms. Sommerfeld advised thus his bril-
liant student Wolfgang Pauli to examine this problem for his PHD thesis. He
accepted and used elliptical coordinates [33]. When the electron is separated
from the protons by the distances r; and r, and when R is the separation of these

protons, they are defined by
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L+h and n:'i_rz

R R

Any possible position of the electron is thus determined by the intersections

E=

of confocal ellipses and confocal hyperbola. However, Pauli used the first quan-
tization rule (2) as Sommerfeld had done for elliptical orbits in hydrogen atoms.
This approach led only to a classification of possible motions in 1922. The actual
shape and size of the electron orbit for the ground state could not be deter-
mined. Karl Niessen came to the same conclusion [34]. These results did con-
tribute to abandoning “old quantum mechanics”, but the essential reason was
the development of wave mechanics. Heitler and London did solve Schrodinger’s
equation by means of the LCAO approximation [10]. That is even simpler for
one electron than for two electrons and presented in most textbooks on quan-
tum mechanics. Since this procedure requires to calculate some integrals, it is
useful to know how that can be done [35].

Burrau [36] did even solve Schrodinger’s equation for stationary states of H}
without any approximation. He did also use elliptical coordinates, since Schrédin-
ger’s equation yields then two separable equations. Computations were not easy
with available tools, but Burrau concluded that the ground state would be si-
tuated at E=-1.20E, and R=2.0a,. Grivet presented in 2002 a method for
simplifying the numerical calculations [37]. It appeared then that the differential
equation for {led everywhere to well-behaved solutions, but the other differen-
tial equation did only yield precise results for low and high values of 7. The
computed curves did even meet with an unphysical discontinuity for an inter-
mediate value of 7. Grivet proposed an interpolation procedure to overcome this
difficulty. Actually, he discovered a much more profound problem.

Strand and Reinhardt [38] presented in 1979 a very thorough and detailed
study of this issue. They thought that the semiclassical approximation of wave
mechanics is more realistic than the assumption of sharply defined positions in
old quantum mechanics. The WKB approximation of wave mechanics leads, in-
deed, to Newtonian laws of motion for any trajectory of an electron. Since the
average position is then defined by a wave packet, it accounts for Heisenberg’s
uncertainty relations. However, a wave packet can penetrate into the walls of a
potential well. The separation of the turning points for the most probable posi-
tion of the electron is then greater than when the electron is merely reflected by

these walls. Strand and Reinhardt adopted therefore the quantization rule
q.)pidqi :(ni+ai)h (14)

It is a generalization of the first relation (2). For parabolic potential wells,
@; =1/2. Rotation around the symmetry axis requires an angular variable ¢, but
o, =0 for this degree of freedom. Even these precautions did merely yield a
classification of possible orbital motions. The expected 8-like orbit could be par-
tially determined, but there appeared a “gap” in the region where the separation
of the protons R~ 2a,. This is precisely the region where the ground state is

situated, according to experimental results. That was a disappointing result and
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the cause of this failure was not explained.

About a dozen other authors tried thus to circumvent the enigmatic obstacle,
but we mention only the enduring effort of Knudson. In 2006, he published a re-
view for chemists [39], where he mentioned that “the motivation for such stu-
dies is the insight into the quantum behavior offered by the classical viewpoint™.
However, new computations could only confirm the existence of a “gap” in the
critical region. It was even quite large (0.83a, <R <2.30a,) for H;. Knudson
suggested that this defect might be due to the “inability to account for electron
tunneling”. He reanalyzed this problem [40] by modifying (14) to get two quan-
tum numbers (n, and m i ). This increased the flexibility of the semiclassical
approximation, but the “gap” was still there, even for HeH** and for LiH>.
Knudson returned to this nagging problem in 2022, as emeritus [41]. More
computations were presented, but the gap did stubbornly resist. Knudson recog-
nized then that this “disagreement... is not just quantitative, but qualitative in
nature”. He concluded even that “old quantum mechanics does not work... for
the ground state near its known equilibrium position”. However, he added that
the concept of electron orbits is not totally useless. Orbital motions are more in-
tuitive than probability distributions.

It is also noteworthy that the problem of dynamically stable closed orbits was
already raised by Euler in 1760 for gravitational forces in classical mechanics.
This apparently simple problem was treated by eminent scientists, to no avail.
Wild [42] has shown that the differential equations of motion can be solved by
means of personal computers. It is sufficient to proceed step by step for given in-
itial conditions, but this applies to open orbits. It is even well-known that con-
tinued motions will become chaotic. Stability requires closed orbits. They were
computed by Arensdorf for satellites turning around the Earth and the Moon
[43]. They were not quantized and could have different sizes and display several

lobes of variable shape.

3.3. Rehabilitation of Simple Quantum Mechanics

The LCAO approximation of wave mechanics did solve Schrodinger’s equation
for stationary states, but implied that the electron can be close to both protons
with equal probabilities. The resulting probability distribution was static. How-
ever, Feynman proved that it can oscillate [44]. This requires to solve the
time-dependent Schrodinger equation, which is possible and indicates that the
electron is not simultaneously, but alternatively close to these protons. Feyn-
mann called this a “flip-flop model”. It did innovate quantum-chemistry, but
provides also a powerful justification of orbital motions. However, Pauli and
Niessen, Strand and Reinhardt, as well as Knudson and other authors had not
succeeded to determine the orbit when the electron does successively move
around the protons.

There are several reasons. The use of elliptical coordinates suggested that se-

parated differential equations do allow for different quantization rules. This led
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to imposing the first relation (2), even when the electron is attracted by two
protons. The second relation (2) requires only one quantum number and is jus-
tified by de Broglie’s interpretation of Bohr’s quantization rule. It applied to cir-
cular orbits, but can be generalized for any closed orbit. The momentum vector
p is everywhere tangential to this orbit and applies also to a progressively vary-

ing wavelength A =h/p.Itis thus sufficient that
<j§ pds = nh where (pds)2 = (>'<dx)2 +(ydy)2

This applies to Cartesian coordinates and the chosen unit of the electron mass

(m=1).Since dx=xdt and dy = ydt, the quantization condition is
OTOVOZdt =nh where V=V +V/} (15)

V, is the speed of the electron and T is the period for motions on the closed
orbit. We might object that Newton’s laws of motion are not compatible with
Heisenberg’s uncertainty relations. That is not true, since the electron can move
on a well-defined orbit, though we ignore where it is situated at some particular
instant. In other words, we have to abandon the idea that Newton’s laws of mo-
tion can only be solved by providing initial conditions. That is not necessary,
even for a vibrating string, since it is possible to consider the general solution
with adaptable parameters. Their values are then determined by boundary con-
ditions and not by initial conditions.

It was also believed that the semiclassical approximation of wave mechanics
has to be used with the quantization rule (14). That leads to complications,
which are not necessary to account for Heisenberg’s uncertainty relations. Ac-
cording to classical mechanics, a harmonic oscillator can be at rest at its equili-
brium position. That is excluded in wave mechanics, by means of a zero-point
energy and ¢; in (14). However, for orbital motions it is automatically ex-
cluded that an electron could be somewhere at rest. Condition (15) is sufficient.

In 2008, it was claimed [45] that old quantum mechanics was abandoned for
“wrong reasons”. That is true, but not because of the proposed linear oscillations
of the electron along the interproton axis. They are mathematically possible, but
the turning points would be situated beyond the protons and thus require that
the electron can pass through these protons. That is impossible. The electron has

to turn around them, but that requires specific developments.

3.4. Computed Orbits of the Electronin H;

To determine the orbit of a single electron, moving around two protons in an

arbitrarily chosen sagittal plane, we can use Cartesian coordinates ( x,y). The

motionless protons are situated at (+c,0) and attract the electron by Coulomb

forces. The resulting potential energy of the electron is
1

V(x,y):—a_% where d?=(c-x)"+y? and D?=(c+x)’+y

2

Near the center, we get thus
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2 2
V(x,0) :—L—Lz—i—zi and V (0, y)z—%+zi4
C C

At the center (0, 0), the potential is —2/c?, but it is parabolically decreasing
along the x-axis and parabolically increasing along the y-axis. The center is thus
a saddle point. Oscillations on the y-axis are excluded, since they would be un-
stable. The coordinates x(#) and y(#) have thus to describe orbital motions.
Newton’s laws of motion yield two coupled equations:

C—X CH+X -y -y
xz?_sz and Fy:d—s"rF:y (16)
Since the functions x(#) and y(?) are periodic, they can be expressed by Fourier
series. Closed orbits are thus Lissajous curves. Such an orbit can pass through

the center, but near the center

F;%:x and Fy=_C23y=y (17)

The first equation does not allow for a single sine function and it would be ar-
bitrary to assume that this is possible for y(#. The simplest general solution of
(16) is thus

x(t)=al[sin(0)—ksin(3¢)] and y(t)=b[sin(20)-Ksin(49)] (18)

It is not necessary to assume that this motion results from initial condition, as
for a projectile that would be thrown or shot from the center or some other
point with a precisely computed velocity to get a closed orbit. According to (18),
the electron is passing thought the origin when ¢ =0, but we can set
O=wt+¢, where ¢ has any constant value. The period would always be
T, =1/2 . We consider thus motions that are characterized by adaptable para-
meters. Since (18) has to be compatible with (17), it is necessary that

1-2u
- 2(1-8u)

The parameter u is a constant of motion, which indicates that smaller separa-

k—4+—'u and K

= where u = w?c® 19
3(4+3p) H=o (19

tions of the protons require higher angular frequencies. The value of & is always
quite small and positive, while the value of K can diverge and change sign. The
general solution (18) implies that x(#) will reach its maximal value x, = a(1+ k)
when 6 =m/2. Since (16) has to be satisfied at this turning point,

1 . 1
(x,—¢c)* (% +c)
The turning points for y{¢) are reached when V, =0 and thus already when
6=t and

= w’a[l+9k] (20)

cos(27)—2K cos(47)=0 (21)
The values of the coordinates xand y are then

X =a[sin(z)—ksin(3z)] and Y =b[sin(27)-Ksin(4r)]
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The distances d and D are there defined by
d?=(c—X)*+Y? and D?=(c+X) +Y?

The equations of motion (16) require therefore that

Cd__ax_cg—sx =—ao’ [ sin(r)-9ksin(3r)] (22)
Y Y 2 e ;
FEREORELY [sin(2r)-4Ksin(47)] (23)

The actual orbit has also to be compatible with the quantization condition
(15). It requires merely integration of squares and products of sine or cosine
functions over one period. It is thus sufficient to consider average values. They

yield the relation
o @ (1+9K*) +4b (1+ 4K? ) | = (24)
Using units where E, =a, =m =1, it follows that /> =’ =2. Since kand K

are function of y, there remain only 5 parameters ( a,b,c, &, 7). Their values are
determined by Equations (20)-(24). It follows that

a=1.026 b=0.031 c=0.622 #=0133 7=0.407 for n=1
a=1.728 b=0.88 c=1413 u=1044 7=0857 for n=2

The resulting orbits are represented in Figure 6. It is thus possible to deter-
mine electron orbits that are dynamically stable and quantized, but we get only a

simple 8-like orbit for the exited state.

(@) y y )]

n=1 n=2

Figure 6. (a) The electron orbit for the ground state (in red) and its speed (in blue). (b)
The electron orbit and the speed for the first exited state of hydrogen molecular jons.

Figure 6(a) SQM determines the orbit of the electron for the ground state of
hydrogen molecular ions. This orbit (red line) defines all possible positions of
the moving electron and not where it is situated at a particular instant. (b) The
first excited state allows for an 8-like orbit and the separation of the protons
(represented by black dots) is greater. The scales are indicated by light gray cir-
cles of radius a, The speed of the electron (blue curves) varies more for the

ground state than for the excited state.
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The ground state requires thus a double 8-like orbit and that the electron does
pass very close to the protons. It is then strongly accelerated but slows down
when it approaches the potential barrier between the adjacent wells. The pre-
dicted separation R =2c of the protons is then only 1.24a, for the ground
state and thus notably smaller than the measured value. The BM or SQM is
much less useful for a single electron than for electron pairs. Nevertheless, it is

possible to determine the orbit. The total energy E'is then

1 1 1 1,
E=—————+-V°=E aybicl 10
2c d D 2° ( w0)

It is not a constant of motion, but when all positions are equally probable on
the computed orbits, the average value (E) =-2.53E, for the ground state.
This value is determined with respect to the energy level E =0 for complete
dissociation, but is much lower than the experimentally measured value in Fig-
ure 4(b). Because of Figure 1(b), it is obvious that SQM vyields a better approx-
imation for an electron pairin the median plane than for a single electron that is
alternatively turning around both protons. For the excited state, the separation
of the protons would be 2.8a, and the average energy (E)=0.06E,. The an-
gular frequencies are respectively ®=0.743 and »=0.220 for the ground
state and the excited state. The essential result is, of course, that the electron or-
bitin H, could not be determined during more than 100 years, but is possible
by means of conceptual clarifications.

We considered also motions that are symmetric with respect to the median
plane, instead of being antisymmetric with respect to the center. They would be

described by the functions
x(t)=asin(#) and y(t)=b[cos(8)-ocos(30)]

The electron does then pass through the median plane when y=b(l-o).
This could happen at the center when o =1, but also without touching the in-
terproton axis or by crossing it. We established the required equations, but
found no acceptable solution for this kind of quantized motions. That is not re-

quired anymore. It is more useful to spare some time for basic considerations.

4. Conclusions and the Meaning of Electron Orbits

A discovery of phenomena that cannot be explained by already existing theories,
requires the construction of a new one. It may not be easy to discover the needed
concepts. Fortunately, it was possible to progress by successive approximations.
This applies also to “old quantum mechanics”, which should not be depreciated,
but reconsidered in a broader context. It appeared also in the course of this re-
search that there were hampering misunderstandings.

It is even necessary to become aware of the fact that, in general, we are too
easily distracted or blinded by preconceptions. This did not only happen when it
was believed that the Earth is the center of our Universe. At present, we know

that the development of the theory of relativity and quantum mechanics revealed
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the existence of two universal constants (¢ and A). They impose restrictions on
some types of measurements. Nevertheless, we continue to believe that it should
be possible to measure always smaller and smaller space-time intervals, without
ever reaching a finite limit. This assumption allowed us to use differential equa-
tion, but they do not prove the existence of a “space-time continuum”. Today, it
is more plausible that there does exist a quantum of length (a) that is also a uni-
versal constant, though its value is not yet known and could be extremely small.

Variations of wave functions and fields in space and time can then only be
described by means of finite-difference equations. Their physical meaning re-
sults from generalizing the definition of local values of the components of the
momentum vector p and the value of the instantaneous energy E of any particle.
This theory of space-time quantization (STQ) is logically consistent and explains
mysterious facts [7]. They are at least partly known and appear already as being
of fundamental importance, in particular for understanding the nature of dark
matter.

There are other examples of preconceptions. We recall what happened for
“water memory” [46]. Careful experimental investigations had proven that when
some types of biologically active molecules are dissolved in pure water and re-
peatedly diluted, the resulting water does still display the same effects. That was
declared to be impossible, since all active molecules have been eliminated and
since we “know” that thermal agitation of water molecules in the liquid state
prevents any structuring. It would even have to be specific for different types of
diluted molecules. Homeopathy had already revealed the efficiency of this pro-
cedure, but the underlying mechanism was not understood. Instead of trying to
discover what is really happening, it was merely declared that all observed facts
are illusions. The medical doctor who proved the reality of water memory was
even treated by the editor of a famous scientific journal and a professional magi-
cian in a radically unscientific way.

Actually, water molecules are known to be electric dipoles. They can thus
constitute crystals, like magnetic dipoles in ferromagnetic materials. However,
electric dipoles can only be ordered inside very small spheres. We proved that in
a theoretical way and drew then logical conclusions. The nano-sized ice crystals
are stronger electrical dipoles and are thus spontaneously aligned. The constitu-
tion of these filaments is initiated by dipolar parts of the initially dissolved bio-
logically active molecules. These parts oscillate at very low frequency, depending
on the type of molecules. They produce standing waves on detached chains
when they have reached the appropriate length. All chains have thus the same
length, but a part of them is broken by vigorous succussions after every dilution.
However, all broken parts grow again until they reach the same length as the
unbroken chains. This results from their collectively generated electric field. The
number of tuned chains is thus progressively increased and they produce the same
electric signal as the initially dissolved molecules. This secret could have been dis-
covered long ago, but that was prevented by preconceptions and arrogance.

The case of virus destruction by resonance and missed treatment of cancer by
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EM waves [47], the explanation of the ball-lightning phenomenon [48] or cold
fusion and biotransmutations [49] are other examples, demonstrating the nega-
tive power of prejudices. Skepticism is necessary, of course, but also in regard to
our own convictions. That is not always easy, but possible. Even the treatment of
“simple quantum mechanics” is instructive, since it required some very impor-
tant conceptual clarifications. Though SQM is merely an approximation of wave
mechanics, it is logically consistent and combines classical mechanics with Hei-
senberg’s uncertainty relations in an interesting way. This approach could even
be useful to tackle complicated problems by focusing attention on essential fea-
tures. In solid-state physics, for instance, it is customary to adopt the “indepen-
dent electron model”. It assumes that every electron is only subjected to the av-
erage force, exerted by all other electrons in a lattice of ion cores. Are correlated
motions and the formation of electron pairs really impossible?

Even the concept of electron orbits merits attention. Werner Heisenberg re-
ported a discussion that he had in this regard with Albert Einstein [50]. Imme-
diately after a meeting in Berlin, where he had presented matrix mechanics,
Einstein invited him to his home for a private discussion. He appreciated Hei-
senberg’s ingenuity, but was more than astonished that electron orbits should
not be real, since the path of electrons is visible in cloud chambers. Heisenberg
answered that the trajectory of electrons cannot be observed inside atoms and
that physical theories should only be concerned with what is observable. Spec-
troscopic data provides at least a substitute (Ersatz) for the customary concept of
trajectories. Einstein said, “You do not seriously believe that a physical theory
can only accept what is observable.” Heisenberg was surprised and answered: “I
thought that just you adopted this idea for the foundation of your theory of rela-
tivity.”

Einstein admitted that this interpretation is possible, but his purpose had been
to describe reality. He was even profoundly convinced that “from the standpoint
of principles, it is not correct to build a theory only on observables”. In other
words, he considered that reality is vaster than what can be observed from a par-
ticular point of view. Heisenberg insisted that our knowledge about the behavior
of electrons in atoms does only result from transitions between quantized states.
Einstein said, “You are only talking about what we know about Nature... and
not about what Nature really does.” Is reality more fundamental than our li-
mited knowledge of it? This question is not a trivial one.

Less than one year later, Schrédinger presented his wave mechanics. The basic
concept was there a function that varies in a continuous way in space and time.
It has a real and an imaginary part, but the square of the absolute value of this
wave functions defines a density that obeys a conservation law. Max Born rea-
lized that wave functions are only tools for making probabilistic predictions. It
took some time to understand why this conservation law is not valid in relativis-
tic quantum mechanics. At sufficiently high energies, electrons can be created or
annihilated, but the essential point was that the outcome of precise position

measurements is not always predictable. That was new.
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Schrédinger did not like matrix mechanics, since he thought that wave func-
tions provide a more realistic description of the behavior of electrons at atomic
scales. He was thus invited to Copenhagen, where Bohr insisted that only
“quantum jumps” are relevant. Heisenberg was present during these discussions,
which reminded him of Einstein’s objection. It was thus necessary to find out if
it is really possible to observe the trajectory of an electron by other means than
spectroscopic ones. This question led him to establish his famous uncertainty
relations. They limit simultaneous knowledge of the position and velocity of a
particle, because of the finite value of the quantum of action h. It stressed the
importance of observables and the need of a radically new perception of reality
and possible knowledge. That was a tremendous paradigm shift.

Since Einstein was not convinced, Heisenberg concluded that it is “infinitely
difficult to abandon ideas that were hitherto adequate for scientific thinking
and research”. That is true, but we have to add that Einstein did keenly grasp
what was radically new: the outcome of some types of measurements would be
random and that contradicted past experience: Gott wiirfelt nich# Quantum
physics became the first physical theory that concerns knowledge. It should be
noted that this knowledge is not merely limited, but richer. Wave functions
have a real and an imaginary part at every point in space. That is much more
than amplitude and phase. It appeared even that non-relativistic quantum me-
chanics accounts for the spin of point-like particles. This observable was un-
known in classical mechanics and has an ensemble of possible values. Space-time
quantization considers an irreducible “quantum of length” and abandons thus
the concept of continuous functions, but that is precisely why there are more
observables, characterizing elementary particles. Some of them had been expe-
rimentally discovered, but remained unexplained.

What is now the status of electron orbits? First of all, we have to recognize
that this concept is similar to the concept of “light rays”. They remain useful
tools, though we know that there are light waves that can interfere. They are
even EM waves and there are photons. The concept of quantized electron orbits
remains valid as an approximation, but closed orbits are quantized. Feynman did
even derive quantum mechanics from the idea that a particle can move from a
point A to another point B by an infinity of conceivable paths [51]. Nature can
be viewed and described in various ways. There is not only one possibility.
Theories are thus adaptable. It is even remarkable that our understanding of the
complexities of reality can be discovered and understood in a progressive way.
There are already signs that reality is more complex than we think at present,
because of unconventional technologies that are observable, but these facts are

not easily accepted.
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