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Abstract

In this paper, we consider the Cauchy problem of 3-dimensional tropical cli-
mate model. This model reflects the interaction and coupling among the ba-
rotropic mode 4, the first baroclinic mode v of the velocity and the tempera-
ture 6. The systems with fractional dissipation studied here may arise in the
modeling of geophysical circumstances. Mathematically these systems allow
simultaneous examination of a family of systems with various levels of regu-
larization. The aim here is the global strong solution with the least dissipa-
tion. By energy estimate and delicate analysis, we prove the existence of glob-
al solution under three different cases: first, with the help of damping terms,

the global strong solution of the system with A*“u, A*’v and A%@ for

%< a=y<1, %S [ and second, the global strong solution of the system
for 1<ag=p=y S% with damping terms; finally, the global strong solution

of the system for %S o = =y without any damping terms, which improve

the known existence theory for this system.

Keywords
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1. Introduction
In this paper, we consider the following tropical climate model with fractional

diffusion and nonlinear damping terms

AU+ (u-V)u+pA**u+Vp+div(vev)+ §l|u|’)“1 u=0, (1.1)
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OV +(U-VIVHAPV + VO +(v-V)u+& M v=0, (1.2)
0,0+(u-V)0+nA¥ 0 +divv+&|6]* " 6=0, (1.3)
divu=0, (1.4)
(u,v,0)(x,0)=(uy,V.6,), (1.5)

where xeR®, the vector fields u(x,t)= (ul(x,t),uz (x,t),u, (X,t)) and
v(x,t)=(v(xt),v,(%1),V5(x,t)) denote the barotropic mode and the first
baroclinic mode of the velocity, respectively. The scalar functions p(x,t) and
O(x,t) represent the pressure and the temperature, respectively. «>0, £2>0,
y20, u20, v>0, 720, §20, &2>0, §=0, p21, p,21, p 21
are real parameters. For se R, the fractional Laplacian operator A° = (—A)E is
defined through the Fourier transform
AT(£)=[f (2.

The tropical climate model (1.1) - (1.5) was originally introduced by Frierson-
Majda-Pauluis in [1] without any dissipation terms (x=v =17=0) in order to
perform a Galerkin truncation to the hydrostatic Boussinesq equations. For
more background about the tropical climate model, we refer to [2]. If the effect
of temperature is ignored, the system is similar in form to the generalized MHD
equation with divergence free condition both on zand v

Firstly, we recall some global existence results for the tropical climate model
without any damping terms. Ye [3] obtained global regularity for a class of
2-dimensional tropical climate model with >0, f=y=1. Li and Titi [4]
established the 2-dimensional global well-posedness of strong solution for the
system with a=/=1, n=0 by introducing a combined quantity called
pseudo baroclinic velocity. Wan [5] proved the global well-posedness of the
classical solutions to the climate model with the dissipation of the first baroclinic

model of the velocity and some damping terms (#=0, v>0, =0, F=1).

Dong et al. [6] investigated the case when u=0, f>1, ﬂ+;/>§ or

g< p$<2, u=n=0 and obtained global regularity of 2-dimensional tropical

climate models in H®,s>2. Zhu [7] established the regularity for the tropical

climate model with x>0, v=0, n=0 and azg in H® s=3. In [8] the

authors analyzed the d-dimensional (d =2,3) tropical climate model with only
v#0. By choosing a class of special initial data (u,,V,,6,) whose Hs(Rd)
norm can be arbitrarily large and obtained the global smooth solution of

d-dimensional tropical climate model. Yu, Li and Yin establish the global
regularity for the system with #>0, v=0, 7=0 and a=/ :% in [9]. Niu
and Wang [10] dealt with the global well-posedness and large-time behavior of

the 2D tropical climate model with small initial data for =y =1, =0 and
u>0, v=0, n=0.
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Next, we will give some global existence results for the system. The global
existence and uniqueness of a strong solution is established provided p, >4
with a=f=y=1, >0, & =& =0 by Yuan and Chen [I1]. Yuan and

Zhang [12] proved the global regularity assuming that one of the following three
Sa +7 7
>

20 p3_2a—5’

condition holds true: 1) p, 0,24, 2) %S p<4d, p,2

3) 3<p S%, P21 Py 2 : with a =/ =y=1. Berti, Bisconti and Catania

20 —

in [13] provided a regularity criterion to obtain the smoothness of the solutions
with a=pf=y=1, & =0, 3<p,p,<4,and (uo,vo,ﬁo)e H*, §<SSZ.
Since the specific values of 4,v,n do not play a special role in our

discussions, for the sake of simplicity, we set u=v=n=¢§ =&, =& =1 in the

rest of the paper.
We have proved the local existence of the fractional tropical climate model for

n
a >% in H®, s> max{EJrl— Za,O}. When n=3, for our global existence
in this paper, because of the shortcoming of the damping terms, we can verify

5
that « >% to ensure {E -2a, 0} <8 <1. The local existence for this paper can

be established by the procedure of the local existence of the fractional tropical
n
climate model for « >% in H®, s> max{5+1—2a,0} and Lemma 2.3,

thus it is omitted here.

It should be noted that all the above mentioned works for the system require
the restriction that at least one of the «, 8,7 must greater than or equal to 1. A
natural question is that what would happen if they were all less than 1. In this
paper, the focus of our work is to discuss the global exitence when all «,f,y

are less than % Also, we improved the previous global solution when «,f,y
greater than %, which is meaningful.
Our main results are stated as follows:

Theorem 1.1. Assume (Uy,V,,6,) € H (R3) with divu,=0 If

3= <1E<ﬁ—4 <p=p =p,=

7 e "= 'Za—l_p PL= P2 = Pas
then, for any T >0, the system (1.1) - (1.5) has a global strong solution
(u,v,0) such that

u0el” (o,T; Hl(R3))m L7 (0,T; H™ (R3))m L (o,T; Ho (R?)),
vel” (o,T; Hl(Ra))m L (o,T; H (R3))m Lo+t (o,T; H o (R3)).

Theorem 1.2. Assume (Uy,Vy,0,) € H' (R®) with divu, =0 If

5 4
1S = = S—,—S = = = s
aA=B=y< i S PEA= PP
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then, for any T >0, the system (1.1) - (1.5) has a global strong solution
(u,v,0) such that

uv,0el” (O,T;Hl(R3>)m 12 (o,T; H e (R3))m Lo (o,T; H (R3)),
Theorem 1.3. Assume & =¢&,=&,=0 and (Uy,V,,6,)€ Hg(R3) with
divu,=0.1f

5
—ﬁ::,
4aﬁ7

then, for any T >0, the system (1.1) - (1.5) has a global strong solution
(u,v,0) such that

uv,0e L°°(O,T; H3(R3))m L2<O,T; H3 (R3)).

Throughout the whole paper, we use ||||Lp to denote the L° (R") norm.

H® (R” and H°® (]R”) denote the homogeneous Sobolev space with the norm
||u s = A'u 2 and nonhomogeneous Sobolev space with the norm

Y
||u be é("u"i2 +|Asu LZ)Z, respectively. C denotes a generic positive constant,

and it may be different from line to line.

We find that when «,f,y are relatively large, with the help of dissipative
terms, the global existence is relatively easy to obtain. But when all «,f,y are
relatively small, the global existence is not easy to obtain, and it needs to be

controlled by damping terms.

2. Preliminaries

We state the Gagliardo-Nirenberg inequality in Lemma 2.1 and the Kato-Ponce
type inequality in Lemma 2.2.

Lemma 2.1. ([14]) Let u belongs to L' in R" and its derivatives of order m,
D"u, belong to L', 1<q,r<ow. For the derivative Dlu, 0<j<m, the
following inequality holds

|piul, <c|pmyf}, Julls”, 2.1)
where
l=i+a(l_m]+(1—a)1, (2.2)
p n rn q
forall o in the interval
iSasl. (2.3)
m

Lemma 2.2 ([15]) Let s>0, 1< p <o, then we have

[a* (0], <C(I [ [A0]. .+l

1 1 1 1
with —=—+—=—+

P P & P G
Lemma 2.3 ([16]) For 0<s<1, >0 and A*uel’", we have

A°Q A°f

) (2.4)
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<AS (|u|ﬂ’l u),A5u> > C(ﬁ’)j(As |u|ﬁz+1J2 dx,

where
2
P ﬁle
1
c(e)-1",,
m, 0<ﬂ<1.

3. Proof of the Theorem 1.1

Proof Multiplying (1.1), (1.2), (1.3) respectively by u,v,@, after integrating by

parts and taking the divergence free property into account, we have

1d 2 2 2 2 2 2
L IS o N 1
I+l o

Next, applying the operator V to (1.1), (1.2), (1.3) and taking the L2 (R3)
inner product to the resultants with (Vu,Vv,V @), after integrating by parts, we

have
1 d +a + +a
5aﬂWWEHWWEHWﬂﬁ}4N ulf, A, +|asel,
p-1 2 p-1 2 p-1 2
+[u[ 2 vu| +|[v]Z Vv +||6] 2 Vo
12 12 12
+ 2 " 2 " 2
+i@:§[vM$1 Jop=] <o ] (3.6)
(p+1) Ik 12 2
=<(uoV)u,Au>+<div(v®v),Au>+<(u-V)V,Av>
+<V¢9,AV>+<(V-V)U,AV>+<(U-V)H,At9>+<div v,A0)
=L+L+L+,+ 1+ 1+ 1.
Integration by parts implies
I,+1,=0. (3.7)

Because of the divergence-free condition of u, the estimates for I, I,, I,

and |, are similar, and we take the detailed estimate for |, asan example.
3 . . . ,
For 1, when 2 <a £1, using Kato-Ponce type inequality and Young’s

inequality, we can get

1] =[((u-V)v.av)] = (A= [(u-V)v], A v) < c a7 (uev)|, 4",

<O U] s s+ s Il 3],
L AL L Pl t
< C"vu"i;ll Al+au A "V"Lpu ALty . +C||VV||E/11 Alrey A "U - Ay .
< 1 A1+a 2 1 A1+a 2 C ﬁ \V4 2 1 Al+a 2 C ﬁ \V4 2
_§| ul . +E| V. + MG [Vule +E| V. + Jull>3 vl
< 1 ALt 2 1 AL 2 C 1—2/11 vulz, +¢C 1-2/11 vyl
< 2fareul +5[ared + Mk Ivullz +Clulis ovii
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here we have used the following Gagliardo-Nirenberg inequality

A p+4

-4

"Az_au LZ(:ijll) < C"vu”L2 AU 2’ /11 - a(p+1) - (3.8)
Note that 4 € Fﬁa ,1} implies ls a<l and p2 4-2a . Letting
a 2 20 -1
) < p+1, which means p> 271
Therefore, we need « >% and p2> 51 Then, we get
a -
| = gJaull, o glaevl, + A VUl sl v, G9)

Similarly, for the terms 1, |, and Iy, we can obtain the following estimates

|1 :|<(u ~V)u,Au>|

SC"AZ’“U s Ul AT U] 2 (3.10)
Lrt
<l -l vl
|I2|=|<div(v®v),Au>|
SC"AZ‘“V s [V AU - (3.11)
[
Ly 12 14, 24 |2 +
£§|A1+ ul . +§|A1+ V|2 +C|v fpfl Vv||2L2,
and
1] =[{(u-v)0.86)
<C[[a*0] s 0] a7 v (3.12)
LAt
1 1
gdAMu;+dAwe;+qwgﬁvw;+qu;vﬂ;

It remains to estimate the term |,. However, this term can not be treated as
above due to the non-divergence free property of v; so we estimate I, as

follows
|1 =|<(v~V)u,Av>|
< |<div(v®u),Au>|+|<(V ~v)u,Av>|
=1 + 1.,
For I, , similarly to 3.9, we obtain
Iy, = KA““ (v® u),Az’“u>

§1| 22 +i
8 v 16

p+l
Lp+1

p+1
Lp+1

ATy A, + VA vl +Cu

vul:.

and for I, , we have
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5
lgy <Cluls [Pl V] 2 <l A" A

2
2
L5 -

LZ

[vlie”
LZ
12

N A IS

<Clull: |

A2
LZ

1
<x " +Cw:.

where

Iav] . <clvvfi®
L5

2
1+8,,||2
2 ATV 2

with 4, = > and ﬂ,ze{%,l} which implies that ﬂz%.

4p

Therefore, we have

1l<]

2 1 2 p+l
12 + g| ot

Taking the above estimations (3.9) - (3.13) into (3.6), we obtain that

Aty APy vul;. (3.13)

+Clvefls +CJulfh +v

12

2 2
I+a R l+a R
AU +] ARt

1d
28 (vl +Iwl vl )+

2 2

2 o1
+|l6] 2 ve
12

p-1 p-1
+||u[ 2 Vu VIERY

N 4]
N 4(p—1)[
(p+1)

2
2 ]
<C(lul + VI + 1ol +2)(Ivulfe + vz +[v o )-

L

+
L2

12

2 2

p+2 p+2 p+2
Viu[z | +|V]Vz vie| 2

12

+
LZ

This completes the proof of the Theorem 1.1 by Gronwall’s inequality and
energy estimate (3.5). [J

4. Proof of the Theorem 1.2

Proof. Multiplying (1.1), (1.2), (1.3) respectively by u,v,8, after integrating by

parts and taking the divergence free property into account, we have

1d 2 2 2 a. |12 a |12 a2
2 (MG + G 16l )+ ol efall «fwcell,
ulln + VoS + el =o.

Next, applying the operator V to (1.1), (1.2), (1.3) and taking the L2 (Rs)
inner product to the resultants with (Vu,Vv,V6), after integrating by parts, we

have

1d

(||vU||; v +[v e, )+|A1+au A, Al

2 2 2

+ +

12

p-1 p-1 p1
|z Vu VERY 6|2 ve

2
+4(/’__12)[ N N ] (4.16)
(,D +1) 2 12 12

=<(u-V)u,Au>+<div(v®v),Au>+<(u~V)V,Av>
+(VO,AV)+((v-V)u,Av) +((u-V)6,A6) +(div v,AB)
=L+, + 1+ g+ 1+ 1.

+
LZ

2
pe2 | pe2|? } p+2
Viul 2|+ Vv + Vi[>
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Integration by parts implies

l,+1,=0.

We take the detailed estimate for |, asan example.

5 . .
For I,,when 1<a< 2 using Kato-Ponce type inequality, we can get

I1,] :|<(u V), Av>|

S"U Lot VV" 2p+1) AV"L2
LAl
ST 0 el TS W Yl IS
SC"U Lo VV"ZL;%J“4 Ay inrAA
2a
a3
gl sl vl
3 1 y
ith A, = . A, ==.Here, 2
wi A a(p+1) 4T ere, we can yel Za_l_i »
p+1
Then, we have
1) < %| A+l [

(4.17)

(4.18)

Due to the non-divergence free condition we have used, so we can obtain

other terms using the same way. Then we have

II|= |<(u -V)u,Au>|

10 e (4.19)
SE|A1+ uf; +Clu o vl
|1, =|<div(v®v),Au>|
< ClV]|opn [V s [|AY] 2 (4.20)
L/t
<1 Lra, |2 1A1+a2Cp+lV2 vyl
< L, v L], o (9ol +IovE )
15 < CIW]lps [WV] 2.0 A2
. 2 L ”; 2 (4.21)
SE| Lo, ! +E|AMV g +Clv ’L’;fl( Vu||2L2 +||VV||iz )
and
1| =[((u-v)0.40)
1y 2 (4.22)
£E|A“ 0|, +Cluls v el
Taking the above estimations (4.17) - (4.22) into (4.16), we obtain that
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%%("wu; o N R 7 ) T R P W RS i
o1 2 1 2 P 2
+lul 2 vul +[lv[z V| +]l6] 2 Vo
2 L 2
2 212 w2112
P Gl [V|u| S [ VS I e ]
(p+l) 12 2 2

<l + 2 Il I +1vel: )
This completes the proof of the Theorem 1.2 by Gronwall’s inequality and
energy estimate (4.15). [
5. Proof of the Theorem 1.3

Proof Multiplying (1.1), (1.2), (1.3) respectively by u,v,@, after integrating by
parts and taking the divergence free property into account, we have

L8l + I + el )+

For the H' -estimates:
Next, applying the operator V to (1.1), (1.2), (1.3) and taking the LZ(R3)
inner product to the resultants with (Vu,Vv,V @), after integrating by parts, we

+ A%l , +|A%V A"G =0. (5.23)

have

2 2
A, +[arev], +[ar.
L L

2
+|
LZ

[Vulls + [l + vl )+

zal
:<(u ~V)u,Au>+<div(v®v),Au>+<(u ~V)v,Av> (5.24)
+(VO,AV)+((v-V)u,Av) +{(u-V)0,A0) + (div v,A0)
=L +L+ L+, + 1+
Integration by parts implies

l,+1,=0. (5.25)

We also consider |, first.

1 =[{(u-v)v. av)] < IIVVIILs [av].e

1 Y Vel S A el T

<fwnf +c||w||2 o, (5.26)
1 +lZ a

<Ay " +Clls” ey “5 vl
1 +a

<, +o[anf; )||vV||L2,

here, we need « 2% and have used the following inequalities

1
I_2 ZS:_

24
1
a

[Vl <Clvvl.™ A" v

Jav]e < vyl [arev

" g =
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17
LZ

a

[Vl <€l

A7 1
2 j'7 = ;
Similarly, we can obtain |, as follows

1] =[((v-¥)u av)] s € vl [Vl v
172i l+a zi -1 l+a 2
<CIV]z [Ivull 2 AT s [V AT v

2

1 2 1

2L L
<ol e sl ez (ol + v
éi Arey? +i Ay 527
16 ¢ 16 5
1) 2 21 -
a), 1 1 al 2————
coe e ) (s + oo
1y csa P, L[ sy f? o2
<ol + A w(|anf, +2)(Ivul +Iv: )

Though above estimate for 1, and |, we know that we don’t need to use

the divergence free condition. Therefore, we can obtain

e |<(u -V)u,Au>|

1

<=

e (5.28)
u
16

A%u

2
L2+C(

" 1wl

|I2|=|<div(v®v),Au>|

=[((v-V)v,au) +((V-v)v, Au) (5.29)

1 va |12 1 +a 2
<= ATy Ay - +1)(||VU||iz +[wvl ).

16

+— A%V

¢ 16

1| =[((u-v)6.406)
<1

16

Taking the above estimations (5.25) - (5.38) into (5.24), we obtain that

2
2 +C(

2 (5.30)
g, + c( Ay

.+ vel.

1d ’ ;
L9 oult, + ool ol ) ool + ey

| At

2 2
+
12 12

2
+
LZ

(5.31)

SC( AU iz +|[A%v

" +1)([ulf + v +velf.)

For the H? -estimates:
Taking A to (1.1), (1.2), (1.3), multiplying (1.1), (1.2), (1.3) by Au, Av,
A, after integrating by parts and taking the divergence free property into

account, we have

1 d o +a
28 [l + vl + 2ol )+ [ -

= —<A((u -V)u),Au> —(Adiv(v ®v),Au> —<A((u -V)v),Av> (5.32)
—(AV0,Av) (A((v-V)u),Av) - (A((u-V)6),A0) —(Adivv,A0)

=+, + 0+, + 0+ g+ 11,

2 2
12 + 12 +

|A2+av
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Integration by parts implies

i,+1,=0. (5.33)
We consider Il first.

|11 =‘<A((V~V)U),AV>‘

<CIM- [aule [VAv]z + C[9v]ie [Vuls [VAV].2

1 1
<c([are], +vle JIauls A%z avize
1 8 8 1 Ll
+ CJav]e Jull 25 A= ufE Az, v

§i|A2+av Al+av
16

" +Clavfs o

s

1
=
16

A2+av Al+a u

- +Clav

"+l (5.34)

£l| A2+av A1+av
8

2
s +C(
L

I s +cfareu

"+ lav.

here, we have used the following inequalities

1 1
[V <cav], A,
"VU” <C"u"172(1ia) ALy 2(111)
L3 = L2 L2

By the Kato-Ponce, Holder, Gagliardo-Nirenberg and Young inequalities, we

have

|11,|= |<Adiv(v ®v),Au>|

=[(A((v-V)v), au)+ (A((V-v)v), au)] (5.35)
<zl + cpauf o far e, + v + 1)
15| =[(A((u-V)v),av)

e o bl
1 =[{(u- V). )

e ol o s,
[1[=[(u-v)6,46)

o o, ol s

Taking the above estimations (5.25) - (5.38) into (5.24), we obtain that
1d o 12 R e
L9 jauf, + vl + ol ) |, [, + |aof,

(5.39)

<c(faeulf, +[uffs «arev

o+ 1) ol +avl +aolf: )
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For the H? -estimates:
Taking VA to (1.1), (1.2), (1.3), multiplying (1.1), (1.2), (1.3) by VAu,
VAv, VAG@, after integrating by parts and taking the divergence free property
1d (" AU

20 o
=~(VA((u-V)u),vAu) - (VAdiv(v®Vv),VAu) - (VA((u-V)v),VAv)

into account, we have

2 2
A¥“u A¥V|, +|IN*o|,
L L

2
+
LZ

2
+
LZ

|A3v

|A39

2
+
LZ

—(VAVO,VAV) —<VA((V : V)u),VAv> (5.40)
—(VA((u-V)0),vAQ) —(VAdivy,VAO)

= 11+ 1+ M+ WL, + W + 1+ 1,

Integration by parts implies

I, + 11, =0. (5.41)
Now, we estimate the terms in the right side of (5.40) one by one

[, | =

Jls VA((u- V)u)- VAudx|

= [ 5(VA((u-V)u)-u-V(VAu))-Vaudx

2 (5.42)
<C|Vul. [|A%ul,
< c(|A2+“u g +l)||A3u .
11| =]« VA (u-Vv)- Vavx]
= IRS(VA(u -VV)—u-V(VAV))- VAvdx
<C|[vul,. [a], +C vyl [A%] a2,
<C[vul. %], +C[vv]s Al [A%].
< C(|A2*"u iz +1)||A3v ZLZ
L3 3 1 1
+C||v|||_22(1+“) Y f§““> AU B Alu K Alu -
< C(|A2*”u iz +1)||A3v sz +% A¥“u iz +C||A3u iz (5.43)
+C( A +l)||A3u iz
< Lpzay 22 +C( A"y 22 +1)||A3u 22 +C(|A2“’u 22 +1)||A3v 22 :
16 L L L L L
Similarity,
1] =|[,. VA (u- v 6)- VA0
(5.44)
1y s v wa
< e iz +C( A, +1)||A3u , +(:(|A2 ulf, +1)||A39 B

The most difficulty are the following two terms.
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e, + | =|[,

( . (V(>§V)).VAUdX+LRS VA((V'V)U)-VAVdX‘

=|[ s VA((V-v)v)-VAudx+ [, VA((v-V)v)- VAudx

[, VA((V-V) )-Vavdx|

)V)- VAudx + [, (VA((v-V)v)-v-V(VAV))- VAudx

+j (VA (v- v) ) V-V(VAU))-VAvdx+fR3divv(VAu)-VAvdx‘

2

12

=E +E,+E,+E,.

For E,, we can estimate it as follows

£, ~Clvul,
SC(|A2+”’U iz +1)||A3v iz
For E,, we have
£, =l A%,
3 3 .
< C"V" 2(1+a) Al+a iglﬂz) A3+a A3 e
< 2aredf, +caul, ( Arey’ +1)||A3v ]
16 L L
Similarity,
E, =C|v|. [A%v -
L3 3 1
SC”V”Lzz(lm) Ay iglm) Asy - Asey f?

<selaeulf, s efarf, s fjaevff, +a)as
E, < 116 A¥“u +C||A3u iz +C( Ay ZLZ +1)||A3v iz

Therefore, we can get

2 2
|A3 A%y L+ |A3+a9 ,
K L
2 3 |12 2
L2+1 ||AuL2+ 2

This completes the proof of the Theorem 1.3 by Gronwall’s inequality and

2
A%y, +
L

s

)t

|A1 “0

zal

2
SC("A2 “ul , + |A3v ot

A1+av , +
L

|A39

energy estimate (5.23). [
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