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Abstract

In this article, we establish a nonexistence result of nontrivial non-negative
solutions for the following Choquard-type Hamiltonian system by the

*w |v|p72v
)
Pohozaev identity |u|q |u|q’2 u , when
—Av+v=|1, *—— | ——  in R"\{0},
)

u(x),v(x)—0, when|x|— o,

—AU+U = in R" \{0},

M

N>3, 0<p i, <N, OSaS%, osm%, p,q>1,and

N+,ul—2a+N+,u2—2,B

SZ(N—Z), where |i=— and * denotes

p g A M
the convolutionin R, i=12.
Keywords
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1. Introduction and Statement of Main Result

Recently, a lot of attention has been focused on the study of the following Cho-

quard-type Hamiltonian system

RV
—Au+u=|1, x—|——— inR \{0},

X" ) [x|

u [ Pu (1.1)
~AV+V=| 1, *% |||x|ﬁ . in R"\{0},
u(x),v(x)—>0, when x| oo,
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where N>3 , O<g,u, <N | Oﬁas% , 0<p<=, pqg>1,

3 . . L N
4 _|X|Tﬂi for i=1, 2, * istheconvolutionin R" .
When a=4=0, =4, p=q, U=V, (1.1) reduces to the following

classic Choquard equation

—AU+u =(Iﬂ1 >l<|u|p)|u|p_2 u, in RV, (1.2)

Equation (1.2) has a physical prototype, as pointed out by Lieb [1], Choquard
introduced the equation

172 =—A!//—(|2 *|w|2)w, (x,t)e R®*xR",

to describe an electron trapped in its own hole as an approximation to Hartree-
Fock theory for a one component plasma. It also arises in multiple particle sys-
tems and Quantum Mechanics [2]. In a pioneering work, set l//(X,t) = e"u(x),
then

—Au+u:(lz*|u|z)u, in R®, (1.3)

and Lieb [1] first obtained the existence and uniqueness of a ground state solu-
tion to (1.3) via variational methods. Lions [3] [4] considered the same problem
and proved the existence and multiplicity of normalized solutions. The classifi-
cation of positive solutions was first studied by Ma and Zhao [5].

As for (1.2), Moroz and Van Schaftingen [6] studied the positivity, regularity,

decay asymptotics and radial symmetry of ground state solutions for

N-2 < 1 < L Meanwhile, they also proved that (1.2) has no nontrivial
N+ p N+gy

N-2 1 N
or —2

N+ 24 P N+y
Pohozaev identity. The number N ;\rlﬂl and ’:lJr—? (if N>3) are called

smooth H' solution for either %S by using the

the lower and upper critical exponents related to the Hardy-Littlewood-Sobolev
inequality, respectively. Furthermore, if 1 =p,, 0<a=4< % and p=q,

U=V in (1.1), Du et al [7] also established the nonexistence result for

S N+ -2
N-2

By using the method of moving planes in integral forms introduced by Chen et

N+ 24
N-2

or p s% when N >3 by the Pohozaev identity.

al. [8], Le [9] proved the following equation has no positive solution if p <

(peR when N <2),and every positive solution uhas the form
N-2

2
u(x)=c #2 for some ¢,A>0 and x, eR",
A% +|x =%

—Au :(Iy1 *|u|p)|u|p_2u, in RN,

As for more investigations about Choquard equations, we refer to [10].
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For the Hamiltonian system, if ¢ =/£=0 in (1.1), Maia and Miyagaki [11]
studied the following Choquard-type Hamiltonian system

—AU+U :(Iﬂ >x<|v|p)|v|p’2 v, inR"Y,
1
—Av+v:(lﬂ *|u|q)|u|q’2u, in RY, (1.4)
2
u(x),v(x) >0, when |x — .
However, different from (1.2), the structure of (1.4) makes it quite difficult to
obtain the PohoZaev identity for (1.4). In the spirit of the method in [12], Maia

and Miyagaki used similar arguments to overcome this difficulty and obtained

the Pohozaev identity, they proved that: if N >3, (1.4) has no nontrivial non-

negative C* solution for pzl\ll\lJr—’;l and ¢q> N+ > ;if N =2,(1.4) has no

2 2
+2/ul and q< +/u2

nontrivial non-negative C? solution for p < S The key

idea of [12] is that, for the Hamiltonian system of 2 equations, consider a pair of
non-negative solutions (u,v) , define U:=x-Vu(x) and V:=x-Vv(x).
Through a straightforward calculation to obtain VAU and UAV , then by us-
ing the differential knowledge and (u,v) is solution, we can get a differential
form of Pohozaev identity, which will produce the Pohozaev identity. This new
idea also helps Kou and An [13] to generalize the well-known results of Mitidieri
[14] and discuss the nonexistence result of positive solutions for the Hamilto-
nian system in a non-star shaped domain. By the method of moving planes in
integral forms, Le [15] also showed that the following system has no positive

classical solution
—Au=(| *|v|”)|v|p-2v, in RY,

—AV = )|u|°"2u, in RV,

when N2>3, 1<p< 'ul 1<ng and p+q<2N+/‘1+ﬂ2‘
N — N -2 N—2

Other existence or nonexistence results of solutions for equations can be find, we
refer readers to [16] [17] [18] [19] [20] and references therein.

Motivated by the aforementioned papers, in the present paper, we give a non-
existence result of nontrivial non-negative solutions for (1.1) with «,f >0 by
the Pohozaev identity.

The main result of this paper is the following:

Theorem 1.1, Assume that N >3, 0< p,u, <N, OSaS%, Oﬁﬁﬁ%,

N+/.11—20.’+N+/_12—2ﬂ
p q

() e[cz (RO R (R )L 5 (B )J

p,q>1, and

<2(N-2),if

is a pair of non-negative

{cz (RM\{0})nH}(R" ) LN*iELﬂ (R )J
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solutions of (1.1), then (u,v)=(0,0). In particular, (1.1) does not have a pair of

N+u, —2p
N-2

In Section 2, we will give the proof of Theorem 1.1. To facilitate reading, we

nontrivial non-negative solutions for p > and q=

N+ —2a
use the notations:
. C? (RN \{O}) is the space of functions whose 2-th derivatives are conti-
. N
nuousin R \{0}.
e Cf (RN) is the space of functions infinitely differentiable with compact
supportin R" .
o P (]RN ) , pe [1, +o0) is the usual Lebesgue space endowed with the norm

1
Jull, = ( Lo ul* o)
o« H! (RN ) = {u el? (]RN ) :Vu e L? (]RN )} is endowed with norm
1

= ([ [V v

2. Proof of Theorem 1.1

To study (1.1), we need the following doubly weighted Hardy-Littlewood-Sobolev
inequality proved in [21].
Proposition 2.1. (Doubly Weighted Hardy-Littlewood-Sobolev Inequality)

Let t,r>1 and O<u<N with O0<a+pf<u, %-1-05+Nﬂ+l:1,
r

N
a<ﬁ, B<—, fel_t(RN) and hELr(RN>,W]161'6 E+£=1 and
t’ r t t

1 1
?+——1, Then there exists a constant C(a,ﬁ,y,N,t,r)>O which is inde-

pendent of f,h such that
f(x)|h(x
o T s ) -
X" ) 1X
From Proposition 2.1, we easily get the following remark.

Remark 2.1. Let O< <N, OSaS%,and p >1. Assume that

2Np

ue LNru2e (RN ) , then there exists C(a,,N)>0 such that

ul® Yul®
IRN['#*:x:a]%dxSC(a’ﬂ,N)||u||“mp - 2.1)

Consider a cut-off function ¢ eC; (RN,[O,l]) such that ¢(x)=1 if |X|S1,
@(x)=0 if |x|>2.Forany fixed 1>0, set
0, (x)=@(Ax)x-Vu(x) and V, (x)=g@(Ax)x-Vv(x).

N+u-2a

Lemma 2.1. Let u,v=0 and
2Np 2Nq

(u,v)e[CZ(RN \{o}) A L2 (R )JX[CZ(RN \{0}) ALY (RM) |, then
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. vPo|vPh N — 1, + 2 vP ) vP
lim I = Adx = [ p— dx,
H’IRN[ G ] X" 2p IRN{ " |X|“}|X|“

. ud Jutla N - ,u +2/,7 ud |y
lim I Ldx = 2 dx.
ke [ IXIﬂ] X’ b [ IXIﬂ]IXIﬂ

Proof. A direct computation, one has

VP,
.[ " dx
RN[’ IIJII

= [T =y VP ()X v (%) @ (A%) [ - Vv (x) Jdxy

(
=.[w.[w|x_y|urN|y|_avp(y l: V(Vp(x 1dxdy
el B 0o { a

and

n— -a -a Vv
—alx=y VP (y)e(2%)

—a=yP T VT () e(2y)

- —a | |-« Vv
+ﬂ,|x—y|”1N|x| [y “ VP (y)[ x-Ve(ix)]

- AN Vv
A=y NV (9L V()]

Ny B ()T

Ny (o) 2 ey

ZN;MI | 1 v (x)v (y)(X—y)'(Xco(iX)—yco(ly))
2p R”IX-VI”"“(I;I" (|§I“ x-yf

a 1 vP(x)vP(y el
.[R“.[R“ |X—y|N7ﬂ1 |X|a |y|a (P(l )d dy

N 1 VOIVY) e
IR“IR“ |X_y|N*ﬂ1 |X|a |y|a (D(ﬂ’ )d dy

A 1 VP (x)vP
- - X-Vo(Ax) |dxdy.
Iné“jné“ |X—y|N " |X| |y| [ ]

dxdy
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Using the Lebesgue dominated convergence theorem, we get the first equality.
Similarly, we obtain the second equality.
Lemma 2.2. Under the assumptions of Theorem 1.1, the following identity

holds

— p P
4IRN UVdX:|:N—+_M—p2a_(N _2):|J.RN{IH1 * Va} Va dX

X J1X

N+, —-28 ut | uf
TR (N-2 | *+— |—dx.
| ( )h‘@“[” |x|ﬁ]|x|ﬂ X

q

Proof. A direct computation, we have
VAU, = A (X-VU)VA@(AX)+2AvV @ (Ax)-V(X-Vu)+ @ (AX)VA(X-Vu),

@(AX)VA(X-Vu) = p(AX)v[ 2Au+X-V (Au)],

0 vP | vP
I 7 * Xi
aXi M |X|a |X|a

(., _ |#1(X—y)vp(y)vp(x)xi(xi—yi) .
T e -

P YA LRV I Vpx—‘22+| A i
S S I N

po)yp-t
Since (u,v) solves (1.1), we have —Au+u :{Iﬂl *|V|a ]W’ combing this
x* ) |x

and

with (2.2), we obtain
LRN VAU, dx
= AZJRN (x.Vu)qu)(/IX)dX—i-Z/iIRN Vo (Ax)-V(x-Vu)dx

+2.[RN go(ﬂx)uvdx—zj'RN (p(/lx)[l *ﬁJ v dx (2.3)

L

+[ Vi, (x)dx—ijmN go(/lx)aiﬁlﬂ1 *|\)/(|Z]|i|z xi}dx

i=1 Xi

N VP Vp_l VP VP
+ AX) 1, * —v, Xdx+N AX) 1, *— dx
R e e R O

Analogously,
fRN UAV, dx
= 22w (x-VV)UA@(AX)dx+24[ , UV (4X)-V(x-Vv)dx

u? | u
+ ZIRN @ (Ax)uvdx — ZIRN go(ﬂ,x)[ L, *W]de
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+.|.RN uv, (x)dx—iZNl:.[RN ¢(/1X)8i[[|”2 *|u—q]|u—qx}dx

" X|ﬂ X|ﬂ !

uq ud?t ud | y¢
N u, xdx+N AX) 1, *#—— |—dX
et ( " |ﬂJ| oD N o )£ - |x|ﬂ]|x|ﬂ

We multiply the first equation in (1.1) by V,, and integrate over R", sub-
tract from (2.3) to obtain

(2.4)

p p
Zijq)(j‘X){lm *&TJ&'“ dX-ZJRN QD(lX)UVdX

= —IRN vAUldx+12_[]RN (x-Vu)vAp(Ax)dx
+2/1I W VWV (Ax)-V(x-Vu)dx

oo l[ S ] .

+jRNvGﬂ(x)dx+N (ﬂx)[ “ |V|p ]| |

p
+ [0 TAudx [ uv,dx+2f (I#1 *&T]\';Tvldx.

Similarly,

u* | uf
2 RNgo(/Ix) . *W de 2| , o (Ax)uvdx
X
= —_[RN UAV, dX + lZIRN (x-VV)uAep(Ax)dx
+2/1_[RN uVe(Ax)-V(x-vv)dx

N 0 ut | uf
- AX)=|| 1, *—|—5x |dx (2.6)
g‘ rN (0( )6x, {[ o |X|ﬂ]|X|ﬂ }

+ o U7, ()ax+ N | o (2x) [';12 *%Lu—qu
X

x|’5

q g-1
+_[RN a,Avdx —_[RN va,dx+2 an ['m *&Tji;?@dx.

Recalling that u(x),v(x)—>0 when |X| —ow and @eCy (RN ,[0,1]) , by
divergence theorem and Fubini theorem, we obtain

—_[RN vAUﬂdx+J‘RN VlAudx—J'RN uAVAdx+J‘RN U,Avdx =0

and

N : 0 u? | uf
e O R (R

vP oV ud
=AJARN[|/41 *|X|a]|x|a ):'dX+ﬂ, RN[ *— J| |ﬁ|: V¢ ﬂX :'dX

X’
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Consequently, adding (2.5) and (2.6), by Lemma 2.2, it follows that

q
2f +2j L, *u dx 4, uvdx
| | X | U IXIB
J~ 1, vp vP +_N_'ul+2af 1, vp vP
| Wi P | WL
ut | u =N -, +28 uq uf
#— | —dx+ ——2 " ,
.[RN H |X|ﬂ |X|ﬁ q .[ H2 |X|ﬂ |X|ﬁ

which is equivalent to

N+, -2 vPo|vP
4] uvdx=| —22 """ _(N-=-2 I = dx
I]RN |: p ( ):|,[RN M |X|a |X|a

q q
o B,

"I

The proof of Lemma 2.2 is complete.

(u,v) e(c2 (R*\{0}) " H*(R" ) Lﬁim(RN )J

Proof of Theorem 1.1: If

X[CZ (RM\{0})H! (R ) LN;’:L’} (R )]

is a pair of non-negative solutions of (1.1), suppose that

N+,ul—2a+N+y2—
p aq

OS4J-NuvdX:(N+,LLl—2a+N+,Uz—2,3_2N+4jJ‘N |ﬂ*vp vP dx <0
: p ; (" i

2b <2(N-2), by Lemma 2.2, there holds

which indicates v =0. Similarly, we can prove that u=0.
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