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Abstract 
The application of Eulerian codes for the numerical solution of the kinetic 
equations of plasmas has become a powerful numerical tool. In the present 
work, we use an Eulerian Vlasov code for the numerical solution of the one-
dimensional (1D) relativistic Vlasov-Maxwell set of equations to illustrate the 
application of these methods to problems pertinent to laboratory and space 
plasmas. In Section 2, we present a study on the acceleration of ions and 
plasma jet formation during the interaction of a high intensity circularly po-
larized laser beam normally incident on an overdense plasma target. Both elec-
trons and ions are treated with a relativistic Vlasov equation. We follow the 
evolution of this system when the ponderomotive pressure of the wave pushes 
the electrons at the plasma surface and leads to the formation of a neutral 
plasma jet ejected from the back of the target. In Section 3, we use a 1D rela-
tivistic Vlasov code in a magnetized plasms to study the amplification of an 
ultra-short seed pulse mediated via a Brillouin backscattering of energy from 
a long pump pulse. In both Section 2 and Section 3, details on the numerical 
codes will be presented. In Section 4, we discuss the generation of electromag-
netic radiation in a relativistic electron beam-plasma interaction known as the 
Type III solar radio bursts. In Section 5, we discuss the problem of the auroral 
kilometric radiation, the colourful dance of light in the sky in the Northern 
and Southern hemispheres of the Earth, when weakly relativistic electron 
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beams are propagating along the magnetic field in the north and south poles. 
The absence of noise in the Eulerian Vlasov code allows a detailed representa-
tion of the phase-space structures of the distribution functions, especially in 
the low density regions of the phase-space. 
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1. Introduction 

Transport of charged particles and collisions are main aspects of fundamental ki-
netic processes which we need to study in electronic devices and plasmas. Con-
siderable amount of effort is devoted for the application of numerical techniques 
to the study and comprehension of these kinetic processes, which are generally 
highly nonlinear problems. 

There are two important numerical approaches which are generally used in 
these studies. The first approach includes essentially Lagrangian methods which 
have become known as the particle-in-cell (PIC) methods. In this case, the plasma 
is approximated by a finite number of macro-particles which are advanced in time 
in the self-consistent fields computed on a background mesh. This approach has 
been widely developed, with successful applications to several, if not all, aspects of 
plasma phenomena and devices. An important drawback with this approach is 
that there is a numerical noise inherently associated with PIC methods. This prob-
lem becomes important when the physics of interest is in the low density regions 
of the phase-space where there is only a relatively small fraction of the macro-
particles, as for instance in the high energy tail of the distribution function. An 
alternative approach is to look for the direct calculation of the particle distribution 
function ( ), ,f tr υ , where r  and υ  are respectively the position and velocity 
vectors at time t. The methods which discretize the full phase-space on a multi-
dimensional grid and perform the direct solution of the distribution function on 
this grid, by solving numerically the partial differential equation for ( ), ,f tr υ  in 
the multi-dimensional phase-space, are called Eulerian methods. In the last few 
decades there have been important developments in the application of these meth-
ods for the numerical solutions of the kinetic equations of plasmas. Of special in-
terest are the Eulerian codes based on the method of characteristics for hyperbolic 
differential equations, because they have a low noise level and they allow an accu-
rate study of the phase-space dynamics, especially in the low density region of the 
phase-space. This approach has become increasingly important, especially for the 
numerical solution of the Vlasov equation which is used to study the kinetic pro-
cesses when the collisions between the particles are negligible, as in high temper-
ature and low-density plasmas. A review of some of the progress work done for 
the application of these methods is presented and reviewed in [1]. A great ad-
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vantage of the Eulerian codes is their very low noise level, which allows accurate 
representation of the fine scale structures associated with the particles distribution 
function, especially in the low density regions of the phase-space. The areas of the 
kinetic processes in plasmas are broad, and of special interest are the applications 
to the study of collisionless transport processes using the Vlasov equation for a 
wide range of phenomena displaying collective behaviour, and in different many-
particles systems in plasmas, charged-particles beams, laser-plasma interactions, in-
viscid fluid turbulence, and in a variety of other domains such as galaxies and other 
self-gravitating systems, and more recently in semiconductors and thin films. 

We present in this paper few examples of the application of the Eulerian meth-
ods to the kinetic equations of plasmas for the numerical solution of the appro-
priate relativistic Vlasov-plasma equations. Two problems are discussed respec-
tively in Sections 2 and 3. For each of these problems, the details of the numerical 
methods developed will be presented. The first example we present in Section 2 is 
for the problem of the ions acceleration and plasma jet formation in the interac-
tion of an intense laser beam normally obtained from these simulations which 
could have relevance in different fields, in a number of physical situations in la-
boratory plasma where plasma jets are observed [2]-[4], and more recently in ion-
driven fast ignition [5]. And in astrophysics, it is believed to provide the main 
acceleration mechanism for cosmic rays at the front of collisionless shock waves 
generated during supernova explosions by the interaction of high intensity elec-
tromagnetic waves with plasmas [6]. Detailed results of the phase-space evolution 
for the case we study will be presented. Reference [7] contains additional results 
for related problems. Section 3 presents the applications for the numerical solu-
tion of a relativistic Vlasov-Maxwell equations, for a study of the problem of stim-
ulated Brillouin backscattering in the interaction of a laser beam with a plasma. 
This problem is important for the application of the idea of plasma based laser 
amplifiers for the direct amplification of ultra-short laser pulses. It has been stud-
ied in unmagnetized plasmas [8], and in a plasma embedded in an external mag-
netic field [9] [10], to study the transfer of energy from a long pump electromag-
netic wave, to a counter-propagating ultra-short seed pulse, mediated by a reso-
nant ion wave via stimulated Raman or Brillouin backscattering. We study in Sec-
tion 3 a case which includes the presence of an applied external magnetic field for 
the Brillouin backscattering, which also allows the amplification to whistler pulses, 
a problem of importance for the amplification of whistler waves along the mag-
netic field of the Earth. In addition to the problem of the amplification of ultra-
short seed pulses, there is an obvious academic interest in the study of problems 
of the excitation of electromagnetic waves observed in many situations in labora-
tory plasmas and space plasmas in the magnetosphere and other geophysical sit-
uations in the environments of planets, where important variations in the pres-
ence and strength of magnetic fields are observed. Section 4 will study the problem 
of Type III solar radio bursts excited when relativistic bunches of electron beams 
are ejected from the sun [11]. And in Section 5, we discuss the problem of the au-
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roral kilometric radiation [12] [13], the colourful dance of lights in the sky in the 
Northern and Southern hemispheres of the Earth, when weakly relativistic elec-
tron beams are precipitating along the magnetic field in the north and south 
poles. 

2. Ions Acceleration and Plasma Jet Formation in the 
Interaction of an Intense Laser Beam Normally Incident 
on an Overdense Plasma: A Vlasov Code Simulation 

The field of the interaction of a high intensity (>1022 W/cm2) and extremely short 
femtoseconds (10−15 s) laser beam [14] [15] incident on foil targets has attracted 
considerable attention in recent years. Under these conditions, a solid target trans-
forms very rapidly, in a few cycles of the light wave, into a plasma. During the 
short period of the laser pulse, the laser interacts directly with a plasma with den-
sity of the order of the density of the solid. This interaction takes place in the 
relativistic domain because of the high intensity of the laser field. Collisions be-
come negligible since the electrons quiver energy is relativistic, and the interaction 
at the plasma surface will be dominated by collective effects. Interesting interac-
tions between the wave and the plasma take place, with promising applications in 
a variety of areas in physics and medicine have been demonstrated [16]-[19]. Be-
cause of the production of high energy accelerated ions to multi-MeV energies, 
especially in the case of a circular polarization of the laser wave, the phenomenon 
of energization and expansion of particles at the front of a high intensity wave and 
the subsequent formation and evolution of collisionless shock waves have been of 
particular interest since they play a fundamental role in laboratory laser-plasma 
interactions, and in a number of physical situations in laboratory and space plas-
mas, where plasma jets of high speed are observed [2]-[4], and more recently in 
ion-driven fast ignition [5]. It is believed to provide the main acceleration mech-
anism for cosmic rays at the front of collisionless shock waves generated during 
supernova explosions [6]. Also of great interest is the generation of coherent high 
order harmonics when the laser wave is linearly polarized, which has important 
potential applications as radiation sources with attosecond (10−18 s) duration and 
with unprecedented intensities, offering a combination of short wavelengths and 
very high time resolution [20]. 

In the present Section, we study the interaction of a high intensity laser beam 
normally incident on an overdense plasma, using an Eulerian Vlasov code for the 
numerical solution of the 1D relativistic Vlasov-Maxwell equations for both elec-
trons and ions [21]-[29]. If the intensity of the wave is sufficiently high to make 
the oscillation of the electrons relativistic, interesting interactions between the 
wave and the surface of the plasma take place. Of particular interest for the prob-
lem of the acceleration of the ions is the case of circular polarization of the laser 
wave, when the free space wavelength of the wave 0λ  is greater than the scale 
length of the jump in the plasma density at the plasma edge edgeL  ( 0 edgeLλ > ), 
and the plasma density is such that 1crn n  , where 21 2 3

01.1 10 cmcrn λ− −= ×  

https://doi.org/10.4236/jhepgc.2025.114096


M. Shoucri 
 

 

DOI: 10.4236/jhepgc.2025.114096 1570 Journal of High Energy Physics, Gravitation and Cosmology 
 

( 0λ  is the laser wavelength expressed in microns). In these regimes, the radiation 
pressure causes a charge separation and an electric field to appear at the plasma 
edge, and produces a plasma surface with a steep density profile. In the case of 
circular polarization of the laser wave, there is a non-oscillatory radiation pressure 
applied at the target surface by the incident laser wave. This radiation pushes the 
electrons at the plasma surface through the ponderomotive pressure, producing a 
sharp density gradient at the target plasma surface. There is a build-up of the elec-
tron density at this surface which creates a large space-charge, giving rise to a 
strong longitudinal electric field. The combined effects of the edge electric field 
and the radiation pressure results in an important acceleration of the ions in the 
forward direction. In the ongoing acceleration process, if the laser beam intensity 
is a Gaussian-shaped pulse, the accelerated ions reach a free-streaming expansion 
phase where the electrons neutralize the charge of the expanding ions, and a neu-
tral plasma jet is formed. When the Gaussian shaped pulse decays, a dense com-
pact bunch of a neutral plasma jet is formed and propagates at a constant speed 
in the forward direction. 

In the present Section, we present numerical simulations to study the case of a 
1D model where a circularly polarized laser beam pulse with a Gaussian-shaped 
intensity, is normally incident on the surface of a target. We will follow the for-
mation of a free-streaming dense compact bunch of a neutral plasma jet. 

2.1. The 1D Relativistic Vlasov-Maxwell Model 

Time t is normalized to the inverse electron plasma frequency 1
peω− , length is nor-

malized to 1
0 pel cω−= , velocity and momentum are normalized respectively to the 

velocity of light c and to em c . The general form of the Vlasov equation is written 
for the present problem first in a 4D phase-space for the electron distribution func-
tion ( ), , , ,e xe ye zeF x p p p t  and the ion distribution function ( ), , , ,i xi yi ziF x p p p t  
(one spatial dimension) as follows: 

 , , , , ,
,

, , ,

0e i xe i e i e i e i
e i

e i e i e i

F p F F
M

t xγ γ
 ∂ ∂ × ∂

+ + ⋅ =  ∂ ∂ ∂ 

p B
E

p
   (1) 

With 

 ( )( )1 22 2 2 2
, , , , ,1e i e i xe i ye i ze iM p p pγ = + + +   (2) 

(the upper sign in Equation (1) is for electrons and the lower sign for ions, and 
subscripts e or i denote electrons or ions respectively). In our normalized units 

1eM =  and e
i

i

m
M

m
= . 

We write the Hamiltonian of a particle in the electromagnetic field of the 
wave: 

 ( ) ( ), ,
,

1 1 ,e i e i
e i

H x t
M

γ ϕ= −  .  (3) 

where ( ),x tϕ  is the scalar potential. Equation (1) can be reduced to a two-di-
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mensional phase-space Vlasov equation as follows. The canonical momentum 

,ce iP  is connected to the particle momentum ,e ip  by the relation , ,ce i e i=P p a . 

ee m c=a A  is the normalized vector potential. From Equation (3), we can write: 

 ( )( ) ( )22
, , ,

1 2

,

1 1 1 ,e i e i ce i
e i

H M x t
M

ϕ= + ± 
 −
 

P a  .  (4) 

Choosing the Coulomb gauge ( 0div =a ), we have for our one dimensional 

problem 0xa
x

∂
=

∂
, hence 0xa = . The vector potential ( ),x t⊥=a a , and we also 

have the following relation along the longitudinal direction: 

 , ,d
d
cxe i e iP H
t x

∂
= −

∂
  (5) 

And since there is no transverse dependence 

 ,
,

d
0

d
c e i

e iH
t
⊥

⊥= −∇ =
P

.  (6) 

This last equation means , constc e i⊥ =P . We can choose this constant to be zero 
without loss of generality, which means that initially all particles at a given (x, t) 
have the same perpendicular momentum ( ), ,e i x t⊥ ⊥= ±p a . The Hamiltonian is 
now written: 

 ( )( )( ) ( )2 2 2 2
, , , ,

,

1 21 1 , 1 ,e i e i xe i e i
e i

H M p M a x t x t
M

ϕ⊥= + + −  .  (7) 

The 4D distribution function ( ), , ,, , ,e i xe i e iF x p t⊥p  can now be reduced to a 2D 

distribution function ( ), ,, ,e i xe if x p t : 

 ( ) ( ) ( ), , , , , ,, , , , ,e i xe i e i e i xe i e iF x p t f x p t δ⊥ ⊥ ⊥=p p a .  (8) 

( ), ,, ,e i xe if x p t  verify the relation: 

 , , , , , ,

, ,

d
0

d
e i e i e i e i e i e i

xe i xe i

f f H f H f
t t p x x p

∂ ∂ ∂ ∂ ∂
= + − =

∂ ∂ ∂ ∂ ∂
.  (9) 

Which gives the following Vlasov equations for the electrons and the ions:: 

 
2

, , , , ,
,

, , ,

0
2

e i xe i e i e i e i
e i x

e i e i xe i

f p f M faM E
t x x pγ γ

⊥
 ∂ ∂ ∂∂

+ + − =  ∂ ∂ ∂ ∂ 
 .  (10) 

where ( ) ( )( )2 2 1

,

2

, , ,1e i e i xe i e iM p M aγ ⊥= + + . 

 xE
x
ϕ∂

= −
∂

 and 
t
⊥

⊥
∂

= −
∂
aE   (11) 

and Poisson’s equation is given by: 

 ( ) ( )
2

2 , d , de xe xe i xi xif x p p f x p p
x
ϕ∂
= −

∂ ∫ ∫   (12) 

An alternative way, used in the present work, is to calculate xE  from Am-

père’s equation: x
x

E
J

t
∂

= −
∂

, 
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The transverse electromagnetic fields ,y zE B  and ,z yE B  for the circularly 
polarized wave obey Maxwell’s equations. With y zE E B± = ±  and  

z yF E B± = ± , we write these equations in the following form: 

 ;y zE J F J
t x t x

± ±∂ ∂ ∂ ∂   ± = − = −   ∂ ∂ ∂ ∂   
    (13) 

Which are integrated along their vacuum characteristic x = t [21]-[29]. In our 
normalized units we have the following expressions for the normal current densi-
ties: 

 ,
, , ,

,

;   de i
e i e i e i xe i

e i

f
M p

γ

+∞

⊥ ⊥ ⊥ ⊥ ⊥
−∞

= + = − ∫J J J J a .   (14) 

2.2. The Numerical Scheme 

We use a method of characteristics for the numerical solution of Equation (10), as 
discussed in [21]-[31], for the numerical solution of hyperbolic type partial differ-
ential equations These methods are Eulerian methods which use a computational 
mesh to discretize the equations on a fixed grid, and have been successfully ap-
plied to different important problems in plasma physics (see for instance the arti-
cles [21]-[31]). 

The numerical scheme to advance Equation (10) from time nt  to 1nt +  neces-
sitates the knowledge of the electromagnetic field E±  and F ±  at time 1 2nt + . 
This is done using a centered scheme where we integrate Equation (13) exactly 
along the characteristics with x t∆ = ∆ , to calculate 1 2nE± +  and 1 2nF ± +  as fol-
lows: 

 ( ) ( ) ( )1 2 1 2, , 2,n n y nE x t t E x t tJ x t t± ±
+ −± ∆ = − ∆ ± ∆    (15) 

with ( ) ( ) ( ), ,
2 ,

2
y n y n

y n

J x x t J x t
J x t t

± ∆ +
± ∆ =  

A similar equation can be written for 1 2nF ± +  with Jz. From Equation (11), we 
also have 1 21n n nt+ +

⊥ ⊥ ⊥= − ∆a a E , from which we calculate ( )1/2 1 2n n n+ +
⊥ ⊥ ⊥= +a a a . 

We also have: 

 d dn n nxi xe
x i i xi e e xe

i e

p p
J M f p M f p

γ γ

+∞ +∞

−∞ −∞

= −∫ ∫   (16) 

We calculate 1 2n
xE +  from Ampère’s equation: x

x
E

J
t

∂
= −

∂
, from which 

1 2 1 2n n n
x x xE E tJ+ −= − ∆ . Now given ,

n
e if  at mesh points (we stress here that the 

subscript i denotes the ion distribution function), we calculate the new value 1
,
n

e if +  
at mesh points from the relation [21]-[31]: 

 ( ) ( ),

1
, , , , ,, 2 , 2

xe i

n n
e i xe i e i xe i xe i pf x p f x p+ = − ∆ − ∆ .  (17) 

,xe i∆  and 
,xe ip∆  are calculated from the solution of the characteristics equa-

tions for Equation (10), which are given by: 
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,
,

,

2
, ,

,

d
d

d
d 2

xe i
e i

e i

xe i e i
x

e i

px M
t

p M aE
t x

γ

γ
⊥

=

∂
= −

∂


  (18) 

This calculation is effected as follows. We rewrite Equation (17) in the vectorial 
form: 

 ( ) ( )1
, , , , ,2n n

e i e i e i e i e if f+ = − ∆XX X .  (19) 

,e iX  is the two dimensional vector ( ), ,,e i xe ix p=X , and ( ),, , ,
xe ie i xe i p∆ = ∆ ∆X  

is the two dimensional vector calculated from the implicit relation [21]-[31]: 

 ( ), 2, , , 1,
2e i e i e i e i n
t t +

∆
∆ = − ∆X XV X .  (20) 

( )( )2

, ,
, ,

, ,

1 2

1 2,
2

n
xe i e in

e i e i x
e i e i

ap M
M E

xγ γ

+
⊥+

 ∂ = − ∂ 
 

V  . Equation (20) for ,e i∆X  is im-

plicit and is solved iteratively: ( )1 2
1
, , , , ,

2
k k

e i e i e i e i n
t t+

+
∆

∆ = − ∆X XV X , where we start  

the iteration with 0
, 0e i∆ =X  for iteration number k = 0. Two or three iterations 

are sufficient to get a good convergence. Then 1
,
n

e if +  is calculated from ,
n

e if  in 
Equation (17) by calculating the shifted value using a two-dimensional interpola-
tion in the two dimensional phase-space ( ),, xe ix p . Similarly in Equation (20), the 
shifted value was calculated at every iteration using a two-dimensional interpola-
tion. In all cases, these two-dimensional interpolations are executed using a tensor 
product of cubic B-splines [21]-[23]. As mentioned, this code applies a numerical 
scheme based on a two-dimensional advection technique, of second order accu-
racy in time-step, where the value of the distribution function is advanced in time 
by interpolating in two dimensions along the characteristics using a tensor prod-
uct of cubic B-splines. Cubic splines have been tested in several applications and 
shown to give accurate results [21]-[23]. See also [28] for the integration of the 
Vlasov equation in one and two dimensions. 

2.3. A Circularly Polarized Laser Beam Normally Incident on an 
Overdense Plasma (n/ncr = 25) 

The forward propagating circularly polarized laser beam enters the system at the 
left boundary (x = 0), where the forward propagating fields are  

( ) ( )02 cosrE E P t τ+ =  and ( ) ( )02 sinrF E P t τ− = − , as defined in Equation (13). 
Time is in units of 1ω− . In these expressions, 1.5 pt tτ = −  and 24pt =  is the 
pulse duration at full width at half maximum of the beam intensity. In our nor-
malized units 0 0E a= . For a Gaussian time dependence, the shape factor ( )rP t  
is given by: 

 ( ) ( )( )( )2
exp 2ln 2r pP t tτ= −   (21) 

so that the forward propagating laser beam behaves as a Gaussian pulse, which 
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reaches its peak at 1.5 36pt t= = .(The units of time and space can be easily trans-
lated in units of 1

peω−  and pec ω  by multiplying them by a factor of 5, since 
5peω ω = , which corresponds to 25crn n = , since the laser frequency 

1 0.2p crn nω ω = = ). 
A characteristic parameter of high power laser beams is the normalized vector 

potential or quiver momentum 0ee M c a⊥ ⊥= =a A , where ⊥A  is the vector 
potential of the wave. We chose for the amplitude of the vector potential. 

0 25 2a =  For the circularly polarized wave 2 2 18
0 02 /1.368x10a Iλ= , I being 

the intensity in W/cm2, and 0λ  the laser wavelength in microns. We use N = 
5500 grid points in space, and in momentum space we use 1600 grid points for 
the electrons and 4800 grid points for the ions (extrema of the electron momen-
tum are ±4, and ±360 for the ion momentum). The Lorentz factor for the trans-
verse oscillation of an electron in the field of the wave is 2

0 01 17.7aγ = + = . Deu-
terium ions are used with 2 1836i eM M = × , where Mi is the deuterium mass. 
The initial distribution functions for electrons and ions are Maxwellians with 
temperatures Te = 1 keV for the electrons and Ti = 0.1 keV for the deuterons. The 
length of the system is L = 22 in units of pec ω . From the parameters presented 
we have a grid spacing 0.004x∆ = , and we use a time step t x∆ = ∆ . We have a 
vacuum region of length Lvac = 9.0 on each side of the plasma slab. The steep ramp 
in density at the plasma edge on each side of the flat top density of the slab target 
has a length of 0.3edgeL = . The length of the central plasma slab, with flat top  
density of 1 (normalized to 25 crn ), is 2.884pL = , for a total length of 22. In our 

units, the skin depth 0.2pe
pe

c cc ωω
ω ω ω

= = . So the length of the large plasma 

slab is about 15pL ≈  skin depth pec ω . In free space kω =  for the electro-

magnetic wave, and as 0 2λ = π , the condition that 0 edgeLλ   is very well satis-
fied. 

We first present in Figure 1 some of the results obtained for the density profiles 
against distance. The electron and ion density profiles at times t = 24, 40, 43, 50, 
58, and 77 (time is in units of 1ω− ) are given in Figure 1 (full curve for the 
electrons, broken curves for the ions). The electric field (dashed-dotted curve) is 
also plotted divided by a factor of 5, to have it on the same figure. We concentrate 
these plots in the region where the plasma slab is located, since otherwise on both 
sides we have vacuum. In Figure 1 at t = 24 electrons are pushed and accelerated 
at the wave-front plasma-edge interface under the effect of the radiation pressure 
and form a steep density spike. Ions (dashed curve) have moved very little, and 
their profile gives essentially the initial plasma slab profile. An electric field is 
formed at the edge due to the charge separation appearing there, and its penetra-
tion in the plasma at the sharp gradient at the surface of the target is of the order 
of about 0.2c ω , which is the value of the skin depth in our units as we previously 
mentioned. In Figure 1 at t = 40 the steepening of the electrons is increased, due 
to the increase in the radiation pressure caused by the increase of the incident 
wave amplitude. The ion density profile is also increasing at the target surface.  
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Figure 1. Electron (full curves) and ion (dashed curves) density profiles. The electric field (dashed-dotted curves, divided by a factor 
of 5). Plots are at: t = 24, t = 40, t = 43, t = 50, t = 58, t = 77. 

 
And then, very rapidly, there is a huge jump in the ion density at the target edge, 
as shown in Figure 1 at t = 43, reaching a peak of about 27. We note from Equation 
(21) that the laser intensity reaches a peak at 3tp/2 = 36 at the boundary x = 0. This 
peak has to travel a distance of about x = 9 to reach the target surface (see for 
instance the position of the edge in Figure 1 at t = 24). So the maximum laser 
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intensity will reach the target surface at about t ≈ 45, i.e. about the time where we 
observe a strong acceleration of the ions at the target surface in Figure 1 at t = 43. 
In Figure 1 at t = 50 we see the electron peak separating from the ion peak, which 
decreases compared to the peak in Figure 1 at t = 43. In Figure 1 at t = 58 the 
electron peak seems to come back closer to the ion peak, and a shock-like structure 
of an expanding neutral plasma jet propagating to the right is formed. In Figure 
1 at t = 77 we see to the right two electron peaks coinciding with the two ion peaks, 
and the structure of a neutral plasma jet propagating in the forward direction. The 
solitary-like structure of the neutral plasma propagating to the right is now very 
close to the position of the back edge position of the initial target at about x = 13. 
In Figure 1 at t = 77 the electron and ion peaks to the left at the target surface are 
decreasing, due to the decay of the intensity of the Gaussian incident laser pulse, 
which is now exercising negligible pressure at the target surface at the left (see 
Figure 5 at t = 77). At this stage this wave-front plasma-edge interface is not prop-
agating to the right anymore, since the radiation pressure has vanished. We have 
in Figure 1 at t = 77 a neutral plasma jet population at the right, with two peaks, 
which is now emerging from the back of what was the target and travelling in the 
forward direction to the right. And at the left, a standing wave-front plasma-edge 
interface. 

Figure 2 shows the phase-space contour plots of the ion distribution function at 
t = 24, 43 (during the rapid acceleration of the ions at the target surface presented 
in Figure 1) at t = 43), 50, and 77. The velocity of the free streaming jet at the right 
can be calculated from Figure 2 at t = 77, for instance, where we see the edge of the 
free streaming deuterium ions in the forward direction having a normalized mo-
mentum around 350. Hence 350i eM M cυ ≈ , or ( )350 2 1836 0.095cυ ≈ × = . 
This corresponds to the energy of the deuterium ions of  

( )22 22 2 938 0.009 8 eV. 6 M4i iM M c cυ υ≈ ≈ × = . The appearance of loops at 
the top in Figs. (2) at t = 50, t = 77 appear because slower ions (lower part of the 
loop), which were accelerated by the shock during the rise of the laser pulse, are 
caught up by faster ones (upper part of the loop), which were accelerated by the 
pulse when it was at its maximum. The rightmost parts of these loops correspond 
to the shock appearing at the right of the expanding neutral plasma edge, as we 
see for instance in Figure 1 at t = 77. These loops are close to what has been pre-
sented in [29] using PIC codes. See also the results in [30] [31]. 

Figure 3 presents the phase-space contour plots of the electron distribution 
function, at the same time as the corresponding phase-space contour plots of the 
ion distribution function presented in Figure 2. The steep edge at the target sur-
face is due to the effect of the ponderomotive pressure pushing the electrons. In 
particular, in the initial phase, Figure 3 at t = 24 shows on the upper side of the 
contour small electron jets, a picture close to what has been reported in [32], and 
in [33] for the study of wave breaking and electron acceleration using a Vlasov 
code (a more detailed presentation of this phase of wave breaking is presented in 
Figure 6 below). 

https://doi.org/10.4236/jhepgc.2025.114096


M. Shoucri 
 

 

DOI: 10.4236/jhepgc.2025.114096 1577 Journal of High Energy Physics, Gravitation and Cosmology 
 

 
Figure 2. Phase-space plots of the ion distribution function. Plots at: t = 24, t = 43, t = 50, t = 77. 

 
Note in Figure 3 at t = 43 and t = 50, beyond the solitary structure at the sharp 

front edge of the target, the long tail remaining from the initial electron distribu-
tion function, which is slowly disappearing. At t = 77 there is no ponderomotive 
pressure of the wave at the target surface (see Figure 5(c) below), the plasma at 
this surface location at x = 11.5 in Figure 1 at t = 77 is not moving anymore, and 
the electron and ion densities at this location are decaying slowly, with electrons 
slightly expanding in the backward direction as seen in Figure 1 at t = 77. But 
beyond the target surface, the neutral plasma jet is propagating to the right in the 
forward direction, at a constant free-streaming speed as discussed above. Note in 
the right of Figure 3 at t = 77 the two peaks of the neutral plasma jet we see at the 
right of Figure 1 at t = 77. 

We follow in Figure 4 at t = 86 the two bump free-streaming plasma jet struc-
ture at the right in Figure 3 at t = 77. We concentrate the phase-space plots in 
Figure 4(a) on the ions, in Figure 4(b) on the electrons, and in Figure 4(c) we 
present the corresponding density and electric field plots. 

We have indeed a stable solitary-like structure with a double peak, of a neutral  
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Figure 3. Phase-space plots of the electron distribution function. Plots at: t = 24, t = 43, t = 50, t = 77. 

 
plasma free-streaming at constant speed to the right. The electron amd ion density 
curves (full curve and dashed curve respectively) are identical. An estimation of 
this speed can be obtained by following the right boundary of the jet. In Figure 1 
at t = 77 the right boundary is located at x = 13.4. In Figure 4(c) the right bound-
ary is at x = 14.3 at t = 86. This corresponds to a speed of 0.1, very close to the 
value of 0.095 estimated above from Figure 2 at t = 77. 

Figure 5 presents in the left figures the forward propagating wave E+  (full 
curves) and the backward reflected wave E−  (dashed curves), and in the right 
figures presents the corresponding results for the forward propagating wave F −

(full curves) and the backward propagating wave F +  (dashed curves). 
In Figure 5(a) the curves are calculated at t = 43 at the time of the rapid accel-

eration of the ions at the target surface observed in Figure 1 at t = 43, when the 
maximum of the wave at the target surface is very close to the peak of the pulse. 
From Equation (21), the laser intensity reaches a peak at 3tp/2 = 36 at the boundary 
x = 0. This peak has to travel a distance of about x = 9 to reach the target surface 
(see Figure 1 at t = 24). So the maximum laser intensity will reach the target 
surface around t ≈ 45, i.e. about the time where we see the strong acceleration 
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Figure 4. Plots of the free-streaming plasma jet at t = 86: (a) the ion distribution function; (b) the 
electron distribution function; (c) plot of the ion density (dashed curve), of the electron density (full 
curve), and of the electric field (dashed-dotted curve, essentially zero in the free-streaming at constant 
velocity neutral plasma jet). 

 
of the ions at the target surface in Figure 1 at t = 43. The electromagnetic wave 
damps in the plasma over a distance of the order of the skin depth pec ω , equal 
to 0.2 in our normalized units. The strong increase of the ion and electron densi-
ties at the wave-front plasma-edge interface makes the plasma more opaque, with 
the steep plasma edge acting as a moving mirror for the incident light. Note that 
when E+  is at a peak, the value of F −  is zero and vice-versa, so the wave is 
always maintaining a pressure on the surface of the plasma., until the decay of the 
Gaussian pulse. The frequency of the backward reflected wave is slightly down-
shifted by the moving reflecting plasma surface. We can check that in Figure 5, 
the reflected waves (dashed curves) in vacuum have a wavelength (and a period) 
slightly bigger than the corresponding ones for the incident wave (full curves). 
Figure 5(b) presents the incident and reflected waves at t = 60, at the time of the 
acceleration we observe in Figure 1 at t = 77, and in Figure 5(c) at t = 77 the 
Gaussian pulse is decaying and the ponderomotive pressure of the wave at the 
target surface is negligible. The neutral two-peaks structure at the right of Figure 
1 at t = 77 is now free streaming as we previously mentioned, with a constant 
speed of 0.1. 
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Figure 5. Incident waves E+ and F− (full curves) and reflected waves E− and F+ (dashed curves) at (from top to bottom): a) t = 43, b) 
t = 60, c) t = 77. 

 
We finally present in Figure 6 a sequence showing the wave breaking at the 

front edge of the electron phase-space, as presented in Figure 3 at t = 24. This is 
due to the longitudinal field generated at the front edge of the plasma due to the 
electron-ion separation. We see in the sequence of Figure 6 how peaks are build-
ing up at the target surface in the electron phase-space, then the accelerated elec-
trons are ejected forming this finger-like structure we observe. The sequence is 

https://doi.org/10.4236/jhepgc.2025.114096


M. Shoucri 
 

 

DOI: 10.4236/jhepgc.2025.114096 1581 Journal of High Energy Physics, Gravitation and Cosmology 
 

presented at t = 15.5, 17, and 20. 
We have presented in Figure 6 the finger-like structures in the electron distri-

bution function due to a wave-breaking mechanism, because these structures are 
well resolved by the fine (x, px) computational mesh of the Vlasov code, a picture 
close to what has been reported in [32], and in [33] for the study of wave breaking 
and electron acceleration using a Vlasov code. Our presentation of this phase of 
wave breaking we presented in Figure 6 contains more details because of the pre-
cision of the Vlasov code. 

 

 
Figure 6. Phase-space plots of the electron distribution function at the target surface, showing the evolution of the wave braking 
process at the beginning, when the laser beam pulse is reaching the target surface. 

 
The detailed analysis presented above in this section for the formation and ejec-

tion at constant speed of the neutral structure of a plasma jet with two peaks at t 
= 77, when the Gaussian electromagnetic pulse has damped, and applies no more 
pressure on the neutral population advancing at a constant speed as mentioned in 
the discussion above, testify to the power of the Eulerian codes for the numerical 
resolution of the details of this problem. Similar neutral plasma jets are obtained 
in several simulations where the ponderomotive pressure of the wave plays an im-
portant role in the formation and acceleration of the neutral plasma jet. See, for 
instance Figs. (1) and (5) in [7], and Fig. 1 in [34]. 

3. A Vlasov Code Simulation of the Amplification of Seed 
Pulses by Brillouin Backscattering in Magnetized Plasmas 

Special attention has been given recently to the idea of plasma based laser ampli-
fiers for their application to the direct amplification of ultra-short laser pulses. 
This problem has been studied with an Eulerian Vlasov code in an unmagnetized 
plasmas in [8], and in a magnetized plasma in [9] [10], to study the amplification 
of an ultra-short seed pulse via stimulated Raman or Brillouin backscattering of 
energy from a long pump pulse, assumed at constant amplitude, in a plasma em-
bedded in an external magnetic field. In the present work, we apply an Eulerian 
Vlasov code to study the transfer of energy from a long pump electromagnetic 
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wave, to a counter-propagating ultra-short seed pulse, mediated by a resonant ion 
wave via stimulated Brillouin backscattering (SBS), in a plasma embedded in an 
external magnetic field. Detailed analysis of the spectra developed during the am-
plification process is presented, together with the evolution showing the pump 
depletion, accompanied by the counter-propagating seed-pulse amplification, com-
pression and increased steepness of the waveform. This problem is of importance 
for the amplification of seed pulses of whistler waves along the magnetic field of 
the Earth, and other similar planetary situations. The numerical code solves a one-
dimensional relativistic Vlasov-Maxwell set of equations for a plasma in a mag-
netic field for both electrons and ions. The absence of noise in the Eulerian Vlasov 
code allows us to follow the evolution of the system with an accurate representa-
tion of the phase-space structures of the distribution functions. 

The Relevant Equations of the Eulerian Vlasov Code and the  
Numerical Method 

Time t is normalized to the inverse electron plasma frequency 1
peω− , velocity and 

momentum are normalized respectively to the velocity of light c and to Mec, where 
Me is the electron mass, length is normalized to 1

0 pel cω−= , and the electric field is 
normalized to 0 e peE M c eω= . The 1D relativistic Vlasov equations for the elec-
trons and ions distribution functions ( ), ,, ,e i xe if x p t  verify the relation [35]: 

 ( )( ), , , ,
,

, , ,

0e i xe i e i e i
x e i x

e i e i xe i

f p f f
E

t m x pγ ⊥ ⊥

∂ ∂ ∂
+ + × ⋅ =

∂ ∂ ∂
u B

  (22) 

where ( )( )1 22
, , ,1e i xe i e ip mγ ≈ + . The upper sign in Equation (22) is for the elec-

tron equation and the lower sign for the ion equation, and subscripts e and i de-
note electrons and ions, respectively. In our normalized units 1em = , and  

1836i i em M M= =  is the ratio of hydrogen ion to electron masses. We use a 
lower case letter for the normalized masses in this section, to differentiate from 
the upper case letter for the normalized masses for the deuterium used in Section 
2. In this 1D model, the transverse velocity ( ), ,e i x t⊥u  is assumed non-relativistic 
and is calculated from a transverse “fluid” equation, but the kinetic features of the 
plasma are fully preserved along the external magnetic field in the longitudinal 
direction x. The transverse momentum ( ), , ,,e i e i e ix t m⊥ ⊥=p u  is obtained through 
the introduction of the generalized canonical momentum defined by  

( ) ( ) ( ), ,, , ,e i e ix t x t x t⊥ ⊥ ⊥=P p a  ( A  is the vector potential of the wave, and 

ee M c=a A  is the normalized vector potential), which obeys the ‘fluid’ equation 
[35]: 

 , , , , ,xe i e i e i ce i ce iu
t x ⊥ ⊥ ⊥
∂ ∂ + = × ± × ∂ ∂ 

P P aΩ Ω   (23) 

With ,
, , ,

, ,

dxe i
xe i e i xe i

e i e i

p
u f p

m γ

+∞

−∞

= ∫ . 

, ,ce i ce i x= Ω eΩ , where ,ce iΩ  is the electron (ion) cyclotron frequency, and xe  
is the unit vector in the direction of the external magnetic field. 
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We adopt the Coulomb gauge 0∇⋅ =a , where the vector potential is in the 
perpendicular plane. The longitudinal electric field xE  is calculated either from 
the gradient of a potential xE xϕ= −∂ ∂  or from Ampére’s law: 

 , d dx xi xe
x x i xi e xe

i i e e

E p p
J J f p f p

t m mγ γ

+∞ +∞

−∞ −∞

∂
= − = −

∂ ∫ ∫   (24) 

The transverse electric field ⊥E  is calculated from the relations: 

 
t
⊥

⊥

∂
= −

∂
aE   (25) 

The transverse electromagnetic fields ,y zE B  and ,z yE B  for the circularly 
polarized wave obey Maxwell’s equations. Defining y zE E B± = ±  and  

z yF E B± = ±  we have the following equations: 

 ;y zE J F J
t x t x

± ±∂ ∂ ∂ ∂   ± = − = −   ∂ ∂ ∂ ∂   
   (26) 

which are integrated along their vacuum characteristics x t= ± . In our normal-
ized units we have the following expressions for the normal current densities: 

 ( ) ( ) ( ), , , , , ,;   , , ;    , de i e i e i e i e i e i xe in x t x t n x t f p
+∞

⊥ ⊥ ⊥ ⊥ ⊥
−∞

= + = = ∫J J J J u   (27) 

The numerical scheme applies a direct solution method of the Vlasov equation 
as a partial differential equation in phase-space. In Equation (22)  

( )( )1 22
, , ,1e i xe i e ip mγ ≈ +  is a function xp  only, which allows to apply a time-

splitting scheme with the separation of  and xp  variables by a method of frac-
tional steps, as discussed for Eulerian Vlasov codes in several publications [21]-
[23] [35]-[38]. 

Results 
The normalized vector potential or quiver momentum for the laser beam is 

0 pa . A forward propagating circularly polarized laser beam of constant amplitude 
enters the system at the left boundary, where for the forward pump  

( )0 02 cosy z p pE E B E tω+ = + =  and ( )0 02 sinz y p pF E B E tω− = − =  at x = 0, 

0 3.2pω =  (normalized to peω ), and 0 0.02pa = . In our normalized units 

0 0 0p p pE aω= . We use a system of length L = 600. The number of grid points in 
space is N = 120000, so 0.005x t∆ = ∆ = . The extrema of the momentum for the 
electrons are ±0.5, with 1000 grid points in velocity space, and for the ions these 
extrema are ±1.5 × 10−3 with 500 grid points in velocity space. 

The pump precursor reaches the right boundary x = 600 at t = 600, since in our 
normalized units x = t. The seed pulse is injected at the right boundary x = 600 
towards the backward direction just before the arrival of the pump, in the time 
interval 540 < t < 600, with ( ) ( )( )0 02 cos 540y z s r sE E B E P t tω− = − = − ,  

( ) ( )( )0 02 sin 540z y s r sF E B E P t tω+ = + = − − . The SBS produces a very small fre-
quency downshift in the scattered wave 0 0p s ionω ω ω= + . We neglect this small 
downshift 1ionω  , and set the seed frequency 0 0 3.2s pω ω≈ = , therefore 

0 0p sk k≈ . The SBS is backward propagating, so the selection rule  

x
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0 0p s ionk k k= − +  will result in an ion wave 02ion pk k≈ . Also 0 0 0.02p sa a= =  
and 0 0s pE E= . The initial distribution functions for electrons and ions are Max-
weellian with temperatures Te = 0.3 keV and Ti = 0.02 keV. respectively. The shape 
factor Pr(t) for the injected seed pulse has a Gaussian time dependence 

( ) ( )( )2
exp 0.5 570r pP t t t= − − , for 540 < t < 600, with tp = 10. The backward 

propagating seed pulse reaches its peak at t = 570, and has completely penetrated 
the plasma at t = 600, i.e. the time the pump precursor reaches the right boundary. 
The electron cyclotron frequency (normalized to the electron plasma frequency) 
is 0.5ceω = . From the linear dispersion relation ( )2 2 1 1 cek ω ω ω= −   the 
corresponding wavenumber for the left hand circularly polarized (LCP) wave is 
3.062, and for the right hand circularly polarized wave (RCP) the wavenumber is 
3.01. 

Figure 7 shows at t = 1200 successively: in the first frame the incident pump 
wave E+ (full curve) and the growing backward seed pulse E−  (dashed curve), 
in the second frame is the longitudinal electric field xE , the third and fourth 
frames show the electron and ion density. 

 

 

Figure 7. From top to bottom, first row: the incident pump wave E+  (full curve). The 
growing backward seed pulse E−  (dashed curve), then the electric field xE ; second row, 
the electron density and the ion density respectively. 

 
Figure 8 presents contour plots for the electron distribution function, and Fig-

ure 9 for the ion distribution function, at t = 1200. In Figure 10, the wavenumber 
spectra associated with the forward wave E+ , the backward wave E− , the longi-
tudinal electric field xE  and the ion density, are calculated by Fourier transform 
of the corresponding signal in the domain x = (75,403) at t = 1200, at a time where 
the backward seed pulse has reached the left boundary. The spectrum of E+  in 
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Figure 10) shows the peak at 0 3.049pk =  (the linear dispersion relation calcu-
lates a wavenumber of 3.062 for the LCP wave for a frequency of 3.2 as mentioned 
above). The same mode is appearing in the wavenumber spectrum of the back-
ward wave E− . 

 

 
Figure 8. Contour plots for the electron distribution function. 
 

 
Figure 9. Contour plots for the ion distribution function. 
 

The presence of these two modes will result in the appearance of a SBS mode at 

02 6.089ion pk k =≈ , very close to the peak at 6.12 in the wavenumber spectrum of 
the ion density in Figure 10. Note the harmonics of 6.12 at 12.25, 18.37 and 24.5. 
We note in the wavenumber spectrum of E+  the presence of a forward scattered 
mode at 2.01, with the selection rule 3.049 = 2.01 + k, from which k = 1.039, very 
close to the peak at 1.05 in the spectrum of xE . The corresponding frequencies 
we see in Figure 11) by taking the temporal Fourier transform of the signals reg-
istered at x = 90 in the time t = (1070, 1234) give a frequency of 3.2 for the pump 
E+  and 2.186 for the forward scattered mode (the corresponding wavenumber 
calculated from the linear dispersion relation is 1.991, very close to the value of 
2.01 we see in the wavenumber spectrum of E+ ). They obey the selection rule 
3.2 2.186 ω= + , from which a plasma mode at 1.014ω = , very close to the peak 
at 1.035 we see in the frequency spectrum of xE  in Figure 11. Also in the wave-
number spectrum of E−  a backward scattered mode at 2.01sk =  is dominat-
ing the spectrum, such that 0 p s ek k k= − + , from which  

3.049 2.01 5.059ek = + = , very close to the value of 5.043 we see in the wave-
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number spectrum of xE . Note the harmonics of 5.043 at 10.086, 15.13 and 20.13. 
The forward scattered mode at 2.01 and the backscattered mode at −2.01 will cou-
ple through Brillouin scattering to give another SBS mode at  

2 2.01 4.02ionk ≈ × = , very close to the value of 4.0 we see in the ion spectrum in 
Figure 10). So there are two SBS events, at 4.0 and 6.12. Other resonances are also 

 

 
Figure 10. Wavenumber spectra in x = (75,403) at t = 1200. 

 

 
Figure 11. Temporal Fourier transform in t = (1070, 1234) at x = 90. 
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present. We see in the spectrum of E+  the anti-Stokes at 4.103 obtained by the 
coupling of the plasma mode at 1.05 and the pump E+  at the wavenumber 3.049, 
such that 3.049 + 1.05 = 4.099, very close to the value of 4.103 in the wavenumber 
spectrum of E+ , with the corresponding frequencies 3.2 + 1.035 = 4.235, very 
close to the value of 4.29 we see in the frequency spectrum of E+  in Figure 11). 

Again, accurate results have been presented in Section 3 for the problem of the 
amplification of seed pulses by Brillouin backscattering in magnetized plasmas. 
For more information, see [8]-[10]. The relevance to the amplification of whistler 
pulses along the Earth’s magnetic field, and along the magnetic field in other plan-
etary and space plasmas situations, is an example of how space plasma can be used 
as a laboratory to test the plasma theory. 

4. Generation of Electromagnetic Radiation in a Relativistic 
Beam-Plasma Interaction 

Electromagnetic radiation around the plasma frequency generated in beam-plasma 
interaction are frequent in observations of solar radio bursts when relativistic 
bunches of electrons are ejected from the sun [39] [40], generally known as Type 
III solar radio bursts, as well as in many tokamak experiments in the presence of 
runaway electrons [41]. These emissions are usually thought to be generated by a 
strong beam-plasma interaction, and the waves are subsequently converted by 
wave mixing to modes which can be radiated. It has been pointed out however 
that in the case of Type III solar radio emissions, the electromagnetic emission at 
the harmonic at twice the plasma frequency can be frequently stronger or at the 
same level as the emission at the fundamental plasma frequency [42]. We use a 
relativistic Vlasov-Maxwell code similar to what has been presented in Sections 2 
and 3, which has been presented in [36] [37], to study this problem in one spatial 
dimension, and the results have been presented in details in [11]. The relativistic 
electron beam interacts with a plasma, and a plasma wave is excited, which inter-
acts through a wave-mixing process with an electromagnetiv wave at the plasma 
frequency to excite an electromagnetic wave at twice the plasma frequency. This 
is essentially a stimulated Raman scattering process in a bump on tail instability, 
in a relativistic beam-plasma interaction, During the evolution of this system, the 
total electromagnetic action is conserved. The scattered mode at twice the plasma 
frequency would grow to a level equal to the decaying low frequency pump. In-
creasing the beam density further increases the beam-plasma instability and the 
level of saturation of the scattered wave (see Fig. 1 in [11]). Full details are dis-
cussed in [11]. For such an experiment with a relativistic electron beam, space 
plasma provides the laboratory to verify the theory. 

5. The Generation of Electromagnetic Radiation by a 
Magnetic Field Aligned Electron Beam; the Auroral 
Kilometric Radiation 

We discuss the problem of the auroral kilometric radiation [12] [13] [43], the col-
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ourful dance of lights in the sky in the Northern and Southern hemispheres of the 
Earth, when weakly relativistic electron beams are precipitating along the mag-
netic field in the north and south poles. This radiation is emitted inside cold-
plasma depleted regions, with the plasma frequency normalized to the emission 
frequency 0.1pω ω =  much less than 1, and the emission frequency is close to 
the extraordinary mode cutoff, that is very close to the electron cyclotron fre-
quency. Under this condition, the two branches of the extraordinary mode have 
an eigenfrequency very close to the electron cyclotron frequency (see Fig. 2 in 
[12]), and that a weakly relativistic beam (velocity cυ  of the order of 0.2) prop-
agating along the magnetic field lines will couple these two branches at a fre-
quency very close to the electron cyclotron frequency. It is suggested that this 
mechanism can be the source for the auroral kilometric radiation. Full details are 
presented in [12]. Analysis using the effect of a beam thermal spread, a horseshoe 
distribution function close to the experimental observation, on this instability has 
been investigated in [13] [43]. The theory together with the observations of the 
events are providing good information on these events, It is to be conjectured that 
the same process would apply to other planetary radio sources such as the deca-
metric Jovian radiation [44], and the kilometric emission from Saturn [45], as well 
as to other astrophysical situations such as microwave spikes observed in many 
solar flares [46], and electromagnetic radiation associated with pulsars [47]. 

6. Conclusions 

We have applied Eulerian codes for the numerical solution of the one-dimensional 
relativistic Vlasov-Maxwell set of equations, for problems pertinent to laboratory 
and space plasmas. We have presented in Section 2 the case of a circular polariza-
tion laser beam normally incident on an overdense plasma target. We have fol-
lowed the effect of a non-oscillatory radiation pressure applied at the target sur-
face of the plasma by the incident circularly polarized laser wave. This radiation 
pushes the electrons at the plasma surface through the ponderomotive pressure, 
producing a sharp density gradient at the target plasma surface. There is a build-
up of the electron density at this surface, which creates a large space-charge, giving 
rise to a strong longitudinal electric field. This electric field at the wave-front 
plasma-edge interface accelerates the ions in the forward direction. In the ongoing 
acceleration process, the accelerated ions reach a free-streaming expansion phase 
where the electrons neutralize the charge of the expanding ions, and a neutral 
plasma jet is formed. When the Gaussian pulse of the wave finally damps, a dense 
compact bunch of neutral plasma jet is created and is free-streaming in the for-
ward direction, as we observe in Figs. (1) and (3) at t = 77, and in Figure 4 at t = 
86. Comparison presented in [29], of this Eulerian Vlasov code results, with the 
results of a particle-in-cell PIC code, to study a similar problem, has shown good 
agreement between the macroscopic quantities calculated with both codes. We 
have complemented the work we present here with many references to related 
problems. See also the interesting article in [48]. It is believed this mechanism 
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provides the main acceleration mechanism for cosmic rays at the front of colli-
sionless shock waves generated during supernova explosions by the interaction of 
high intensity electromagnetic waves with plasmas [6]. 

In Section 3, we have applied an Eulerian Vlasov code to study the transfer of 
energy from a long pump electromagnetic wave to a counter-propagating ultra-
short seed pulse, mediated by a resonant ion wave via stimulated Brillouin backscat-
tering (SBS), in a plasma embedded in an external magnetic field. Detailed analy-
sis of the spectra developed during the amplification process is presented, together 
with the evolution showing the pump depletion, accompanied by the counter-
propagating seed-pulse amplification, compression and increased steepness of the 
waveform. This problem is of importance for the amplification of seed pulses of 
whistler waves along the magnetic field of the Earth, and along the magnetic field 
in other planetary and space plasmas situations. Section 4 presented the applica-
tion of a Vlasov code for the simulation of electromagnetic radiations around the 
plasma frequency generated in beam-plasma interaction. These are frequent in 
observations of solar radio bursts of Type III, when relativistic bunches of elec-
trons are ejected from the sun [39] [40] [42]. The results we discuss here have been 
presented in [11]. The relativistic electron beam interacts with a plasma, and a 
plasma wave is excited, which interacts through a wave-mixing process with an 
electromagnetic wave at the plasma frequency to excite an electromagnetic wave 
at twice the plasma frequency. This is essentially a stimulated Raman scattering pro-
cess in a bump-on-tail instability, in a relativistic beam-plasma interaction. Another 
example is space plasma, providing a laboratory to test the theory. 

We have discussed in Section 5 the problem of the auroral kilometric radiation 
[12] [13] [43], when weakly relativistic electron beams are precipitating along the 
magnetic field at the north and south poles. This radiation is emitted inside cold-
plasma depleted regions, with the plasma frequency normalized to the emission 
frequency 0.1pω ω =  much less than 1, and the emission frequency is close to 
the extraordinary mode cutoff, which is very close to the electron cyclotron fre-
quency. Under these conditions, the two branches of the extraordinary mode have 
an eigenfrequency very close to the electron cyclotron frequency (see Fig. 2 in 
[12]), and a weakly relativistic beam (velocity cυ  of the order of 0.2) propagat-
ing along the magnetic field lines can couple these two branches. It is suggested 
that this mechanism is the source of the auroral kilometric radiation. Analysis 
using the effect of a beam thermal spread on this instability has been investigated 
in [13] [43]. The theory, together with the observations of the events, provides 
good information on these events. It is to be conjectured that the same process 
would apply to other planetary radio sources, such as the decametric Jovian radi-
ation [44], and the kilometric emission from Saturn [45], as well as to other astro-
physical situations, such as microwave spikes observed in many solar flares [46], 
and electromagnetic radiation associated with pulsars [47]. 

There has been important development in the direct numerical solution of the 
relativistic Vlasov equation as a partial differential equation in phase-space [21]-
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[28] [35]-[38]. Interest in Eulerian grid-based solvers associated with the method 
of characteristics for the numerical solution of the Vlasov equation arises from the 
absence of numerical noise associated with these numerical methods, which al-
lows the accurate study of the low density regions of the phase-space where parti-
cles are accelerated. We have presented a few examples pertinent to laboratory 
and space plasmas. It is worth mentioning some of the early pioneering works that 
applied Eulerian codes for the numerical solution of the Vlasov equation on a 
fixed grid [49]-[59], who have shown how to split the multidimensional Vlasov 
equation problem into a succession of 1D advections. This greatly simplified the 
task of obtaining numerical solution of the Vlasov equation while maintaining 
second order accuracy in time. 
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