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Abstract

The properties of Cylindrical Internal-Surface Acoustic Waves (CISAW)
propagating on the inside surface of a high purity fused quartz tubular fiber
are derived from basic principles using a variational method. The CISAW con-
sist of Energy Momentum Packets (EMP) moving in a looping motion. The
EMP have mass and are affected by gravity similar to a pendulum bob. The
effect of gravity on CISAW is much larger than the effect of gravity in a light
wave. Therefore, one can build much smaller CISAW Interferometer Gravity
wave Observatories (CIGO) than the present km size Light Interferometer
Gravity wave Observatories (LIGO). An array of CIGO can be used to detect
gravity wave images. Since the wavelength of gravity waves is much larger than
the expected spacing between CIGO array elements this would result in sub-
wavelength images. It would be interesting to determine what new discoveries
could be made using such an array.
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1. Introduction and Summary

The properties of Cylindrical Internal-Surface Acoustic Waves (CISAW) propa-
gating on the inside surface of a high purity fused quartz tubular fiber and its
gravity effect are derived in this study from basic principles. The CISAW have a
small group velocity and the effect of gravity on CISAW propagation is large.
Therefore, one can build an array of CISAW based gravity wave detectors that are
able to observe gravity wave images.

I was unable to find descriptions in scientific literature of the modes of CISAW
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or its gravity effect. The wavelength of the CISAW is of the same order of magni-
tude as the fiber inside circumference. The CISAW are similar to Rayleigh waves
[1] [2]. The effect of gravity on CISAW is analyzed in this study. These fibers are
designed for Cylinder Internal-Surface Acoustic Wave propagation, and not for
light wave propagation.

This analysis uses the Earth’s surface as an approximate Inertial Reference
Frame. A point on the surface of the Earth moves with an approximately constant
linear velocity during the time it takes an Acoustic Surface Wave to propagate
through the tubular fiber.

Here a Classical Continuum Mechanics model is used. An infinitesimal mass in
a solid consists of an infinitesimal volume with a sufficient number of atoms to be
considered as a continuum. This infinitesimal mass does not move more than an
infinitesimal distance. But each infinitesimal mass bumps against the next infini-
tesimal mass etc. This slightly compresses the infinitesimal mass. In each collision
it transfers Kinetic Energy and Momentum and when it re-expands, it also trans-
fers Elastic Potential Energy to the next infinitesimal mass. These Energy Momen-
tum Packets (EMP) can travel any distance. The EMP’s have mass. Therefore, in
this study the displacement vector u describes the position of the EMP’s, not the
position of the mass increments. The displacement is a wave. The Quantum Me-
chanical version of the CISAW are a type of Phonons. The displacement of the
EMP’s have longitudinal and transverse components.

If one neglects the small effect of the air, there is no force on the inside surface
of the fiber tube on which the CISAW propagates. Therefore, the stress in the solid
produced by the longitudinal and transverse displacement components has to be
zero on the inside surface of the tubular fiber. This couples the longitudinal and
transverse displacement components to form Elastic Surface Wave modes.

The longitudinal displacement component wave is shifted by 90 degrees with re-
spect to the transverse component wave. When the transverse displacement com-
ponent wave is zero and the longitudinal displacement component wave is at its
maximum, the total displacement is longitudinal. When the longitudinal displace-
ment component wave is zero and the transverse displacement component wave is
at its maximum, the total displacement is transverse to the inside surface. But at the
next zero value of the transverse displacement component wave the longitudinal
component wave is at its maximum negative value, therefore, the total displacement
is moving in the reverse direction. This makes the total displacement to move in a
loop along the wave. Thus, the EMP’s in SAW’s, move in loops along the wave.

Over the distance of a few meters on Earth the gravitational force is constant in
the “down” direction. But only a component of the gravity force acts on an object
in the direction of its motion. If the object periodically changes direction, the com-
ponent of the gravity force in the direction of the object motion will also change
periodically. This is how the gravity force acts on a pendulum bob. The compo-
nent of the gravity force acts in the direction of the pendulum bob motion. This

gravity force component has a non-zero value during the downwards swing of the
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pendulum bob, and it is equal to zero when the pendulum bob moves horizontally
at the bottom of its swing.

As described above the EMP’s have mass and are affected by gravity. When an
EMP moves longitudinally on top and bottom of the loop, it does not interact with
gravity. When an EMP moves vertically in the loop, its interaction with gravity is
a maximum. Therefore, the part of the gravitational force acting on the EMP’s
have a similar looping wave motion as the EMP’s. Thus, SAW’s interact with grav-
ity. The interaction of the energy momentum packets in the SAW’s is similar to
the interaction of the pendulum bob with gravity. The effect of gravity on the
EMP’s of CISAW’s is also similar to the effect of gravity on Ocean Surface Waves
(OSW) [3] on a deep ocean.

There are interactions with the curvature of space-time. The small effect of the
curvature of space time on CISAW’s is neglected here.

I think this is the first published analysis of the modes of CISAW’s. I was unable
to find any analysis in literature of Surface Acoustic Waves propagating on the
inside surface of a cylinder. But, described below, is research somewhat related to
this study:

I remember Dr. Stephen Tehan and Stephen Wanuga at the Electronics Labor-
atory of the General Electric Company in Syracuse, NY about 1975 propagated
Surface Acoustic Waves on the inside surface of simple tubular fused quartz fibers.
They wanted to use CISAW pulses propagating in the tubular fibers as a digital
memory. But I was unable to find any calculations or other documentation of this
work. The CISAW’s propagated with relatively little amplitude loss.

Wen Wang et al. [4] of the Acoustic Institute of the Chinese Academy of Sci-
ence developed a Surface Acoustic Wave (SAW) based gyroscope on a LiTaO5
wafer. The gyroscope consists of two SAW transducers and two resonators in a
loop on a piezoelectric LiTaOs wafer. It uses the carioles force. The infinitesimal
energy momentum packets under the transducers have inertia and tend to move
in a straight line while the gyroscope moves with the Earth’s rotation. This carioles
force effect on the SAW is similar to the effect of gravity acting on the SAW in the
tubular fiber described in this study. There are many papers published describing
SAW Devices on piezoelectric wafers such as [5].

R. E. Bunney et al [6] propagated Surface Acoustic Waves on the outside of
stainless steel and various aluminum alloy cylinders submerged in water. These
cylinders had diameters of 10 to 400 times of the acoustic wavelengths.

Denos C. Gazis [7] [8] describes Elastic Waves in the material of hollow cylin-
ders. He calculates the modes of Longitudinal waves, Equivoluminal Lame Type
elastic waves, and Torsional elastic waves. All these elastic modes are bulk waves
propagating in a solid material. In longitudinal and shear elastic waves where the
displacements are horizontal or vertical and therefore, the EMP’s don’t interact
with gravity in the Newtonian model. None of these bulk waves exhibit looping
motion of the EMP’s. Only Surface Acoustic Waves, Rayleigh waves, exhibit loop-

ing motion of the EMP’s that couple to gravity. The EMP’s circular motion in
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Torsional waves might interact with gravity. However, since the Torsional waves
are also on an outside surface, they are not suitable for many applications.

The gravity wave detectors based on CISAW interferometers can have a large
effect on astronomical observations. The effect of gravity on CISAW’s is much
larger than on light waves used in the current (year 2024) gravity wave detectors
of the Light Interferometer Gravity-wave Observatory (LIGO) experiment [9]-
[16]. Therefore, interferometer gravity wave detectors based on CISAW’s would
be much smaller than gravity wave detector interferometers based on light waves.
This would facilitate the building of CISAW gravity wave detector arrays. These
Gravity wave interferometer arrays would for the first time be able to observe
space-time curvature mode images. Gravity waves detected to date, have frequen-
cies of a few hundred cycles or wavelengths of about 43 km to 1500 km [9]-[16].
The detectors in these arrays would be spaced at intervals that are much less than
the wavelengths of a gravity wave. These arrays would perform sub-wavelength
imaging [17] with gravity waves. Sub-wavelength imaging is currently used in
photolithography in nanometer-scale semiconductor device manufacturing. It is

interesting what future discoveries can be made using gravity-wave imaging.

2. Derivation of Cylindrical Internal-Surface Acoustic Waves

This analysis uses the Earth’s surface as an approximate Inertial Reference Frame.
The propagation time of the elastic wave in the 1257 meter long fiber was approx-
imately 0.430321 seconds. A point on the surface of the Earth moved approxi-
mately 141.132 m during this time at a latitude of 45 degrees. This represents only
31.295 micro-radians of arc or 1.79305 milli-degrees of the Earth’s rotation.
Therefore, during this period it can be assumed that a point on the surface of the
Earth moves with an approximate constant linear velocity. The Earth also moves
approximately linearly in its orbit during this time period.

The analysis starts with the symmetrized second rank strain tensor components

¥, which have the following form:

af
X =%(6ﬂua +6auﬁ) (1)

where u, 5R(3) is a displacement component of an infinitesimal Energy Mo-

mentum Packet
(EMP), x, >R(3) isa coordinate component, where « =1,2,3 and

0
0, = ot As described in the introduction it is the EMP’s that travel in the CISAW.
xa
Next, to obtain the elastic properties of the fused silicon material, the compo-
nents of the second rank stress tensor elements o,, are expanded to first order

in the strain tensor elements X ;:

oo,
_ B
a) o,,= s Tt
75 (2)
b) 0,5 = Cops T s +
DOI: 10.4236/jmp.2024.1512088 2196 Journal of Modern Physics


https://doi.org/10.4236/jmp.2024.1512088

P. G. Kornreich

where the summation over the repeated indices is implied. Here, we retain only
the linear expansion terms where c,, ; is a component of the covariant fourth
rank elastic constant tensor of the fused silicon material. There exists much
smaller higher order non-linear elastic constant terms that contribute to the losses
mentioned in the introduction. The effect of gravity is represented by the gravita-
tional potential density ¢. In the Newtonian model used here, the gravitational
potential density is represented by the fused quartz material density p times the
acceleration of gravity g times the elevation A(u) of the EMP.

¢ = pgh(u) 3)

The properties of the CISAW are described by a wave equation. In order to

derive this wave equation, a Newtonian Mechanics Lagrangian density £ is hy-

pothesized. This is the first hypothesis. The Lagrangian density £ is the differ-

ence between the Kinetic Energy density, the Elastic and the gravitational Poten-
tial Energy densities.

| 1
L= Epuaua _Ezaﬂcaﬁydzyd _pgh(ua) (4)

MG
,
where pis the mass density, Mis a mass, Gis Newton’s gravitational constant, and

The gravitational potential energy density could have the form ¢~ —

ris the distance between the centers of mass of objects.
Substituting Equation (1) into Equation (4) in order to formulize the Lagran-
gian density in terms of the displacement components:
£=lpzi u —16 u,c,,s0su —16 UyC,p 505U,
2 a”a 2 Bra"afys™~ 5%y 2 a”prapys~ %y (5)
—%aﬂuacwayué —%Gauﬂcaﬂﬁ&yu& - pgh(u,)

At this point the Euler Lagrange [18] equation could have been used to obtain
a wave equation. But, I prefer the derivation from basic principles using a varia-
tional process. This requires the forming of a constant action integral I which
states that the integral of the Lagrangian density over the time period and volume
considered is a constant. In this study there is nothing outside the volume and
time period considered. Therefore, an integral over this volume and time period
is a constant, and the variation of this integral is equal to zero.

We form an action integral Z over both the time period and volume consid-

ered.
T2 pit, (5,,6.0)it, (x,.6:7)d7
1 Sh
T -

+6auﬁ (x#,f,z')aguy (xy,f,f)+aﬁua ()cu,f,r)ayu(S (x#,f,r)
+0,u, (xﬂ,(f,r)ayu& (xy,é,r)}i- 2pgh(u, )} dv

Because the analysis here uses three-dimensional space and time separately, the
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action integral over time and the three spatial dimensions were performed sepa-
rately. Here, dvis a volume increment in three-dimensions and s, and s, are
the two surfaces at the start and end of the volume of integration respectively.
Dummy variables 7 eR(1) and &eR(1) wereintroduced to facilitate the var-
iation. The variation of the constant action integral is equal to zero.

8I =0 7)

The variation of the action integral was performed in Appendix A. We obtained

a wave equation from Equation (A16) in Appendix A:
Lo 1
pii, = E[cwaﬁasuy +Cpas 050 g, + € 5050 g, +€,5,5050 U

+Cp50 40, Us + Cs5,,0,0 glls +C 50 40 s +c§/,m8y85u/,} (8)
oh 1 0°¢

+pg—t——"—u
pgaua 2814&814/), A

The change pg;—h of the gravity potential density pgh with the displace-
u

a

ment u, of the EMP is the component of the gravity force in the direction of the

. oh . . . o . . .
EMP’s motion. 6_ is a dimensionless direction cosine that will be discussed
u

a
, , . o’¢
later. There is a second-order smaller Newtonian gravity effect ————u, that
ou,0u 5

was not part of this derivation. However, this second-order term is much smaller
than the first order term, and is here neglected. This term is the effect of gravity
on longitudinal and shear elastic waves.

In an isotropic material the Wave Equation is given in terms of the Lame con-
stants [17]. In the next step we show that the wave equation, Equation (8) derived
here is equal to this reported wave equation. The elastic constant tensors are sym-

metric in the first two indices c,;; =cg,,; and in the last two indices

apys

Capys = Capoy -

.o 1
pii, = 5[400!/,756/;85% +C, 5050 gU, +€,5,5050 U + Cp, 0,0 gl
)
Oh
+c{)7,m6765u/,]+ pPg—
Ou,,
Isotropic symmetry requires that we contract Equation (9) with respect to the

indices, yand Jto obtain:
.o 1 1
a) pii, = 5(4%@5 + Cspus + Copoa )6ﬂ67u7 +E(C§'M + Cspsa )6767%

oh
+pg—t (10)
ou

a

.. Oh
b) pii, = (/1+/1)5aﬂ6ﬂ67uy + 16,;0,0 uy + pgﬁ

a

where the Lame constants in terms of the elastic constant tensor elements are:
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1
a) A8,, = 2C,pss b) ué,, :E(cﬁﬁa(s +c5ﬂ5a) (11)

Equation (10b) can be written in vector form using the Lame constants A and
4. The Lame constants for fused quartz are A = 15.87 GPa and = 31.26 GPa. The
density of fused quartz is p = 2200 kg/m’. The vector form of Equation (10b) is
the wave equation for the EMP’s! [19].

. . Oh
pu=(/1+u)V(V-u)+,uV2u+aapga— (12)

ull
where bold fonts denote vectors. Here a4, is a unit vector in the direction of the

EMP motion. Equation (12) can be rewritten using the vector calculus identity
(19] VxVxu=V(Veu)-V’u for V’u.

pii:(/1+2,u)V(V-u)—,uV><qu+ﬁpgaa—h (13)
ua
At this point of the calculation, an attempt can be made to separate the dis-

placement vector u into two parts:

u=u+u, (14)

where

a) Longitudinal component with Vxu =0 (15)
15
b) Transverse component with Veu, =0
Substituting Equation (14) into Equation (13), using Equation (15), and divid-
ing the resulting equation by p.

i :}”Jrzﬂv Veu ) =LV xVxu, +a g—ah (16)
I il Il L @

a

The longitudinal and shear velocities squared are:

a) A+2p :=v; Longitudinal velocity squared
P

(17)
b) Ly vf Shear velocity squared

The longitudinal velocity v, = 5969.23933 m per second and the shear velocity
Vs = 3769.494782 m per second for fused quartz. Substituting Equation (17) into
Equation (16).

il'H+iii:va(V-u”)—vaxqui+dg% (18)

a
Making a transformation of variables to normal mode displacement vectors:
2 2
v, %

a)u=u+u b)s= u——>——u (19)
) e ) LR

Equation (19a) is a restatement of Equation (14). Here uis a wave displacement

mode vector of an EMP and s is a stationary mode vector also of an EMP.

'At this point we change to vector notation which facilitates the use of cylindrical coordinates.
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Inverting Equation (19)

2
1%

a) u (t:r)=s(r)+vz o u(t,r)

! : (20)
b) u, (t,r)=—s(r)+——L—u(t,r)

v, +VS

By substituting Equation (20) into Equation (18) and collecting terms, one ob-
tains equations for the wave-like mode and the stationary mode of the EMP.

v+ Ou,, (21)

b) 0=v}V[Ves(r)]-v}VxVxs(r) stationary mode

2.2
a) i(r,t)= ViV {V[Vou(r,t)]—Vxqu(r,t)}+daga_h wave mode

The wave-like mode of the EMPs is similar to the orbital mode, and the station-
ary mode of the EMPs is similar to the center of mass mode of an orbiting system.

Defining the velocity vz

2.2
2 vs Y
V. -

(22)

v+
where v, = 3187.198854 m per second.

Proceeding with the calculation of the wave-like mode of Equation (21a). In
Cylindrical coordinates, only the wave equation for the z direction coordinate is
independent. The wave equations for the two perpendicular displacement com-
ponents are coupled. The gravity force in the horizontal fiber is in the down di-
rection. Therefore, the gravity force has no z direction component. Substituting
Equations (22) and (B4) of Appendix B for the z displacement component into
Equation (21a).

+— + 23
ror ot o o @3)

.. ) |:1 ou, 0u, 1 0u, 0Ou, }
i =v,|—=+
We hypothesize that the displacement components were in the form of waves:
u, =U_(r)cos@exp(jor— jkz) (24)
In the @ direction this mode has a standing wave. Substituting Equation (24)

into Equation (23)

0 —afvz<r>=v3{

l@UZ (r) . U, (r) 1

v )

r or or’ r
ou,(r) o’U.(r) 2 )
1 r r 1 w
b) ——L+— L= U (r)+| -k |U.(r)=0
) r or or’ r z() (vf J z()
Defining the radial wave vector w; for the zdisplacement component.

2
w2 =k* -2 (26)

v

Substituting Equation (26) into Equation (25b) and dividing the resulting Equa-

tion by w?.
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1 oU,(w.r) . o*U, (w.r)
wr 0(w,r) 3(w.r)

_[(Wzlr)z +1]U_, (wr)=0 27)

Equation (27) is a Bessel equation with solutions of a Modified Bessel Function

of the second kind of order 1, K, (w.r) in this cylindrically symmetric system.
U, (w,r)=B.K, (w.r) (28)

where B, is an Amplitude constant.
Returning to the wave equation of the rand & displacement components. Sub-
stituting Equations (22) and (B4) of Appendix B, into Equation (21a) to obtain a

wave equation for the rdisplacement component.

ii_vz{l@ur+62ur u, 2 0u, 1 0u, 62u_:| oh

— 4 +
ror ot P o0 it oe* o

3 3 +ga (29)

r

oh . I . . .
where g—— is the gravitational force component per unit mass in the r dis-

placement direction. Substituting Equations (22) and (B4) of Appendix B into
Equation (21a) for the & displacement component. Similar to Equation (29) but

. . . oh . N
with the gravity force component per unit mass g—— in the @direction.
Uy

+ + +g— 30
For T 2T T Tee |, Y

lig =V

c

2 {l%+ o’u, _u_g_i_i o’u, 0%u, 2 Ou, Oh

Oh
Similar to Equation (29) g—— is the gravity force component per unit mass
Uy

in the direction of the #displacement. We hypothesize that the displacement com-
ponents were in the form of waves, but the transverse displacement components

have the same angular dependence as the gravitational effect on the horizontal
fiber:

a) u, =U, cos@exp(jor — jkz)
: (31)
b) u, =U, sin@exp(jort — jkz)

As described in the introduction, the EMP move in loops in the CISAW and
the gravity components in the direction of the motion of the EMP’s have the same
wave form as the displacement components. The gravity components act on the
EMP’s.

a) gaa_h: gG, (r)cos@exp( jot — jkz)

; 7
b) ga_ =gG, (r)sineexp(jwf—jkz)

Uy

Therefore, the gravity functions G;and Gy are dimensionless parameters that
have the same rfunctional form as the rand @displacement components. Here U,
and Up. are radial coordinate dependent rand 6 displacement amplitudes. Substi-
tuting Equations (31) and (32) into Equations (29) and (30).
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a) —’U,cosf=v. ——’+—"——’—k2U,}cos¢9

2
+gG, cos@— jv: =U,cos0
' (33)

B 2
b) —@’U,sinf=v] laﬁﬁ+aa—uf—@—szg}sinH
ror o'

. 2 .
+gG,sin0— jv’ r_zUr sin @

where in Equation (33a) cosf was cancelled and in Equation (33b) sind was can-
celled. Dividing Equations (33) by v’ and collecting terms.
2 2 2
a) 0= 1% OV, 2, +£w—2—k2jU,. +89 2y
r

r Oor or’ 2 v 2

c c

10U, &°U, 2U, (& gG 2
b) 0= 04— =0 04| — kU, +2%— = U,
) v or o ) (vz j 0 2 Jr

c

c

Assuming one can express the functions U, (), U,(r), G,(r),and G,(r),
in as yet not defined functions P.(r) and P,(r) of the rcoordinate multiplied

by constants.

a) U, =B.F.(r) b) U, = B,F,(r)
¢) G, = 5, P (r) d) G, Eﬁpo (r) o
Ve Vo

where P.(r) and F,(r) areas of yet not specified functions of rand B, and
B, areconstants. Here y, and y, are gravity effect length associated with the
displacement Amplitudes as described in the Introduction. Substituting Equation
(35) into Equation (34).

2 2
) o{i%ﬂ_&[a)_ku g ]P}B,—jr%mg

ror ot i’ v JA I
(36)
oP, 0P, 2P, :
b)o=| L%, A A ) Bg—j%PrBr
r or or r v, VoV r
The determinate of Equation (36) must be equal to zero.
or. o’P. 2P :
_]%Prl - 2r+a)_z_k2+ gz £
r or or r Vv, Vv,
(37)
2 _|10r, &’B, 2P ?
+j SR -+ —L -+ a)—z—k2+i2 P, |=0
r r or or r V. VoVe
Defining the radial wave vectors w; and wj for the rand € displacement com-
ponents.
2 ) @ g 2 ) @ g
a)w =k’ ———-—=5 b) w, =k’ ————= (38)
vc yrvc vc }/ﬂvc

If we neglect the small gravitational effects, the two terms of Equation (37)
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become equal:

2 2
P{la—Pﬁ—P-E{w—z—ij}zo (39)

ror ot v

c

Neglecting the gravity effects, substituting Equation (38) into Equation (39) and
dividing the resulting Equation by w”.

1 oP o°P 2
P{; o(wr) 8(wr)2 _[(wi’)2 +1] }z ’ 0

Equation (40) has two solutions for P, P= 0 or Pis equal to a Modified Bessel

function of the second kind of order 2.
a) P =K, (wrr) b) P, ~K, (wer) (41)
where we took the liberty to reintroduce the small gravitational effects. Substitut-

ing Equation (41) into Equation (35) and the resulting Equations into Equation
(31) we obtain the form of the three displacement components:

a) u, = B,K, (w,r)cos@exp( jot — jkz)
b) u, = B,K, (w,r)sin@exp( jot — jkz) (42)
¢) u, = B.K,(w,r)cosOexp( jor — jkz)
where w, and w, are given by Equation (38) and Equation (42c) is derived
from Equations (24) and (26).

3. Derivation of Boundary Conditions

We hypnotize that we neglected forces due to the air on the inner surface of the
tubular fiber at r= a, where a is the core radius. The strain components in cylin-
drical coordinates are given in Appendix C. The stress o,. on the inside surface

at r= a, must be equal to zero.

a) o, =0

43
b) (A+u) P _pfte L0l L G0l )
or |_, a roé]._, oz |._,

Substituting Equations (42) into (43) and collecting terms with the same angu-

lar dependence.

dK, (wrr)} A }
B {(A+u)w ——————| ——K,(w.a) cosb
{( ) d(wr) |, a ) (44)

—iBHK2 (wpa)cos@+ jAkB.K, (w,a)cos0=0
a

Substituting Equation (D1) of Appendix D into Equation (44) for the derivative
of the Modified Bessel Function of the second kind.

B, {_%(ﬂ"'ﬂ)wr (K, +K3)_1K2}_B91K2 +jB.AKK, =0 (45)
a a

The shear stresses from Equations (C1d) and (Cle) of Appendix C on the
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inside surface must also be equal to zero at r= a.

The symmetrized shear stress component o,, represents a force acting in the
rdirection on a surface that is perpendicular to the &direction. This is the rzsur-
face. It also represents a force in the @direction acting on a surface perpendicular
to the rdirection. This is the zf surface.

The symmetrized shear stress component o, represents a force acting in the
rdirection on a surface that is perpendicular to the z direction. This is the r@sur-
face. It also represents a force in the z direction on a surface that is perpendicular

to the rdirection. This is the z8 surface.

a) 0,,=0 b) o,.=0

&) o, Ha] e 100 ) gy o p(O Ou] ) (49
o 2ler]., a ad0 "2l o,

Substituting Equations (42) into (46) and taking the angular dependences into

consideration we obtain:

0 ﬁ{Bg , Lo}

1 1 ’
2 d(w,r) } —Bgsz (Wga)—B,,;K2 (w,,a)}smezo

(47)
b) ﬁ{—jk}f;,_[{2 (w,a)+B.w, ﬁ} }cosa =0
2 d(wzr) .

Observe from Equation (47b) that the phase of the r displacement component
u, is shifted by 90 degrees with respect to the z displacement component u,. Ob-
serve from Equation (47a) that the amplitudes of the radial displacement u, and
the angular displacement uy components are in phase. Therefore, the Energy Mo-
mentum packets move in loops that perform a rolling motion in the rz plane and
the zfplane. Gravity couples to these rolling motions similar to the rolling motion
of a looping roller coaster car described in the introduction. The effect of gravity
is to slightly distort this rolling motion.

Substituting Equation (D1) for the derivatives of the Modified Bessel Functions
of the second kind in Equation (47).

1 1 1
a) ﬁ{—Bg —w, (K, +K,)-B,—K,—B, —Kz} =0
2 2 a a
| (48)
b) %{—jkBer ~B.ow. (K, +K, )} =0
Equations (45) and (48) are written in matrix form as follows:
1 A A
——(ﬂu—ir,u)wr(K1 +K3)——K2 -—K, JAKK,
2 oa a
1 1 1
—K, —w, (K, +K;)+—K, 0 =0 (49)
a 2 a
1
JKK, 0 sz (KO +K2)
The determinate of the matrix of Equation (49) must be equal to zero.
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1 Y
g(/1 + 1) wwow, (K, +K, ) (K, + K2)+Ew€wz (K, +K,)(K, +K,)K,

+4i(/1 +u)wow, (K +K;) (K, +K,)K, +—2’12 w. (K, +K,)K; (50)
a a
—%wz (K, +K,)K; —%Akzwg (K, +K;)K K, —,111{21(11(22 =0

a a

In order to formalize Equation (50) in dimensionless form we multiply Equa-
tion (50) by the constants & and divide by A.

12+u

g TWrW9W203 (K1 +K; )2 (KO +K2)

+%W€wza2 (K, +K;)(K, +K,)K,
+%/1+—ﬂa2wrwz (K, +K,)(K, + K, ) K,

1
—Ek%ﬂwg (K, +K;)K K, -k*a’K K7 =0

Substituting Equations (26) and (38) for the radial wave vectors w, wpand w,

into Equation (51) and factoring out k.

2 2 2
/“_ﬂk%ﬁ\/l_“’ \/1—“’ - \/1 Y 5 (K +K,) (K, +K,)

84 PV B By BV KBy

2 2
+%k2a2\/1—w \/1 Y 5 (K +K,)(K,+K,)K,

kv _kzvf Ky, v (52)
1A+u,, 5 o’ o’ g
+ZTk a 1_k2v2 1_k2v2 gy (K, +K,) (K, +K,)K,
1,53 ’ o’ g 2 2 2
—Ek a I—W—W(Kl +K3)K]K2—k a K]KZ =0
Defining a dimensionless parameter
2
1)
q’ = pEw (53)

Substituting the parameter ¢ of Equation (53) into Equation (52) and factoring
outl - ¢.

A 3
%k%ﬂ(l—w)z \/1_ 7rk2ng(1—q2)Jl_(l—q2§k279Vf (K1 +K3)2(K0 +K2)

1 g
-k (1-¢*) 1-———=— (K. +K,)(K, +K,)K
+4 a( q )\/ kzyovf(l—qz)( 1t 3)( ot 2) 2
(54)
1 A+ u g

+ZTk2a2(l_q2) I—W(K]+K3)(KO+K2)K2

e T o8 (K + KKK, —Ka* KK =0
2 k27avc2(l_q2)
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Expanding Equation (54) to lowest order in — & _ and
Ky (l —q2)
g
kzj/gvf(l—qz)
A+H 5, . g 11 2
2l (1-? ) [ 1-——25 | — 4+ — ||(K, +K,) (K, +K
8.1 (1-g )[ 2k2vf(1—q2)(7r+7J]( 1K) (Kov k)

1.5, AV g
+ K (1-4 ){1 EYEmT e 2<1_q2)}(K1+K3)(K0+K2)K2
(55)

LA+u,, 2 g
—— Tk 1- -———= (K, +K,)(K, +K,)K
+4 A a ( q )l: 2k27,-V2(1—(]2):l( 1t 3)( ot 2) 2

¢

—%k3a3«/1—q2 [1—4]@l + KKK, —kKa* KK =0

2k y,v: (l_qz)

The CISAW mode can be calculated by neglecting the small gravity term in
Equation (55). For this case all transverse wave vectors w,, wy, and w, are equal

and the argument x of the Modified Bessel Functions of the second kind are:

a) K, =K, (x) b) x=aw c) x=kaJ1-¢>  (56)
Neglecting the small effect of gravity and substituting Equation (56) into Equa-
tion (55) to calculate the first order angular standing wave CISAW mode.

a) £=0
b) f,‘f%ﬂ”rT“f(Kl +K,) (K, +K,)
+%(l;’u+ljx2(l{l+K3)(K0+K2)K2 (57)

3 2
_W(Kl + KKK, —:71(,1(22

Equation (57) is nonlinear in x because the Modified Bessel Functions of the
second kind K, (x) are functions of x. The asymptotic approximation [20] for
the Modified Bessel Functions of the second kind from Equations (D3a) and
(D3b) of Appendix D are used for the numeric solution of Equation (57). Chip-
munk Basic software is used for the numeric calculations.

Equation (57), has one root xfor each value of g. These roots xare obtained by
calculating & from Equation (57) for successive values of x at a fixed value of q
until a sufficient small value of |§| <10 is obtained. The value of x giving the
smallest value of & is the root x of Equation (57).

At this point in the calculation, Lord Rayleigh [1] obtained a cubic equation.
His calculation of SAW's on a flat surface involve sin’s, cos's, and exponentials,
while SAW s propagating on a cylindrical surface involved Modified Bessel Func-
tions of the second kind.
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The highly non-linear Equation (57) does not seem to have roots x for values of
gless than g = 0.88 and more than ¢ = 0.94. There are also two ranges of roots x
for q between g = 0.88 and ¢ = 0.900016 and between g = 0.900016 and g = 0.94.
At the boundary of the two ranges at ¢ =0.89992, xhas a value of x=1.01283 and
at the value of ¢=0.900016, x has a value of x= 0.025405.

The dispersion relation can be calculated from the roots x and the values g of
Equation (57). Figure 1 shows a plot of the longitudinal wave vector k as a func-
tion of frequency for values of g between g = 0.900016 and g = 0.94. This is the
dispersion relation of the CISAW.

120000

100000 L

/

80000 >

Longitudinal wave vector in per m

60000 ] //
40000 //
20000
0
15 20 25 30 35 40 45 50
Frequency in MHz

Figure 1. The dispersion relation of the first order angular mode of the CISAW propagating
on the inside surface of a simple tubular fused quartz fiber with a core diameter of 12 pm is

. There are other modes besides the

plotted above. The longitudinal wave vector & =
CSAW

first order angular mode shown here, but only the first order angular mode couples to gravity.

The group velocity v, is the change of the radial velocity w with the longitudinal

wave vector k.

dw
Vg = E (58)
The group velocity v, as a function of the frequency is given in Figure 2.
Substituting Equation (56¢) for xinto Equation (55)
A+u ;5 ga’ 2
T (1—w2x2 (K, +K3) (K, +K,)
1(A+u 2 ga’
) (1__27_vfx_2 (K K)o + K ) K )
1 3 ga2 2 2 2
- x| 1- K +K,)KK,-k'a"K,K; =0
2(1—(]2) [ 2]/\/82.7(72 ( 1 3) 17*2 1°*2
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3060 17

3040 1 /
3 A

3020 ]

3000 7

2980 ] > o

2960 f
: Ve

2940

2920

2900

2880 '/

2860 1
15 20 25 30 35 40 45 50

Group velocity in m per second

Frequency in MHz

Figure 2. The CISAW group velocity v as a function of the frequency for a tubular fiber
with a 12 um core diameter is plotted above. The group velocity at a frequency of 25.081966
MHz is 2920.95615 m per second.

where for simplicity we assumed that y, =y, . In order to calculate the change
Ak of the wave vector k we hypothesize that the parameter x consists of xand a
small change Ax. Thatis, x — x+Ax in Equation (59). By multiplying out Equa-

tion (59) to lowest order.

2
’“—”(f + 3x2Ax—%x](K1 +K,) (K, +K,)
81 Vv,

+A4+—,1#W(K|+K3)(K0+Kz)[ & s } te

afr) " a(wr) o

1(A+ 2
+Z( /1/‘+1J[xz+2mx—f;’v3](1<l+1<3)(K0+1<2)K2

1 2
—m[;ﬁ +3x7Ax -2 x](Kl +K,) KK, -k’ K,K2 =0

2yv;
Substituting Equation (57) into Equation (60) and for simplicity neglecting the

expansions of the Modified Bessel Functions of the second kind in Axone obtains:

2
’“”(3;&&—%%(& LK) (K, +K,)
81 YV,

2
+%(’1;”+1j[2x&6—%)(1{1+K3)(KO+K2)K2 (61)

c

2
(3x2Ax—%xj(K1 +K,)KK, =0

c

One can solve Equation (61) for Ax
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A+
:2g;vf[ 4/1’ux(K1+K3)2(K0+K2)

+%(l;”+1j(1<1 +K,) (K, +K,) K,

3(A+u (62)
_ﬁ(K1+K3)K1K2 {%xz(K1+K3)Z(KO+K2)
-1
2
+l(/1+—'u+ljx(Kl+K3)(K0+K2)K2—L(K1+K3)K1Kz
2\ 2 2(1-¢%)

Similar to Equation (56c¢)

Ax = Aka1-¢° (63)

Substituting Equation (63) into Equation (62) and solving for Ak

Ak =— 82 {/I+'ux(Kl+K3)2(KO+K2)

2pviyl1-¢* L 44

%(’1;” +1j(1<l +K,) (K, +K,) K,

(64)
— (K, +K,)KK, 3(ra) (K, +K,) (K, +K,)
2(1-¢%) 84
-1
2
+l(ﬁ+y+ljx(l(l+K3)(K0+K2)K2—L(K1+K3)K1K2
2 -0

The values of x, g, and the Modified Bessel Functions of the second kind are

8
=
=
5 7
+~
Q
2 6 \
) N
() \
f‘: 4 \
-4 3 T ———
< P ——
)
2 8,
< —
= (]
o
o 1
‘g 1
E =2
0
15 20 25 30 35 40 45 50
Frequency in MHz

Figure 3. The change Ak of the longitudinal wave vector with gravity of the CISAW in units of 10~ per
m is plotted above. At a frequency of 25.081966 MHz the change Ak of the wave vector has a value of
4.562951 x 107° per m. This change Ak of the CISAW wave vector due to gravity is 35073 times as large
as the change AfS of a light beam wave vector due to gravity.
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calculated from Equation (57b). A plot of the change Ak of the wave vector with

gravity as a function of frequency is shown in Figure 3.

4. Conclusion and Discussion

The modes of Surface Acoustic Waves propagating on the inside surface of a hor-
izontal tubular high purity fused quartz fiber with an inside diameter of 12 pm,
and the change in the wave vector due to gravity, of this wave was investigated in
this study.

4.1. Energy Momentum Packet Modes

In the Classical Continuum Mechanics model used here, an infinitesimal mass
consists of a sufficient number of atoms to be considered as a continuum. In an
elastic wave in a solid, infinitesimal masses only move less than an infinitesimal
distance. Each infinitesimal mass bumps against the next infinitesimal mass etc.
This slightly compresses the infinitesimal mass. In each collision it transfers Ki-
netic Energy and Momentum, and when it re-expands it also transfers Elastic Po-
tential Energy to the next infinitesimal mass. Therefore, in an elastic wave in a
solid, Energy Momentum Packets (EMP), not infinitesimal masses, propagate
along the elastic wave [3]. The EMP’s have mass.

Ocean Waves [3] similar to SAW’s have a rolling motion. In Ocean Waves In-
finitesimal water volumes do not move in a rolling motion, only Energy Momen-
tum packets move in a rolling motion. An example is that boats similar to infini-
tesimal masses are not dragged along by a wave, nor are they pulled under as the
rolling Ocean Wave passes, but just bob up and down.

The EMP’s in a CISAW propagating on the inside surface of a horizontal tub-
ular fiber experiences two restoring forces, an elastic restoring force and a much
smaller gravitational restoring force. The gravitational restoring force on EMP’s
of CISAW’s are similar to the restoring force on EMP’s of deep-ocean surface
waves.

To my knowledge, this is the first publication to date (2024) reporting Acoustic
Surface Waves (SAW) propagating on the inside surface of a tube.

4.2. Surface Acoustic Waves and Boundary Conditions

There were a lot of publications on SAW propagating on flat surfaces. SAW de-
vices with the SAW propagating on piezoelectric LINbO3 crystal wafers are used
to process electronic signals. There are SAW light deflectors. There was a Camera
that produced the two-dimensional Fourier Transform of the image light intensity
using SAW’s [5]. But in all these devices the SAW’s propagated on flat surfaces.
Lord Rayleigh [1] published the first analysis of SAW’s on flat surfaces.

Lord Rayleigh postulated a wave formulism to derive the SAW wave equation.
His derivation did not start from the general anisotropic elastic properties of sol-
ids. In this study the CISAW’s are derived from basic principles starting with the
derivation of the elastic potential energy density. Using this elastic potential
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energy density, the CISAW wave equation was derived by a variational principle
similar to the one used for deriving the Euler Lagrange equations.

The force on the inside surface of the fiber is zero if the effect of air is neglected.
The requirement that the force on the inside surface of the tubular fiber is zero,
couples the longitudinal and shear elastic motions. This coupled motion produces
Surface Wave modes with EMP’s moving in loops as they propagate along the

fiber inside surface.

4.3. Effect of Gravity

The Newtonian model of gravity is used in this study. The effect of gravity on the
EMP is similar to the effect of gravity on a pendulum bob. The explanation of this
effect is as follows: The path of the pendulum is determined by the fixed length pen-
dulum arm. The component of the gravity force on the pendulum bob along its mo-
tion changes with the direction of the pendulum bob motion. The gravity force com-
ponent along the pendulum bob motion changes from a value of zero when the
pendulum is moving horizontally at the bottom of its motion to a non-zero value
when the pendulum bob moves at an angle to the horizontal direction. The pendu-
lum bob moves down due to the gravity force. At the bottom when the pendulum
moves horizontally the gravity force is equal to zero. But at this point the gravity
potential energy was transferred to kinetic energy and the pendulum moves up
against a gravity force component until it lost its kinetic energy. At the top of the
pendulum bob motion gravity again takes over making the pendulum swing down.

The looping path of the EMP is determined by its inertia and the elastic restoring
force it experiences. The effect of gravity on the mass of EMP is similar to the effect
of gravity on a pendulum bob. The component of gravity in the direction of the
EMP motion also changes as the EMP moves in a loop. At the top and bottom of
the loop where the EMP move horizontally the component of the gravity force along
the EMP path is zero, and when the EMP moves vertically in the loop the gravity
force component along its path is a maximum. Thus the gravity force component
along the EMP path is also a wave with the same frequency and wavelength as the
CISAW. Thus gravity couples to CISAW’s. The effect of space-time on the EMP is
much smaller than the Newtonian effect of gravity described here. It is left to future
scientists to calculate the effect of the curvature of space-time on CISAW’s.

There could be other elastic modes where the EMP motion is not just horizontal
or vertical such as in Torsional Elastic Waves where a component of the Newto-
nian gravity force could couple to the EMP motion. This is for other scientists to
investigate.

In this study the effect of Earth gravity on the propagation of CISAW was de-
rived. In the future this should be re-derived for arbitrary gravitational fields such

as the gravity fields associated with gravity waves.

4.4. Results

The dispersion relation for the CISAW are calculated from highly non linear
equations involving modified Bessel Functions of the second kind. In systems
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with rectangular symmetry the exponentials, sins and cosines cancel. However,
however for the CISAW the modified Bessel Functions of the second kind do not
cancel. The results of this papers calculations are: at a frequency of 25.081966
MHz the change Ak of the wave vector due to the effect of gravity is 4.562951 x
107 per m. This is 35073 times as large as the change in wave vector A% = 1.301 x
107 per m with gravity calculated for a light wave propagating in an optical fiber
[21]. At the same frequency less than —60 dB of the displacement amplitude
reaches the outside of the fiber if it has an outside diameter of at least 221.949 ym.
By comparison the outside diameter of a single mode optical fiber is 125 um. Ata
frequency of 25.081966 MHz the group velocity of a CISAW is 2920.95615 m per

2
second, and at the same frequency, the wave vector & is equal to -

Csaw
54,678.0572 per m. The dispersion relation is shown in Figure 1.

4.5. Suggested Future Work

First, high purity fused quartz tubular fibers should be fabricated. Next, the trans-
mission properties of CISAW propagating on the inside surface of these tubular
fibers calculated in this study need to be measured experimentally. The propaga-
tion losses of the CISAW also have to be measured. Fiber couplers for the CISAW,
similar to couplers for optical fibers, should be developed.

Then the effect of Earth gravity on the propagation parameters of CISAW
should be measured. This can be done by measuring the propagation properties
of CISAW in tubular fibers at different elevations.

Next, a CISAW interferometer using fiber couplers instead of beam splitters
and mirrors need to be designed, built and tested. The construction of the CISAW
fiber interferometer is similar to a light fiber interferometer.

Eventually, a gravity measuring CISAW Interferometer should be designed,
constructed and tested first using Earth Gravity. Observe if such an interferometer
can detect gravity waves. Finally, construct an array of CISAW based gravity wave
sensing Interferometers to detect gravity wave images. These would be Sub-Wave-
length images since the gravity wavelength is much larger than the spacing be-
tween array elements.

There are many other applications of CISAW propagating on the inside surface
of a tubular fused quartz fiber such as an Acoustic Endoscope which is impervious
to body fluids. The CISAW propagating on the inside surface of a tubular fused

quartz fiber can also be used in long delay signal processors.

4.6. Impact on Science

The group velocity of CISAW’s is much smaller than the velocity of light and the
effect of gravity on the wave vector of CISAW’s is much larger than the effect of
gravity on the wave vector of light. Therefore, CISAW based gravity detectors would
be much smaller than the present km-sized gravity detecting Light Interferometer
Gravity-wave Observatory (LIGO) experiment [9], Fiber couplers for CISAW
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similar to couplers in optical fibers can be used instead of beam splitters and mir-
rors. Since the wavelength of gravity waves are much larger than the spacing be-
tween CISAW based detector interferometer array elements, the detection would
be sub-wavelength imaging [17].

The Fabre Perot cavity with a 4 km space between mirrors in the LIGO experi-
ment bounces the light beam 300 times in an interferometer arm. Light traveling
at the speed of light takes 4.00277 milliseconds to travel through the Fabre Perot
structure.

CISAW’s traveling at a group velocity of 2920.95615 m per second, can trav-
ersed an 8 m diameter 50 turn CISAW fiber coil in 0.430214 seconds. This is
107.479 times longer than light traversing a Fabre-Perot cavity in an LIGO arm.
Since the outside diameter of the CISAW fiber is 222 micro meters, the 50 turn
coil would be 11.1 mm long.

The thin-piezoelectric-film Acoustic Surface Wave Transducers in the fiber
ends used for both generating and detecting the CISAW produce very little noise
compared to the lasers used in the LIGO [9] experiment. The loss mechanisms in
CISAW are similar to the losses in high purity fused quartz optical fibers. There
are also losses due to nonlinear elastic effects. There are losses owing to the cou-
pling of elastic waves to the air, however, the hollow core of the tubular fiber can
be evacuated reducing the air losses. [t is left to future Scientists to construct grav-
ity wave detecting interferometers using the information derived in this paper.

An array of CISAW interferometers could for the first time perform gravity
wave imaging. This can have a large effect on astronomical observations. It is inter-

esting what future discoveries could be made with a gravity wave imaging system.
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Appendix A

Performing the variation of Equation (6).
5T = j“dﬁ—‘sdua dt
v dr SEdt
1 " Séu, O, du, Sou, Sou, ou, duy 50u,
2 | Sfox, oxy  ox, SEox;  O&dx, Ox,  Ox, OLOx,

(A1)

Sou, ou; Ou, SOuy O0ugy du; Oug Souy Su,
+—2 242 + —+ pgo,, —= |dv
0&0x,; Ox,  Ox, 050x, 650X, Ox,  Ox, 650X, o&

where J,, isa direction cosine not a constant delta function. All except the last
terms of Equation (A1), must be integrated by parts. Expanding the first term of
Equation (Al).

d|du, u, | du, d*u, ddu, du, (A2)
de| dt o8& S drt  dtoé dt
Expanding the 2" term of Equation (A1)
0 [6ou, ou,| Su, Ou,  Sou, ou, (A3)
Oxy | 68 Oxg 08 Ox,0x5  O50x; O
Expanding the 3" term of Equation (A1)
0 | ou, ou, B o*u, Ou, ou, Oou, (Ad)
Oxs| Ox; 05 | Ox;0x, 65  Oxy Ox508
Expanding the 4™ term of Equation (A1)
0| Sy ou, | Oy 0w, _ OOy O, (a5)
ox,| o oxs | O ox,0x5 Ox,08 Oxz
Expanding the 5% term of Equation (A1)
o %% - azuﬂ %:% oou, (A6)
Oxs| Ox, o | Ox;0x, 66  Ox, Ox;08
Expanding the 6™ term of Equation (A1)
0| ou, dus |_Ou, Ous _ 00w, oug )
Oxy| 65 ox, 08 Oxz0x,  0Oxy08 0Ox,
Expanding the 7% term of Equation (A1)
0 |ou, su, | &u, Suy ou, dSu, (A8)
ox,| Ox, 65 | Ox,0x;, 6§  Oxy Ox,08
Expanding the 8" term of Equation (A1)
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0| Oup duy |_Suy Suy _ 05Uy duy A9)
ox,| 66 &x, | of ox,0x, 0Ox,08 Ox,
Expanding the 9% term of Equation (A1)
0 _auﬁ 5”()— 821,{,5 %=%55u5 (A10)
6x | Ox, 65 | Ox,0x, 6§  Ox, Ox,08

Substituting Equation (A2) into the first term of Equation (A1) to demonstrate
the integration by parts process used in this study.

< dt

2
a) J~rb du, 5du , rbi{dua %}dt—p rbé;;a ddLi
T() t

Pl "ar sear O Pl | ae e

Tp 2
b) 0 7 dua 5dua df = dua 5ua _ i 5““ d L;a dr (All)
W dr S&de dt o8 | « 05 dt
¢) pl” du, 5du, . cr ou, du,
Pl "ar sedt Pl 5 ar

ou
Because the variations 5—5‘ are equal to zero at the limit of integration, the

first term on the right side of Equation (A11b) is equal to zero. Substituting the
first terms of Equations (A2) to (All) into Equation (A1l).

R Oy |, 0| Oty Oy |, 0| Oty Oy
- Ox,| OF Quy | x| 6% du, | ox,| 6 ox,
o
40| uy Oy | O | Ous OUy |, O | Outy Oty (A12)
Oxs| Ox; 05 | Ox,| Ox, &8 ox, | Ox; O
o . 0
+i ﬁ% +i ﬁ% dv
ox,| 6§ oOx, | Ox,|0Ox, &6
Because the variations in 5—5" are equal to zero at the limit of integration on

the surfaces s, and s, Equation (A12) is equal to zero. This is similar as was
done in Equation (A11). Continuing with the substitution of the remaining terms
of Equations (A2) to (A10) into Equation (Al).

0=

o OU,, dzuwd IJ-s,,|: Su 52 82uy Su,,

t+— —=
Pl se ar O T2 | S T se o jox, 6x§ e oo, O

Sd

Su, Ou, Su, Ouy

o

Cpan ~se axﬁax5 e S o L 0x,

(A13)
ou 8145 Su, 0’uy

__a __a

Com s awyox, | M SE owox,

ou 6u5 Su 62uﬁ

o

+Cspy —— +
D TSE dxpox, P SE dxy0x,

ou
2pgo,, 5—5’ dv
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Since the all the quantities in Equation (A13) are scalars one can interchange

subscripts.
5 Ou,, d’u, 1 s u, Su, azuy ou,
O == ,L Tor 2 +__L a,B;/5 y,@’a5
« 06 d 2% Ox ,Ox 5 55 Ox 50x5 55
62uy Su, o Quy Su,
Cpays S pas Tor
ox,0x; OF Ox;0x, O
o Ous bu, o Oug bu,
o B 0, 55 Copr ,0x, 68
o’u
€ pays Oy O, * Cspra p 2y gﬁZa% dv
Oxy0x, 08 Ox, 05 55 o
Factoring out —=
_ 17 5“0: dzua +lrb ¢ 621/!;/ ‘e ﬁzuy
Pl se Tae O 2| o ax, 0
o*u 0u 2 o%u
+Cp g ———tC s ———c —_— Al5
0 oxgox, 7 axsox, M ox ﬂax o ox o, (A13)

o*u

o’u Eu
B a
PE za:| SE

s
+c +cy
Payd SPyra
0Ox0x, 0Ox,0x

l the fundamental lemma of the Calcu-

Because the variation is arbitrary
lus of variation states that the terms in the square bracket multiplying the variation

ou
—% must be equal to zero for Equation (A15) to be equal to zero.

5%
d’u, 1 o'u, ou, ou,
=—|Cps——+C +c
P74 2| o ox, | B, | P axyox,
%u o%u ’u
B 5 )
+Cps—+C Alé6
P o, P ax,ox, M ox o, (A10)
v Ouw o Ouy | O
b o ox, P ox,0x; | Ou
B~y 5 a

Equation (A16) becomes Equation (8).

Appendix B

The gradients, divergence and curl in cylindrical coordinates are:
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a)vg=aq 2,419 ;9
or r o6 oz
b) v-u:lﬁ(rur)+l%+a& (B1)
ror r 00 oz

. (10u, Ou,) . (Ou oOu . |10 1 Ou
¢) Vxu=a,| —=-—"|+a, ——= |+a, | ——(ru,)———=
rof oz 0z or r Or r 060
The gradient of the divergent in cylindrical coordinates is:
2
V(V-u):ﬁr i li(rur) +£ l% +%
or|ror or\r 00 ) oroz

1o 1 &°u, 10
+a,| ——— e Rt B2
"OLZ 2er ™) 7 ag v (52

1o 10°u, 0u
T R P A A
r 0zOr r 0z00 Oz

The curl of the curl in cylindrical coordinates are:
1 o’u, 'u, 0u. }

.| 1 0
VxVxu=a |———>Iru - +
’Lz sar) o0 o Y

. |10, 0Ou, 0f10 o(10u
+a, ——=-——2L——|—— +—|——= B3
a“’{r 06 o arlrar™) | o o0 ()
. 18[ 8u,j 18( 8uzj 1 &°u. 10°u,
ta, | ——|r—L | ———| = |-t~
ror\ 0z ) ror\_ or ) r° 060" ro6oz
Calculating V’u=V(Veu)-VxVxu:

V(Veu)-VxVxu
. {1 ou, Ou, 10u Ju u 2 aug}
=a, + -

+ +
ror ot rPoo* ot ot ot o0

. |106u, 0w, 10w, 0u, u, 2 ou (B4)
) R R w s R e B T Ry
ror or  r- 06 oz r- r° 00
.| 106u, 0w, 10°u, ou,
ta, | —— 5t
ror or- r- 00" oz
Appendix C
The strain components in cylindrical coordinates are:
Ou u, 10u
a) L, =—= b) X, =—L+——%
)%, or ) Z ror oo
o)z, =2 d) s, =1%o Mo 1O, (C1)
0z 2\ or r r o0
e) Erz:l au’+% f) Zgz:l lauz+%
200z or 2\r o8 oz
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Recurrence relations for Modified Bessel Functions of the second kind

d&, (x) 1

o —E[K,H ()c)+K,]+l (x)} (D1)
or
dKﬂ (x) _ _n
=K (x) Ko (x) (D2)

Asymptotic approximation of Modified Bessel Functions of the second kind.

n X_ s (4P =3)( ap s
*) K”(x)z\/ge 1+ i](zx) [H 2(8x) [1+ Z(SX) (1+.--)H

b) (x):\/ge x :I_é[l_z(zx){IE(szx)m (b3)
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