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Abstract 
The effect of viscosity depending exponentially on temperature on the onset 
of penetrative ferro-thermal-convection (FTC) in a saturated horizontal por-
ous layer in the presence of vertical magnetic field is investigated. The bounding 
surface of the ferrofluid layer is considered to be rigid-rigid and insulated to 
temperature perturbations. The resulting eigenvalue problem is solved nu-
merically using the Galerkin technique and also analytically by a regular per-
turbation technique with wave number as a perturbation parameter. The 
analytical and numerical results are found to be concurrence. The characte-
ristics of stability of the system are strongly dependent on the viscosity para-
meter B. The effect of B on the onset of ferroconvection in a porous layer is 
dual in nature depending on the choices of physical parameters and a sublay-
er starts to form at higher values of B. Whereas, increase in magnetic number 

1M  and the Darcy number Da is to advance the onset of ferroconvection in a 
porous layer. The nonlinearity of fluid magnetization 3M  is found to have 
no influence on the onset of ferroconvection. 
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1. Introduction 

Ferrofluids are stable colloidal suspensions of magnetic nanoparticles in a carrier 
fluid such as water, hydrocarbon (mineral oil or kerosene), or fluorocarbon. The 
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weirdness of these fluids is the combination of normal liquid behaviour with a 
magnetic control of their flow and properties. Presently, these fluids are in wide 
use in seals, bearings, magnetostatic support, jet printers, separation of non-
magnetic particles, flow control and drag reduction, dampers, actuators, sensors, 
transducers, and medical applications. An authoritative introduction to this fas-
cinating subject along with their applications is provided in [1] [2] [3].  

The magnetization of ferrofluids depends on the magnetic field, temperature, 
and density. Hence, any variations of these quantities induce change of body 
force distribution in the fluid and eventually give rise to convection in ferroflu-
ids in the presence of a gradient of magnetic field. There have been numerous 
studies on thermal convection in a ferrofluid layer called ferroconvection ana-
logous to Rayleigh-Bénard convection in ordinary viscous fluids. The theory of 
thermal convective instability in a ferrofluid layer began with Finlayson [4] and 
extensively continued over the years [5] [6] [7] [8]. Nanjundappa and Shivaku-
mara [9] have studied a variety of velocity and temperature boundary conditions 
on the onset of ferroconvection in an initially quiescent ferrofluid layer. Singh 
and Bajaj [10] have investigated a time-periodic modulation in temperatures of 
two horizontal rigid planes containing an initially quiescent ferrofluid layer in-
duces time-periodic oscillations in the fluid layer at the onset of instability. 

Thermal convection of ferrofluids saturating a porous medium has also at-
tracted considerable attention in the literature owing to its importance in con-
trolled emplacement of liquids or treatment of chemicals, and emplacement of 
geophysically imageable liquids into particular zones for subsequent imaging etc. 
Rosensweig et al. [11] have studied the stabilization of fluid penetration through 
a porous medium using magnetizable fluids. The stability of the magnetic fluid 
penetration through a porous medium in high uniform magnetic field oblique to 
the interface is studied. Zahn and Rosensweig [12]. The thermal convection of a 
ferrofluid saturating a porous medium in the presence of a vertical magnetic 
field is studied by Vaidyanathan et al. [13]. The laboratory-scale experimental 
results of the behavior of ferrofluids in porous media consisting of sands and se-
diments are presented by Borglin et al. [14]. Sunil et al. [15] have dealt with the 
theoretical investigation of the double-diffusive convection in a micropolar fer-
romagnetic fluid layer heated and soluted from below saturating a porous me-
dium. Nanjundappa et al. [16] have explored a model for penetrative ferrocon-
vection in saturated porous layer via internal heat generation.  

Majority of ferrofluids are either water-based or oil-based. The viscosity of 
water is far more sensitive to temperature variations and oils are known to have 
viscosity decreasing exponentially with temperature rather than linearly. Realiz-
ing the importance, several investigators have considered exponential variation 
in viscosity with temperature in analyzing thermal convective instability in a ho-
rizontal fluid layer but the studies are limited to ordinary viscous fluids [17] [18] 
[19] [20] as well as in a layer of saturated porous medium [21] [22] [23]. To our 
knowledge, due attention has not been given to investigate convective instability 
problems involving ferrofluids despite its relevance and importance in many 
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heat transfer applications. Shivakumara et al. [24] have investigated the onset of 
thermogravitational convection in a horizontal ferrofluid layer with viscosity 
depending exponentially on temperature.  

The intent of the present study is to analyze the influence of viscosity varying 
exponentially with temperature on the onset of penetrative FTC in a ferrofluid 
saturated porous layer via internal heating in the presence of a uniform vertical 
magnetic field. In investigating the problem, the boundaries of the ferrofluid 
layer is considered to be rigid-ferromagnetic with insulated to temperature per-
turbations. The resulting eigenvalue problem is solved numerically by the Galer-
kin technique and analytically by a regular perturbation technique.  

2. Mathematical Formulation 

The physical configuration considered is horizontal layer of an incompressible 
ferrofluid of characteristic thickness d in the presence of an imposed spatially 
uniform magnetic field 0H  in the vertical direction (see Figure 1). 

The lower and upper boundaries are maintained at constant but different 
temperatures lT  and ( )u lT T< , respectively. A Cartesian co-ordinate system (x, 
y, z) is used with the origin at the bottom and z-axis is directed vertically upward. 
Gravity acts in the negative z-direction, ˆgk= −g , where k̂  is the unit vector 
in the z-direction. The variation of viscosity η  of the ferrofluid with tempera-
ture is assumed to be exponential, given by  

( )0 exp rT Tη η γ= − −                          (1) 

where, T is the temperature, 0η  is the reference value at the reference tempera-
ture rT  and γ  is a positive constant. 

The governing equations under the Oberbeck-Boussinesq approximation are 
given by the following: 

Mass balance:  
0∇⋅ =q .                            (2) 

Linear momentum balance: 

( )

( ) ( )

0 2

T
0

1 1
t

p
k

ρ
ε ε

η ηρ µ
ε

∂ + ⋅∇ ∂ 
 = −∇ + +∇ ⋅ ∇ +∇ + ⋅∇ −  

q q q

g q q M H q
        (3) 

 

 
Figure 1. Physical configuration. 
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Energy balance: 

( )( )0 , 0 0
,

2
0 1

,

1V H S
V H

V H

DT TC C
T Dt t

DT k T
T Dt

ε ρ µ ε ρ

µ

 ∂ ∂ − ⋅ + −  ∂ ∂   
∂ + ⋅ = ∇ ∂ 

MH

M H
          (4) 

Equation of state: 

( )0 1 t aT Tρ ρ α = − −                         (5)  

Maxwell’s equations in the magnetostatic limit: 

0∇⋅ =B , 0∇× =H ,                      (6a,b) 

( )0µ= +B M H .                         (6c) 

Here, ( ), ,u v w=q  the seepage velocity vector, p the pressure, ρ  the fluid 
density, B  the magnetic induction, M  the magnetization, H  the magnetic 
field intensity, 0µ  the magnetic permeability of vacuum, k the permeability of 
the porous medium, ( ) 2a l uT T T= +  the average temperature, ε  the porosity 
of the porous medium, tk  the thermal conductivity, ,V HC  the specific heat at 
constant volume and magnetic field, 0ρ  the reference density, tα  the thermal 
expansion coefficient and the subscript s represents the solid. In view of Equa-
tion (6b), H  can be expressed as  

ϕ= ∇H                             (7) 

where, ϕ  is the magnetic potential. 
Since the magnetization depends on the magnitude of magnetic field and 

temperature, we have  

( ),M H T
H

=
HM                         (8) 

The linearized equation of magnetic state about 0H  and aT  is    

( ) ( )0 0 aM M H H K T Tχ= + − − −                  (9) 

where, ( )0 0 , aM M H T=  is the saturation magnetization, ( )
0 , aH TM Hχ = ∂ ∂  

the magnetic susceptibility, ( )
0 , aH TK M T= − ∂ ∂  the pyromagnetic co-efficient, 

H = H  and M = M .  

It is clear that there exists the following solution for the quiescent basic state: 

0b =q  

( ) ( )
( )

( )
2 2

0 0 0
0 0 0 2

1
2 1 2 1

b t
M K K

p z p gz g z z d z z z d
µ β µ β

ρ ρ α β
χ χ

= − − − − − −
+ +

  

( )
2b a
dT z T zβ  = − − 

 
  

( ) 0
ˆ

1 2b
K dz H z kβ
χ

  = − −  +   
H  
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( ) 0
ˆ

1 2b
K dz M z kβ
χ

  = + −  +   
M                 (10) 

where, ( )l uT T dβ = −  is the temperature gradient and the subscript b denotes 
the basic state. To investigate the conditions under which the quiescent solution 
is stable against small disturbances, we consider a perturbed state such that  

( ) ( )
( ) ( ) ( )

, , ,

, ,
b b

b b b

p p z p z

T T z T z z

η η η′ ′ ′= = + = +

′ ′ ′= + = + = +

q q

H H H M M M
         (11) 

where, ′q , p′ , η′ , T ′ , ′H  and ′M  are perturbed variables and are as-
sumed to be small. Then, we note that  

( ) ( )0 exp 2 r az d T T Tη η γβ γ γ ′ = − + − −               (12) 

Substituting Equation (9) into Equation (8) and using Equation (9) and as-
suming the ( ) 01K z Hβ χ+ , we get (after dropping the primes)    

0

0

1 , 1, 2i i i
M

H M H i
H

 
+ = + = 

 
                  (13) 

3 3M H KTχ= −                          (14a) 

Hence on using Equation (14), we get 

( )3 3 3 3 31M H H KT H H KTχ χ+ = − + = + −  

Again substituting Equation (11) into momentum Equation (3), linearizing, eli-
minating the pressure term by operating curl twice and using Equation (13) the 
z-component of the resulting equation can be obtained as (after dropping the 
primes)   

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

2 4 2 2
0 0

2
2 2 2

2

2
2 20

0

2

2

1
1

t h

h

h h

z ww z w g T
t z z

z z
w w w

k z
z KwK T

z k z z

η
ρ η ρ α

η η

η µ β
µ β ϕ

χ

∂∂ ∂ ∇ = ∇ + ∇ + ∇  ∂ ∂ ∂ 
∂

− ∇ + ∇ − ∇
∂

∂∂ ∂
− ∇ − + ∇

∂ ∂ ∂ +

    (14b) 

where, ( ) ( )0 exp
2 r a
dz z T Tη η γβ γ  = − + −    

 and 2 2 2 2 2
h x y∇ = ∂ ∂ + ∂ ∂  is 

the horizontal Laplacian operator. 
The energy balance Equation (4) after using Equation (11) and linearizing, 

takes the form (after dropping the primes)   

( ) ( )
2

2 0 0
0 0 0 1 01 2 1

T KTC T K k T C w
t t z

µϕρ µ ρ β
χ

 ∂ ∂ ∂ − = ∇ + −  ∂ ∂ ∂ +   
    (15) 

where ( ) ( )( )0 0 , 0 0 01
1V H s

C C H K Cρ ερ εµ ε ρ= + + − ,  
( )0 0 , 0 02 V HC C H Kρ ερ εµ= +  and we have assumed 0d Tβ  . 

Equations 6(a, b), after substituting Equation (11) and using Equation (13), 
may be written as (after dropping the primes) 

( )
2

20
2

0

1 1 0h
M TK
H zz

ϕϕ χ
  ∂ ∂
+ ∇ + + − =  ∂∂ 

.               (16) 
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Since the principle of exchange of stability is valid [5], the normal mode ex-
pansion of the dependent variables is assumed in the form 

( )
( )
( )

( )exp

W zw
T z i x my

zϕ

  
   = Θ +      

   Φ   

                   (17) 

where,   and m are wave numbers in the x and y directions, respectively. 
On substituting Equation (17) into Equations (14)-(16) and non-dimesionalizing 

the variables by setting     

( )

( )

( ) ( )

* * *

*

*

*
2

*

0

, , , , ,

,

,

1
 ,

x y zx y z
d d d

dW W
A

d

K d
z

f z

ν
κ

βν
χ κ

βν
η
η

 =  
 

=

Θ = Θ

+
Φ = Φ

=

                     (18) 

where, kinematic viscosity, 0 0ν η ρ= , effective thermal diffusivity ( )1 0 2
k Cκ ρ=  

and ( ) ( )0 01 2
A C Cρ ρ= .  

Following the classical lines of linear stability theory as presented by Chan-
drasekhar [25], neglecting the asterisk, the linearized and dimensionless go-
verning equation can be written as:  

( ) ( ) ( )
( )

( )

22 2 2 2 2 2 2

1 2 2 1

2 2

2

t m

f D a W Df D a DW D f D a W

f Da D a W Df Da DW

R a R a D

− −

− + − + +

− − −

= Θ− Φ −Θ

       (19) 

( ) ( )2 2
21D a M A W− Θ = − −                      (20) 

( )2 2
3 0D a M D− Φ − Θ = .                      (21) 

Here, d dD z=  is the differential operator, 2 2a m= +  is the overall ho-
rizontal wavenumber, W is the amplitude of vertical component of velocity, Θ  
is the amplitude of temperature, Φ  is the amplitude of magnetic potential, 

4
t tR g d Aα β νκ=  is the thermal Raleigh number,  

( )2 2 4
1 0 1m tR R M K d Aµ β χ µκ= = +  is the magnetic Rayleigh number,  

( )2
1 0 01 tM K gµ β χ α ρ= +  is the magnetic number, ( )2

2 0 01aM T K Cµ χ ρ= +  
is the magnetic parameter, ( ) ( )3 0 01 1M M H χ= + +  is the measure of nonli-
nearity of fluid magnetization parameter. The typical value of 2M  for magnetic 
fluids with different carrier liquids turns out to be of the order of 10−6 and hence 
its effect is neglected as compared to unity and ( )f z  is given by  

( ) ( )1exp
2

r aT T
f z z

dβ
 − = Λ − +  

  
                 (22) 
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where, B dγβ=  is the dimensionless viscosity parameter. If the reference tem-
perature r aT T= , then  

( ) ( )exp 1 2f z B z= −   .                     (23) 

The boundaries are considered to be rigid-ferromagnetic and they are insu-
lated to temperature perturbations: 

0W DW D= = Φ = Θ =  at 0,1z =                 (24) 

3. Method of Solution 

Equations (19)-(21) together with the corresponding boundary condition (24) 
constitute an eigenvalue problem with tR  or mR  as an eigenvalue. The eigen-
value problem is solved numerically using the Galerkin technique as well as ana-
lytically using a regular perturbation technique and the results so obtained are 
compared to know the accuracy of the methods employed. 

3.1. Solution by the Galerkin Technique 

The Galerkin method is used to solve this problem as explained in the book by 
Finlayson [26]. In this method, the test (weighted) functions are the same as the 
base (trial) functions. Accordingly, W, Θ  and Φ  are written as  

( )

( )

( )

1

1

1

n

i i
i
n

i i
i
n

i i
i

W AW z

C z

D z

=

=

=

=

Θ = Θ

Φ = Φ

∑

∑

∑

                        (25) 

where, iA , iC  and iD  are unknown constants to be determined. The base 
functions )(zWi , ( )i zΘ  and ( )i zΦ  are generally chosen such that they sa-
tisfy the boundary condition (24) but not the differential equations. For this 
boundary, they are chosen as  

( )
( )
( )

4 3 *
1

*
1

2 *
1

2 ,

1 2 ,

1 2 3

i i

i i

i i

W z z z T

z z T

z z T

−

−

−

= − +

Θ = −

Φ = −

                     (26) 

where, *
iT ’s are the modified Chebyshev polynomials. The above trial functions 

satisfy the boundary condition. Multiplying Equation (19) by ( )iW z , Equation 
(20) by ( )i zΘ  and Equation (21) by ( )i zΦ ; performing the integration by 
parts with respect to z between 0z =  and 1z =  and using the boundary con-
ditions, we obtain a system of linear homogeneous algebraic equations in iA , 

iC  and iD . Nontrivial solution exists if and only if the characteristic determi-
nant is equal to zero. This leads to a relation involving the characteristic equa-
tion in the form  

( )1
1 3, , , , , , 0t mF R R Da M M B a− = . 
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The critical values of tcR  or mcR  are found as a function of wave number a 
for various values of physical parameters. It is observed that the convergence is 
achieved with six terms in the series expansion. 

3.2. Solution by Regular Perturbation Technique 

It is known that for insulated boundary conditions the onset of convection cor-
responds to a vanishingly small wave number (i.e. unicellular convection). The 
numerical calculations carried out in the previous section also corroborate this 
fact. Therefore, an attempt is being made to exploit this fact to obtain an analyt-
ical formula for the onset of convection using a regular perturbation technique 
with wave number a as a perturbation parameter. Accordingly, the variables W, 
Θ  and Φ  are expanded in powers of a2 as  

( ) ( ) ( )2
0 0 0 1 1 1, , , , , ,W W a WΘ Φ = Θ Φ + Θ Φ +              (27) 

Substituting Equation (27) into Equations (19)-(21) and also in the boundary 
conditions, and collecting the terms of zero-th order, we obtain 

( )4 3 2 1 2 1
0 0 0 02 0,D W BD W B Da D W BDa DW− −+ + − − =        (28a) 

2
0 0 0,D WΘ + =                          (28b) 

2
0 0 0D DΦ + Θ =                         (28c) 

with the boundary condition 0 0 0 00W DW D= = = Θ = Φ . The solution to the 
zero-th order equations is: 0 00, 1W = Θ = , and 0 0Φ = . 

The first order equations are then  

( ) ( ) ( )1 24 3 2 1 2 1
1 1 1 1 12 1 e ,B z

tD W BD W B Da D W BDa DW R M − −− −+ + − − = +  (29a) 

2
1 1 1,D WΘ + =                        (29b) 

2
1 1 0D DΦ − Θ =                       (29c) 

with the boundary conditions 1 1 1 1 0W DW D= = Φ = Θ = .  
The general solution of Equation (29a) is given by  

( ) ( )1 2 1 21
1 1 2 3 4 1

1
e e e e B ztz zBz R M

W c c c c z
BDa

δ δ − −−
−

+
= + + + +       (30) 

where,  
2 1

1
4

2
B B Daδ

−− + +
= , 

2 1

2
4

2
B B Daδ

−− − +
= , 1 2 3 4c c c c= − − − , 

( ) ( )
( )

1 21
3 4

2 1

1 e 1 e

1 e B

BDa c c
c

B Da

δ δ τ−

− −

 − − + − + =
−

, 
( )

( )
4 2

3 1
1 4 2 3

1 e eB BB B
c

BDa

τ
−

 + − ∆ − ∆ =
∆ ∆ −∆ ∆

, 

( )
( )

3 1
4 1

1 4 2 3

1 e eB BB B
c

BDa

τ −

−

 − + − ∆ + ∆ =
∆ ∆ −∆ ∆

, ( ) 2
11 e B

tR Mτ −= +  

with  

( ) ( )1
1 11 e 1 e BB δ δ −∆ = − + − , 
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( ) ( )2
2 21 e 1 e BB δ δ −∆ = − + − , 

( ) ( )1 1
3 1e 1 e e 1 eB BB δ δδ− −∆ = − + − , 

( ) ( )2 2
4 2e 1 e e 1 eB BB δ δδ− −∆ = − + − . 

From Equation (29b), it follows that  
1

1
0

1 dW z= ∫ .                          (31) 

Substituting for 1W  from Equation (30) into Equation (31) and carrying out 
the integration leads to an expression for the critical Rayleigh number tcR  in 
the form 

[ ]
( )[ ]

2 1
1 1 2 2

1 1 3 4 6 21

2
4 sinh cosh 21tc

B Da
R

B P PM
λη λ η

λ η δ η δ λ

− −
=

+ + −+
 

where  

( )
( )

1

2

cosh 2

sinh 2

P B

P B

=

=
 

1 1

2 2

3 3 4

4 5 6

1 cosh
sinh

cosh
sinh

P
P

B
B

η δ
η δ
η λ λ
η λ λ

= − +
=
= −

= +

 

with 

( )2 2
1 4 4B Bλ δ δ= − − + , 

4 4
2 16 Bλ δ= − + , 

( ) ( )( )2 2 2 4 4 2
3 8 6 16 2B B B Bλ δ δ= − − + + + + , 

( )4 2 2 4
4 2 16 24 B Bλ δ δ= + + , 

( )2 2 3
5 16 4B B Bλ δ δ= − + , 

( )2 2
6 32 4B Bλ δ δ= + , 

2 14B Daδ −= + . 

As 0B →  and 1 0Da− → , Equation (32), reduce to  

1

720
1tcR

M
=

+
                        (33) 

These are the results for constant viscosity ferrofluids and coincide with Nan-
jundappa and Shivakumara [16]. When 1 0M =  (i.e. ordinary viscous fluid), 
Equation (33) reduce to the critical Rayleigh number of 720tcR = , which is he 
known exact value documented in the literature. Equation (33) further reveal 
that the nonlinearity of fluid magnetization (i.e. 3M ) has no effect on the onset 
of ferroconvection; a result which is observed by numerical computations car-
ried out in the previous section. This result is similar to the one noticed in the 
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case of constant viscosity ferrofluids [16]. Since at the onset of convection 
0ca =  (very large wave length), one would expect that 3M  has no effect on 

the stability of the system.  

4. Results and Discussion  

The linear stability analysis is carried out with viscosity depending exponentially 
on temperature on the onset of FTC in a ferrofluid saturated porous layer. The 
bounding surface of the ferrofluid layer is rigid-ferromagnetic and insulated to 
temperature perturbations. The critical eigenvalue tcR  or mcR  and the corres-
ponding wave number ca  are computed numerically by the Galerkin method 
as well as analytically by employing a regular perturbation technique for differ-
ent 1

1, ,mR M Da−  and B. It is noted that the critical wave number is vanishingly 
small and this fact is exploited to obtain an analytic expression for tcR  using a 
regular perturbation technique with wave number a as a perturbation parameter. 
Such a study also helps in knowing the accuracy of the numerical method em-
ployed in solving the problem. The stability characteristics of the system are 
found to be independent of the nonlinearity of fluid magnetization parameter 

3M . The salient features of the physical parameters on the onset of FTC are ex-
hibited in Figures 2-7.  

Figure 2 shows the variation of tcR  as a function of viscosity parameter B for 
different magnetic parameter 1M  when 1 50Da− = . The figure clearly illu-
strates the strong influence of viscosity parameter B on FTC. 

As a result of viscosity variation, two distinguish regions are shown, tcR  in-
creases negligibly small for B up to 5.17019, at which maximum value of tcR  are 
reached; rapidly decreasing trends are found for 1 0M =  (i.e. absence of mag-
netic force) and decreasing slowly for 1 0M >  (i.e. presence of magnetic force). 
At maximum value of tcR  a sublayer starts to form. It is seen that maximum tcR  
exists at 0B =  and tcR  decreases monotonically with increasing B indicating  
 

 

Figure 2. Variation of tcR  versus B for different 1M  when 1 50Da− = . 
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Figure 3. Variation of tcR  versus B for different 1Da−  when 1 2M = . 

 

 

Figure 4. Locus of tcR  versus cMa  for different 1Da−  for 2B = . 

 

 

Figure 5. Vertical velocity eigenfunction for 2B =  and 1 50Da− = . 
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Figure 6. Vertical velocity eigenfunction for 2B =  and 1 2M = . 

 

 

Figure 7. Vertical velocity eigenfunction for 1 50Da− =  and 1 2M = . 

 
its effect is to destabilize the system. This is due to the decrease in viscosity of the 
ferrofluid with temperature. Moreover, tcR  decreases quite rapidly at first then 
slowly and finally the curves of different 1M  merge with increasing B. It is 
more so with an increase in the value of 1M  and this is due to additive rein-
forcement of destabilizing magnetic force. The results for 1 0M =  correspond 
to ordinary viscous fluid and it is observed that higher heating is required to 
have instability in this case. Thus the combined effect of temperature dependent 
viscosity and magnetic forces is to reinforce together and to hasten the onset of 
FTC compared to their effect in isolation. The value of 5.17019B =  at which 

tcR  attains its maximum value ( )maxtcR  are tabulated in Table 1 for different 
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values of 1M  when 1 50Da− = . From Table 1 it is seen that ( )maxtcR  decreas-
es with increasing 1M . 

Figure 3 shows variation of tcR  with variation parameter B for various values 
of 1Da−  when 1 2M = . It is seen that tcR  increases with increasing 1Da−  
and hence its effect is to delay the onset of FTC. 

For a fixed thickness of the porous layer, increase in the value of 1Da−  leads 
to decrease in the permeability of the porous medium which in turn retards the 
flow of ferrofluid. Therefore, higher heating and hence higher value of tR  is 
required for the onset of tcR  in a ferrofluid saturated porous medium. For dif-
ferent 1Da− , Figure 3 demonstrates two distinct characteristics and which is 
same situation in the presence of magnetic forces with increase in B.  

The value of B at which tcR  attains its maximum value ( )maxtcR  are tabu-
lated in Table 2 for different 1Da−  when 1 2M = . From Table 2 it is seen that 
( )maxtcR  and 1Da−  decreases with increasing B. 

The locus of tcR  and mcR  is shown in Figure 4 for different 1Da−  with 
2B =  to know the simultaneous presence of buoyancy and magnetic forces on 

the stability of the system.  
From the figures it is obvious that there is a strong coupling between tcR  and 

mcR  and the curves are slightly convex. That is, when the buoyancy force is 
predominant the magnetic force becomes negligible and vice-versa. From Figure 
4, it is seen that an increase in 1Da−  is to increase in tcR  as well as mcR  and 
thus its effect is to delay the onset of ferroconvection.  

The perturbed vertical velocity eigenfunctions are presented in Figures 5-7 
for different values of 1M , B and 1Da− , respectively.  
 
Table 1. Values of ( )maxtcR  occurring at B for different values of 1M  when 1 50Da− = . 

1M  ( )maxtcR  B 

0 1623.48 5.17019 

1 811.74 5.17019 

2 541.16 5.17019 

3 405.87 5.17019 

5 270.58 5.17019 

10 147.589 5.17019 

 
Table 2. Values of ( )maxtcR  occurring at B for different values of 1Da−  when 1 2M = . 

1Da−  ( )maxtcR  B 

0 256.737 7.56313 

25 400.153 5.72418 

50 541.16 5.17019 

75 678.309 4.91311 

100 812.433 4.76013 
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As can be seen, the shape of the eigenfunction is parabolic in nature. Increas-
ing 1M , decreasing B and 1Da−  is to increase the vigor of the ferrofluid flow 
and hence their effect is to hasten the onset of ferroconvection. 

5. Conclusion 

The onset of ferroconvection in a ferofluid saturated porous layer with viscosity 
varying exponentially with temperature is studied. The viscosity parameter B ex-
hibits a dual effect on the stability characteristics of the system. It shows stabi-
lizing effect on the system viscosity. The viscosity parameter B exhibits a dual 
effect on the stability characteristics of the system. It shows stabilizing effect on 
the system initially but displays a reverse trend after exceeding certain value of B. 
The critical Rayleigh number tcR  attains maximum value at some intermediate 
values of B. The effect of the increase in mR  and the Darcy number Da is to 
hasten the onset of FTC. The buoyancy and magnetic forces reinforce each other 
in hastening the onset of FTC. The nonlinearity of fluid magnetization parame-
ter 3M  has no effect on the onset of FTC. The critical eigenvalues were ob-
tained by a regular perturbation technique and computed numerically using the 
Galerkin method complement with each other indicating the analytical solutions 
obtained are exact. 

Acknowledgements 

The authors acknowledge the financial support received in the form of a “Re-
search Fund for Talented Teacher Scheme” from Vision Group of Science & 
Technology, Government of Karnataka, Bengaluru, India. 

Conflicts of Interest 

The authors declare no conflicts of interest regarding the publication of this pa-
per. 

References 
[1] Rosensweig, R.E. (1985) Ferrohydrodynamics. Cambridge University Press, Cam-

bridge. 

[2] Bashtovoy, V.G., Berkovsky, B.N. and Vislovich, A.N. (1988) Introduction to 
Thermomechanics of Magnetic Fluids. Springer, Berlin. 

[3] Blums, E., Cebers, A. and Maiorov, M.M. (1997) Magnetic Fluids. de Gruyter, New 
York. https://doi.org/10.1515/9783110807356 

[4] Finlayson, B.A. (1970) Convective Instability of Ferromagnetic Fluids. Journal of 
Fluid Mechanics, 40, 753-767. https://doi.org/10.1017/S0022112070000423 

[5] Kaloni, P.N. and Lou, J.X. (2004) Convective Instability of Magnetic Fluids. Physical 
Review E, 70, Article ID: 026313. https://doi.org/10.1103/PhysRevE.70.026313 

[6] Sunil, M.A. (2008) Nonlinear Stability Analysis for Magnetized Ferrofluid Heated 
from Below. Proceedings of the Royal Society A: Mathematical Physical and Engi-
neering Sciences, 464, 83-98. https://doi.org/10.1098/rspa.2007.1906 

[7] Odenbach, S. (2004) Recent Progress in Magnetic Fluid Research. Journal of Phys-

https://doi.org/10.4236/jemaa.2019.117007
https://doi.org/10.1515/9783110807356
https://doi.org/10.1017/S0022112070000423
https://doi.org/10.1103/PhysRevE.70.026313
https://doi.org/10.1098/rspa.2007.1906


R. Nataraj, S. Bhavya 
 

 

DOI: 10.4236/jemaa.2019.117007 115 Journal of Electromagnetic Analysis and Applications 
 

ics: Condensed Matter, 16, R1135-R1150.  
https://doi.org/10.1088/0953-8984/16/32/R02 

[8] Stiles, P.J. and Kagan, M.J. (1990) Thermoconvective Instability of a Ferrofluid in a 
Strong Magnetic Field. Journal of Colloid and Interface Science, 134, 435-449.  
https://doi.org/10.1016/0021-9797(90)90154-G 

[9] Shivakumara, I.S. and Nanjundappa, C.E. (2006) Marangoni Ferroconvection with 
Different Initial Temperature Gradients. Journal of Energy, Heat and Mass Trans-
fer, 28, 1-45. 

[10] Singh, J. and Bajaj, R. (2011) Convective Instability in a Ferrofluid Layer with Tem-
perature-Modulated Rigid Boundaries. Fluid Dynamics Research, 43, Article ID: 
025502. https://doi.org/10.1088/0169-5983/43/2/025502 

[11] Rosensweig, R.E., Zahn, M. and Vogler, T. (1978) Stabilization of Fluid Penetration 
through a Porous Medium Using Magnetizable Fluids. In: Berkovsky, B., Ed., 
Thermomechanics of Magnetic Fluids, Hemisphere, Washington DC, 195-211. 

[12] Zhan, M. and Rosensweig, R.E. (1980) Stability of Magnetic Fluid Penetration 
through a Porous Medium with Uniform Magnetic Field Oblique to the Interface. 
IEEE Transactions on Magnetics, 16, 275-282.  
https://doi.org/10.1109/TMAG.1980.1060586 

[13] Vaidyanathan, G., Sekar, R. and Ramanathan, A. (2002) Effect of Magnetic Field 
Dependent Viscosity on Ferroconvection in Rotating Porous Medium. Indian 
Journal of Pure and Applied Physics, 40, 159-165.  

[14] Borglin, S.E., Mordis, J. and Oldenburg, C.M. (2000) Experimental Studies of the 
Flow of Ferrofluid in Porous Media. Transport in Porous Media, 41, 61-80.  
https://doi.org/10.1023/A:1006676931721 

[15] Sunil, A.S., Bharti, P.K. and Shandil, R.G. (2007) Linear Stability of Double Diffu-
sive Convection in a Micropolar Ferromagnetic Fluid Saturating a Porous Medium. 
International Journal of Mechanical Sciences, 49, 1047-1059.  
https://doi.org/10.1016/j.ijmecsci.2007.01.002 

[16] Nanjundappa, C.E., Shivakumara, I.S. and Prakash, H.N. (2012) Penetrative Ferro-
convection via Internal Heating in a Saturated Porous Layer with Constant Heat 
Flux at the Lower Boundary. Journal of Magnetism and Magnetic Materials, 324, 
1670-1678. https://doi.org/10.1016/j.jmmm.2011.11.057 

[17] Stengel, K.C., Oliver, D.S. and Booker, J.R. (1982) Onset of Convection in a Varia-
ble-Viscosity Fluid. Journal of Fluid Mechanics, 120, 411-431.  
https://doi.org/10.1017/S0022112082002821 

[18] Capone, F. and Gentile, M. (1994) Nonlinear Stability Analysis of Convection for 
Fluids with Exponentially Temperature Dependent Viscosity. Acta Mechanica, 107, 
53-64. https://doi.org/10.1007/BF01201819 

[19] Char, M.I. and Chen, C.C. (1999) Influence of Viscosity Variation on the Stationary 
Bénard-Marangoni Instability with a Boundary Slab of Finite Conductivity. Acta 
Mechanica, 135, 181-198. https://doi.org/10.1007/BF01305751 

[20] Hashim, I. and Awang Kechil, S. (2009) Active Control of Marangoni Instability in 
a Fluid Layer with Temperature Dependent Viscosity in a Microgravity Environ-
ment. Fluid Dynamics Research, 41, Article ID: 045504.  
https://doi.org/10.1088/0169-5983/41/4/045504 

[21] Kassoy, D.R. and Zebib, A. (1975) Variable Viscosity Effects on the Onset of Con-
vection in Porous Media. Physics of Fluids, 18, 1649-1651.  
https://doi.org/10.1063/1.861083 

https://doi.org/10.4236/jemaa.2019.117007
https://doi.org/10.1088/0953-8984/16/32/R02
https://doi.org/10.1016/0021-9797(90)90154-G
https://doi.org/10.1088/0169-5983/43/2/025502
https://doi.org/10.1109/TMAG.1980.1060586
https://doi.org/10.1023/A:1006676931721
https://doi.org/10.1016/j.ijmecsci.2007.01.002
https://doi.org/10.1016/j.jmmm.2011.11.057
https://doi.org/10.1017/S0022112082002821
https://doi.org/10.1007/BF01201819
https://doi.org/10.1007/BF01305751
https://doi.org/10.1088/0169-5983/41/4/045504
https://doi.org/10.1063/1.861083


R. Nataraj, S. Bhavya 
 

 

DOI: 10.4236/jemaa.2019.117007 116 Journal of Electromagnetic Analysis and Applications 
 

[22] Blythe, P.A. and Simpkins, P.G. (1981) Convection in a Porous Layer for a Temper-
ature Dependent Viscosity. International Journal of Heat and Mass Transfer, 24, 
497-506. https://doi.org/10.1016/0017-9310(81)90057-0 

[23] Hooman, K. and Gurgenci, H. (2008) Effects of Temperature-Dependent Viscosity 
on Bénard Convection in a Porous Medium Using a Non-Darcy Model. Interna-
tional Journal of Heat and Mass Transfer, 51, 1139-1149.  
https://doi.org/10.1016/j.ijheatmasstransfer.2007.04.013 

[24] Shivakumara, I.S., Lee, J. and Nanjundappa, C.E. (2012) Onset of Thermogravita-
tional Convection in a Ferrofluid Layer with Temperature Dependent Viscosity. 
Journal of Heat Transfer—Transactions of the ASME, 134, Article ID: 0125011.  
https://doi.org/10.1115/1.4004758 

[25] Chandrasekhar, S. (1961) Hydrodynamics and Hydromagnetic Stability. Oxford 
University, Claredon Press, London. 

[26] Finlayson, B.A. (1972) Method of Weighted Residuals and Variational Principles. 
Academic Press, Cambridge. 

 
 

https://doi.org/10.4236/jemaa.2019.117007
https://doi.org/10.1016/0017-9310(81)90057-0
https://doi.org/10.1016/j.ijheatmasstransfer.2007.04.013
https://doi.org/10.1115/1.4004758

	Effect of Exponentially Temperature-Dependent Viscosity on the Onset of Penetrative Ferro-Thermal-Convection in a Saturated Porous Layer via Internal Heating
	Abstract
	Keywords
	1. Introduction
	2. Mathematical Formulation
	3. Method of Solution
	3.1. Solution by the Galerkin Technique
	3.2. Solution by Regular Perturbation Technique

	4. Results and Discussion 
	5. Conclusion
	Acknowledgements
	Conflicts of Interest
	References

