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Abstract

In 2023, a multivariate normality test based on a chi-square approximation
was developed. This method assumes independence among Gaussian random
variables, and defines the test statistic, denoted by Q, as the sum of squared
values. This study aims to develop R scripts that implement the Q-test for mul-
tivariate normality using either the Shapiro-Wilk W statistic (QSWa) or the
Shapiro-Francia W’ statistic (QSFa). A bootstrap version of the Q-test (QSWb
and QSFb), which does not assume independence, is also included. Addition-
ally, it incorporates Royston’s H-test. The use of the scripts is illustrated with
a sample of 50 participants assessed on a variable across four yearly admin-
istrations. The sampling distribution generated by the bootstrap method dif-
fers from the chi-square distribution and corresponds to a generalized chi-
square distribution—namely, the distribution of a sum of squares of correlated
variables. This distribution is less peaked and has a heavier right tail than the
chi-square distribution. It is concluded that the bootstrap approach is con-
servative under the null hypothesis of multivariate normality; however, it is
theoretically more appropriate than the chi-square approximation. To ap-
proximate the distributions of the two versions of the Q-test, it is recom-
mended that the z or 2’ values set to zero in the calculation of the Q statistic
not be subtracted when determining the degrees of freedom in the chi-square
approximation. Moreover, a significance level of 10% is suggested for the
bootstrap approach, rather than the conventional 5%.

Keywords

Multivariate Normality Tests, Sampling Distribution, Bootstrap Methods,
R Program, Computational Statistics

1. Introduction

In 2023, Moral developed the multivariate normality Q-test, which demonstrated
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adequate power and efficiency [1] compared with Royston’s H-test [2], a well-
known test for assessing multivariate normality. In its original formulation, the
Q-test’s p-value and statistical power were approximated using the chi-square dis-
tribution. However, a more flexible bootstrap approach was recommended to re-
lax the test’s assumptions [1]. The Q-test comprises two variants: one based on
Royston’s standardization [3] of the Shapiro-Wilk W statistic [4], and another
based on Royston’s standardization [5] of the Shapiro-Francia W’ statistic [6].
These are referred to as QSWa and QSFa, respectively. In the original simulation
study [1], QSWa was found to be slightly more advantageous than QSFa, and its
performance closely resembled that of Royston’s H-test [2].

The first objective of this article is to develop a script in the R programming
language [7] that facilitates the application of the Q-test. The script implements
both the chi-square approach of the original proposal (QSWa and QSFa) and the
suggested bootstrap approach (QSWb and QSFb). It also includes a test of the
serial independence of the sequence of standardized univariate normality statistics
for the 2% — 1 possible unweighted linear combinations of the original k variables
(an assumption of the asymptotic approach), as well as Royston’s H-test [2]. Ad-
ditionally, the script computes statistical power estimates using both the chi-
square approximation and the bootstrap method.

The use of the script is illustrated with a dataset comprising fifty 4-tuples. The
four variables in this convenience sample are correlated, as they represent total
scores on the Toronto Alexithymia Scale [8]—ranging from 20 to 100—collected
across four annual administrations. Assessments were conducted online with a
cohort of 50 Mexican university students (25 women and 25 men) between 2019
and 2023. The null hypothesis of multivariate normality is expected to be sup-
ported by all four Q-test variants and the H-test [9]-[11].

The R programming language was selected because it is one of the most com-
prehensive statistical software environments, open-access, and continuously de-
veloped and reviewed by the mathematical community [12] [13]. The H-test de-
veloped by Royston [2] was included as a supplementary test because it is one of
the most widely used and powerful tests for assessing multivariate normality [14]
[15]. In contrast, Mardia’s K? test [16] was excluded, as a previous study [1] found
that the Q-test outperformed it in terms of hit rate and mean power, particularly

when the Q-test’s performance closely approximated that of Royston’s H-test.

2. The Q-Test for Multivariate Normality and the
Development of Its Script

To obtain the test statistic for the MVN Q-test [1], the standardized statistics of
the Shapiro-Wilk univariate normality test [4] (Equation (1)) or the Shapiro-
Francia test [6] (Equation (2)) are computed, using Royston’s (1992, 1993) stand-
ardization [3] [5], for all possible unweighted linear combinations of the & varia-
bles. The number of such combinations is given by nc = 2X— 1 (Equation (3)). In

the first variant, the test statistic is denoted by Qs as a random variable and gas
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a specific observed value. In the second variant, it is denoted by Qsras a random

variable and ¢ as its observed value.

CW—u(In(1-w))

Z(In(1-w))= (W) =1

p(In(1-W)) =0.0038915x In* (n) —0.083751xIn? (n) (1)
~0.31082x In(n)-1.5861

(In (1 W )) 0 0030302xIn? (n)-0.082676xIn(n)-0.4803

' u(ln(1-w") |
2(Inf1-w)) = (In((l —W) -

( (1 ')) 1.0521xu—1.2725 (2)

( (1 ")) = -0.26758x v +1.0308

SO o

Negative values of zor Z are truncated to zero to avoid overestimating Qswor Qss
as negative zor Z values indicate a good fit to normality when calculating the right-

tailed p-value under a standard normal distribution. See Equations (4) and (5).

z Z(In(1-W))>0
:{0 Z(In(1-w))<0 @

, |27 z(In(1-w"))>0
£ _{o Z(In(1-w"))<0 ®

Once the 2% - 1 standardized statistics are obtained and the negative ones have
been truncated to zero, the sum of squares (Q statistic) is computed, and the right-
tailed p-value is derived from a chi-square distribution. The degrees of freedom
(df) correspond to the number of summed values (72¢) minus the number of trun-

cated values (a): df= nc— a, as per the original proposal. See Equation (6).

nc
w = ZZIZ =0;Qqy ~ Ir?c—a
R ®
= Zzi’z = q’;QSF - ;(nzc—a
i1

In the script, subtracting truncated values is optional. In the simulation study,
this option was not applied; therefore, the default is to set the degrees of freedom
equal to the number of combinations (z2¢). The true distribution of the test statistic
is a generalized chi-square distribution, which is less peaked and more positively
skewed than a chi-square distribution [17]. For this reason, it was considered the
preferable choice.

Since the asymptotic approach based on the chi-square distribution for the Q
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statistic assumes not only the normality of the sum variable but also the independ-
ence of the variables being summed [18], their serial independence is assessed us-
ing the Wald-Wolfowitz runs test [19] via the DescTools package in R [20], and
the Ljung-Box test [21] via R’s stats package [22]. The latter is included because it
allows the specification of a maximum lag (/) over which the analysis is conducted
(from 1 to A), whereas the Wald-Wolfowitz test corresponds to a lag of one. For
non-seasonal series or those without an expected temporal pattern, it is recom-
mended to examine lags from 1 to the smaller of 10 or one-fifth of the sample size
[23]. Schwert’s rule [24], which is widely used to determine the maximum lag, is

also provided as an option [25]. See Equation (7).
h =12x(n/100)"* (7)

Collinearity resulting from possible linear dependencies among & variables is
substantially determined by the strength and configuration of their pairwise cor-
relation matrix. As the number of variables increases, so does the probability that
certain linear combinations will exhibit high dependency, even if only a few biva-
riate correlations are statistically significant and of weak or moderate strength.
Conversely, the influence of one or two strong correlations may be diluted in the
presence of many variables (e.g., 10 or more), as the resulting collinearity will de-
pend more on the overall correlation structure than on isolated relationships.

Nevertheless, serial dependency in test statistic values for all possible linear
combinations of k variables, ordered by increasing complexity, is more strongly
affected by the number of variables than by the correlations among them. As a
result, maintaining the null hypothesis of serial independence becomes increas-
ingly difficult with a large number of variables when using Wald-Wolfowitz or
Ljung-Box tests.

Additionally, the script incorporates a bootstrap approach as an alternative for
calculating the p-value and statistical power [26] [27], which is particularly useful
when the assumption of independence in the sequence of 2% — 1 linear combina-
tions is violated. The sampling distribution of the Q statistic is estimated in two
ways:

1) Using 1000 bootstrap samples drawn from the original dataset of n observa-
tions on k correlated variables (empirical bootstrap distribution).

2) Using 1000 samples obtained through bootstrap resampling with replace-
ment, drawn from a sample of size n consisting of Anormally distributed variables
that preserve the correlational structure of the original sample. This sample is re-
ferred to as the normative sample, and the resulting distribution as the normative
bootstrap distribution.

Consequently, both non-parametric and parametric bootstrap procedures are
applied—the latter under the null hypothesis of multivariate normality.

To generate the population or source sample in the parametric bootstrap, an n
x kmatrix of independent Gaussian vectors is multiplied by the lower triangular
matrix from the Cholesky decomposition of the original variables’ correlation ma-

trix [28] [29]. The k Gaussian vectors each consist of 1 scores drawn from the
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standard normal distribution. These scores are generated using equispaced quan-
tile orders ranging from 0.5/nto 1 - 0.5/n, calculated via the probit function. The
quantile orders are then permuted using a fixed seed (123) to ensure the stability
of the results. In this way, each of the k variables shares the same set of quantile
orders, but in a different sequence, thereby forming independent vectors.

From the normative sample, 1000 samples are drawn with replacement and in
each sample the test statistic is calculated. These 1000 estimates constitute the nor-
mative Bootstrap distribution. This distribution is referred to as normative be-
cause it allows for the estimation of the bootstrap critical value (e.g., the 0.95 quan-
tile).

The bootstrap p-value (e, the proportion of values greater than or equal to the
test statistic g or ¢) is calculated from the normative bootstrap distribution (a
generalized chi-square distribution), serving as a substitute for the chi-square dis-
tribution used in the approximate approach. Statistical power (¢) at a given sig-
nificance level ais estimated as the proportion of rejections in the empirical boot-
strap sample, where the rejection region is defined by the (1 — a)th quantile of the
normative bootstrap distribution. In both cases, resampling with replacement is
performed by rows rather than by columns, in order to preserve the correlations
among the variables in the source sample. For stable results, a fixed seed (123) is
used when generating all 1000 bootstrap samples [7].

On the other hand, the median of the normative bootstrap distribution is used
to calculate the probability associated with this central value in both the left and
right tails of the empirical bootstrap sample distribution. Twice the smaller of
these two probabilities represents the likelihood that the empirical bootstrap
distribution is centered on the median of the normative bootstrap distribution.
The closer this probability is to 1, the stronger the evidence of equivalence be-
tween the medians of the theoretical and empirical bootstrap distributions; con-
versely, a value below 0.05 indicates a clear shift of the empirical bootstrap dis-
tribution relative to the normative one. A divergence of the empirical bootstrap
distribution from the normative distribution indicates a deviation from multi-
variate normality. It should be noted that the normative g and ¢ values must be
closer to 0 than the number of combinations of the 4 original variables and far
from the median of the normative bootstrap distribution in the case of multi-
variate normality.

Finally, both distributions are visualized using histograms and density curves
to assess whether the sampling distribution of the Q statistic conforms to a chi-
square distribution (reference curve) or instead adopts the shape of a generalized
chi-square distribution, as is typical for quadratic forms or sums of squares of
correlated variables [30]. This generalized distribution exhibits a lower peak and
a heavier right tail compared to the standard chi-square distribution. The number
of class intervals (k) and their constant width (w) are determined using Rice Uni-
versity’s rule (Equation (8)), which is appropriate for a wide range of distribu-

tional shapes, including positively skewed and leptokurtic distributions [31].
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Number of classintervals : k = 2x3/n = 2x 31000 = 20
min({q,}7, ) -min{a,.

20 ®
min({qi'}i”ﬂ)—min({qi’}in:l)

20

Interval width: w =

where @, or ¢ (i=1,2,..,1000) denote the test statistics computed from the
1000 bootstrap samples drawn from the original sample of size n.

It should be noted that, in bootstrap procedures, using 1000 resamples is often
considered a computationally efficient choice, as it offers a good balance between
statistical accuracy and processing time. Consequently, many applied fields have
adopted 1000 as the default setting in software packages such as R, SPSS, SAS, and
Stata, as it yields reliable results in typical scenarios without placing excessive de-
mands on computational resources [26] [27]. This number of resamples is also
well-suited for the online R platform (Snippets—Run R code online), which allows
up to approximately one minute for script execution.

Appendix 1 contains the script for the Q-test calculated using the Shapiro—
Wilk univariate normality statistics standardized by Royston’s method for sam-
ples ranging from 12 to 2000 with k-tuples of measurements [3]. Appendix 2 pre-
sents the Q-test based on the Shapiro-Francia univariate normality statistics [4],
standardized according to Royston [5], for sample sizes from 5 to 5000 with k-
tuples of measurements [6]. The Q-test is supplemented by Royston’s H-test [2],
included in Appendix 3, for sample sizes from 10 to 2000 with k-tuples of meas-
urements. A significance level (a) of 0.05 is applied to both the H-test and the chi-
square approximation of the Q-test, while a level of 0.1 is used for the bootstrap
version of the Q-test, which is highlighted in green. To run the scripts, the follow-
ing R packages must be installed and loaded: nortest [32], MASS [29], DescTools
[20], stats [22], and MVN [33].

Performance benchmarks for the three scripts were obtained on a PC running
Windows 11, equipped with a 500 GB solid-state drive, 12 GB of RAM, and a
2.8 GHz processor. In the two variants of the MVN Q test (Appendix 1), run
times averaged 17.689 seconds and sample standard deviation (sd) 16.409, rang-
ing from 2.030 to 52.950 seconds across the tested configurations. Memory us-
age averaged 13.317 MB (sd = 6.702), with values ranging from 3.554 to 30.212
MB. These benchmarks were obtained for sample sizes ranging from 50 to 500
(in increments of 50) and numbers of variables from 1 to 6 (in increments of 1),
with a homogeneous correlation of 0.5. The results indicate a moderate compu-
tational cost, with substantial variability in run time depending on data size and
dimensionality.

For the two variants of the MVN Q’ test (Appendix 2), run times averaged
22.014 seconds (sd = 20.480), ranging from 2.570 to 66.990 seconds. Memory us-
age averaged 13.323 MB (sd = 6.702), ranging from 3.559 to 30.218 MB. These
benchmarks, obtained under the same conditions as the Q test, suggest that Q
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generally requires slightly more processing time, particularly for larger configura-
tions, while its memory footprint remains virtually identical to that of Q.

In the Royston MVN H test (Appendix 3), run times averaged 0.030 seconds
(sd = 0.040), ranging from 0.010 to 0.300 seconds. Memory usage averaged 1.704
MB (sd = 0.018), ranging from 1.657 to 1.749 MB. Using the same data configu-
rations, this test was completed in a fraction of a second with minimal memory
consumption, making it highly efficient and computationally inexpensive com-
pared to both variants of the MVN Q and Q’ tests.

3. Application of the R Script for the Q-Test

The three scripts were applied to four repeated measures in a sample of 50 partic-
ipants. However, they can be adapted to other datasets by modifying the list of
variables highlighted in blue. Appendix 1 provides the script used to generate a
reproducible random sample of 50 observations across four correlated variables
following a multivariate normal distribution. The resulting sample is presented in
Appendix 2 and Appendix 3 under the “List of original variables” section. The
scripts can be executed either on a local machine with R installed or online via the
Snippets platform, which is available at https://rdrr.io/snippets/.

In this example, the run time for the two variants of the MVN Q test (Appendix
1) was 10.6 seconds, with a memory usage of 23.683 MB. Similarly, the run time
for the two variants of the MVN Q’ test (Appendix 2) was 10.5 seconds, also with
a memory usage of 23.683 MB. In contrast, the run time for the Royston MVN H
test (Appendix 3) was 0.06 seconds, with a memory usage of 1.670 MB. All tests
were performed on a PC running Windows 11, equipped with a 500 GB solid-state
drive, 12 GB of RAM, and a 2.8 GHz processor.

To save the graphic as a JPG file, uncomment the corresponding lines by re-

moving the hashtag symbols from the #jpeg(), #par(), and #dev.off() commands.

3.1. The Chi-Square Approximation and Bootstrap Version of the
Q-Test Based on Shapiro-Wilk W Statistics

Sample size: n = 50.

Number of variables in the original sample: &= 4.

Arithmetic mean of the Pearson’s product-moment correlation coefficients be-
tween the variables: m(Ryxs) = 0.5647.

Level of significance: a = 0.05 for the chi-square approximation-based Q-test,
and a = 0.10 for the bootstrap version of the Q-test, to compensate for the pro-
nounced right-skewness in the sampling distribution of the Q statistic.

Parameters for standardizing the 15 variables created by linear combination of
the 4 original variables (Table 1):

Expected value of In(1 — W): = -3.850773.

Standard deviation of In(1 — W): o= 0.4689044.

According to the Shapiro-Wilk test (Royston, 1992), the null hypothesis of uni-

variate normality is maintained for the 15 linear combinations at a 5% significance
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level, as shown in Table 1.

Table 1. Shapiro-Wilk’s univariate normality test with Royston’s standardization for the
15 linear combinations of variables.

Comb w z p Norm Comb w z p Norm
cl 0.980 -0.171 0.568 Yes c9 0.978 0.032 0.487 Yes
c2 0.963 1.181 0.119 Yes cl0 0.975 0329 0.371 Yes
c3 0.966 1.004 0.158 Yes cll 0.980 -0.154 0.561 Yes
c4 0.988 -1.131 0.871 Yes cl2 0.986 -0.946 0.828 Yes
c5 0.992 -2.108 0.983 Yes cl3 0.986 -0.906 0.818 Yes
c6 0.987 -0.972 0.834 Yes cl4 0.971 0.671 0.251 Yes
c7 0.990 -1.519 0.936 Yes cl5 0.982 -0.316 0.624 Yes
c8 0964 1.131 0.129 Yes

Note. Comb = sum of the corresponding combination without repetition of variables; W=
Shapiro-Wilk W statistic; z = standardized value of W using Royston’s method; p = right-
tailed p-value under the standard normal distribution; Norm = Univariate normality: Yes
= p2 a=0.05, the null hypothesis of normality is retained; No = p < 0.05, the null hypoth-
esis is rejected.

Q-test statistic value in the original sample: g = 4.2403.

Number of combinations among the 4 original variables: nc = 15.

Number of z-values truncated to zero because they are negative: a= 9.

Degrees of freedom: df= 15. For the chi-square approximation of the QSW test,
the values set to zero were not subtracted from the degrees of freedom in order to
compensate for the pronounced right-skewness of the sampling distribution—an
effect revealed by the bootstrap approach. Subtracting them would reduce the de-
grees of freedom to 6.

Critical value or 0.95 quantile of the chi-square distribution with 15 degrees of
freedom: o5 f’115) = 24.9958. The null hypothesis of multivariate normality is re-
tained at a significance level of 0.05 based on the chi-square approximation critical
value.

Right-tailed probability value under the chi-square distribution with 15 degrees
of freedom: p = 0.9968. The null hypothesis of multivariate normality is retained
at a significance level of 0.05 based on the chi-square approximation p-value.

Statistical power based on the chi-square approximation at a significance level
of 0.05: ¢ = 0.1889.

In the sequence of 15 standardized Shapiro-Wilk W values [3]—truncated to 0
when negative (a = 9)—used to compute the Q-test statistic, no evidence of serial
dependence was found according to the Wald-Wolfowitz runs test [19] and the
Ljung-Box test [21]. The maximum lag was determined based on a general rule
for non-stationary series: min (10, n¢/5) = min (10, 15/5) = 3 [23]. According to
Schwert’s rule [25], the maximum lag would be 7. Refer to Table 2 for further
details.
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Runs Test for Randomness: runs = 7, m =9, n= 6, p-value = 0.5804 > a = 0.05.

Table 2. Ljung-Box test for serial independence of z_w values.

Lag X-square df p-value
0.0258 1 0.8724

2 0.6219 2 0.7327
3 1.7434 3 0.6273

Note. Lag = step between values forming the autocorrelation pairs; X-square = test statistic;
df = degrees of freedom; p-value = right-tailed probability under the chi-square distribu-
tion.

Empirical bootstrap distribution (with preserved correlations) derived from the
original sample:

Number of bootstrap samples: B = 1000.

Right-tailed bootstrap p-value: pyoot = 0.999. The null hypothesis of multivariate
normality is not rejected at the 0.05 significance level based on the bootstrap p-
value obtained from the empirical bootstrap distribution.

Normative bootstrap distribution (with preserved correlation):

Number of bootstrap samples: B = 1000.

Q-test statistic value in the normative sample: gmyn_boot = 15.24668.

Mean of the normative bootstrap distribution: m(mvn_boot_dist) = 49.14216.

Median of the normative bootstrap distribution: mdn(mvn_boot_dist) =
46.84413.

Two-tailed p-value for testing whether the empirical bootstrap distribution is
centered on the median of the normative bootstrap distribution: p.wiea = 0.338.
The null hypothesis of equal medians between the normative and empirical boot-
strap distributions is not rejected at a significance level of 0.1.

Bootstrap critical value (0.9 quantile of the normative bootstrap distribution):
Gt = 75.4841. The null hypothesis of multivariate normality is not rejected at a
significance level of 0.1 based on the critical value from the normative bootstrap
distribution.

Right-tailed p-value in the normative bootstrap distribution: pms veot = 1. The
null hypothesis of multivariate normality is not rejected at a significance level of
0.1 based on the bootstrap p-value.

Bootstrap statistical power at a significance level of 0.1: phi_boot = 0.018.

Figure 1 shows that the value of the Q statistic lies to the left of the critical
values of both the chi-square and the normative bootstrap distributions. This in-
dicates that it falls within the acceptance region of the null hypothesis of multi-
variate normality. The empirical and normative bootstrap distributions are simi-
lar and deviate from the chi-square distribution by exhibiting lower peaks, flatter
shoulders, and heavier right tails, consistent with a generalized chi-square distri-
bution. However, when the assumption of serial independence is met, the chi-
square approximation remains a valid alternative for estimating the p-value and

making decisions regarding the null hypothesis.
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Figure 1. Histogram (yellow) with density curves for the empirical bootstrap (yellow), nor-
mative bootstrap (red), and chi-square (green) distributions. The value of the Q-test statis-
tic in original sample is indicated by a purple vertical line (g = 4.2403), the critical value of
the normative bootstrap distribution by a red vertical line (0.9 quantile: _mvn_boot =
75.4841), and the critical value of the chi-square distribution with 15 degrees of freedom
by a green vertical line (0.95 quantile: 095 y*115) = 24.9958).

3.2. The Chi-Square Approximation and Bootstrap Version of the
Q-Test Based on Shapiro-Francia W’ Statistics

The script for running the multivariate normality Q’-test—calculated using the
standardized values of the Shapiro-Francia univariate normality W’ statistics
[5]—is provided in Appendix 2. It applies to the same sample of fifty 4-tuples.

Arithmetic mean of the Pearson’s product-moment correlation coefficients be-
tween the variables: m(Ryx4) = 0.5647.

Parameters for standardizing the 15 variables created by linear combination of
the 4 original variables:

Expected value of In(1 — W’): u= —3.9532.

Standard deviation of In(1 — W’): o= 0.5290.

According to the Shapiro-Francia test (Royston, 1993) [5], the null hypothesis
of univariate normality is maintained for the 15 linear combinations at a 5% sig-

nificance level, as shown in Table 3.

Table 3. Shapiro-Francia’s univariate normality test with Royston’s standardization for the
15 linear combinations of variables.

Comb w z P Norm Comb w z P Norm
cl 0.980 0.042 0.483 Yes c9 0.978 0.222 0.412 Yes
c2 0963 1.240 0.107 Yes cl0 0.975 0485 0.314 Yes
c3 0966 1.083 0.139 Yes cll 0.980 0.058 0.477 Yes
c4 0.988 -0.808 0.791 Yes cl2 0.986 —-0.645 0.740 Yes
c5 0.992 -1.675 0.953 Yes cl3 0.986 —-0.609 0.729 Yes
c6 0.987 -0.668 0.748 Yes cl4 0.971 0.789 0.215 Yes
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Continued

c7 0990 -1.153 0.876 Yes cl5 0.982 -0.087 0.535 Yes
c8 0964 1.196 0.116 Yes

Note. Comb = sum of the corresponding combination without repetition of variables; W
= Shapiro-Francia W’ statistic; z = standardized value of W’ using Royston’s method; p =
right-tailed p-value under the standard normal distribution; Norm = Univariate normality:
Yes = p = a = 0.05, the null hypothesis of normality is retained; No = p < 0.05, the null
hypothesis is rejected.

Q’-test statistic value in the original sample: ¢= 1.8161.

Number of combinations among the 4 original variables: nc = 15.

Number of z-values truncated to zero because they are negative: a = 10.

Degrees of freedom: df= 15.

Critical value or 0.95 quantile of the chi-square distribution with 15 degrees of
freedom: 1o} (a1 = 24.9958. The null hypothesis of multivariate normality is re-
tained at a significance level of 0.05 based on the chi-square approximation critical
value.

Right-tailed probability value under the chi-square distribution with 15 degrees
of freedom: p = 1. The null hypothesis of multivariate normality is retained at a
significance level of 0.05 based on the chi-square approximation p-value.

Statistical power based on the chi-square approximation at a significance level
of 0.05: ¢ = 0.0992.

In the sequence of 15 standardized Shapiro-Francia W’ values—truncated to 0
when negative (a2 = 10)—used to compute the Q’-statistic, no serial dependence
was found according to the Wald-Wolfowitz runs test [19] and the Ljung-Box test
[21] (T'able 4). The maximum lag is determined by a general rule for non-station-
ary series: min (10, n¢/5) = min (10, 15/5) = 3 [23]. According to Schwert’s rule
[25], the maximum lag would be 7.

Runs Test for Randomness. data: z_w: runs = 9, m= 10, n= 5, p-value = 0.5604.

Table 4. Ljung-Box test for serial independence of z_w’ values.

Lag X-square df p-value
0.1120 1 0.7378

2 0.7789 2 0.6774
3 1.6893 3 0.6393

Note. Lag = step between values forming the autocorrelation pairs; X-square = test statistic;
df = degrees of freedom; p-value = right-tailed probability under the chi-square distribu-
tion.

Empirical bootstrap distribution (with preserved correlations) derived from the
original sample:

Number of bootstrap samples: B = 1000.

Right-tailed bootstrap p-value: pyoot = 1.

The null hypothesis of multivariate normality is not rejected at the 0.05 signif-

icance level based on the bootstrap p-value obtained from the empirical bootstrap
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distribution.

Normative bootstrap distribution (with preserved correlation):

Number of bootstrap samples: B = 1000.

Q’-test statistic value in the normative sample: Gmyn_boot = 8.0623.

Mean of the normative bootstrap distribution: m(mvn_boot_dist) = 33.31423.

Median of the normative bootstrap distribution: mdn(mvn_boot_dist) =
30.7692.

Two-tailed p-value for testing whether the empirical bootstrap distribution is
centered on the median of the normative bootstrap distribution: p;.taiea = 0.49. The
null hypothesis of equal medians between the normative and empirical bootstrap
distributions is not rejected at a significance level of 0.1.

Bootstrap critical value (0.9 quantile of the normative bootstrap distribution):
Gerit = 53.4975. The null hypothesis of multivariate normality is not rejected at a
significance level of 0.1 based on the critical value from the normative bootstrap
distribution.

Right-tailed p-value in the normative bootstrap distribution: pmyn voot = 1. The
null hypothesis of multivariate normality is not rejected at a significance level of
0.1 based on the bootstrap p-value.

Bootstrap statistical power at a significance level of 0.1: phi_boot = 0.037.

Figure 2 shows that the value of the Q’-statistic lies to the left of both the critical
value (95th percentile) of the chi-square distribution with 15 degrees of freedom
and the critical value (90th percentile) of the normative bootstrap distribution.

This indicates that the null hypothesis of multivariate normality is accepted.

Density
0.04 0.06 0.0¢

0.02

0.00

I I I I I I
0 10 20 30 40 50

g_prime_values

Figure 2. Histogram (yellow) with density curves for the empirical bootstrap (yellow), nor-
mative bootstrap (red), and chi-square (green) distributions. The value of the Q’-test sta-
tistic in original sample is indicated by a purple vertical line (¢ = 1.8160), the critical value
of the normative bootstrap distribution by a red vertical line (0.9 quantile: _mvn_boot =
53.4975), and the critical value of the chi-square distribution with 15 degrees of freedom
by a green vertical line (0.95 quantile: o9sy*115) = 24.9958).
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Furthermore, the distributions of the Q’-statistic generated by nonparametric
and parametric bootstrap methods (based on Gaussian vectors with a correla-
tional structure equivalent to that of the original data) are similar. Both deviate
from the chi-square distribution with 15 degrees of freedom by exhibiting a lower
peak, flatter shoulders, and a heavier right tail, consistent with a generalized chi-
square distribution.

To compensate for this heavier right tail, a 90th percentile is used as the critical
value for the normative bootstrap distribution. In addition, the correction that
subtracts the number of ¢ values truncated to zero when computing the degrees
of freedom of the chi-square distribution was omitted (df= 15 without correction

vs. df= 5 with correction).

3.3.H-Test

When assessing multivariate normality using Royston’s H-test [2], the null hy-
pothesis of normality was not rejected (H = 4.8778, df= 4.0988, p=0.3127 > a=
0.05). Since the null hypothesis was not rejected, the test exhibited statistical
power below 0.5 (¢ = 0.3833) at a 0.05 significance level. Appendix 3 provides the

R script used for these calculations.

4. Discussion

The objective of the study was to develop a script for the R program and demon-
strate its use. For practical purposes, three separate scripts were created. The first
script applies both the chi-square approximation and the bootstrap version of the
Q-test using the Shapiro-Wilk W statistic (QSWa and QSWD). The second script
performs the same procedures using the Shapiro-Francia W’ statistic (QSFa and
QSFb). The third script applies the H-test proposed by Royston (1983). All three
scripts include the calculation of the critical value, p-value, and statistical power.
As an example, the three scripts were run on a dataset of 50 observations on four
correlated variables, representing total scores on a personality scale (alexithymia)
collected at four annual time points. The repeatedly measured variable had a dis-
crete range from 20 to 100.

It was expected that the assumption of multivariate normality would be con-
sistently supported by all five MVN tests. As anticipated, the null hypothesis of
multivariate normality was retained by all five tests when statistical power was
below 0.5. Power was low for the H-test and very low for the four Q-test variants,
with the two bootstrap versions showing lower power than the two based on the
chi-square approximation.

Since the assumption of serial independence is satisfied, the Q-test version
based on the chi-square approximation is a suitable method for calculating the
critical value, p-value, and statistical power, as well as for making decisions re-
garding the null hypothesis. In this case, the statistical power is lower—indicating
better test performance when the null hypothesis is true—when using the Shapiro-

Francia W’ statistic compared to the Shapiro-Wilk W statistic.
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The profiles of the sampling distribution generated through repeated sam-
pling—whether using the multivariate standard normal distribution (parametric
bootstrap) or the original sample (nonparametric bootstrap)—are similar to each
other, but both differ from the contour of the chi-square distribution on which
the Q-test’s approximate calculation is based. This approximation relies on the
assumption that the theoretical sampling distribution of the sum of squares of
independent standard normal variables follows a chi-square distribution with de-
grees of freedom equal to the number of summed variables [1]. Consequently, the
bootstrap version is theoretically more robust. It is worth noting that when the
Shapiro-Francia W’ statistic is used, the three distributional profiles are more sim-
ilar than when the Shapiro-Wilk W statistic is applied. This is a desirable property,
in addition to the lower power when the null hypothesis is retained—as in the
present case—or higher power when it is rejected.

The generated profiles are less peaked and exhibit a heavier right tail than the
chi-square distribution, as they correspond to a generalized chi-square distribu-
tion resulting from the sum of squares of correlated variables [34]. These profiles,
characterized by pronounced positive skewness, explain why the number of trun-
cated z’ or z-values (df= 15 uncorrected vs. 6 corrected in QSWa, and df= 15 vs.
5 in QSFa) is not excluded when calculating the degrees of freedom for the chi-
square distribution. As a result, the critical value of the chi-square approximation
shifts further to the right. For the normative bootstrap distribution, the quantile
is adjusted from 0.95 to 0.90 to account for its substantially heavier right tail,
thereby shifting the critical value to the left. These adjustments aim to bring the
conclusions derived from both distributions—the chi-square and the generalized
chi-square—closer together. In the example shown, closer alignment is more ef-
fectively achieved using the variants based on the Shapiro-Francia W’ statistic.

The proximity of the two bootstrap distributions—normative and empirical—
can be assessed not only visually using the graph provided by the script, but also
statistically by testing the equivalence of their medians. In the example shown, this
equivalence is positively corroborated, supporting the claim that the two boot-
strap distributions are similar.

The normative bootstrap distribution is used in place of the chi-square distri-
bution to calculate the probability value, and it enables the determination of the
cut-off point (critical value) for defining the rejection region and estimating sta-
tistical power within the empirical bootstrap distribution. It is worth noting that
one of the key advantages of the bootstrap method is its ability to approximate the
sampling distribution of an estimator or test statistic without requiring parametric
assumptions [27].

Accordingly, the script also computes the probability value based on the empir-
ical sampling distribution obtained via non-parametric bootstrap. This approach
is particularly common when the null hypothesis pertains to a descriptive or as-
sociation measure with an unknown sampling distribution. Conversely, when the

null hypothesis concerns a known distribution (e.g., multivariate normal), para-

DOI: 10.4236/jdaip.2025.134024

402 Journal of Data Analysis and Information Processing


https://doi.org/10.4236/jdaip.2025.134024

J. Moral de la Rubia

metric bootstrap under that assumption is preferred [27].

The three scripts developed to assess normality assume that the tested distribu-
tion is continuous; therefore, the measured variables must be continuous or
treated as such, even if their values are recorded as integers—as in the case of
intelligence quotient scores in cognitive tests. Nevertheless, several discrete distri-
butions converge toward normality, such as the binomial distribution when n (the
number of independent trials) tends toward infinity and p (the probability of suc-
cess) approaches 0.5. This allows for broader application to discrete values, mean-
ing the data do not necessarily need to include decimal numbers.

One limitation of this study is that it does not assess the performance of the test
in terms of hit rate and statistical power under both normal and non-normal mul-
tivariate distributions. In this regard, it is important to consider factors such as
sample size, number of variables, and inter-variable correlations [35]. Addition-
ally, comparing the four versions of the Q-test with each other and with the H-
test—and even with another MVN test, such as the one proposed by Henze and
Zirkler [36]—would be valuable. It is recommended that future research address
these aspects.

A basic simulation scenario would involve generating samples from multivari-
ate normal distributions as well as from one or two types of non-normal multi-
variate distributions—specifically, Student’s t distributions with 5 degrees of free-
dom and uniform distributions. The samples would vary in size (ranging from 50
to 1000, in increments of 50), in the number of variables (distribution parameter:
from 2 to 6), and in the level of homogeneous correlation among variables (dis-
tribution parameter: from 0 to 0.9, in increments of 0.1), resulting in 1000 samples
per distribution. Applying the three scripts to these samples and comparing the
hit rates and statistical power (or the complement of power in the case of samples
drawn from multivariate normal distributions) would yield valuable insights into

the performance of the tests.

5. Conclusions

For the Q-test, the chi-square approach is a good option if the assumption of serial
independence holds, as in this sample of 50 observations of four-tuples. However,
if this assumption is violated, the bootstrap version is theoretically more appro-
priate. In such cases, it is advisable to compute the Q-test using a 10% significance
level. As shown in the example, the bootstrap variant of the Q-test performed best
when calculated using the Shapiro-Francia W’ statistic. This approach is more
conservative regarding the null hypothesis of multivariate normality than the H-
test and chi-square approximation-based Q-test variants. Based on the sampling
distribution of the Q statistic revealed by the bootstrap method, subtracting the
number of z or z’-statistics truncated to zero when calculating the degrees of free-
dom in chi-square approximation-based Q-test variants is not recommended.
Using these three scripts for the four Q-test variants and the H-test is recom-

mended. Convergence of results between the Q-test and the H-test when running
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the scripts reinforces the validity of the conclusions drawn.
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Appendix 1. QSW Test

# The chi-square approximation and bootstrap version of the multivariate nor-
mality Q-test based on Shapiro-Wilk univariate normality statistics standardized
by Royston’s method, for sample sizes ranging from 12 to 2000 with k-tuples of

measurements

# Load four required R packages
library(nortest)

library(MASS)
library(DescTools)

library(stats)

# List of original variables
# Generate a random sample of 50 observations from a multivariate normal

distribution with four correlated variables

# Load the necessary R package
library(mvtnorm)

Parameters
n <- 50 # Number of observations
k <- 4 # Number of variables

rho <- 0.7 # Homogeneous correlation coefficient

# Create the covariance matrix with rho as off-diagonal values and 1s on the
diagonal
sigma <- matrix(rho, nrow = k, ncol = k)

diag(sigma) <- 1

# Set seed for reproducibility
set.seed(123)

# Generate multivariate normal data

mvn_data <- rmvnorm(n = n, sigma = sigma)

# Scale the values to approximate D-scores
x1 <- 48 + 10 * round(mvn_datal[, 1], 1)
x2 <- 48 + 10 * round(mvn_data[, 2], 1)
x3 <- 48 + 10 * round(mvn_data[, 3], 1)
x4 <- 48 + 10 * round(mvn_data[, 4], 1)

# Combine into a data frame

original_data <- data.frame(x1, x2, x3, x4)
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# Display the generated data

print(original_data)

# Sample size, number of variables, and level of significance

n <- length(x1)

cat("\nSample size: n =", n, ".\n")

k <- length(original_data)

cat("Number of variables in the original sample: k =", k, ".\n")

R <- cor(original_data)

m_R <- mean(R[lower.tri(R)])

cat("Arithmetic mean of the Pearson’s product-moment correlation coeffi-
cients between the variables: m(R) =", round(m_R, 4), ".\n")

alpha <- 0.05

# Generate the sums of all non-repeated combinations of the variables
linear_combinations <- function(df) {

list_combinations <- list()

k <- ncol(df)

# Add the original variables (combinations of size 1)

for (iin 1:k) {

list_combinations[[paste0("c", i)]] <- df, i]}

# Add combinations of size from 2 to k

counter <- k

for (iin 2:k) {

combinations <- combn(k, i)

for (j in 1:ncol(combinations)) {

idx <- combinations], j]

counter <- counter + 1

list_combinations[[paste0("c", counter)]] <- rowSums(df[, idx])}}
return(list_combinations)}

list_x <- linear_combinations(original_data)

# Calculation of common parameters for standardizing samples from 12 to 2000

data points

mu <- 0.0038915 * log(n)A3 - 0.083751 * log(n)A2 - 0.31082 * log(n) - 1.5861
sigma <- exp(0.0030302 * log(n)A2 - 0.082676 * log(n) - 0.4803)

cat("\nParameters for standardizing the", 2/k - 1, "variables created by linear

combination of the", k, "original variables:\n")

cat("\nExpected value of In(1-W): u =", mu, ".\n")
cat("Standard deviation of In(1-W): ¢ =", sigma, ".\n")

# Apply test and save results to a table
results <- lapply(names(list_x), function(label) {
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data <- list_x[[label]]

result <- shapiro.test(data)

z <- (log(1 - result$statistic) - mu) / sigma

p <- 1 - pnorm(z)

Normality <- if (result$p.value < alpha) "No" else "Yes"

return(c(label, round(result$statistic, 4), round(z, 4), round(p, 4), Normality))
1y

# Convert to data frame
table_results <- as.data.frame(do.call(rbind, results), stringsAsFactors =
FALSE)

colnames(table_results) <- c¢("Combination", "W", "z", "p", "Normality")

# Display the table

cat("\nTabla. Shapiro-Wilk’s univariate normality test with Royston’s stand-
ardization for the", 2Ak-1, "linear combinations of variables\n")

print(table_results, row.names = FALSE)

cat("\nNote. Combination = sum of the corresponding combination without
repetition of variables; W = Shapiro-Wilk W statistic; z = standardized value of
W using Royston’s method; p = right-tailed p-value under the standard normal
distribution; Univariate normality: Yes = p = a =", alpha, ", the null hypothesis of

normality is retained; No = p <", alpha, ", the null hypothesis is rejected.\n")

# Function to calculate Q-test statistic (QSW)
calculate_q <- function(list_data) {

z_vals <- sapply(list_data, function(x) {
result_sw <- shapiro.test(x)

z <- (log(1 - result_sw$statistic) - mu) / sigma
return(as.numeric(z))

1))

z_values <- ifelse(z_vals < 0, 0, z_vals)

a <- sum(z_vals < 0)

q <- sum(z_values2)

return(list(q = q, a = a, z_vals = z_vals, z_values = z_values))

}

# Right-tailed p-value and statistical power based on the chi-square distribution
result_q <- calculate_q(list_x)

q_stat <- result_q$q

a <-result_g$a

nc <- length(list_x)

# df_chisq <- nc - a # Correction for truncated z-values

df_chisq <- nc # No correction for truncated z-values
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q_crit <- qchisq(1 - alpha, df = df_chisq)
p_value <- pchisq(q_stat, df = df_chisq, lower.tail = FALSE)
power <- 1 - pchisq(q_crit, df = df_chisq, ncp = q_stat, lower.tail = TRUE)

# Results for QSWa

cat("\nNumber of combinations among the", k, "original variables: nc =", nc,
"An")

cat("Number of z-values truncated to zero because they are negative: a =", a,
"An")

cat("Degrees of freedom: df =", df_chisq, ".\n")

cat("\nQ-test statistic value in the original sample: q =", round(q_stat, 4), ".\n")

cat("\nRight-tailed p-value and critical value based on the chi-square distribu-
tion:\n")

cat("\nCritical value or", 1 - alpha, "quantile of the chi-square distribution with",
df chisq, "degrees of freedom: 1-ax*[df] =", round(q_crit, 4), ".\n")

if (q_stat <= q_crit) {

cat("The null hypothesis of multivariate normality is retained at a significance
level of", alpha, "based on the chi-square approximation critical value.\n")

} else {

cat("The null hypothesis of multivariate normality is rejected at a significance
level of", alpha, "based on the chi-square approximation critical value.\n")}

cat("Right-tailed probability value under the chi-square distribution with",
df_chisq, "degrees of freedom: p =", round(p_value, 4), ".\n")

if (p_value < alpha) {

cat("The null hypothesis of multivariate normality is rejected at a significance
level of", alpha, "based on the chi-square approximation p-value.\n")

} else {

cat("The null hypothesis of multivariate normality is retained at a significance
level of", alpha, " based on the chi-square approximation p-value.\n")}

cat("Statistical power based on the chi-square approximation at a significance
level of", alpha, ": ¢ =", power, ".\n")

cat("If the null hypothesis is rejected, the statistical power should exceed 0.5,
preferably 0.8 or higher.\n")

cat("If the null hypothesis is not rejected, the statistical power should be below
0.5, preferably under 0.2.\n")

cat("Otherwise, the result is contradictory or questionable.\n")

# Test for serial independence in z_w values.

z_w <- result_q$z_values

cat("\nTest of the serial independence of the", nc, "standardized W values (with
negative values truncated to 0) used to compute the Q-test statistic.\n")

RunsTest(z_w, y = NULL, alternative = "two.sided", exact = TRUE, correct =
FALSE)
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lag_max <- min(10, round(nc/5, 0))
#lag_max <- 12 * (n/100)70.25 # Schwert’s rule to determinate the maximum

lag.

ljung_box_test <- lapply(1: lag_max, function(k) Box.test(z_w, lag = k, type =

"Ljung-Box", fitdf = 0))

ljung_box_table <- data.frame(

lag = 1:lag_max,

X_squared = sapply(ljung_box_test, function(x) round(x$statistic, 4)),
df = sapply(ljung_box_test, function(x) round(x$parameter, 4)),
p_value = sapply(ljung_box_test, function(x) round(x$p.value, 4))

)

cat("\nTable: Ljung-Box test for serial independence of z_w values\n")
print(ljung_box_table)

cat("\nNote. Lag = step between values forming the autocorrelation pairs; X-

square = test statistic; df = degrees of freedom; p-value = right-tailed probability
under the chi-square distribution.\n")

# Bootstrap function preserving the correlations of the original sample
resample_preserving_corr <- function(df, B) {

replicate(B, {

df[sample(1:nrow(df), size = nrow(df), replace = TRUE), ]

}, simplify = FALSE)

}

# Function to generate list of combinations
generate_list_boot <- function(df) {
list_boot <- setNames(as.list(df), paste0("c", 1:ncol(df)))
for (i in 2:ncol(df)) {

combinations <- combn(ncol(df), i)

for (j in 1:ncol(combinations)) {

idx <- combinations], j]

label <- paste0("c", length(list_boot) + 1)
list_boot[[label]] <- rowSums(df[, idx])

}

}

return(list_boot)

}

# Bootstrap simulations preserving correlations
set.seed(123)

B <- 1000

boot_datasets <- resample_preserving_corr(original_data, B)

q_boot_vals <- sapply(boot_datasets, function(df_boot) {
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list_boot <- generate_list_boot(df_boot)
calculate_q(list_boot)$q

)

# Bootstrap p-value (based on the empirical bootstrap distribution)

boot_p_value <- mean(q_boot_vals >= q_stat)

cat("\nEmpirical bootstrap distribution (with preserved correlations) derived
from the original sample:\n")

cat("Number of bootstrap samples: B =", B, ".\n")

cat("Right-tailed bootstrap p-value: p_boot =", round(boot_p_value, 4), ".\n")

if (boot_p_value < alpha) {

cat("The null hypothesis of multivariate normality is rejected at the", alpha,

"significance level based on the bootstrap p-value obtained from the empirical
bootstrap distribution.\n")

} else {

cat("The null hypothesis of multivariate normality is not rejected at the", alpha,

"significance level based on the bootstrap p-value obtained from the empirical
bootstrap distribution.\n")

}

# Generate a normative sample using equispaced probabilities and the Cholesky
transformation of the original sample’s correlation matrix

p <-seq(0.5/n,1-0.5/n,length.out =n)

indep_data <- matrix(NA, nrow = n, ncol = k)

set.seed(123)

for (j in 1:k) {indep_datal, j] <- qnorm(sample(p))}

mat_cor <- cor(original_data)

mat_chol <- chol(mat_cor)

nomative_data <- indep_data %*% mat_chol

# Define the sum-variables of all possible combinations among the original var-
iables
list_x_norm <- linear_combinations(nomative_data)

result_q_norm <- calculate_q(list_x_norm)

# Generate a normative bootstrap distribution using full-row resampling
B <- 1000

q_boot_norm_vals <- replicate(B, {

indices <- sample(1:n, size = n, replace = TRUE)

boot_sample <- nomative_data[indices, ]

list_boot_n <- linear_combinations(boot_sample)

calculate_q(list_boot_n)$q})

# Bootstrap p-value and critical value (based on the normative bootstrap distri-
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bution)

boot_norm_p_value <- mean(q_boot_norm_vals >= q_stat)

# quantile_order <- 1 - alpha # Without adjustment for a heavy right tail

quantile_order <- 1 - 2 * alpha # With adjustment for a heavy right tail

boot_norm_critical_value <- quantile(q_boot_norm_vals, probs = quantile_or-
der)

cat("\nNormative bootstrap distribution (with preserved correlation):\n")

cat("Number of bootstrap samples: B =", B, ".\n")

cat("Q-test statistic value in the normative sample: q_mvn_boot =", re-
sult_q_norm$q, ".\n")

cat("Mean of the normative bootstrap distribution: m(mvn_boot_dist) =",
mean(q_boot_norm_vals), ".\n")

cat("Median of the normative bootstrap distribution: mdn(mvn_boot_dist) =",
median(q_boot_norm_vals), ".\n")

p_value_mdn_norm  <- 2 * min(mean(q_boot_vals >= me-
dian(q_boot_norm_vals)),

mean(q_boot_vals <= median(q_boot_norm_vals)))

cat("Two-tailed p-value for testing whether the empirical bootstrap distribution
is centered on the median of the normative bootstrap distribution: p_2tailed =",
round(p_value_mdn_norm, 4), ".\n")

if (p_value_mdn_norm < alpha) {

cat("The null hypothesis of equal medians between the normative and empirical
bootstrap distributions is rejected at a significance level of", 1 - quantile_order,
"An")

} else {

cat("The null hypothesis of equal medians between the normative and empirical
bootstrap distributions is not rejected at a significance level of", 1 - quantile_order,
"An")

}

cat("Bootstrap critical value (", quantile_order, " quantile of the normative
bootstrap distribution): q_crit =", round(boot_norm_critical_value, 4), ".\n")

if (q_stat <= boot_norm_critical_value) {

cat("The null hypothesis of multivariate normality is not rejected at a signifi-
cance level of", 1 - quantile_order, "based on the critical value from the normative
bootstrap distribution.\n")

} else {

cat("The null hypothesis of multivariate normality is rejected at a significance
level of", 1 - quantile_order, "based on the critical value from the normative boot-
strap distribution.\n")

}

cat("Right-tailed p-value in the normative bootstrap distribution: p_mvn_boot

=", round(boot_norm_p_value, 4), "\n")

if (boot_norm_p_value < 1 - quantile_order) {
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cat("The null hypothesis of multivariate normality is rejected at a significance
level of", 1 - quantile_order, "based on the bootstrap p-value.\n")

} else {

cat("The null hypothesis of multivariate normality is not rejected at a signifi-

cance level of", 1 - quantile_order, "based on the bootstrap p-value.\n")}

# Bootstrap power
boot_power <- mean(q_boot_vals > boot_norm_critical_value)

cat("Bootstrap statistical power at a significance level of", 1 - quantile_order, ":

phi_boot =", boot_power, "\n")

# Representation of empirical and normative bootstrap sampling distributions

# Remove the preceding hashtag symbols to save as a JPG or TIFF file

# jpeg("Hist_dens_curvesl.jpg", width = 1200, height = 900, units = "px", res =
300)

# tiff("Hist_dens_curvesl.tiff", width = 1200, height = 900, units = "px", res =
300)

# par(mar = c(4.5, 4.5, 0.5, 0.5), cex.axis = 0.8)

# Density curve of the chi-square distribution as the base graph

x_seq <- seq(0, max(qchisq(0.999, df = df chisq), boot_norm_critical value +
1, q_stat +1, quantile(q_boot_vals, probs = 0.95, type = 8) +1), length.out = 1000)

y_chi_sq <- dchisq(x_seq, df = df_chisq)

plot(x_seq, y_chi_sq, type ="1", lwd = 3, col = "darkgreen",

main = "", xlab = "q-values", ylab = "Density",

xlim = ¢(0, max(qchisq(0.999, df = df_chisq), boot_norm_critical_value + 1,
q_stat + 1, quantile(q_boot_vals, probs = 0.95, type = 8) +1)),

ylim = ¢(0, max(density(q_boot_vals)$y, y_chi_sq)))

# Yellow histogram of the empirical bootstrap distribution of the Q-test statistic

hist(q_boot_vals, breaks = 20, freq = FALSE, col = rgb(1, 1, 0, 0.5), border =
"yellow2", add = TRUE)

# Yellow density curve of the empirical bootstrap distribution of the Q-test sta-
tistic

lines(density(q_boot_vals), col = "yellow3", lwd = 2)

# Red density curve of the normative bootstrap distribution of the Q-test statis-
tic

lines(density(q_boot_norm_vals), col = "red", Iwd = 2)

# Purple vertical line for the observed Q-test statistic value in the original sam-
ple

abline(v = q_stat, col = "purple", lwd = 2, Ity = 2)

# Red vertical line for the normative bootstrap critical value

abline(v = boot_norm_critical_value, col = "red", Iwd = 2, Ity = 2)
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# Green vertical line for the chi-square approximation critical value
abline(v = qchisq(1 - alpha, df = df_chisq), col = "darkgreen", Iwd = 2, Ity = 2)
# dev.off() # Remove the preceding hashtag symbol to save the figure

cat("\nFigure 1. Histogram (yellow) with density curves for the empirical boot-
strap (yellow), normative bootstrap (red), and chi-square (green) distributions.
The value of the Q-test statistic in original sample is indicated by a purple vertical
line (q =", q_stat, "), the critical value of the normative bootstrap distribution by a
red vertical line (", quantile_order, " quantile: ¢_mvn_boot =", boot_norm_criti-
cal_value, "), and the critical value of the chi-square distribution with", df chisq,
"degrees of freedom by a green vertical line (", 1 - alpha, " quantile: x*[", df_chisq,
"] =", q_crit, ").\n")

cat("\nNote. Yellow histogram (number of bins determined by the Rice rule) =
empirical bootstrap distribution of the Q-test statistic;\n",

"yellow curve = density curve of the empirical bootstrap distribution;\n",

"red curve = density curve of the normative bootstrap distribution (generated
from normally distributed variables with the same correlational structure as the
original data);\n",

"green curve = chi-square distribution with", df_chisq, "degrees of freedom;\n",

"purple vertical line = observed Q-test statistic value in original sample;\n",

"red vertical line = critical value or", quantile_order, " quantile of the normative
bootstrap distribution;\n",

"green vertical line = critical value or", 1 - alpha, " quantile of the chi-square

distribution with", df_chisq, "degrees of freedom.\n")

Appendix 2. QSF Test

# The chi-square approximation and bootstrap version of the multivariate nor-
mality Q-test based on Shapiro-Francia univariate normality statistics standard-
ized by Royston’s method, for sample sizes ranging from 5 to 5000 with k-tuples

of measurements

# Load four required R packages
library(nortest)

library(MASS)
library(DescTools)

library(stats)

# List of original variables

x1 <- c(47, 52, 46, 55, 47, 33, 41, 43, 63, 50, 44, 52, 55, 56, 38, 46, 41, 54, 55, 42,
50, 52, 53, 50, 67, 41, 32, 48, 37, 41, 44, 63, 45, 44, 39, 44, 30, 67, 47, 53, 60, 46, 53,
49, 49, 39, 49, 53, 48, 44)

x2 <- c(49, 61, 47, 54, 33, 38, 35, 56, 63, 47, 47, 39, 50, 63, 49, 41, 49, 60, 46, 37,
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52, 55, 61, 46, 64, 46, 37, 55, 45, 37, 38, 49, 50, 42, 51, 39, 36, 438, 39, 48, 48, 50, 52,
60, 51, 52, 49, 46, 43, 34)

x3 <- ¢(59, 54, 56, 50, 48, 33, 49, 51, 62, 46, 41, 43, 52, 55, 47, 42, 50, 46, 46, 45,
48, 59, 61, 57, 54, 43, 33, 47, 48, 36, 41, 54, 59, 33, 58, 31, 31, 60, 44, 56, 47, 52, 49,
45, 51, 43, 56, 50, 40, 37)

x4 <- ¢(51, 44, 51, 63, 42, 35, 45, 47, 62, 45, 60, 43, 51, 64, 47, 38, 47, 36, 56, 43,
54, 55, 58, 46, 50, 43, 28, 53, 47, 35, 42, 53, 53, 50, 39, 32, 43, 59, 43, 48, 72, 45, 51,
43, 46, 40, 51, 47, 59, 34)

original_data <- data.frame(x1, x2, x3, x4)

# Sample size, number of variables, and level of significance

n <- length(x1)

cat("\nSample size: n =", n, ".\n")

k <- length(original_data)

k <- length(original_data)

cat("Number of variables in the original sample: k =", k, ".\n")

R <- cor(original_data)

m_R <- mean(R[lower.tri(R)])

cat("Arithmetic mean of the Pearson’s product-moment correlation coeffi-
cients between the variables: m(R) =", round(m_R, 4), ".\n")

alpha <- 0.05

# Generate the sums of all non-repeated combinations of the variables
linear_combinations <- function(df) {

list_combinations <- list()

k <- ncol(df)

# Add the original variables (combinations of size 1)

for (iin 1:k) {

list_combinations|[[paste0("c", i)]] <- dff, i]}

# Add combinations of size from 2 to k

counter <- k

for (iin 2:k) {

combinations <- combn(k, i)

for (j in 1:ncol(combinations)) {

idx <- combinations|, j]

counter <- counter + 1

list_combinations[[paste0("c", counter)]] <- rowSums(df[, idx])}}
return(list_combinations)}

list_x <- linear_combinations(original_data)

# Calculation of common parameters for standardizing samples from 12 to 2000
data points

u <- log(log(n)) - log(n)
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mu <- 1.0521 *u - 1.2725

v <-log(log(n)) + 2 / log(n)

sigma <- -0.26758 * v + 1.0308

cat("\nParameters for standardizing the", 2Ak - 1, "variables created by linear
combination of the", k, "original variables:\n")

cat("\nExpected value of In(1-W’): p =", mu, ".\n")

cat("Standard deviation of In(1-W’): 0 =", sigma, ".\n")

# Apply test and save results to a table

results <- lapply(names(list_x), function(label) {

data <- list_x[[label]]

result <- shapiro.test(data)

z <- (log(1 - result$statistic) - mu) / sigma

p <- 1 - pnorm(z)

Normality <- if (result$p.value < alpha) "No" else "Yes"

return(c(label, round(result$statistic, 4), round(z, 4), round(p, 4), Normality))
1y

# Convert to data frame
table_results <- as.data.frame(do.call(rbind, results), stringsAsFactors =
FALSE)

colnames(table_results) <- ¢("Combination”, "W, "z", "p", "Normality")

# Display the table

cat("\nTabla. Shapiro-Francia’s univariate normality test with Royston’s stand-
ardization for the", 2Ak-1, "linear combinations of variables\n")

print(table_results, row.names = FALSE)

cat("\nNote. Combination = sum of the corresponding combination without
repetition of variables; W = Shapiro-Francia W’ statistic; z = standardized value
of W’ using Royston’s method; p = right-tailed p-value under the standard normal
distribution; Univariate normality: Yes = p = a =", alpha, ", the null hypothesis of

normality is retained; No = p <", alpha, ", the null hypothesis is rejected.\n")

# Function to calculate Q’-test statistic (QSF)
calculate_q <- function(list_data) {

z_vals <- sapply(list_data, function(x) {
result_sf <- sf.test(x)

z <- (log(1 - result_sf$statistic) - mu) / sigma
return(as.numeric(z))

1))

z_values <- ifelse(z_vals < 0, 0, z_vals)

a <- sum(z_vals < 0)

q <- sum(z_values/2)
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return(list(q = q, a = a, z_vals = z_vals, z_values = z_values))

}

# Right-tailed p-value and statistical power based on the chi-square distribution
result_q <- calculate_q(list_x)

q_stat <- result_q$q

a <- result_q$a

nc <- length(list_x)

# df_chisq <- nc - a # Correction for truncated z-values

df_chisq <- nc # No correction for truncated z-values

q_crit <- qchisq(1 - alpha, df = df_chisq)

p_value <- pchisq(q_stat, df = df_chisq, lower.tail = FALSE)

power <- 1 - pchisq(q_crit, df = df_chisq, ncp = q_stat, lower.tail = TRUE)

# Results for QSFa

cat("\nNumber of combinations among the", k, "original variables: nc =", nc,
"An")

cat("Number of z-values truncated to zero because they are negative: a =", a,
"An")

cat("Degrees of freedom: df =", df _chisq, ".\n")

cat("\nQ-test statistic value in the original sample: q =", round(q_stat, 4), ".\n")

cat("\nRight-tailed p-value and critical value based on the chi-square distribu-
tion:\n")

cat("\nCritical value or", 1 - alpha, "quantile of the chi-square distribution with",
df chisq, "degrees of freedom: 1-ax*[df] =", round(q_crit, 4), ".\n")

if (q_stat <= q_crit) {

cat("The null hypothesis of multivariate normality is retained at a significance
level of", alpha, "based on the chi-square approximation critical value.\n")

} else {

cat("The null hypothesis of multivariate normality is rejected at a significance
level of", alpha, "based on the chi-square approximation critical value.\n")}

cat("Right-tailed probability value under the chi-square distribution with",
df_chisq, "degrees of freedom: p =", round(p_value, 4), ".\n")

if (p_value < alpha) {

cat("The null hypothesis of multivariate normality is rejected at a significance
level of", alpha, "based on the chi-square approximation p-value.\n")

} else {

cat("The null hypothesis of multivariate normality is retained at a significance
level of", alpha, " based on the chi-square approximation p-value.\n")}

cat("Statistical power based on the chi-square approximation at a significance
level of", alpha, ": ¢ =", power, ".\n")

cat("If the null hypothesis is rejected, the statistical power should exceed 0.5,
preferably 0.8 or higher.\n")
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cat("If the null hypothesis is not rejected, the statistical power should be below
0.5, preferably under 0.2.\n")

cat("Otherwise, the result is contradictory or questionable.\n")

# Test for serial independence in z_w’ values.

z_w <- result_q$z_values

cat("\nTest for the serial independence of the", nc, "standardized W’ values
(truncated to 0 when negative) used to compute the Q’-test statistic.\n")

RunsTest(z_w, y = NULL, alternative = "two.sided", exact = TRUE, correct =
FALSE)

lag_max <- min(10, round(nc/5, 0))

#lag_max <- 12 * (n/100)70.25 # Schwert’s rule to determinate the maximum
lag.

ljung_box_test <- lapply(1: lag_max, function(k) Box.test(z_w, lag = k, type =
"Ljung-Box", fitdf = 0))

ljung_box_table <- data.frame(

Lag = 1l:lag_max,

X_squared = sapply(ljung_box_test, function(x) round(x$statistic, 4)),

df = sapply(ljung_box_test, function(x) round(x$parameter, 4)),

p_value = sapply(ljung_box_test, function(x) round(x$p.value, 4))

)

cat("\nTable: Ljung-Box test for serial independence of z_w’ values\n")

print(ljung_box_table)

cat("\nNote. Lag = step between values forming the autocorrelation pairs; X-
square = test statistic; df = degrees of freedom; p-value = right-tailed probability
under the chi-square distribution.\n")

# Bootstrap function preserving the correlations of the original sample
resample_preserving_corr <- function(df, B) {

replicate(B, {

df[sample(1:nrow(df), size = nrow(df), replace = TRUE), ]

}, simplify = FALSE)

}

# Function to generate list of combinations
generate_list_boot <- function(df) {

list_boot <- setNames(as.list(df), paste0("c", 1:ncol(df)))
for (i in 2:ncol(df)) {

combinations <- combn(ncol(df), i)

for (j in 1:ncol(combinations)) {

idx <- combinations], j]

label <- paste0("c", length(list_boot) + 1)
list_boot[[label]] <- rowSums(df[, idx])
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}

}

return(list_boot)

}

# Bootstrap simulations preserving correlations
set.seed(123)

B <- 1000

boot_datasets <- resample_preserving_corr(original_data, B)

q_boot_vals <- sapply(boot_datasets, function(df_boot) {
list_boot <- generate_list_boot(df_boot)
calculate_q(list_boot)$q

H

# Bootstrap p-value (based on the empirical bootstrap distribution)
boot_p_value <- mean(q_boot_vals >= q_stat)

cat("\nEmpirical bootstrap distribution (with preserved correlations) derived

from the original sample:\n")

cat("Number of bootstrap samples: B =", B, ".\n")

cat("Right-tailed bootstrap p-value: p_boot =", round(boot_p_value, 4), ".\n")
if (boot_p_value < alpha) {

cat("The null hypothesis of multivariate normality is rejected at the", alpha,

"significance level based on the bootstrap p-value obtained from the empirical

bootstrap distribution.\n")

} else {
cat("The null hypothesis of multivariate normality is not rejected at the", alpha,

"significance level based on the bootstrap p-value obtained from the empirical

bootstrap distribution.\n")

}

# Generate a normative sample using equispaced probabilities and the Cholesky

transformation of the original sample’s correlation matrix

p <-seq(0.5/n,1-0.5/n,length.out = n)
indep_data <- matrix(NA, nrow = n, ncol = k)
set.seed(123)

for (j in 1:k) {indep_datal, j] <- qnorm(sample(p))}
mat_cor <- cor(original_data)

mat_chol <- chol(mat_cor)

nomative_data <- indep_data %*% mat_chol

# Define the sum-variables of all possible combinations among the original var-

iables
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list_x_norm <- linear_combinations(nomative_data)

result_q_norm <- calculate_q(list_x_norm)

# Generate a normative bootstrap distribution using full-row resampling
B <- 1000

q_boot_norm_vals <- replicate(B, {

indices <- sample(1:n, size = n, replace = TRUE)

boot_sample <- nomative_data[indices, ]

list_boot_n <- linear_combinations(boot_sample)

calculate_q(list_boot_n)$q
)

# Bootstrap p-value and critical value (based on the normative bootstrap distri-
bution)

boot_norm_p_value <- mean(q_boot_norm_vals >= q_stat)

# quantile_order <- 1 - alpha # Without adjustment for a heavy right tail

quantile_order <- 1 - 2 * alpha # With adjustment for a heavy right tail

boot_norm_critical_value <- quantile(q_boot_norm_vals, probs = quantile_or-
der)

cat("\nNormative bootstrap distribution (with preserved correlation):\n")

cat("Number of bootstrap samples: B =", B, ".\n")

cat("Q’-test statistic value in the normative sample: q_mvn_boot =", re-
sult_q_norm$q, ".\n")

cat("Mean of the normative bootstrap distribution: m(mvn_boot_dist) =",
mean(q_boot_norm_vals), ".\n")

cat("Median of the normative bootstrap distribution: mdn(mvn_boot_dist) =",
median(q_boot_norm_vals), ".\n")

p_value_mdn norm <- 2 * min(mean(q_boot vals >=  me-
dian(q_boot_norm_vals)),

mean(q_boot_vals <= median(q_boot_norm_vals)))

cat("Two-tailed p-value for testing whether the empirical bootstrap distribution
is centered on the median of the normative bootstrap distribution: p_2tailed =",
round(p_value_mdn_norm, 4), ".\n")

if (p_value_mdn_norm < alpha) {

cat("The null hypothesis of equal medians between the normative and empirical
bootstrap distributions is rejected at a significance level of", 1 - quantile_order,
"An")

} else {

cat("The null hypothesis of equal medians between the normative and empirical
bootstrap distributions is not rejected at a significance level of", 1 - quantile_order,
"An")

}

cat("Bootstrap critical value (", quantile_order, " quantile of the normative

bootstrap distribution): q_crit =", round(boot_norm_critical_value, 4), "\n")
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if (q_stat <= boot_norm_critical_value) {

cat("The null hypothesis of multivariate normality is not rejected at a signifi-
cance level of", 1 - quantile_order, "based on the critical value from the normative
bootstrap distribution.\n")

} else {

cat("The null hypothesis of multivariate normality is rejected at a significance
level of", 1 - quantile_order, "based on the critical value from the normative boot-
strap distribution.\n")

}

cat("Right-tailed p-value in the normative bootstrap distribution: p_mvn_boot
=", round(boot_norm_p_value, 4), ".\n")

if (boot_norm_p_value < 1 - quantile_order) {

cat("The null hypothesis of multivariate normality is rejected at a significance
level of", 1 - quantile_order, "based on the bootstrap p-value.\n")

} else {

cat("The null hypothesis of multivariate normality is not rejected at a signifi-
cance level of", 1 - quantile_order, "based on the bootstrap p-value.\n")

}

# Bootstrap power
boot_power <- mean(q_boot_vals > boot_norm_critical_value)

cat("Bootstrap statistical power at a significance level of", 1 - quantile_order, ":

phi_boot =", boot_power, ".\n")

# Representation of empirical and normative bootstrap sampling distributions

# Remove the preceding hashtag symbols to save as a JPG or TIFF file

# jpeg("Hist_dens_curves2.jpg", width = 1200, height = 900, units = "px", res =
300)

# tiff("Hist_dens_curves2.tiff", width = 1200, height = 900, units = "px", res =
300)

# par(mar = c(4.5, 4.5, 0.5, 0.5), cex.axis = 0.8)

# Density curve of the chi-square distribution as the base graph

x_seq <- seq(0, max(qchisq(0.999, df = df_chisq), boot_norm_critical_value +
1, q_stat +1, quantile(q_boot_vals, probs = 0.95, type = 8) +1), length.out = 1000)

y_chi_sq <- dchisq(x_seq, df = df_chisq)

plot(x_seq, y_chi_sq, type = "1", Iwd = 3, col = "darkgreen",

main =", xlab = "q_prime_values", ylab = "Density",

xlim = ¢(0, max(qchisq(0.999, df = df chisq), boot_norm_critical value + 1,
q_stat +1, quantile(q_boot_vals, probs = 0.95, type = 8) +1)),

ylim = ¢(0, max(density(q_boot_vals)$y, y_chi_sq)))

# Yellow histogram of the empirical bootstrap distribution of the Q’-test statis-

tic
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hist(q_boot_vals, breaks = 20, freq = FALSE, col = rgb(1, 1, 0, 0.5), border =
"yellow2", add = TRUE)

# Yellow density curve of the empirical bootstrap distribution of the Q’-test sta-
tistic

lines(density(q_boot_vals), col = "yellow3", lwd = 2)

# Red density curve of the normative bootstrap distribution of the Q’-test sta-
tistic

lines(density(q_boot_norm_vals), col = "red", Iwd = 2)

# Purple vertical line for the observed Q’-test statistic value in the original sam-
ple

abline(v = g_stat, col = "purple", Iwd = 2, Ity = 2)

# Red vertical line for the normative bootstrap critical value

abline(v = boot_norm_critical_value, col = "red", Iwd = 2, Ity = 2)

# Green vertical line for the chi-square approximation critical value

abline(v = qchisq(1-alpha, df = df_chisq), col = "darkgreen", Iwd = 2, Ity = 2)

# dev.off() # Remove the preceding hashtag symbol to save the figure

cat("\nFigure 2. Histogram (yellow) with density curves for the empirical boot-
strap (yellow), normative bootstrap (red), and chi-square (green) distributions.
The value of the Q-test statistic in original sample is indicated by a purple vertical
line (q =", q_stat, "), the critical value of the normative bootstrap distribution by a
red vertical line (", quantile_order, " quantile: ¢_mvn_boot =", boot_norm_criti-
cal_value, "), and the critical value of the chi-square distribution with", df_chisq,
"degrees of freedom by a green vertical line (", 1 - alpha, " quantile: Xz[", df chisq,

u] =u, q_Crit, u)‘\nu)

Appendix 3. Royston’s H-test

# Royston’s multivariate normality H-test for samples size from 10 to 2000 with

k-tuples of measurements

# Load required R package

library(MVN)

# List of original variables

x1 <- c(47, 52, 46, 55, 47, 33, 41, 43, 63, 50, 44, 52, 55, 56, 38, 46, 41, 54, 55, 42,
50, 52, 53, 50, 67, 41, 32, 48, 37, 41, 44, 63, 45, 44, 39, 44, 30, 67, 47, 53, 60, 46, 53,
49, 49, 39, 49, 53, 48, 44)

x2 <- c(49, 61, 47, 54, 33, 38, 35, 56, 63, 47, 47, 39, 50, 63, 49, 41, 49, 60, 46, 37,
52, 55, 61, 46, 64, 46, 37, 55, 45, 37, 38, 49, 50, 42, 51, 39, 36, 48, 39, 48, 48, 50, 52,
60, 51, 52, 49, 46, 43, 34)

x3 <- ¢(59, 54, 56, 50, 48, 33, 49, 51, 62, 46, 41, 43, 52, 55, 47, 42, 50, 46, 46, 45,
48, 59, 61, 57, 54, 43, 33, 47, 48, 36, 41, 54, 59, 33, 58, 31, 31, 60, 44, 56, 47, 52, 49,
45, 51, 43, 56, 50, 40, 37)

x4 <- c(51, 44, 51, 63, 42, 35, 45, 47, 62, 45, 60, 43, 51, 64, 47, 38, 47, 36, 56, 43,
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54, 55, 58, 46, 50, 43, 28, 53, 47, 35, 42, 53, 53, 50, 39, 32, 43, 59, 43, 48, 72, 45, 51,
43, 46, 40, 51, 47, 59, 34)
original_data <- data.frame(x1, x2, x3, x4)

n <- length(x1)
k <- length(original_data)
alpha <- 0.05

result <- mvn(original_data, subset = NULL, mvnTest = "royston")

# Statistical power for H-test

R <- cor(original_data)

lambda <- 5

mu <- 0.715

In_n <- log(n)

v_n <- 0.21364 + 0.015124 * In_nA2 - 0.0018034 * In_nA3

r_ij <- R[lower.tri(R)]

c_ij <- r_ijAlambda * (1 - (mu / v_n) * (1 - r_ij)Amu)

c_bar <- mean(c_ij)

df H<-k/(1+ (k-1)*c_bar)

power_H <- 1 - pchisq(qchisq(1-alpha, df = df H), df = df H, ncp = re-
sult$multivariateNormality$H, lower.tail = TRUE)

# Display results

cat("\nSample size: n =", n, ".\n")

cat("Number of variables in the original sample: k =", k, ".\n")

cat("Arithmetic mean of the Pearson’s product-moment correlation coeffi-
cients between the variables: m(R) =", round(mean(r_ij), 4), ".\n")

cat("\nRoyston’s multivariate normality H-test\n")

cat("H statistic: H =", round(result$multivariateNormality$H, 4), ".\n")

cat("Degrees of freedom: df =", df H, ".\n")

cat("p-value for the null hypothesis of multivariate normality: p =", result$mul-
tivariateNormality$p, ".\n")

cat("Statistical power of the H-test at a significance level of', alpha, ": ¢ =",
power_H, ".\n")

cat("If the null hypothesis is rejected, the statistical power should exceed 0.5,
preferably 0.8 or higher.\n")

cat("If the null hypothesis is not rejected, the statistical power should be below
0.5, preferably under 0.2.\n")

cat("Otherwise, the result is contradictory or questionable.\n")
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