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Abstract

The propagation of TE, TM harmonic plane waves impinging on a periodic multilayer film made of a stack
of slabs with the same thickness but with alternate constant permittivity is analyzed. To tackle this problem,
the same analysis is first performed on only one slab for harmonic plane waves, solutions of the wave equa-
tion. The results obtained in this case are generalized to the stack, taking into account the boundary condi-
tions generated at both ends of each slab by the jumps of permittivity. Differential electromagnetic forms are

used to get the solutions of Maxwell’s equations.
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1. Introduction

The modern approach to harmonic plane wave propaga-
tion in periodic materials such as photonic crystals [1,2]
relies on the Floquet-Bloch modes [1,2,3] and on a
quantum mecha-ics-like technique. We present here for
ID-periodic media, made of a stack of slabs with
al-ternate but constant permittivity, in brief a multilayer
film, a less powerfull pedestrian tech-nique but providing
the explicit expressions of the electromagnetic TM and
TE fields. We start with the analysis of a TM plane wave
propagation inside an horizontal x,y-slab of thick-ness a,
permittivity &(z) and afterwards, the results obtained in
this case are transposed to the stack of slabs.

Harmonic plane wave propagation in a multilayer film
has been known for a long time [4], the traditional ap-
proach being to consider the multiple reflections that
take place at the inter-faces [4], using for instance the
S-matrix propagation technique [5], but because of the
per-mittivity periodicity, we proceed differently dwelling
on boundary conditions at both ends of each slab where
exists a jump of permittivity. A particular attention is
given to evanescent waves because of their interest in
meta-materials with negative permittivity and permeabil-
ity.

In adddition, we start this paper with a succinct intro-
duction of electromagnetic differential forms [6,7] more
efficient than the conventional formalism to tackle the
kind of problems to be discussed here. We only use the
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strong solutions of Maxwell’s equations supplied by the
differential-form formulation so that we have no need of
a computational tool as required by the weak solutions

(8].

2. Differential-form Formulation of
Maxwell’s Equations

We work with the subscript j,k,l, taking the values 1,2,3
associated respectively to the coordinates x,y,z. The
summation convention is used and gjkl is the antisym-
metric Levi-Civita tensor.

The 3D differential-form formulation of Maxwell’s
equations is [6,7] in absence of charge and current with
the exterior derivative operator d and 7= ct

dAE+0,B=0a) dAB=0Db)

1
dAH+0,D=0a) dAD=0Db) M
In these relations d = dx,0,, E, H are the 1-forms
(E.H)=(E.H,)dx, (2a)
and (B, D) the 2-forms
1
(B,D) =2 (B..D;)(dx, Adx,) (2b)

We consider these equations in a medium with permit-
tivity &(r) (r is written for x, y, z) and constant perme-
ability u.

Then, let *h be the Hodge star operator [6,7]
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1
*h(dxj)zagjk,(dxk/\dx,) 3)
supplying the permittivity and permeability operators *¢,
*u
*e=¢g(r)*h,*pu=p*h (3a)
from which the 2-forms D, B become
D="*¢E,B="*uH “4)

so that the coefficients of the differential terms in (2b)
are

(D.B,)=[e(r)E,,uH, ] (4a)
Taking into account (4), the Maxwell Equations (1a)
become for harmonic fields exp(iot)
dAE+iofc* uH =0,dAH +io/c*e(r)E=0 (5)
that is according to (2a,b) and (4a)
(0,E, —0,E, +i(wu/2¢) ey, H, )(dx, ndx,)=0  (6a)

(0,H, —0,H, +i(we(r)/2c) e, )(dx; Adx,)=0 (6b)

Finally, a simple calculation gives for the second set
(1b) of Maxwell’s equations

6J.H‘/.(dxl Adxz/\dx3)=O,

0,[&(r)E; ](dx Adx, Ady,)=0 @
j j 1 2 3

Electromagnetic 2-forms supply weak solutions of
Maxwell’s equations by integration on 2D-manifolds,
understood as limit over 2D-small simplexes made of
triangular elements as used in numerical electromagnet-
ics when physical regions are approximated by finite
elements [8]. Strong solutions, the only ones considered
here, are obtained by making null the cofficients of the
differential terms, they are solutions of conventional
Maxwell’s equations but easier to get as shown here be-
low.

2.1. TM Field

The wave equation for the magnetic field is obtained by
eliminating E from (5) which gives

da*s'dAH —@’c>*uH =0 ()

Now, according to (2a) and (3a), the second term on
the right hand side of (8) is

1
o’c”* uH = szc'z,ugjk,Hj (dx, Adx)) )
while in the first term

dAH =(0,H, -0,H,)(dx; ndx, ) (10
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and, using the inverse Hodge star operator *g'

*g’ld/\Hzg’l(r)gjk,akH,dxj (10a)
Then, we get in Appendix A
d/\*e’ld/\H:%gik,‘Pj(dxk/\dx,) (11)

in which with the Laplacian operator A=0,0,
W, =& (r)AH, +£7 (r)0,80,H, -7 (r)0,(0,eH, )
(11a)

Subsituting (9) and (11) into (8) gives the differential
form of the wave equation

£ (W, —@’c?uH ) (dx, Ady,)=0 (12)

Let us now consider the TM field in which ¢(z) is an
arbitrary function

H,=H, =0,H, = exp(ik,y)¢(z) (13)

in a medium with permittivity &(z) depending only on z.
A simple look to (12) shows that this equation reduces
to

(W, -o’c’uH, )(dx, Adx,)=0 (14)

with the strong solution W _-w@’c”uH_ =0, that is ac-
cording to (11a) and (13)

dr _ _ -
E[e 1(z)dgb(z)]+[a)zc z,u—kff: 1(2)J¢(z)=0 (15)

Once obtained the solutions of (15) and consequently
H, according to (13), the electric field is provided by the
2-form (6b)

E (dyadz)= 0,[82Hx —ia)c’lyg(z)EyJ(dz Adx)

(16)
+ [any +ioc ue(z)E. ](dx Ady)=0
with the strong solution
E =0,
E, = |ic/ous(z)]0.H,, (162)

E = [ic/a)ﬂg(z)] 0,H,

which achieves to determine the TM harmonic plane
wave E,, E., H,. From now on, u = 1.

N

2.2. TE Field

The wave equation for the electric field is obtained by
eliminating H from (5)

d/\*,u’ld/\E—a)zc’z*g(r)Ezo (17)

According to (2a) and (3a), the second term in (17) is
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w'c?*e(r)E :%a)zc’zg(r)gjk,Ej (dx, Ady,) (18)
while in the first term

dAE =(0,E, —0,E,)(dx, ndx,) (19)

and using the inverse Hodge star operator *z™'

*,L[ldA E = ,u’lgjk,akEldxj (19a)
Then

dA*u'dAE = %8,”dxj /\(,Lflgjk,ﬁkE, )dxj

) (20)
= ElugjklamalEk (dxm Adx, )

so that with A,, A3 deduced from A; by a circular per-
mutation of x,y,z, a simple calculation gives

AA* U ANE = 4 (%,0,2)+ 4 (3,2,%)+ 4 (2,%,¥) 21)
with

4 (2.9,2) = ®. (x,y.2)(dx A dy) 22)
in which
@, (x,p,2) =’ [az (0,E, +0,E,)-0E, -ajE_,](zza)

and, taking into account the divergence Equation (7)
&0,E, +0,eE; =0, this expression be-comes

O} (x,y,z):—,Lf1 [AEZ +0, (Ejaj 8/8):| (23)

supplying ®,, ®, by a circular permutation of X, y, z so
that according to (21), (22):

dA*u'dAE :%giqu)j (dx, Adx,) (24)

Substituting (18) and (24) into (17) gives the different-
tial form of the wave equation for the electric field

gik,[d)j —a)zc’zg(r)g(r)Ej](dxk Adx)=0 (25
For the TE wave
E, =E. =0, E, =exp(ik,y)4(z) (26)

in a medium with permittivity &(z) depending only on z,
E 0,6 =0 in(23): Equation (25) reduces to

[AE, +@’c?e(2)E, |(dyndz) =0 7)

and, taking into account (26), this differential form has
the strong solution

O2p(z)+| @’ ue(z) -k} [$(z)=0 (28)

The components H,, H, of this TE field are in terms of

Al
E,:
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0.E, +iouf/cH, =0, 0 E, +iou/cH. =0 (29)

3. Harmonic Plane Waves in a 1D-Periodic
Medium

3.1. TM Plane Wave in a Slab (0 <z <a)

Suppose that the plane wave (13), (16a) with ¢(z) = exp(ikz)
impinges of the z = 0 face of an horizontal slab of
thickness a and constant permittivity & endowed in a
medium with permit-tivity & for z < 0 and &, for z > aq,
that is
& :z<0;
g(z): g:0<z<a (30)

&:z>a

So, according to (13) and (16a), the components of the
incident and reflected fieds in the half space z < 0 are (i =

J-1)
H, =4 exp(iz,),

E; =_(ckiAi/a)gO)exp(iTi), (1)
E; = —(CkyAi/a)go)eXp(iTi)
.=k ytk,z,

) (31a)

4k =0’c?g,2<0
and

H! =4 exp(ir,),

E} =—(ck,A, |we,)exp(it,), (32)
E = —(ckyAr/a)gO)exp(ir,)

T, =k y+kz, (329)
ky2 +kl =o’cg,,z<0

Now, in the other two intervalls (30) where g, j =1, 2

is constant, Equation (15) reduces to
2
d’g/dz’ + Qg =0,
2 2 =2 2 . (33)
Q =w'c’e,—k, j=12

and, we shall consider the three situations
Q' >0,0Q)>0,0Q >0,Q)<0;,Q <0,Q>0 (33)

1) taking into account (30), the solutions of Equation
(33) in the first situation Qi >0, j =1, 2, are with

amplitudes A, B, A,
#(z) = Aexp(ikz)+ Bexp(—ikz),
2 2 2 -2 (343)
ky—i—k =wcg,0<z<a
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) (Z) =4, exp(iktz),

(34b
kf_+kt2 =w'c’e,,z>a )

Remark 1. If the region with permittivity & above the
slab is limited at z = 2a, ¢(z) is chan-ged into

¢,(z) = 4, exp(ik,z)+ B, exp(-ik,z),a <z <2a (34c)

a remark of interest in the next section. Now, taking into
account (34a), the components of the TM wave for 0 <z <
a are, acccording to (13) and (16a)

H, =Aexp(ir)+Bexp(ir'),
E, = —(ck/a)gl)[A exp(iz'l.)—Bexp(ir’)], (35)
E = (cky oz, )[A exp(ir)+ Bexp(ir’)]
t=ky+kz,
t'=k,y-kz, (35a)
k; +k’=w’c’g,0<z<a
while for z > g, taking into account (34b)
H; = 4,exp(iz,),
E, = —(ck,[ws,) 4, exp(iz,), (36)
E! :—(cky/a)gz)At exp(iz, ),

7, =k, y+kz,
2 2 2 -2 (363)
k,+k =w°c"g,z>a

We now have to take into account the boundary condi-
tions at z = 0 and z = a, imposed by the continuity of the
Hx, Ey components of the electromagnetic field at per-
mittivity jumps.

Then, according to (31), (32), (35), we get at z = 0 the
two relations

A+A =A+B ke, (4 -A4)=ke,'(A-B) (37a)
while at z = g, taking into account (35), (36) it comes
Aexp(ika)+ Bexp(—ika) = A, exp(ik,a)
Ake" exp(ika)— Bke;" exp(—ika) = A k,&," exp(ik,a)
(37b)

The four relations (24(a,b)) supply in Appendix B the
four amplitudes 4,, 4, B, A, in terms of the incident am-
plitude A; which achieves to determine the fields (32),
(35), (36). These boundary conditions impose no con-
straint on frequency when all the possible values of k,
are considered.

2) In the second situation, QF >0, Q3 <0, the com-
ponent k, of the wave vector is pure imaginary and, ac-
cording to (36a)

¢, (z) =4, exp[—kt(z—a)], z>a (38)
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Remark 2: similarly to the previous remark, for a upper
region bounded at z = 2a

#,(z) =4, exp| -k, (z—a) |+ B, exp[ -k, (2a—z)], (38a)
a<z<2a

So, according to (38), the field above the slab is eva-
nescent, does not propagate and the components (36)
H., E, become

H! =4 exp(ik},y)exp [k (z-a)]

E, = (—ick, |we, ) 4, exp(ik},y)exp [—kt (z—a)], z>a
(39

and, using (35) in 0 <z < a, the boundary conditions at z =
a imply

A, = Aexp(ika)+ Bexp(—ika),

40
—ikey' 4 = ke ' [ Aexp(ika)— Bexp(-ika) ] 0
from which we get
24, = (1-ike, [k, ) Aexp(ika) 1)
+(1+ike, [k,& ) Bexp(—ika)
0=(1+ike, /k,e, ) Aexp(ika) @)

+(1-ike, [k, ) Bexp(—ika)

These relations have to be made complete with the
boundary conditons (37a) at z = 0 from which 4, B are
provided in terms of 4; and 4, so that according to (41),
A, B, A,, A, are ob-tained in terms of 4;. Explicitly, sub-
stituting into (41) the relations (B.1) of Apendix B, we

get with the y functions y, = %(1 ek, [e,k)

(1+ike, ke )7, 4 +r_ A, ]exp(ika)

+(1-ike, [ke )74 + 7, A |exp(—ika) =0 )
supplying Ar from which the amplitudes 4, B, 4 are ob-
tained.

In this case also, the boundary conditions impose no
constraint on o when £, takes all the possible values but,
the situation is different when k, = 0 for propagation in
the z-direction. Then k, = k and o= ck/ \/g ,j=1,2,
withj=1in0<z<gandj=2 forz>a so that if & > &
there is a frequency band gap in the intervall (ck/ \/Z ,
ck/\J&, ).

3) Finally in the third situation: QF <0, Q} >0, the
TM plane wave (13), (16a) ge-nerates in the slab an
evanescent plane wave with the components H,, E, de-
duced from (35), (35a) by changing k into ik and it
comes (for simplification, the coefficient exp(ik,y) pre-
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sent in each component is discarded)
H_ = Aexp(—kz)+ Bexp [—k(a - z)}
= (—ik/ we) {A exp(—kz)— Bexp [—k(a - z)]} , (44)

0<z<a

Then, according to (31), (32), (44), the boundary condi-
tions at z = 0 supply the two relations

A + 4, = A+Bexp(—ka),

ke, (4, —A,)=—ike,'[ A~ Bexp(—ka)] (43)
from which we get
24, =(1—ike, ke ) A+(1+ike, [k ) B, 6)
24, =(1+ike, [k ) A+(1—ike, ke ) B
Now, at z = a, the boundary conditions imply
Aexp(—ka)+ B = 4, exp(ik,a), @

ike [ Aexp(—ka)—B|=—k,s;,' 4 exp(ik,a)
which gives
Aexp(—ka)(k, /e, +ik/& )+ B(k,[e, —ik/e ) =0 (48)

together with (46), this last relation supplies A, B in
terms of A' which achieves to determine A4, and A4, ac-
cording to (46), (47).

Of course, if the region with permittivity & is bounded
atz=2a, ¢, = A exp(ik,z) is changed into
¢, = A, exp(ik,z)+ B, exp(—ik,z). In this situation also,
there is a frequency band gap if & > &.

3.2. TM Wave Propagation in a Periodic
Multilayer Film

We now consider a stack of slabs with each the same
thickness a but with an alternate value &z) constant in-
side the slabs

5(z)= {j

so that &(z+2ma)=¢(z).

:2ma<z<(2m+l)a 01,2, (49)
:(2m+l)a<z<(2m+2)am_ U

The TM plane wave (13) (16a) is assumed to impinge
on the z = 0 face of this stack (m = 0) and the following
notations are used for the field ¢(z).

5(2) = {@m (z):2ma<z<(2m+1)a

- (z):(2m+l)a<z<(2m+2)a 50)

The equation (15) becomes inside the slabs since
de/dz=0 and QO = a)Qc’zgj —kj, =12

Copyright © 2011 SciRes.

d2 ¢2m/d22 +le¢2m = 09 k]2 +k}2 = a)chzgl,
2ma < z<(2m+l)a
&, A2+ D, =0,k 4k = ez,
(2m+1)a <z<(2m+2)a

(1)

We consider the three situations (33a),

1) In the first situation Q°>0, Q2>0 Q >0,
Q2 >0, the equations (51) have the solutions with ampli-
tudes (A B,,) and (4,,,.,B

2m? 2m+1° T 2m+1 )

b1, (2) = 4, exp(ikiz)+ B,, exp(ikz),
2ma < z<(2m+1)a
. (52)
Py (2 ( ) Ay exp(lk Z)+B2m+] exp( 1k22)s

(2m+l)a<z<(2m+2)a

so that according to (13) and (16a) we get for the H E,
components intervening in the boun-dary conditions

Hfm = CXP(iky.V)¢zm (Z)’

2m+1

H = exp(ikyy)%mn (Z)

E™ :(—ckl/wgl)exp<ikyJ’) $n (), (53)

2m+1

E =(—ck,/we, )exp(ikyy)ﬂmn (2)

in which

¢2m( ) (53a)
Grr (2) = Ay, exp(ikyz) = B,,,., exp(—ik,z)

Now, the intervalls {(2m -1)a, 2ma} and
{Zma, (2m+ 1)a} have a joint boundary at z=2ma
and the continuity of Hy, E, at these boundaries implies

Dy (Zma) =4, (Zma),
(k2/52 )¢2Tm4 (2ma) = (kl/gl )¢2Tm (2ma)

and these relations made explicit in Appendix C supply
(4,,,B,,) in terms of (A4,, ,B,, )m=1,2---M . and
changing m into m+1 gives a similar result at
z=(2m+1)a for (4,,,,B,,, ) intermsof (4,,,B,,).

To achieve the determination of these amplitudes, we
need the boundary conditions at z=0 where the inci-
dent field impinges on the multilayer film, and at
z=2Ma output of the stack.

The first and last slab in this stack being assumed to
have the permittiviy &, we get at z=0 according to

(37a) with an evident change in notations

A+ 4, :Ao+Bo»kig(;l(Ai_Ar):kl‘9(;1(A0_BO) (35)

A4,,, exp(ik,z)— B,,, exp(—ik z)

(54

from which (4,,B,) are obtained in terms of (4,,B,)
and consequently (4,,,B,, ) reas-cending the series
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(C.3), (C.6) of Appendix C for m=0,1,2,---,M .
Then, 4,exp(ik,y+ikz) being the field outside the

stack for z >2Ma , the boundary conditions are similarly
to (37b), &, being the permittivity outside the stack

A,,, exp(2Mika)+ B,,, exp(—2Mika) = A, exp(2Mik,a)
Ay ke exp(2Mika)— B, k& exp(—2Mika) = A k,e," exp(2Mik,a)

from which (4,,4,) are obtained in terms of 4, which

achieves to determine the amplitudes
(A B,, )’(A2m+1’B2m+l)m =L2--M-1

2m>

Bon (7) =

and the boundary conditions (54) at z = 2ma are changed into
A,,, exp(2miak, )+ B,,, exp(—2miak, ) =
(ki /&) A,, exp(2miak,) - B,,, exp(-2miak, )] =

from which we get (4,,,,B,,) intermsof (4, ,B,, )

2m>

24, exp(2miak, ) = (1+ik,é&, [k &, )exp(—k,a) 4, +(1
—ikye, [k, )exp(—kya) Ay, +(1+ik,¢, [ki&,) B,

2B,,, exp(—2miak, )= (1

which takes the place of (C.3) in Appendix C while in
(C.6) k; has to be changed into ik, to get (A4,,,,,,B,,.;)
in terms of (4,,,,8,,).

2m>?

The relations (55), (56) achieve to determine the
amplitudes (4,,_.B,,1)s (4. Bsn), (A B

2m 2m+1° " 2m+1 ) >

m=12,---M in terms of the arnphtude A4; of the

2m+12

(56)

2) In the second situation, Q >0,Q> <0,k, is pure
imaginary and, in the intervalls (2m—1)a <z <2ma,
m=1,2---M , the function ¢,, ,(z) becomes according
to (38a)

A, 1exp[ —k, { —(2m—l)a}J+Bz,”71 exp[—k2 (Zma—z)] (57)

2m lexp( kZa)+BZm—]

lkz/gz I:AZm—] exp(_kza)_BZm—l:I %)

_ingl/kl‘QQ)BZm—l (59)

incident field. If ¢, > ¢, there exists a frequency band
gap for propagation in the z-direction as discussed in
Sec.3.1.

3) In the third situation Q <0,Q} >0,k is pure
imaginary and in the intervalls 2ma <z <(2m+1)a
and ¢,,(z) becomes

b, (2) = Ay, exp[ —k, (z—2ma) |+ B,,, exp| ~k {(2m +1)a -z} | (60)

and the boundary conditions at z =(2m+1) aare

Ay, exp| (2m+1)iak, |+ B,,., exp[ —(2m +1)iak, |=4,, exp(~ka)+ B, (61a)
(ky/&,) {AM+1 exp[(2m +1)iak, } -B,,., exp[—(Zm +1)iak, ]} = (ik, /¢, )[AZM exp(—ka)-B,, } (61b)
from which we get (4,,,,,, B,,,,;) intermsof (A4,,,B,,)m=0,1---M
24,,,., exp[ (2m+1)iak, | = (1+iks, )exp(~ka) 4,,, +(1-iké, k& ) B, @
2B,,., €xp [—(Zm + l)iakz] =(1-ike, [k )exp(—ka) 4,, +(1+ik¢e, [k,e) B,,
These relations take the place of (C.6) while to get 24, = (1 +ike [k, 50) A+ (1 —ik [ke, ) A,
(4,,.B,,) intermsof (4,,,B,,),one has to change (50a)

2m
k, into ik, in(C.3).

It is implicitly assumed that the first and last slabs of
the stack have the permittivity &, . Then, the boundary
conditions (45) at z=0 become with evident notations

A, = A4y + By exp(—ka),
(kf/go)(Av' —A,) = _(ikl/gl )|:A0 - B, exp(—kla)]

from which we get

(63)

Copyright © 2011 SciRes.

2B, =(1-ike [key) A +(1+ike [ke,) A,

Finally, at z=2Ma, output of the stack in a medium
with permittivity &, , we have similarly to (34)

A4,,, exp(—ka)+B,,, = A4, exp(ik,a),

(1k /& [ 4y exp(—ka)-B,,, | =(~k, <,) 4, exp(ik, a))

(64)
Using (62), (C.3) and (63a), (4,,,,B,, ) are obtained
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in terms of (4,4, ), so that the relations (51) supply 4,,
A, which achieves to determine the amplitudes (4,,_,,
B,,.)s (4,,,B,,) and (4,,,,,B,,., )m=12,--,M -1
by running down the sequence of amplitudes.

There is also a frequency band gap if & > &, for
vertical propagation.

Remark 3: According to (36) the permittivity is peri-
odic in the multilayer film &(z)=¢(z+2a) so that,
since Q*(z)=w’c?e(z)~k, >0 the component

k. =Q(z) of the wave vector is pe-riodic k. =k_,, .
So, if ¢(z)=exp(ik.z) is a plane wave solution of the
differential equation I:dz/dz2 +0Q° (z)]¢(z) =0, then:

#(z+2a) =exp[ik.,,, (z+2a) ]| = exp| ik, (z+2a) ] (65)

and ¢(z) is periodic if 2k.a=2n7,n=0,1,2--
3.3. TE Plane Wave Propagation

For the TE plane wave (26), (29) impinging on a slab
with the permittivity set (30), the wa-ve Equation (28)
reduces to Equation (33) so that all the calculations of
Secs, (2.1), (2.2) hold valid for the TE field. One has just
tochange H ,E ,E, into E H H,.

4. Discussion

As noticed in the introduction, the modern approach to
harmonic plane wave propagation in multilayered films,
made of a stack of slabs with different but constant per-
mittivity, reposes on two principal techniques, both re-
quiring important computational tools. The first one,
mainly interested in frequency bands available for
propagation, mixed solid state physics (Floquet-Bloch
modes) and quantum mechanics (eigenstates of hermitian
operators). The second method [5] working with the
S-matrix propagation technique, an improved version of
the T-matrix algorithm to analyse plane wave scattering
from gratings, is mainly interested in the behaviour of
high intensity lasers impinging on gratings made of
1D-photonic crystals. So, any comparison between the
results supplied by the two techniques, both depending
strongly on the performnces of their computational tools,
is difficult.

The analysis performed in Sec.2 of TM and TE waves
both polarized along ox, with fields of the type
exp(iky y)¢(z), suggests three comments. When these
waves propagate in a slab with the permittivity set (30).
First, in this situation, the Maxwell equations have the
same solutions for TM and TE waves. Second, as dis-
cussed in Remark 3, the function ¢(z) is not assumed
periodic a-priori, leading to solutions of Maxwell’s equa-
tions not taken into account in [1] so that, one may ask
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whether these extra-solutions play some role in propa-
gation, specially for the frequency band gaps. What kind
of incident fields is able to generate these aperiodic solu-
tions? The third point concerns the existence of analytic-
cal expressions for the electromagnetic field amplitudes
in each slab of the stack so that even if numerical calcu-
lations are needed to get them, they will not take the im-
portance they have in [1] and [5].

It is easy to transpose the analysis of Sec.3 to har-
monic plane waves exp(iky y+ikzz) propagating in a
photonic meta-film [9] made of alternate slabs and
meta-slabs. It has been proved [10,11] that in a lossless
meta-material with & <0, £ <0, the solutions of Max-
well’s equa-tions have a classical behaviour provided
that the refractive index n and the impedance Z are de-
fined as n:—(e;,u)l/2 and Z:(,u/g)l/z. As a cones-
quence, when the TM plane wave (13), (16a) impinges
on a meta-slab, one has just to change in (35), (35a) &
and & into —k and —n/?. Taking into account these
conditions, the amplitudes of the electromagnetic field
inside and outside the metaslab are still supplied in Ap-
pendix B suggesting that only minor differences exist for
harmonic plane wave propagation in films and meta-
films. Of course, the same properties hold valid for TE
plane waves.

This result is confirmed in Appendix D where TM
wave propagation in a two layered film with slabs made
of dielectric or meta-dielectric is analyzed. The situation
is particularly inte-resting when @’n’c¢” -k, <0 so
that kz is pure imaginary. Then, the two layered film
behaves as a deforming mirror with a conjuguate com-
plex distortion factor for slabs and meta-slabs. This
analysis could be generalized to a stack of alternate slabs

2ma <z <(2m +1)a} and meta-slabs
(2m+1)a<z<(2m+2)a} when QF <0.

5. References

[11 J. D. Joannopoulos, R. D. Meade and J. N.Winn,
“Photonic Crystals,” University Press, Singapore, 1995.

[2] H. Rignault, J. M.Loutioz, C. Delalande and A Levinson,
“La nanophotonique,” Lavoisier, Paris, 2005.

[3] A. Foroozesh and L. Shafai, “Wave Propagation in 1D
EBGs: Periodic Multilayer Films Consisting of Two Dif-
ferent Materials,” [EEE Antennas and Propagation
Magazine, Vol. 50, No. 2, 2008, pp. 175-182.
doi:10.1109/MAP.2008.4563628

[4] M. Born and E. Wolf, “Principles of Optics,” Pergamon,
Oxford, 1965.

[S] M. Neviéere and E Popov, “Light Propagation in Periodic
Media,” Marcel Dekker, New York, 2003.

[6] L V. Lindell, “Differential Forms in Electromagnetics,”
IEEE Press, Piscataway, 2004.

JMP


http://ieeexplore.ieee.org/xpl/RecentIssue.jsp?punumber=74
http://ieeexplore.ieee.org/xpl/RecentIssue.jsp?punumber=74
http://dx.doi.org/10.1109/MAP.2008.4563628

(7]

P. HILLION

F. W. Hecht and Yu. N. Obukhov, “Foundations of Clas-
sical Electrodynamics,” Birkausen, Boston, 2003.

Bossavit, “Differential Forms and the Computation of
Fields and Forces in Electromagnetism,” FEuropean
Journal Mechanics. B/Fluids, Vol. 10, No. 5, 1991, pp.
474-488.

S. Linden and M. Wegener, ‘“Photonic Metamaterial,”
International Symposium on Signals, ISSSE. 2007, pp.
147-150.

Copyright © 2011 SciRes.

[10]

[11]

195

J. B. Pendry, “Negative Refraction Makes a Perfect
Lens,” Physical Review Letters, Vol. 85, No. 18, 2000, pp.
3966-3969. doi:10.1103/PhysRevLett.85.3966

R. W. Ziolkowski and E. Heyman, “Wave Propagation in
Media Having Negative Permittivity and Permeability,”
Physical Review E, Vol. 64, No. 5, 2001, pp. 1-15.
doi:10.1103/PhysRevE.64.056625

JMP


http://dx.doi.org/10.1103/PhysRevLett.85.3966
http://dx.doi.org/10.1103/PhysRevE.64.056625

196 P. HILLION

Appendix A

Taking into account (10a), the expression
A=dA &'dAH becomes

A :%dxmam nele,0,H dx, (A.1)
and, with 4,, 4, deduced from 4, by a circular per-
mutation of x,y,z asimple calculation gives

A=A (x,3,2)+ 4 (9,2, %)+ 4, (2,%,7) (A2)
with
4(x,,2) =Y. (x,,2)(dx A dy) (A3)
in which
Y. (x,3,2)=&"[0.(0,H,+0,H,)-0H. -’ H. |
+&7 (0,60, +0,60, | H. — &7 (0,60, H,+0,60.H )
(A.4)

Using the divergence equation 0,H; =0 the first term
of (A.4) becomes —0,0,H, while adding £70.¢0_H,
to the last two terms, they become

-2 -2
£7°0,60,H,—¢70,60 H,

Taking into account these results, ¥, (x, y,z) has a
simple expression in terms of the Laplacian and nabla
operators A, V

V. (x,y.z)=-6"AH, +&7VeVH, - Ve 0. H (AS)
so that
A (x,y,2) =]~ 'AH_ + £V VH,
(A.6)
-£7Ve- OZHJ (dx ~dy)

Substituting (A.6) into (A.2) gives finally with the ad
hoc circular permutations

A=[-&"AH, +£7VeVH, ~£7Ve-0.H |(dx A dy)
+[~&"'AH, +&7VeVH, — Ve -0, H | (dy adz)
+ [—g’lAHy + S’ZVSVHy -&'Ve- ayH](dz A dx)
(A7)

Appendix B

We get from (37a) and (37b)

A=y A+y 4,
B=y 4+y.4, (B.1)

Vi = %(liglki/gok)
a A+a,B=0,
4, = dexp([i(k~k)a]+Bexp([-i(k-+kt)a]))

in which

(B.2)

, =(1x&,k/ek, )exp(—*ika) (B.3)

substituting (B.1) into the first equation (B.2) gives A4,
interms of 4, and

(ar. +ay )4 +(ay. +ay )4 =0 (B4

Eliminating 4, between (B.1) and (B.4) gives 4, B in
terms of A4, and substituting this result into the second
equation (B.2) supplies 4, .

Al these results are valid for g#=1, when wp#1, ¢

has to be changed into »n° =gu so that according to
(B.1) and (B.3)

7, =5 (15K i),

a. =(1+n3k/n’k, )exp(~+ika)

(B.5)

Finally, in a meta-slab k is transformed into —k and
these relations become

7. = —%(—11 nk, k),

at =—(-1£mk/n’k, )exp(+ika)

(B.6)

while we get from the second relation (B.2)

A4 = Aexp([—i(k +k, )a] + Bexp([—i(k —k, )a])) (B.7)
Appendix C

Taking into account (53) and (53a) and introducing the
functions
B =exp(+2miak,), fy = exp[+2miak,]  (C.1)
the relations (54) become
BrAy, + 5 —B,, =B84, + B B,
(ky /&, )[ﬁ;Asz1 _ﬁ;BszlJ =(k /e )[,3;142," - ﬂfBzm]

2(k1/51)ﬂ1_B2m =5 (kl/gl _kz/gz)Azm—l +5, (kl/gl +k2/62)B2m—1
2(k1 /51 )ﬂrAzm ::B; (kl/‘gl +k2/52)A2m-1 + 5 (kl /51 _k2/82)BZm—1
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(C2)
from which we get (4,,,, B,, ) in terms of
(AZm—] b BZm—] )
(C.3)
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Similarly, according to (52) and (53a), the boundary
conditions at z=(2m+1)a are

51+A2m + 51_32,,1 = 52+ Ayt + 52_3

(ki /e )|:51+A2m71 _é’l_BQm—l:I = (k2/52 )|:§2+AZm _52_A2m:|
(C4)

2m+1

2(ky/e,)05 4

2m+1

Appendix D

TM wave propagation in a two layered film

We consider the propagation of a TM harmonic plane
wave in a two layered film made of two slabs of thick-
ness a with permittivity-permeability couples (&, 4, )
outside the film, (&, 4 ), (&, 1,) in the first and
second slab 1yzespectively. Then, the refractive index
n; :i(gj,uj) J=0,1,2, the plus sign for &, >0,
4; >0, the minus sign for &, <0, u, <0.

For the TM wave (13), (16a), the components H ,
E, of the electromagnetic field have the expressions
(31)-(36) in which we use the following notations

k=wnp]c,

n= (gﬂ)l/z ,

p= |:1 _kicz/a)znz:ll/l ’ (Dl)
v=n/p

p being either positive or pure imaginary. In addition,
the coeffficient exp(iky y) that appears in each com-
ponent is deleted. Different situations exist according
that p is real or not and n positive implying k£ >0,
v>0 ornegative with £ <0,v<0.

Then, assuming p,>0,n,>0, H_,E have the
following expressions (j =0, 1, 2)

z<0, k, = wnyp, c: incident and reflected fields

=0/ (kl/gl +k2/52)A2m +0; (kl/gl —k2/€2)32
z(kz/gz)é‘z_Bzmﬂ =6, (kl/gl _kz/gz)AZm +6, (kl/gl +k2/52)Bzm
)

in which
o =exp| +(2m+1)iak, |,
[ =exp|x(2m+ ok | (C.5)
5y =exp[+(2m+1)iak, |

The relation (C.4) supplies (A4

2m+1° BZmH) in terms Of
(AZm 4 BZm )

" (C.6)

H = Aexp(ikz), H' = A exp(=ik,z) .
E, ==1/v, 4 exp(ik,z), E| = —1/v, A, exp(—ik,z)
0<z<a,k =onp, /c:incident and reflected fields
H! = A exp(ik,z)+ B, exp(—ikz
E) = il/vl ][Al I::ipéilzlz) —] B, I::)((p(—lik)lz)] (B3
a<z<2a,k,=awnp,/c:field in the second slab
H? = 4, exp(ik,z)+ B, exp(—ik,z)
E} ==1/v, | 4, exp(ik,z) - B, exp(—ik,z) ]

z>2a, kt =wnyp,/c: field above the two layered
film

(D.4)

f]i = A, exp (ik,z.), ©3)
E, =—1/v, 4, exp(ik,z)

The boundary conditions at z=0,z=a,z=2a, give
the following relations between the

A exp(ika)+ B, exp(—ik,a) = 4, exp(ik,a)+ B, exp(-ik,a)

1/v, [ 4 exp(ikia)— B, exp(—ik,a) | =1/v, [ 4, exp(ik,a)— B, exp(=ik,a) |

z=2a:

A, exp(2ik,a)+ B, exp(-2ik,a) = A4, exp(2ik,a)

1/v, |:A2 exp(ik,a)— B, exp(—ikza)} =1/v,4, exp(ik,a)

The fields (D.3), (D.4) are invariant under the inver-
sions (k,n,4,B)= (—k,—n,B,A) corres-ponding to the
exchange slab = meta-slab so that it does not matter
whether the slabs are made of dielectric or meta-dielec-
tric, the solutions of the equations (D.6)-(D.8) will be the
same in any case.
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the amplitudes A
z=0:
A+A4 =4 +B8B,
D.6
I/VO[Ai_Ar]:l/vl[Al_BlJ (B0
z=a:
(D.7)
(D.8)

We get at once from (D.8) in terms of an arbitrary am-
plitude X
A, =(v+v, )exp(-ika) X,

B, = (v, —v, )exp(ik,a) X ©2)

Substituting (D.9) into (D.7) gives
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A, exp(ik,a)+ B, exp(—ik,a) = [(v0 +v, )exp(—ikya)+(v, —v, )exp(ikza)]X

/v, [ 4 exp(ik,a)— B, exp(=ik,a) | = 1/v, [ (v, +v, ) exp(=ik ,a) = (v, - v, )exp (ik,a) | X (010
from which we get
24 =y (kv kyovs ) X, 2B, =7k —vi3 by ) X (D.11)
y(kwsky,vy ) =a (v, v, )exp[ =ik + &, )a]+a(v,—v, Jexp[ -i(k —k, )a] (D.11a)
a(vi,vy) = (v +v, ) (v, +v ) vy (D.11b)
But we get from (D.6)

24, = (14+vy /v 4 +(1=v, /v) B, a) 24, =(1=v, /v )4 +(1+v,/v,)B, b) (D.12)

and, substituting (D.11) into (D.12a) gives
X =4[ (v /) 7 (kwisko vy )+ (1=ve /0 ) 7 (ks skyovy )| 4, (D.13)

Once X ob X tained from (D.13), the relations (D.11)
and (D.12b) supply respectively (4,,B,) and A, . Sub-
stituting (D.13) into (D.9) gives (4,,B,) and finally
4, is obtained from the first relation (D.8) which
achieves to determine the amplitudes of the TM har-
monic plane wave in the two layered film, a result that
does not depend, as said earlier, whether one has to deal
with slabs or meta-slabs.

We now assume that p in the first slab 0<z<a, is
pure imaginary giving birth to an evanes-cent wave so
that since k,, v, are changed into ik, -iv,, the compo-
nents H,,E, in this slab become with &, v, >0

H! = A4 exp(-kz)+B, exp[—k1 (a- z)}
E, =—i/v, {Al exp(—k,z)— B, exp| —k, (a —z)]} 0<z<a
(D.14)

{in a meta-slab where &, v, <0, (D.14) is defined with
exp(kz) and exp [kl (a- z)] }
The boundary conditions are at z =0

A +A =4 +B exp(—ka)X,

A exp(—ka)+ B, = 4, exp(ik,a)+ B, exp(—ik,a)

i/v,1[ 4 exp(~k,a)+ B, |=1/v,[ 4, exp(ik,a)— B, exp(-ik,a) |

Substituting (D.9) valid for a slab or a meta-slab, into
(D.16) gives

24, = exp(kla)yT (visky,vy ),

: (D.17)
2B =y (—vl;kQ,vz)

7 (visky,vy ) = a (v, v, )exp(—ikya)

(D.17a)
+a(v,—v, )exp(ikya)

X= 4[(1 +ivy /v ) 7" (visky, v, Yexp(ka)+(1=ivy /v ) 7' (—vy5k,,v, )exp(—klaﬂ_1 A,

Once X obtained from (D.19), the relations (D.17),
(D.18b) supply respectively A4,,B, and A, . Substi-
tuting (D.19) into (D.9) gives A,,B, and finally 4,
from the first relation (D.8).

Let us explicit the amplitudes A. Neglecting the sec-
ond term that depends on exp(—kla) in the coefficient of
Al, the expression (D.19) reduces to
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v [4 -4 ]=i/m[ 4 - B exp(-ka) | X (D.15)
andat z=a

(D.16)

O!(Vlsvz):(VO,Vz)(VZ’_ivl)v;I (D.17b)

But, we get from (D.15)
24; = (1+ivy /v ) 4 +(1—1iv, /v, ) B, exp(—k,a) (D.18a)
24, =(1=ivy /v, ) 4, +(1+iv, /v, ) B exp(—ka) (D.18b)

and, substituting (D.17) into (D.18a) gives

(D.19)

X =4[ (1+ivy/n) 7" (miky.v, )]" exp(~ka) (D.20)

so that according to (D.17) in which B, may be deleted

for the same reason,
4 =2(1+iv,/v) " 4,820 (D21)

and, substituting (D.21) into (D.18) gives
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4 = (1 —iv, /v )(1 +ivy /v, )-1 4 (D.22) ‘Fhe two layered film behaves as a rnirrf)r giving a .distorte_ﬁi
image because of the factor (1—iv,/v;)(1+iv,/v,)
while according to (D.9) and to the first relation (D.8), changed into its con-juguate complex for a meta-slab.

the amplitudes 4,,B,, 4, , depend on exp(—ka).
Then, we get from (D.22) |Ay| = A implying that
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