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Abstract

In this paper, we deal with a class of generalized Kirchhoff-Beam equations.
At first, we take advantage of Hadamard’s graph to get the equivalent form of
the original equations. Then, the inertial manifolds are proved by using spec-
tral gap condition. We gain main result is that the family of inertial manifolds

are established under the proper assumptions of nonlinear terms M (S) and
N(s).
Keywords

Kirchhoff-Beam Equations, Inertial Manifold, Hadamard’s Graph,
Spectral Gap Condition

1. Introduction

This paper mainly deals with existence of a family of inertial manifolds for a

class generalized Kirchhoff-Beam equations.

U + B(-A)" U + M ("D"‘u"i)ut +aA*™u+N ("Dmu"z)(—A)m u=f(x), (1

u(x,t):O,%zo,i=l,2,~-~,m—1,XE6Q,t>O, (2)
u(x,0)=Uy(x),u, (x,0)=uy(x),xe Qc R". (3)

where m>1 isa positive integer, Q is the bounded region in R" with smooth

boundary Q. f(X) is the external force term. f(-A)™" U, is the strongly

(i)

P dx , and the

3
damped term, «a,f are positive constants, o = > M (”Dmu

P
are the general non-negative real-valued functions, " Dmu"p = ”D"‘u
Q
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relevant assumptions will be given later.

Yuhuan Liao, Guoguang Lin, Jie Liu [1] has studied the existence and uni-
queness of global solutions and the existence for of a family global attractors and
estimate its Hausdorff dimension and Fractal dimension for the problems (1)-
(3).

As well as we known, it is significant to establish inertial manifolds for the
study of the long-time behavior of infinite dimensional dynamical systems. Be-
cause it is an important bridge between infinite-dimensional dynamic system
and finite-dimensional dynamical system. In this article, we first take advantage
of Hadamard’s graph to transform problem (1)-(3) into an equivalent one-order
system of form. Then, we proved the family of inertial manifolds by using spec-
tral gap condition.

To better carry out our work, let’s recall some results regarding wave equa-
tions.

Jingzhu Wu and Guoguang Lin [2] studied the following two-dimensional

strong damping Boussinesq equation while « >2:

Uy — AU, —Au+U™ = (X, y),(x,y)eQ,

u(xy,0)=us(x,y),(x,y)eQ,
u(xyt)=u(x+myt)=u(x,y+mt)=0,(x,y)eQ,
where Q=(0,7)x(0,m1)c RxR, t>0. They obtained result that is existence
of inertial manifolds.

Guigui Xu, Libo Wang and Guoguang Lin [3] investigated the strongly damped

wave equation:
Uy — AU+ BA%U—jAU, + g (u) = f (X,t),(X,t) e QxR
u(x,0)=uy(x),u,(x,0)=u,(x),xeQ,

ul., =0,Aul, =0,(x,t)e 6QxR".

They gave some assumptions for the nonlinearity term ¢ (U) to satisfy the

following inequalities:

(A1) ‘!‘im infG(S)zo, seR, G(s):josg(r)dr.

§2
sg(s)-C,G(s
(A2) There is positive constant C, such that lim inf M

>0,
Iol> s
seR.
According to the above assumptions, they proved the inertial manifolds by
using the Hadamard’s graph transformation method.
Ruijin Lou, Penhui Lv, Guoguang Lin [4] considered a class of generalized

nonlinear Kirchhoff-Sine-Gordon equation:
U, — BAU, +au, —¢(||Vu||2 )Au +g(sinu)= f(x),

u(xt)=0,xeQ,t>0,
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u(x,0)=uy(x),u, (x,0)=u,(x),xeQ.

Under some reasonable assumptions, they obtained some results that are squee-
zing property of the nonlinear semigroup associated with this equation and the
existence of exponential attractors and inertial manifolds.

Lin Chen, Wei Wang and Guoguang Lin [5] studied higher-order Kirchhoft-

type equation with nonlinear strong dissipation in n dimensional space:
u, +(-4)"u, +¢(||Vu||2)(—A)m u+g(u)=f(x),xeQt>0m>1,

u(X,t)zo,%zo,i=1,2,---,m—1,XEGQ,t>O,

u(x,0)=u,(x),u,(x,0)=u,(x).

For the above equation, they made some suitable assumptions about ¢(S)
and ¢ (u) to get existence of exponential attractors and inertial manifolds. More

information on inertial manifolds can be found in the literature [6] [7] [8] [9].

2. Preliminaries

The following symbols and assumptions are introduced for the convenience of

statement:

Vy = L2 (Q),Vy, = H™(Q) N Hg (Q), Ve = H™(Q) N H; (Q),

1 VY 2m+k

Ep =Vyn xVo, By =V Vi, (k =0,1,2,-+,2m)
The inner product of the L? (Q) space is (u,v):jgu(x)v(x)dx and the
1
norm is ||u|| = ||u|||_2 = (Iﬂ|u (X)|2dx)2 . The norm of LP (Q) space is called

Jul, =l -
Definition 1 [10] Assuming S =(S(t))t20 is a solution semigroup on Ba-

nach space E, =V,,,, xV,, subset x4 c E, is said to be a family of inertial
manifolds, if they satisfy the following three properties:

1) w, are a finite-dimensional Lipschitz manifold;

2) W, is positively invariant, 7.e, S (t)Wk cW,t>0k=12---,2m;

3) w, attracts exponentially all orbits of solution, that is, for any xeE,,
there are constants 77 >0,C >0 such that

dist(S(t)x,Wk)s Ce ™ t>0.
Definition 1 [7] Let A: X — X Dbe an operator and assume that

FeC,(X,X)

satisfies the Lipschitz condition:

|FU)-FV)|, <l-Ju-V],.UVeX,

where X =H{' (Q)xHy (Q)xL*(Q)xL*(Q). The operator A is said to satisfy
the spectral gap condition relative to F if the point spectrum of the operator A

can be divided into two parts o, and o,, of which o, is finite, and such that, if

A, =sup{Rei|iea,|,A, =sup{Rei|Aea,},
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and
X, :span{coj|j eai},izl,z.

Then
A, — A >4l

And the orthogonal decomposition

X =X,®X,,

holds with continuous orthogonal projections P, : X — X; and P : X — X,.
Lemma 2 [7] Let the eigenvalues A;, j>1 be arranged in nondecreasing or-

der, forall me N, thereis N >m suchthat A, and A, areconsecutive.
Theorem 1 [8] Supose dense positive definite operators A generates C°-se-

migroup S(t) in detachabie Hilbert space X; F eC,(X,X) meets Lipschitz

condition, A satifies the spectral condition, then the probrem

U +AU=F (U ),U € X has an inertial manifold wc X,

w =graph(¢) = {§+¢(§)|§ = Xl} , where ¢:X, —> X, Lipschitz continuous

function.

3. Inertial Manifold

In this section, we use the Hadamard’s graph transformation method to prove the
existence of inertial manifolds of problem (1)-(3) when Nis sufficiently large.

Equation (1) is equivalent to the following one order evolution equation:

U, +AU =F(U), @)

where

0 -1
U:(u,v),v:ut,A:[ J (5)

ah™  B(-A)"
0
Z)UI—N(”Dmu"z)(—A)mu '

Uel? (<A ue H™ | HE. (7)

F(U)= (6)

f(x)-M (”Dmu

D(A)={ueH™™*

In E,, we denote the usual graph norm, which is introduced by the scalar
product, we have

(UV),, =(a(-4)"" u(-4)""¥)+(D"v,D'2), 8)

U=(uv), V=(y,2)eE,, ¥, respectively express conjugate of y,z and
uy,v,ze H™(Q).
For U € D(A),we have
(AU, =—(@(-a)" v (-a)"" @)+ (a (A" u+ p(-2)"" v,7)
)
- /3||Dm*kv||2 >0,
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Therefore, the operator A in (5) is monotone, and (HU U )E is a nonneg-
ative and real number.

To obtain the eigenvalues of A, we consider the following eigenvalue equa-

tion:
AU =AU,U =(u,v)eE,, (10)
That is
-V = Au,
{aAZ”‘u +B(-A)"v = Av. (1)

The first equation in (11) is brought into the second equation in (11), we get

(12)
-0,

oQ

{ﬂzu +ah™u - BA(-A)"u =0,

=(-A)"u

u |aQ

Let u; replace U in (12). And then taking (—A)kU-

; inner product, we

obtain
2

22 |Dkuf + e D™ uf - pa| o2l =o. (13)

When (13) is considered a yuan quadratic equation on A, we can get

e

m 2\/5

where y; is the eigenvalue of (—A)m in Hgm, then y; =Coj; D T 5

the eigenvalues of A are all positive and real numbers, the corresponding ei-
genfunction have the form UJ-i = (U i —/Ijiu i ) . For (14) and future reference, we

observe that for all

o1, [0 = 7 [0t
1

T

[o?mtu)|=——==7 k=12, 2m. (15)

Lemma3 g=M (| D™u Qut,h =N (| D™u Z)(—A)m u,
then g,h:HZ™* (Q)—> H(Q) is uniformly bounded and globally Lipschitz con-
tinuous.

Proof. Vu,,u, e H™™(Q),

M (| |Z)u1t -M (| Dmu2||":)u2t
M (”Dmul"Z) ) lus, — |+ M ’(|
v ([l ) al

<Cy (||u1t = U+ Juy = g2 )

D"u,

<

D"¢

)0 (=)

)

<

D"¢

Jluz | D™ (u, ~u,)

£

g, =z [+

o
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m m
D"u, D"u,

Josrac

|p )(_A)m Uy

I

( D"u, ) ~A)" (u, —u,) ( ( )— ( D"u, |p))(—A)m u,
N( D™y, ) " (u, ~u, ( ) (U —u,)[(-A)"u,
<N (ol )]l —talon ( <l oy el (-,

< Cop[Juy =gy

C, = max {HM (
C, = max{HN(

Mr( D" Z) ||u2t||},
Lemma 3 is proved.

A‘%N'(||Dm§||’;)“(—A "u, }
XNa

Theorem 2 If z; <7 holds, I, =max{C,,C,,} is maximum Lipschitz

where

D"u,

p) -
1
p o0
p)
1
p 0

m
D"y,

constant of g,h, and if N, € N* is sufficiently large such that when N >N,,
the following inequality holds:

ﬂ(ﬁN+1_ﬁN)(ﬁN+l+ﬁN)28|k' (16)

Then the operator A satisfies the spectral gap condition.
Proof.
From (8), U = (U,U),V = (V,V) € E,, then

||F(U)—F(V)||:HM z)ut+N(

o

< u-v],

D"™u

( D"u

E)(_A)m u
e

pi;
Wehave . <|,, and take a real component ReA; = L,

Thereis N,,suchthat N > N,, (16) holds. Spectra decomposition of A:
o, :{,ﬁ j< N},a2 :{,ﬁ

Corresponding space

Eklzspan{uﬂjs N},Ek2 :span{uji j >

ij+1}.

Then
Ay = Ay =Re(Ay, —A))

— ﬂﬁhzul _ﬂ/jri _ ﬁ(/'_lNﬂ _l_lN )(l_‘ml +l_‘N)

2 2

>4l
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Then the operator A satisfies the spectral gap condition. Theorem 2 is

proved.

Theorem 3 If z; >% holds, I, =max{C,,C,} is the Lipschtiz constant
of g,h.
Let N, e N* bigenough, N >N, the following inequality holds:
—2 —2 2c 41
Hna —Hy ) 2 '
( ) A(JI(N+1)+I(N)) a+p-2

—2

4o
where J(N)=7z' - ;2[” .
B
Let 2\/;<ﬁj<2\/§,for ﬁqe{ﬁk},suchthat 2£<ﬁq<2\/g,
B B s B
_ — 2a
(,uqzﬂ—,uqz)‘ >4l

Then for any one case (1) and (2), the operator A satisfies the spectral gap
condition.

Proof.

When z; > % , all the eigenvalues of A are real and positive, and we can

easily know that both sequences {/1;} - and {lj*} , areincreasing.
1> 1=

The whole process of proof is divided into four steps.

Step 1. Since lji

2, given Nsuch that Ay and A,; are consecutive, we separate the eigenvalue
of A as

is arranged in nondecreasing order. According to Lemma

oy ={ 2, A4 max {2, 24 < A ),

oy = {2 A |4 < 2g <min{2), 47}
Step 2. We make decomposition of E,

E,, =span {U;,Uk+

/Ij’,ﬂ{eal},

E,, =span {U].*,Uki

/117 , /15 €o, }

In order to make these two subspaces orthogonal and satisfy spectral inequa-
lity

A =2y, A, = Ay, we further decompose

E,, =E, ®E;, with

E, =span {U |

A <A <A,

E, =span {UFf

A </1§},

E, =E, ®F,,.

DOI: 10.4236/jamp.2022.107147 2159 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.107147

Y. H. Liao et al.

Next, we stipulate an eigenvalue scale product of E, such that E,, and
E,, are orthogonal, therefore we need to introduce two functions:
Let ®:Ey > R,¥Y:E; > R.
®(U.V)=(B-a)(D"u,D*"*y)+(D"z D'ul
R - (17)
+(Dkv, Dky)+(D"z,Dkv),

IP(U ,V) _ ﬂ(Dzm+KU, D2m+k7)+(Dk7, D2m+ku)
R S (18)
+(D"v, Dzm*ky)+(Dkz, Dkv),

where U =(u,v), V =(y,z), ¥,Z respectively are the conjugation of y,z.

Let U =(u,v)eE,,then

@(UU)2 (p-a) o uf o] ~[Duf +|ov
>[(p-a) s 1] o[
Since 1 > 2\/%,,824?0[ holds, we can know (D(U,U)ZO. Therefore, for

all U € E,, analogously, forall U € E;, we can get
?(U.0)2 | o] o - ] + o 2 (s -p o
Thatis U =(u,v)e Ey, ¥(U,U)>0.
From above, we know that for all U € E, then y(U,U)>0 holds. So, we
define a scale product with @ and w in E,.

((U,V))Ek =®(PU,RV ) +y (RU,PV), (19)

where P,P; are respectively the projection: E, - E, E, - E;.
In the inner product of E, in (19), E, and E,, are orthogonal. In fact,

we need prove that E,; and E_ are orthogonal
For U;EEC, U; eEy,

{{ur.u5)), = (uiu))

=(p-a)|(-A)"u| = (4 20 [+ 2 s

Acondingto [0 <1, [0 [ =, [0 =L and
i

- + _ 2 -2+ _ =2
lj +/1j —ﬁyj, /Ijﬂ,j =op s
then

((Uju)) =o(u;.u;)=o.
Step 3. Next, we estimate the Lipschitz constant |- of F,
F(U):(O,h(x)—M(”Dmu”Z)ut—N“ Z)(—A)mu)T

g,h:H*™* > H are globally Lipschitz continuous with maximum.

D"u
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Lipschitz constant | for arbitrarily U =(u,v) € E,, we have
Let P :E, — E,,P,:E, > E, arethe orthogonal projection.

U=(uv)eE, U, =(u,v,)=PRU,U, =(u,,v,)=PU.
Ru=u,Rv=v,Ru=u,PVv=v,.

U[E, =®(RU,RU)+¥(PU,RU)=((B-a)u; -1+ B-1)|Duff

(aﬂ; z__)||o o > (a+ p-2) D[ 20
)
)

D"U

w [ Ju -

+N(| z)(—A)mu—N(|
SV

p)a
p t

D"u D™q

Jaya

Therefore
s
Ja+p-2
Step 4. Now, we need prove the spectral gap condition holds.
From the above mentioned A; =4y and A, =Ay,,, we can get

A=A =/1§+1—i§

= D8 = )+ (=t~ 4.

(i) (s )

:ﬁ —2 =2 _E.
z(ﬂm ﬂN) 2 \/_4 bafit., \/_4 dogt’,

My~ 2 T4/Hn T

B B
(o) G- B B 2
N+ 2 9 \/J N1 _,_\/‘] B \/J(N+1)+\/J(N)
ﬁ_ﬁ ,UN+1+IUN

(o 34 R S )

_ 20‘(/7N+1_ﬁN> .
A(IN-D+ 3 (N))

we obtain

>4l

Az_A1>(/‘_‘ri+1_/‘_lri) ( 2a 4

B(JI(N +1)+\/J(N))Z Ja+f-2

When z; >2 \/% , the conclusion (1) is proved.
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2) %gﬂj <2\/%.
A=Ay = A=A =§(ﬁ§ﬂ—ﬁé)%(\/r(q)—\/F(qﬂ)),
20 (i~ 1)

>,8(,/J(q+l)+\/m)

>4l >4l

Since

_ _ By- —
Ay =Ny =Ayq =My =E(ﬂh2|+1_,uh2|)

Similarity the theorem 2, the conclusion (2) is proved. The theorem 3 is proved
completely.

Theorem 4 Under the condition of theorem 2 and theorem 3, the initial
boundary value problem (1)-(3) admits a family of inertial manifolds w, in E,

of the form
w, =graph(p, ) ={S +p(¢):¢ €Eyf k=12,,2m

where E,,E,, are as in theorem 2 and p, :E,; — E,, is a Lipschitz conti-
nuous function.

Proof. It is proved directly according to the theorem 1.
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