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Abstract

This paper analyzes a simple discrete-time affine multifactor model of the term structure of inter-
est rates in which the pricing factors that follow a Gaussian first-order vector autoregression are
observable and there are no possibilities for risk-free arbitrage. We present the theoretical results
for the compatible risk-neutral dynamics of observable factors in a maximally flexible way con-
sistent with no-arbitrage under the assumption that the factor loadings of some yields are speci-
fied exogenously.
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1. Introduction

This paper analyzes a simple discrete-time affine multifactor model of the term structure of interest rates in
which the factors of the model that follow a Gaussian first-order vector autoregression are observable and there
are no possibilities for risk-free arbitrage. Rather than defining latent states indirectly through normalization on
parameters governing the dynamics of latent states, a number of recent literatures have instead prescribed ob-
servable risk factors. For instance, [1] simply identified the factors with the yields themselves; [2] used both the
yields and macroeconomic observables; [3] [4] and [5] used the first three principal components of yield curve.
Our work positions itself in this line of research.

In the history of dynamic term structure model, the pricing factors are treated as shocks of various kinds that
are not necessarily designed to be observable. Recent studies show that modeling the factors as observable has
enormous computational advantages in the parameter estimation (“calibration”) process (see, for example, [3]
[6]). For arbitrage-free affine term structure model, the risk-neutral (hereafter denoted by @) distribution pa-
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rameters of pricing factors are directly related to the cross-section observations of the yield curve and we can use
enough number of cross-section bond price observations at a given time (no less than that of @Q parameters) to
identify the @ parameters at that time (in reality, it is common to use time series data and to assume fewer
bond price observations at a given time than parameters). However, in order to estimate the behavior of the state
factors under the real-world probability measure (hereafter denoted by IP), one generally must resort to
time-series observations. In estimation, when the factors are observable, [3] showed that there is an inherent se-
paration between the parameters of P and Q distributions of risk factors, which greatly facilitate the estima-
tion of P parameters. In contrast, when the risk factors are latent, estimates of the parameters governing the
P distribution necessarily depend on those of the @ distribution of the state, since the pricing model is re-
quired to either invert the model for the fitted states (when some bonds are priced perfectly) or filter for the un-
observed states (when all bonds are measured with errors).

In this paper, although one of our goals is to classify a family of models that is convenient for empirical work,
we are not directly concerned with estimation issues. We refer readers to the empirical studies for such issues,
such as [3] [5] [6] and so on. We will restrict our attention to behavior under one particular equivalent martin-
gale measure Q.

Contrary to traditional affine latent factor approach in which some dynamics for factors are assumed firstly
and then establishing the factor loadings of yields through arbitrage-free restriction, we take the loadings on
specific yields as given firstly and then parametrize the @ distribution of observable factors in a maximally
flexible way consistent with no-arbitrage. That is, we specify the factor loadings exogenously, which is reasona-
ble since the factors and yields are all observable.

The remainder of this paper is structured as follows. In Section 2 we discuss the general Gaussian affine term
structure models (GDTSM) and some assumptions imposed on yields and factors. In Section 3 we discuss the
compatible dynamics of observable factors. In Section 4, we give an example. In Section 5, we conclude.

2. Gaussian Affine Term Structure Models

More precisely, for our purposes a useful starting point is the work by [3], who show that every canonical
GDTSM is observationally equivalent to the JSZ canonical GDTSM, and the discrete-time evolution of the risk
factors (state vector) X, e R" is governed by the following equations,

AX, =c®+J3%X, , +2¢g ()
AX, =Koy + K5 X +2g )
r=1% ®)

where 1, is the one-period spot interest rate, | is a column vector of ones, X is lower triangular (with positive
diagonal), J¢ isin ordered real Jordan form, c© = kg,o,...,o) ,and &2, & ~N (0, 1y)-

Here, we specify the Jordan form with each eigenvalue associated with a single Jordan block. Thus, when the
eigenvalues A% are all real (see [3] for more general consideration), J° takes the form
3¢ =3(2%)=diag(J2,37,++,357) , where each

A2 1 0
je_ 0 A% - 0
' : o1
0 - 0 A°

and where the blocks are in order of the eigenvalues.
Under Equations (1)-(3), the price of an n-year zero-coupon bond is given by

Din = EtQ |:('3‘7Zin;°1r“i :| = g™ B Xt

where @, and b, solve the first-order difference equations,
by =b; 9% - “)
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a,=a,;+ Br,1—1CQ + (]/2) Br:—lzz’sn—l (5)
subject to the initial conditions El =—l, a =0 (see, for example, [7]). The model-implied yield on a zero-
coupon bond of maturity n is an affine function of the state X, ,

Yin =8, + br:Xt (6)

where a, =-a,/n and b, =-b,/n.

In this setting, the factors are latent variables and the “loadings” (a, and b,) are not specified a priori, but
are derived from the no-arbitrage conditions and the calibration (e.g., via Kalman filtering) of the model.

In other settings, the factor loadings may be specified a priori, for example, the dynamic Nelson-Siegel model

_aAn _aAn '
(DNS) was first proposed by [8] with a, =0 and b, = 1,l ;n ,%—e“} , and then [9] derived cor-

responding Arbitrage-free model (AFNS) in which the absence of arbitrage and a priori specification of DNS
loading actually restrict the coefficient of the process for the factors under @ measure to a certain form,

0 0 O
0 A —4/|.[4]and [5] present a Principal-Component-Based Affine Term Structure Model in which the fac-
0 0 2

tors are the principal component of zero-coupon bond yields and the factor loadings for the corresponding bond
yield are assigned a priori. They show in continuous-time frame that if the factors follow a mean-reverting dy-
namics, then the pre-specified factor loadings imposes some unexpected constraints on the reversion-speed ma-
trix.

In the economy, we observe numerous zero-coupon bond yields with different maturities. We will take out
from these yields a set of N yields, v, :(ynl,l, Yogtr" s Y Y[) , as our key maturity yields for which (6) holds
exactly. Collecting (6) into a vector system, we have

Yy, = A+ BX, (7

where Aan Nx1 vector whose i" element is a, andBan NxN matrix whose i row is by, -

In this paper, we derive a discrete-time arbitrage-free Gaussian affine term structure model under the follow-
ing assumptions:

Assumption 1: There are N observable factors F; in real economy which can linearly span the latent factors
Xt

Assumption 2: The factors F; loadings for our key maturity yields y, are known as a priori. The assumption 1
imply that we can express y; as the affine combinations of F.

Yi =U+UF1 (8)

Assumption 2 means that u and U are given exogenously.
In the following, we define the process of F, under risk-neutral measure Q as,

AF, =KZ +K2IF +Z.¢ )

where K is a column vector of length N and K2 is the coefficient matrix for F,. Because F; is observable,
K, need not be normalized (contrary to the situation of latent factors) and could be any form of NxN ma-
trix.

And the risk-free rate can be expressed as the affine functions of the vector of observable factors F;. Without
loss of generality we can define

L=+ PR (10)
where p, isascalarand p, isa column vector of length N.

3. The Compatible Dynamics of Observable Factors

In the following, we will take u and U as given exogenously and find compatible dynamics of observable factors.
We first derive restrictions on parameters of the process of observable factors F, under risk-neutral measure Q
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and then derive restriction on parameters of risk-free rate Equation (10).

3.1. Restrictions on Risk-Neutral Parameters of Factor Process- K& and K2

Theorem 1. Given key maturities n,n,,---,n,, an invertible loadings matrix U e R™™ and an arbitrary
choice of N real eigenvalues {4} of the coefficient matrix K2, thenthe full KZ is given by

Kg =U"GJ°GU (11)

where J© :diag(JQ, J;Q,---,J;?) is a Jordan matrix with m blocks, such that any identical eigenvalues reside
in the same Jordan block. Matrix G is given as follows:

G=[G(4) G(&) - G(4)] (12)
where 4,,---, 4, are distinct eigenvalues of multiples m,,---,m_, such that »'m, =N . Functions G(4,) is
k

defined as

y(Zon)  n(Aon1) o n(Aon,m -1)
G(4)= y(j“.'nZ) ’7(’1&”2'1) - ﬂ(lwnz',ml—l)

7(Aony) n(Aang) o n(Aang,m -1)
with (4.n;) and 7(4.n;,c) being

1-(4)'
, when A4, =1,
PGan)={n-4)" "
1, when 4, =1,
o0 [W‘(ﬂk)}
1-
! Ak , when 4, #1;
n-c! a( )° whenc<n-1;
n(4.n,c)=
—1)!
&, when }‘k =1
(c+1)i(n—c-1)!
0, whenc>n-1;
Proof:
Combining Equations (8) and (7), we have,
X, =B*(u-A)+(BU)F, (13)
Substituting Equation (13) into Equation (1), we have,
AF, =[U7Bc® +U'BI®B™ (u-A)]+(U'BI®BU)F +U "Bz (14)
ZF
Kk Kk

We will call Equation (14) the model consistency condition.
From Equations (4) and (6), we observe that

by = 1+ (39)+(3%) - (397 (15)

According to [4], for any Jordan canonical form 39 =diag(J,2,37,-+,37), the function f(J%) can be

g

defined as f(J@):diag(f(Jl@), f(35). f (JS)), where f(J2) is function f of the Jordan block J¢,

defined as
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I (mg-1) 1
(a) 1) 51 = o)
. fa)  f(4) :
f(\]k): f(ﬂk) %f"(ﬂk)
F(4)
i FA) Lo

n-l s 0
Applying this formula to Equation (15), we have b/ =I’diag(;2(\];@) j where we define (J,?) =l .
s=0

Defining ¢, (n) =%n4(J8)5 and calculating it by direct matrix manipulation, we have
7(4.n) n(A4.n1) - n(A4,nm 1)
_ 7(Aan) 5 «
¢k(n)— n(ﬂk,n,l) (15%)
7 (An)
where,
15, s (%) when 4, #1;
7(Aem)=1 2 (A) = n(1-4)’ !
N 1 when 4, =1;
so| ) =(A)
1 1-4
15 s! s=¢ - , Wwhen 4, #1, _
7(4.n,c)= H;c!(s—c)l(ﬂ*) et o(4) when ¢ <n-1,
(n-1)! B
m when 4, =1.
0 whenc>n-1

Defining @ (n)=diag(g, (n)), then we have,
by =1'®(n) = (L (n),- L (n),-. 1oy ()
where |, isarow vector of length m, suchthat I'=(l,,---,I,,---,1,,). Therefore, we can rewrite

B=[b, - b, ] a
|1¢1(n1) |k¢k(n1) |m¢m(n1)
B= : : : (16)
I1¢1(nN) |k¢k(nN) |m¢m(nN)
Let us define a block diagonal matrix
D =diag(D,) a7
where D, is given by
11 -1
D - 1
o 11
my xmy
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Now let
el¢1(nl) ek¢k(n1) em¢m(nl)
G= : : : (18)
el¢1(nN) ek¢k(nN) em¢m(nN)

where & =(1,0,0,---) isarow vector of length m, . We have:

7(&on) n(4.n1) oo n(Aanm 1)

7 (4cn) 5
g (n)=1 1 - 1
k¢k( ) [ ] 77(41(1“,1)
7(%n)
11 -1
1
[r(n) n(Aond) o a(onm-n]
=e (n)D,,
That is
|k¢k(n):ek¢k(n)Dk (19)
Substituting Equations (17), (18) and (19) into Equation (16), we have
—I1¢1(n1) |k¢k(n1) Im¢m(n1)
B= : : :
_Il¢1(nN) Ik¢k(nN) |m¢m(nN)
_el¢1(nl) ek¢k(n1) em¢m(n1) D1
= : : : - (20)
_el¢l(nN) ek¢k(nN) em¢m(nN) Dm
=GD,
From Equation (14), we have
KZ=U"BJBU=U"GDJ’D'GU=U"GIGU (21)
In deriving Equation (21), we use
DJ®D™* =diag(D, )diag(J,? )diag (D,") = diag(D,J,’'D," ) = diag (3, ) = 3°
We can check the relation D, J2D,"=J2 by direct matrix multiplication.
[ |

Thus by construction we have shown that with U given, K2 is always unique for a given choice of eignva-
lues and key maturities, which is the same as the conclusion of [4].

Since we assume the factors F; are observable and the covariance matrix X_ for F, under the Q measure
are the same as that under the P measure, we can use the real data for F; to calculate X_ . Thus, without loss
of generality, we assume X_ to be known a priori. Under this assumption, we give the following theorem.

Theorem 2. Given the choice of key maturities n,,n,,---,n, an invertible loadings matrix U e R™N anin-
tercept loading vector u, a covariance matrix for the observable factors £. and an arbitrary choice of N real
eigenvalues {4} of the coefficient matrix K., the intercept vector K¢ can be determined only by a free
scalar parameter k2, that is

Ks =U™(G,-GIG¢ k2 +UGI %G (u-9) (22)



G. Wang

where G, =[7(4,n) 7(4.n,) - y(ﬂi,nN)]l is the first column vector of G, p=[p, - (pnN:|' and

¢=[¢y G ]’,with

1- 1_(%/1): when 4, #1;

n_—l, when 4, =1;
2

¢, =—(2n) " [BD7G U ZLUG D M + 2°;D "G UL, UG D,

+-+(n-1)’b DG U ZFZ'FUG‘ID‘le]
Proof:
From Equations (14), (20) and (21), we have
Kor =UBc®+U'BJ®B™(u-A)
(23)

=U"'GDc* +U'GJI*G(u-A),

In addition,

!

U ebc?=U"GD(k? 0 - 0
7’(/11’n1)

P(ny)

where y(4,n,) is defined as that in Equation (12). We define G,=[y(4,n) »(4.n,) - ;/(/11,nN):|'

which is the first column of matrix G, and then we have U 'GDc® =U 'Gk?.
From Equations (5) and (6), we have

a,=¢,+0.c°
where
0, =n" [ +2b; +---+(n-1)b;_, |
o, =—(2n)" [b{ZE'bl +22B55Sh, 4+ (n—1)’ bn'_lzz'bn_l]
=—(2n)*[BD G U EUG Db, +2°0,D G UL UG Db, + -
+(n-1)’b,,D'GU zngueleflbn_l]
Then,

0,c% =n*[ b -y B[, ]c®
:n’ll’[(IN)+(IN+J@)+(IN+JQ’+(JQ)2)+---+(IN+J@+(J@)2+~~-+(J@)n_2)]c(02
=n*1|'[(n_1)|N+(n_2)a@+...+(n_k_1)(a@)k+...+(n_(n_2)+1)(3@)”’2}(k3 0 - 0)

=K (n-2)+ (1-2) &4+ (n=k=D)(£) +--+(n=(n=2)+1)(4)" "]

Calculating the summation in the above equation, we get
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_ ll_n(l—ﬂi)

nT_lkS, when 4, =1,
1_ n
1- (jj) when 4, #1;
We define ¢, = n(1-4) , and then we have
n_—1’ when 4, =1;
2
Py S
A=| 1 [+kZ| i |=p+kiC
Poy o
where p=[¢, - @ ] and ¢=[¢, - &, }'.From Equation (22), we have

Kse =U™(G,-GIG¢ k2 +UGI G (u-p)

3.2. Restrictions on Parameters of Risk-Free Rate Equation- g and p

Theorem 3. Vector p, in Equation (10) is uniquely determined by the choice of key maturities n,n,,---,n

(24)

1INy

an invertible loadings matrix U e R™" and an arbitrary choice of N real eigenvalues {4} of the coefficient

matrix K, . Thus the loadings of the risk-free rate on the factors are fixed by such choice.

pi=le, - e]e U

(25)

where G is defined by Equation (12) and e, is a unit row vector (10) of length m, , equal to the dimen-

sion of the Jordan block J2.
Proof:
Substituting Equation (13) into Equation (3), we have,
L=1B*(u-A)+I'B'UF,

|

Po or

From Equation (20), we have
pl=IBU=ID'GU

For D=diag(D,), wehave D= diag(Dk’l) ,where D,' has the following form,

As before, let I, be arow vector of length m, suchthat 1'=(l,---,l,---,1,), then we have

I'D*=(1,D;" -+ LD - 1,D.)
Since I,D*=(1,0,0,---), we have

(26)

(27)
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D" =[e, - e,]. (28)
Substituting Equation (28) into Equation (27), we get p; =[e, --- ,]GU.

m
]
Theorem 4. Let parameters of the model, n,n,,---,n,, UeR™" u, =  and k® be given, then p, is

fixed accordingly. The expression for p, is as follows

po=le, -+ e,]G (u—p—k¥S) (29)
where G and ¢, are defined as Equation (25), ¢-k%¢ and ¢—k2¢ are defined as Equation (22).
Proof:
From Equations (26) and (28), we have
po=[e, - e,]GH(u-A) (30)

Substituting Equation (24) into Equation (30), we get
Po :[el em]G_l(u _¢_k3§)

4. Example

Consider a 3-dimensional observable affine factor model, and let the eigenvalues of the coefficient matrix K2
be 4 =1 and A, =4, #1. Then the full matrix is given by

KI=U"GJGU
Kgt =U™(G,-GIG¢ k2 +U'GIG (u-p)
pi=[11 0]G'U

po=[1 1 0]G*(u-p-kZ),

where
4 0 0
Je=l0 4 1
0 0 4
()" 1-(4)" 1-n(4)" +(n-1)(4)"
o) 70an) n(anp] | MO0 RO )
7 {M vy ) (A Ny, ny n n ml n
G=7(m) 7(&m) n(%n,1)|= i((lﬂfl) rl]((lﬂfi) L) 1—( )
7(%1”3) 7(%-“3) 77(/12"13’1) ’ ’ nzg j?)
1-(4)°  1-(4)"  1-ny(4)" +(ny-1)(4)"
_n3(1_ﬂ’l) Ny (1-4,) n3(1—/12)2

() 1) ()]

ke n(1-4) n,(1-4) _n3(1_ﬂ’l)

(P=|:(Pnl (pnz (pn3:|
@, =—(2n) " [BD'G U ZLUG "D ', +2°h;D'G UL, TLUG 'D ',
++(n-1)"b, DG ze;ue'lD‘le]
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¢, =—(2n) " [BD'G U ZLUG D ', +2°h)D G UL, ZLUG D,
+(n-1)’b ,DGU ZFZ’FUG’ID’le]
From Equations (15) and (15*), we have the close form for b,
by, =1'diag (g, (n))
7(4:n)

=11 1] 7(%:n) n(%,n1)
7(%:n)

=[7(4n) 7(4n) 7(%H.n)+n(401)]

() 1-(4)" n(A)" -n(4)"-2+(4)" -4
n(1—21) n(1-4,) n(1-4,)°

l

5. Conclusions

A number of previous researchers have discussed the affine term structure with the pricing factors being ob-
servable. A distinctive feature of the models with observable factors is its computational advantage over that
with latent factors. However, these researches just focus on the computational convenience but do not study
such model in depth.

In this paper, our results show that if we treat the pricing factors observable and thus the factors loadings of
some key maturity yields are given a priori, the no-arbitrage condition will impose strict restrictions on the
risk-neutral dynamics of the observable factors and on the parameters of risk-free rate equation.

We discuss how to impose some important constraints on the @Q dynamics of the factors when we assume
the factors are observable and there are no possibilities for risk-free arbitrage. Our results suggest that, given key
maturities and an invertible factor loadings matrix, the coefficient matrixes under risk-neutral measure are fixed
by an arbitrary choice of N real eigenvalues {A«} and that the @ intercept parameters of the factor dynamics
and the parameters governing the risk-free rate equation are also determined by these N real eigenvalues in addi-
tion to a free scalar k2.
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