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Abstract

We know from Noether’s theorem that there is a conserved charge for every
continuous symmetry. In General Relativity, Killing vectors describe the
spacetime symmetries and to each such Killing vector field, we can associate
conserved charge through stress-energy tensor of matter which is mentioned
in the article. In this article, I show that under simple set of canonical trans-
formation of most general class of Bogoliubov transformation between crea-
tion, annihilation operators, those charges associated with spacetime symme-
tries are broken. To do that, I look at stress-energy tensor of real scalar field
theory (as an example) in curved spacetime and show how it changes under
simple canonical transformation which is enough to justify our claim. Since
doing Bogoliubov transformation is equivalent to coordinate transformation
which according to Einstein’s equivalence principle is equivalent to turn on
effect of gravity, therefore, we can say that under the effect of gravity those
charges are broken.
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1. Introduction

In [1], I have shown that internal symmetry like U(1) symmetry of matter field
under canonical transformation [2] [3] breaks down. We all know that doing
Bogoliubov transformation [4] is equivalent to turning on the effect of gravity by
going into different frame. And Killing vector fields [5] [6] of a spacetime
decides the symmetries of that spacetime. We also know that stress-energy

tensor [5] [6] of matter fields in curved spacetime is covariantly conserved [6].
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Therefore, let 7" (x) be the stress-energy tensor of the matter field and &*
be a killing vector field of a spacetime we consider then one can show that
"¢

\4

is a covariantly conserved current [6]
v s 1 v
v, (1) =(v,1* )§V+ET" (V.6 +V,E,)=0 (1)

where we have used the symmetry property of stress-energy tensor under
contravariant indices, Killing equation [5] [6] [7] and covariantly conserved
property of stress-energy tensor. Therefore, we can say that from stress-energy
tensor we can construct the generators of spacetime symmetry transformation

which is Q= I,I—g(x)de T (x)fv (x) defined on spacelike hypersurfaces. In

this article, I will show that under Bogoliubov transformation, generator (conserved
charge) Q= J.\I—g (x)d’x T (x)€&, (x) is broken [8] [9].

Here also I use the concept that in thermodynamic limit or infinite volume
limit Bogoliubov tranformation creates two inequivalent representations of two
disjoint Fock space which is often used in quantum many body systems. Because
of such inequivalent disjoint vector spaces, the operators both in original form

and ones after transformation have their own separate domain to act on states.
2. Breakdown of Translation Invariance of Minkowski
Spacetime under Canonical Transformation

Here I am going to discuss my main motivation behind this work. Let’s consider

a massive real scalar field theory in Minkowski spacetime with field decomposition

A

¢(x)

_ f‘f_"[
J(2n) 20,

therefore ¢(x)—> ¢(x—a) is equivalent to doing following transformation

2

A —ikx At ikx
a,c +ake :|

A ik-a
a, —>¢€ a, (3)
AT —ik-a AT

a, —>¢€ a,

The Hamiltonian of the matter field becomes
H= Ikgk&}f&k (4)

which is invariant under following transformation

ik-a n

a, >¢e"a,

At —ik-a AT ()
a, —>e€ a,

where a is a 4-vector, which we would expect because spacetime translation is
Killing vector fields in Minkowski spacetime.

Under the canonical transformation mentioned in [1]
&, (0)=cosh 6,4, —sinh 64", (6)

the above Hamiltonian becomes
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A = [&k ,a}4,
= [d*k & cosh 0,¢] +sinh ;¢ , || cosh6,¢, +sinh 6,¢", |
3 2n At A 2n A At : AA At AT (7)
= Id ke, [cosh 0,C,.¢, +sinh“0,¢_,¢', +sinh 6, cosh b, (c_kck +¢,¢, )J

= IdSk Ek [(COShZ 0 +sinh’ 0., )é}:ék +sinh g, cosh (é,kék +épct, )J

where we have used the inverse transformation
¢, (0) =cosh6,a, —sinhg,a’,
¢ (0) =cosh6,a) —sinhG,a_, ®)
a, =cosh@,¢, +sinh,¢',
a) =cosh@,¢} +sinh 6,¢ ,
Note that because of the last term in the transformed Hamiltonian it breaks

the invariance under the tranformation

~ lk(l ~
¢, —> e,

&)

—ik-a At

¢ —>e e,

If one notes carefully he/she would find that for this case only the time
translational symmetry breaks but the spatial translation symmetry is maintained.

But this is just an example. If we rather take more general transformation
i, = [k [ (k' k) + B(K' k)& | (10)
such that
jd3k’[|a(k',k)|2—|ﬁ(k',k)|2]=1,\1k (1)
Then Hamiltonian becomes highly non-local
A = [@kdkdk] 5, [ (k.k)é), + B (k.k)é, |
x| o (ky k), + Ky K) ]
= [ hkdkdk &, [ o (k. k)a (ky k) E} (12)
+ B (k. k) B(ky.k)é, & + B (k. k)a(kyk)E, 6,
+a’ (k) B (ky,k)él |
This expression undoubtedly suggests that the above non-local Hamiltonian is

not invariant under the tranformation

é — e“':"ék 13)
el —>e el
which shows that under most general Bogoliubov transformation spacetime
translation symmetry of Minkowski spacetime breaks down.
As an example we want to mention cosmological particle creation example
shown in [10] where these Bogoliubov coeffecients are calculated for conformal

spacetime with following metric
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ds2= 2 d Z_dxz_d 2_d22
a*(n)(dn y ) "
a*(n)= A+ Btanh pp

where A4,B,p are some constant parameters. Note that this spacetime is flat in

asymptotic times 7 — oo . In this case they found

sinh? (mj
ol

cosh g, =
sinh (nw‘"j sinh (nw"‘“j
p p
sinh? [na) )
sinh @, = P
sinh(nwi“ jsinh[na)"‘“ j
p p
o, (k)=%(a)0ut ta,) (15)

Note that to go from one asymptotic region to another asymptotic region we
have to do basically time translation and corresponding Bogoliubov transformation
is defined by above coeffecients. According to our theory this example breaks
time translational symmetry in the transformed Hamiltonian but in asymptotic
time region metric is time translational invariant.

So, through the generalization of this mathematical idea we want to show that
if there are 2 observers living in 2 different spacetime which are connected
through some coordinate transformation then one observer can know about a
matter field living in other observer’s spacetime through Bogoliubov transfor-
mation but through that process for him charges defined with the help of stress-
energy tensor associated with Killing vector fields of other spacetime are broken.

This is our claim which we want to show.

3. Mathematical Framework of Scalar Field in Curved Spactime
3.1. The Quantized Real Scalar Field

Let’s consider a real scalar field theory in some general curved spacetime described

following action

S= _% [a'xy=g(x)[ 2" (x)0,0(x)0,0(x)+ m¢ (x)] (16)

The Euler-Lagrange equation will take following form [1] [11]

[-O+m*]p(x)=0. D¢:ﬁal [V-22"0,4] (17)

For Canonical quantization we need the conjugate momentum corresponding
to the field ¢(x)
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L
n_660¢_ J-28" (18)

Using this information one can easily write down the Hamiltonian density
1 ;
M=o~ L =g |-5" (0,4) +5"040,9+m’¢’ ] (19)
and in other way we can write the Hamiltonian as
H = [dxH =2 [@'x115,6 = £ [€x[118,¢ - 3,T1g] (20)
2 2

which can be shown through little bit of algebra.
Now note that the last formula give us

[4(1.x). (1) |= 0,6 (1,x) (21)
which we get through the quantization prescription

[é(l,x),ﬁ(t,x')] —is® (x-x)

. . . X (22)
[4(.%).6(1,x') |[= 0=[T1(1,x).11(1,x") |
3.2. Stress-Energy Tensor
Einstein-Hilbert action is following
d*x
S=—4-g(x)R(x)+S 23
167'5 g( ) ( ) matter ( )
with Einstein-equation as the Euler-Lagrange equation
1
G,y =Ry _Eg“ﬁR =8nT,, (24)

where R, is Ricci tensor and R is Ricci scalar. And the stress-energy tensor
T is given by
oS,
T(zﬁ (X) —_ 2 matter (25)

\Y _g 5gaﬂ
which in our case becomes

2

1 1
T;zv = 6;z¢av¢_5gyv (a¢) _Eg/zvm2¢2 (26)

Now note that conservation of stress-energy tensor comes from the fact that

matter action is invariant under spacetime diffeomorphisms

oS

605=0= j5ﬂ5g 5 (x)d4x

8op (x) “
LT (6 8y )5 =T
Je, [V s @

surfaceterm

:j\/%vaT“ﬂfﬂ

>V, 7% =0
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where & isa Killing vector field of the spacetime.

3.3. Fock Space

Let us consider a complete set of mode solutions { S f;} of the Klein-Gordon
equation, with { J } being a set of labels which distinguish independent solutions.
The modes are normalised with respect to the inner product defined in following

way

(f.8) =i g x| /" (6.x) g (1.%) (28)

such that solutions are orthonormalized in following manner
(o 13) =80 (1. 17) ==

(29)
U 1)-0-{5.1)

And one can also show that this definition of inner product is time-inde-
pendent [12].
Assuming that the inner product is well defined, the corresponding comple-

teness relation can be written as:

Z[ff(t,x)aoﬁ*(t,x') f t x)]— (x x) (30)
Now we write field operator in terms of mode decomposition
b(0)=2[a,f,(x)+a s (x)] (31)

Second quantisation promotes ¢3(x) to an operator, called the field operator,

obeying the commutation relation mentioned earlier. Consequently, the coeffi-

+

cients @, and a; obey the following algebra:

[a,.a} |=6,

(32)
(4.4, ]=0=[d].4] ]
And vacuum state |0> is defined such that
) =0,V (33)

. . at
Applying products of creation operators a@; to the vacuum state creates

multiparticle states, which form a basis of the Fock space

1 -
i du)y=—= 2114}, 10) (34)

(}’l')E o€eS, i=1

The identity operator can be written in terms of the basis vectors
VIR NI I VAR ALV YAIA (35)
n=lj Jn

In terms of one-particle operators, the stress-energy tensor can be written in

following way
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=344 T, (£ 1)+ @0 T, (1. 1)

J.k

+ala, W(fj,fk)+a QT (fj,fkﬂ (36)
T 1) =Vl ¥t =5 8 (V. ¥ ) =5 2

Looking at the first 2 terms in stress-energy tensor operator one might think it
already breaks U(1) symmetry but it actually not. To know that we have to go
further.

Let us specialise further to mode solutions of the Klein-Gordon equation

which satisfy the eigenvalue equations
0.0, = 0,5y 10.1] =-0f;
—i0'f; =w,f,, —i0'f; =-0,f]

An integration of these equations shows that f, ~ ¢’ . Hence, @; can be

(37)

interpreted as the frequency of the mode j. Under the assumptions, the norma-

lisation conditions and the completeness relation take the form:
(“’/ + @/’)I\/Ed% [ (x) f (tx) =5,
(a)j—a)jv)f\/%d%cfj(t,x)fj.(t,x)zo (38)
1
Za) C(x) fo(Lx)+ £ (6x) £ (1,x) =6 (x-x')
X 7=

which requires @; 20 (ie, instead of the eigenvalue @, of the Hamiltonian).
Thus, the norm and frequency of a mode f; can have opposite signs if
w;@; <0, forcing modes with negative frequency in the set of particle modes
which we don’t want.

Using the definition of conjugate momentum and Hamiltonian one can derive
[13]

H=— 'a).[&*‘d.m.aj.]: : d).[ft;fz.+—} (39)
Above equation shows that particles for which @, <0 make negative con-

tributions to the total Hamiltonian of the system, while particles for which @,

vanishes do not contribute.

3.4. Finite Temperature Field Theory

The concept of temperature is implemented by considering a quantum state
containing a thermal distribution of particle states, with the Hamiltonian operator
H playing the role of energy. The expectation value of an operator 4 ina

thermal state at a finite inverse temperature S =T"" is defined as

<2>ﬁ=éTr[eﬂH}lJ=éi{ > (i eﬂ’qul--‘m}

(40)

Z =Tre ™

It is now hard to show that [14] [15]
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5. 5.
A _ Y9 S A i A oA —0=/atat
<ajaj,>ﬁ = N <ajaj,>ﬁ _—l—efﬂ‘b" , <ajaj,>ﬂ 0 <ajaj,>ﬂ (41)

Notice because of U (1) invariance of the Hamiltonian, in thermal expectation
values of stress-energy tensor first 2 terms won’t contribute and therefore we will

get

R Sk UM A AN @)

A

but those term will contribute when we are considering <: T, (x)T,( y):>ﬁ.
Just because such 2 terms are present in stress-energy operator does not implies
U(1) symmetry breaking but if it presents in generator of certain transformation
then only we say U(1) symmetry is breaking. Since generator of time-translation
is 7% which is same as hamiltonian operator H therefore we are sure that
U(1) symmetry is not broken therefore charge is conserved. On the other hand if
we find 7% does not contain those 2 terms then charge associated with it does

not commute with generators of U(1) action.

4. Canonical Transformation

Under following canonical canonical transformation

G, =cosh@.¢, +sinh@.¢!
J JJ JJ (43)
d; = cosh H/éj. +sinh 9/.61.

Then in similar way as in [1] where we use finite temperature field theory
concepts from [16] [17] [18] [19] we can write partition function under above

transformation in following path integral manner
Z=[DgDg e
_ 1 _ .
Sy (4.9) :%.[Oﬁhdrzwj (7)(10, ~(cosh 6, +sinh’ 0,)£, )4, (v) ~ (44)
J
~&,sinh 6, cosh 0, (¢, (1), (r)+4, ()4, (7))]
which can be written in matrix representation in following way (denoting

;(j:cosh20j+sinh2¢9j, n;=cosh@ sinh@,, & =@, —u where p isthe che-

mical potential)

$:(5.0)=3 /T8 () 0,(0)

X

1

F(0=x) e, X(@(T)J

1= Z
&m, E(har _égjlf)

= L[ (@) 4(-0,)

(45)

X

%(ihw,, ~¢1)) g ) X(gj((w ))j

1, . -,
i, 5(_’7”"»1 —SiX
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Now we define generating functional to get the correlation functions of any
order. It is defined as(from now on we consider 7 =1)

e 1 — _q. py Zz(j (mn)¢'(mn)+‘]'(wn)¢7'(mn)) _
Z[J,J]:EjmmqseSt(w)xen./ T

where JGJ denotes a matrix multiplication with sum over modes and G is
the propagator matrix or 2-point function matrix. Let’s write down JGJ
explicitly

761 =337, (w,) J,(-,))x :

w7 a)f+§f(;(f—477f)
(47)
_/

J; (-

J

X

1, .
E(_"‘)n _‘fjlf) =51, [ J (@) J
I %(iwn _96175‘/) )

Now let’s do the matrix multiplication and write down the JGJ explicitly

> e
~em,(7(0,)7,(~0,)+ 7, (0,)7,(~0,))]

Note that for this case we found out that non-vanishing 2-point functions are

__ 81,
<¢j (a)n )¢j (_a)n )> - 605 +§jz
py - _ 81,
(4,(0,)8,(-0,)) = oy (49)
4(—ia)n —§j;(j)

ACHTACHE

2 2
w, +¢;
From above information itself we can write

T Ap S el + & Bmit e’ —1 2 =&

(¢¢,), =(eer), = L 8m 1 1 8,

Cem, 2em ()

S ™ —1

= — ki (50)

T ia 2 2 T L 2 2
45T o, +¢; 4nice” -1 " -¢&;

<CATCA> 1 4(ia)"+§j;(j) 1 1 2(z+§/;(/.)
I

_ 1St e (_éj +1j§f)
_2_51_ F + 7
1(lvz) 1% (14 2)

251 2 S

Now we take f — oo limit when only ground state contributes, therefore we
get
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Rt = 5sinh 26

(e, > (7, -1)=sinh’, (51)
< > =sinh® 0,+1
Note that above results are vacuum expectation values because at S —
limit only ground state contributes inside trace operation in partition function.
Above result clearly shows that ground state of the hamiltonian under Bogo-
liubov transformation is no longer a state which is annihilated by annihilation
operators and also ground state does not maintain U(1) invariance property
which we also mentioned in [1].

Now recall that before doing Bogoliubov transformation

<: Vi :>ﬂ%w = <: T :> =0 (52)

whereas after doing the transformation we will have following stress-energy

tensor operator
:f”V::;[djdk’];v(fj,ﬁ()+aa (fj,fk)
0T, (£ )+l T, (117
Z[ o (£ 1) cosh 8, cosh 6,¢,¢, +sinh 0, sinh 6,¢!¢]
+cosh @, sinh 6,¢,¢] +sinh 0, cosh 6,¢1¢, ]
+T,, (.1 )[ cosh 6, cosh 6,¢!é] +sinh 6, sinh 6,¢ ¢,
+cosh @, sinh 6, é;ék +sinh &, cosh 6, éjé,'f ]
+T,, (. 1;)[ cosh 6, cosh 6,!¢, +sinh 6, sinh 6,¢,¢]
+cosh 6, sinh Hké;éz +sinh &, cosh Hkéjék] (53)
+T,, (f;: £ ) cosh 6, cosh 6,¢,¢] +sinh 6, sinh 6,¢1é,

+cosh @, sinh 6,¢ ¢, +sinh 6, cosh Hkéjéz H
Now we are going to calculate <: ™ :> which w.r.t new vacuum state becomes
<: Vi :> = Z[T”V (fj,fj )[cosh 6, cosh 0, <8jéj>+ sinh 0, sinh 6, <éjéj>
+cosh @, sinh 6, < > +sinh @, cosh 6, < >]
+T‘”(f;,f;)[cosh¢9 cosh @, <ATAT>+smh0 sinh 6, < >

J

+cosh @), sinh 0, (¢)¢,)+sinh 0, cosh 0, (¢,¢1 )|

+T* (f].1,)] cosh @, cosh @, (¢1¢, ) +sinh 6, sinh 0, (¢,¢1)

J

+cosh @, sinh 6, <AT "T>+Sinh 0, coshd, <éj.é/,>}
+TH (fj,fj*)[COShH coshd. < >+s1nh€ sinh 6, <A y > (54)

+cosh @, sinh 6, <é C. > +sinh @, cosh 6, <é;é; >ﬂ
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Note that exact answer may depend on the values of
A ARmUNARMUSH AR

<£’j5j >, <é;é‘/>, <£’j£’;>, <éjéj> are all positive definite. And also note that

(-7 )= 2| T/, f;)[ cosh 0, cosh, (¢,¢, ) +sinh 6 sinh 6, (¢]¢])
+] cosh @) sinh 0, (¢ ,¢])+sinh 6, cosh 0, (¢]¢, )|
+ T/ (1], ;)| cosh®, cosh 6, (¢]¢] ) +sinh 6, sinh 6 (¢,¢, )
+cosh @), sinh 6, (¢1¢, ) +sinh 0, cosh 0, (¢,¢]) |
+ T (] 1) cosh 6, cosh 6, ()¢, ) +sinh 6, sinh 0, (¢,¢])
+cosh @) sinh @, (¢1¢])+sinh 0, cosh 0, (¢,¢, ) |
+ T/ (1,1 cosh 6, cosh 6, (¢,¢! ) +sinh 9, sinh 6, (¢1¢,) 9
+cosh ), sinh 6 (¢,¢, ) +sinh 6, cosh ), (]¢] ) |
And note that
T (S f) == 17
(1 0) =T (10 ) == 1] (56)
T 1)) =mf?
therefore, we can definitely say that <; iy :> #0 which means all terms of
<: Vi :> are not zero, which shows that generators associated with spacetime
symmetries which I defined earlier are broken which is what observer finds after

doing Bogoliubov transformation to know about characteristics of matter in
different frame.

On the other-hand if we start with the second frame from the matter action
level itself without doing Bogoliubov transformation then as usual we will have

Hamiltonian of following form
~ 1 A Ay
H =EZQ1 (bzr ) +b, 1‘) (57)
]

which is invariant under U(1) action and therefore from partition function we

can have following thermal expectation values

(51,), = s (1), =
(B5,) =0=(88})

Note that in S — o0 limit when ground state contribution is maximum we

(58)

will have

(59)
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And with the stress-energy tensor being
T =256 T, (2-2)+bb/T,, (g 21)
i, ) . . (60)
+b/6,T,, ()2 )+bb\T,,(2,-21)]

where { g g:} are two independent solutions of Klein-Gordon equation
corresponding to matter field equation in target curved spacetime where we did
go through Bogoliubov transformation.

With the above result it is easy to check now that in this case indeed

<:f”v :>:<:f”V :> =0 (61)
P
which shows generators with corresponding spacetime symmetries are not

broken which we should expect because classically spacetime has some Killing

vector fields which defined the corresponding symmetries of the spacetime.

5. Conclusion

In the beginning of this article, I emphasized on the fact that in thermodynamic
limit although we have 2 disjoint vector spaces but we still can do the canonical
transformation. And we also restrict ourself to new Fock space because after
taking infinite volume limit we can’t get back to the old Fock space. In this
article, I am able to show a inconsistency between Bogoliubov transformation
and breaking of charges associated with classical spacetime symmetries through
stress-energy tensor of matter. Although breaking of such charges in quantum
field theory is not problematic but we show there are two different descriptions,
one is Bogoliubov transformation through which we can find the properties of
matter field in coordinate transformed spacetime (target spacetime) and other is
action description of matter field imposed on the target spacetime itself from the
beginning. And this also raises the question of validity of particle production
phenomenon [20]-[29] which is a highly debatable matter. In the paper [30]
(and others with similar approaches [31] [32] [33] [34]), the author shows that
applying the rigorous algebraic approach to QFT, the derivation of the Unruh
effect usually done by almost everyone is incorrect, and that the Unruh effect
doesn’t exist. More than that, as far as I know, the Unruh effect hasn’t been yet
observed therefore, in the end of the day, the Unruh effect has no any expe-

rimental observation that would point towards its correctness.
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