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Abstract

This paper mainly investigates the effect of the lévy jumps on the stochastic
HIV infection model with cytotoxic T lymphocytes (CTLs) immune response.
First, we prove that there is a unique global positive solution in any popula-
tion dynamics, then we find sufficient conditions for the extinction of the
disease. For proofing the persistence in mean, a special Lyapunov function be
established, we obtain that if R >1 the infected CD4" T-cells and virus par-
ticles will persistence in mean. Finally, numerical simulations are carried out
to illustrate the theoretical results.

Keywords

HIV-1 Infection, Lévy Jump, CTLs Immune Response, Persistence in Mean

1. Introduction

AIDS (acquired immunodeficiency syndrome) is caused by the human immuno-
deficiency virus (HIV). The progress of HIV infection has several different stages,
including the early stage of infection, the clinical latency stage, stage of immune
system becomes damaged, and the final stage that HIV progresses to acquired
immunodeficiency syndrome (AIDS)-a fatal disease, for the life threatening effect
of HIV that motivated numerous research to study HIV infection in different
ways [1].

HIV is a retrovirus that attacks the body’s immune system, CD4" T-cells are
the primary target cells of HIV infection [2]. CD4" T-cells play a central role in
immune regulation, therefore their depletion has a wide range of deleterious ef-
fects on the functioning of the entire immune system and leads to the immuno-
deficiency of AIDS [3].
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During the process of viral infection, the host response is induced, stimulating
the production of CTLs, which kill the infected CD4" T-cells by CTLs immune
responses when the body is infected with HIV. CTLs are the major immune re-
sponse factors in the human body that limit the virus’s in vivo replication and
determine the number of viruses. Recently, the dynamics of HIV infection with
CTLs response have attracted much attention from scholars to conduct research.
Such as, Elaiw ef al. showed the global stability of HIV/HTLV [4]. Koenig et al.
pointed out, there is clearest evidence for the active CTLs selection of viral va-
riants could contribute to the pathogenesis of AIDS and that clinical progression
can occur despite high levels of circulating HIV-1-specific CTLs [5]. Therefore,
CTLs play a critical role in inhibiting HIV by killing virus-infected T cells, much
research has been done on the dynamics of HIV infection with CTLs response [6]
[7] [8], and so on. The earlier models for viral dynamics with immune response

are the general form:

¥_n(x)—h(xﬂv)
dyd_(tf):h(x,v)_ay(t)—py(t)Z(f)» (L)
dvd(:) = Noy(t)-pv(1),

dzd_tt):cy(t)z(t)_bz(t)

In ref [8], Nowak er al. set n(x)=A—dx(t) and h(x,v)=kx(t)v(t), where,
the susceptible CD4" T-cells x(7) are generated at a rate A, die at a densi-
ty-dependent rate dx(¢), and become infected by virus particles at a rate kxv;
the infected CD4" T-cells y() are produced at rate kxv, die at rate 5y(¢),
and killed by CTLs at rate py(¢)z(¢); the free virus particles v(¢) released by
each infected CD4" T-cells when it lyses at rate N and cleared from the system at
rate ¢ ; the virus-specific CTLs cells z(¢) proliferate at a rate ¢y by contact
with infected cells, and lost at rate bz(¢), which may include reversion to quies-
cent or memory phenotypes as well as death.

From the studies of [8], we know that the CTLs response will increase when

cy>b.If R <1,the model has an infection-free equilibrium E, = (%,0,0,0j

and it is asymptotically stable; while if R, >1, the CTLs response may become
only transiently activated, but eventually, the system will converge to the equili-
brium E, =(X,7,7,0), and when R, <1 is asymptotically stable without an
active CTLs response; finally, if R, >1, the system shows damped oscillations to
the equilibrium E, = (x*, Yo z*) which is asymptotically stable, where

kAN ckAN

R, = » R = >
du cdu+bkNS

(f“o)—[ # AR ﬂRO‘l,oj,

kN'S5 R, ~ u R,
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(02 :( cAu__ b BNS 5, _1)].
cdp+bkNo ¢ cu " p

However, Singh et al have derived from the experimental data that HIV tran-
scription is an inherently random process and produces a high stochastic varia-
bility in HIV-1 gene expression [9]. Rouzine et al have pointed out that random
variation of HIV can affect virus eradication in combination with antiretro-
viral therapy [10]. In HIV viral dynamical model, T cell proliferation proceeds
through the logical growth phase, but these works do not involve random noise.
Therefore, Daqing Jiang et a/ thought it was more reasonable to include both
healthy T cell proliferation and CTLs immune responses in an HIV model, and
the model would have a further effect on model behavior [11] [12] [13] [14]. As
a result, environmental fluctuation in the HIV viral dynamical model is more
reasonable. Daqing Jiang et al [14] take into account the effect of randomly
fluctuating environment and incorporate the white noise with two parameters of
system (1.1) because epidemic systems are often subject to environmental noise,
and the deterministic models do not incorporate the effect of fluctuating envi-
ronment. They replaced the parameters x— u+0,B(t), b—>b+0,B,(t).
Hence, the stochastic version corresponding to system (1.1) takes the following

form:
de(t)=[ A—dx(t)—kxe(t)v(t)]dt,
dy(¢)=[ k() v(¢)-Sy(t)—py(t)z()]de,
dv(t)=[ NSy (t)—uv(t)|dt—ov(r)dB, (1),

dz(t) =[ey(t)z(¢)-bz(t) ]dt —o,2()dB, (1).

The infection-free equilibrium is stochastically asymptotically stable in the

(1.2)

large, when R, <1; when the white noise is small, while if R, >1 and R <1
. . L 2
and satisfy hmsupr;IOE["X(S)—EIH }ds (where X(z) represent the

solution of system (1.2) and |||| is /> norm) is small, we have CTLs response
is only transiently activated, when R, <1, the CTLs response is activated. But

when the white noise is large, the CTLs response is still transiently activated even
. 1

if R >1 satisfy limsup,_ —J.(:E ["X (s)-E, ||2}ds is small, which never hap-
4

pens in system (1.1).

Due to the inherently stochastic nature of biochemical processes, the dynamic
process of HIV viral infection may suffer strong fluctuation [15], such that the
classical stochastic model (1.2) cannot explain the strong, occasional fluctuations
of the biological environment. It is reasonable to further consider another
random noise, namely the lévy jump noise, into HIV viral dynamical model.
Therefore, the aim of this paper is to present a comprehensive study for stochas-
tic system with lévy jump process to describe this strong fluctuation. The main
points and novel contributions of the paper are as follows:

1) It described the strong fluctuation by introducing a lévy jump process into

the HIV viral dynamical model, which can describe the phenomena cause a big
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jump to occur occasionally. It overcome the drawbacks of the classical stochastic
model which cannot explain the strong, occasional fluctuation of the biological
environment.

2) Using the Khasminskii-Mao theorem and appropriate Lyapunov functions,
we show that the model has a unique global positive solution.

3) By applying Itd’s formula and the large number theorem for martingales,
we established sufficient conditions for the extinction and persistence in mean of
infected CD4" T-cells and virus particles.

In this paper, we aim to introduce Lévy noise into above ecological epidemic

model, as a result, model (1.1) becomes:

dx(t):[/\—dx(t)—kx :|dt+0'1 () ( ) J. 7/1(u)x(t ) (dt du)

() =L (0) 050 Py ()] oar )38, 1o ()3 (e) (),
dv(t)z[Né‘y(t) ,uv ]dt+0'3 ()dB () J. ( )v(t )]\7( tdu)
dz(t)=[ey(t)z(t)-bz(t)|dt + 0,2 (t)dB4(t)+I y(u)z(¢ =) N (dt,du).

here x(r-), y(t—), v(¢—) and z(r-) are the left limit of x(¢), »(¢),
v(¢t) and z(r), N(dt,du)=N(dt,du)-z(du)dt, N is a Poisson counting
measure with characteristic measure 7 on a measurable subset Z of (0, +oo)
with 7(Z)<o. y,(u):ZxQ—>R is bounded and continuous (i=1,2,3),
B. (t) (i=1,2,3) are standard Brownian motions, and independent with N
throughout the paper.

This paper is organized as follows. In Section 2, we will give some prelimi-
naries and show there exist a global and positive solution under appropriate
conditions. In Section 3, we will investigate the conditions for the extinction of
infected cells and CTLs extinction. In Section 4, conditions will be derived for
the persistence in mean. In Section 5, numerical simulations are carried out to

illustrate the theoretical results. Finally, we give some conclusions.

2. Preliminaries and Global Positive Solution

First, we introduce the following notations, throughout this paper, let
(Q, F ,{.7-", }QO ,P) denotes a complete probability space with a filtration {.7-"[ }
satisfying the usual conditions (i.e, it is increasing and right continuous while
F, contains all P-null sets). And we let B,(¢) be defined on the probability
spaceand R ={xeR, :x,>0,i=12,--,d}.

Assume that X ()€ R" is an It6’s-Lévy process of the form

dX(t)zF(X(t'),t')dt+G(X(t'),t')dB(t)—i—IZH(X(t_),t',u)N(dI,du),
where F:R"XR"xS—>R", G:R"xR xS —>R" and

H:R"xR xSxZ — R" are measurable functions.
Given VeC™ (R” XR"xS;R" ) , the operator LV by

LV (X,t)=V,(X,t)+Vy (X,t)F(X,t)—k%trace[GT (X.0)V e (X.1)G(X,1) ]

+[ AV (X +H(X,0)=V (X,0) =V, (X,0) H (X, t,u)} v (du),
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where

oy (X,t) oV, (Xt

_ (X1 _ 1)
N ==, ’VX(XJ)[ ax, X, J

Vy (X.t)
Vi (Xot)=| ———=| .
XX( t) ( 6X16Xj Jnxn
Then the generalized It6’s formula with Lévy jumps is given by
dV(X,t)=LV(X,t)dt+V, (X,1)G(X,t)dB(1)
+[ v (X +H(X,0))-V (X.0)} N(dz,du).

For convenience, we introduce following notations and the assumption.
Assumption 1. We assume that 1+y,(x)>0, ueZ, i=1,2,3, and there is

a positive constant ¢ such that

Iz[ln(l ™ (“))T 7(du)<ec.

Lemma 2.1. [16] Suppose that Z(t) € C(Qx [O,oo),R+> . Under Assump-
tion 1,
1) If there are two positive constants 7and ¢, such that

InZ(t)<ot-6, Z( ds+zaB +ij [ In(1+c () N(dt,dz), as

forall ¢t>7 ,where ¢,, & and k, are constants, then

(z) < 53 as, if 520;
0

limZ(Z) =0 as., if 6<0.

t—>®©

2) If there exist three 7, J, &, such that
InZ(t)2 ot~ 5I dS+ZaB ijj In(1+c,(z))N(dt,dz), as.(2.1)

forall #>T,then <Z>* Zﬁ.
%
. 0-1
Lemma 2.2. We assume for some 0>2, u —TO' —52 >0 holds. For
z( )e R’ , model (1.3) has a unique posi-
)e R? for any t>0 almost surely. Fur-
v(1).2

(t)) of model (1.3) has the following

any initial value ( ( ), (O),v(O
tive solution (x( ) »(2),v(1),

z(
thermore, the solution x(t) , y(

B

):
t
)

properties:
x()+ () +v(6)+ Lz (1)
lim ¢ =0,
t—w t
moreover,
an:o, im0 0, lim v() —0, lim 21 _y
t—0 t t—0 t t—0 t t—0 t
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where o’ =0l vo,vo;vo,, u =min{d,d, u,b}—N&,and

A O AN O NAT >> -1

V4

=7 () Ayy () Ay (u) n sy (u) ]2 (d

Proof. Define X =x+y+v+— P, v=x", applying Itd’s formula, we get
c

4V (X) =LV (X)di+0x"" {o-ldBl (1)+ 0208, (1) + 0,08, (1) + 0, L3, (t)}

0
+J‘Z{(x+7/1x+y+)/2y+v+73v+£z+£y4zJ —X‘Q}V(dt,du).
c c

where
0(6-1
LV =6x°" [A—dx—é‘y—,uv—b—pz+N5y}+¥ng I:O'fxz +o5y
c

)
+G3V +O'fp—z :|+I Hx+7]x+y+;/2y+v+)/3v+£z+;/4ﬂzj
c? z c c

-X?-6x°" (}/lx+7/2y+;/3v+y4£zﬂ7r(du)
c
a(0-1
<gx?! [A—dx—5y—,uv—b—pz+N5y}+¥)(‘9(0'12+022+0'32
c

+6§)+IZX9[(1+71 v vy v =1=(r Av A An)}r(du)

<ox’? AX—(/J*—EO' —lzj
2 0

where 4" =min{d,s, u,b}-NS, 0>2, b= y*—%az—gﬁ

2 _ 2 2 2 2
c° =0, Vvo,V0o; V0o,

’ =.[Z|:(l+}/1\/}/ZV;/3\/}/4)6—1—(71 ANV /\73/\74):|7Z-(d”)'
Thus, we have

AV (X)<0X"7? (AX -bX*)dt+0x" {o-ldBl (t)+0,dB, (t)+0,dB, ()

dB (t)}t‘[ZXg[(lﬂ/lvyz vy3vy4)g—l}1\7(dt,du).

The following proof is similar with [16].

1
Lemma 2.3. We assume for some 6>2, u —HTO' —gﬂ >0 holds. For

any initial value ( ( ), y( ) ( ) ( )) IS R3 model (1.3) has a unique posi-
tive solution ( (2),y(2),v(2), ( ))ER3 for any t>0 almost surely. Fur-
(1),

thermore, the solution (x ),z(t)) of model (1.3) has the following

properties:

lim supnx—(t) <0, limsup lny(t)

t—0 t t—o t

1 |
lim supnv—(t) <0, lim suanT(t)

t—0 t t—ow

<0,

<0, a.s.
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lim =0, lim =0,

t—>w t 300 ¢

lim'[ov(r dB, (r):()’ limjov r)dB, (r):O,

el t t—>0 t
lmUZMz)x(s)N(ds,du):0, thLyAz)y(s)N(ds,du):0’
1= t >0 t

N (ds, du) N(ds,d
i ded722) t 9 o, pimhders0) t “) Z0, as

The proof of Lemma 2.3 obtained inspired by ref [17], the Burkholder-Davis-
Gundy inequality and Holder inequality.

Theorem 2.1. For any given initial value (x(O),y(O),v(O),z(O)) eR?, there
is a unique positive solution (x(t),y(t),v(t),z(t)) of model (1.3) on t>0
and the solution will remain in R® with probability 1, namely
(x(t),y(t),v(t),z(t)) IS Ri forall t>0 almost surely.

Proof. Since the coefficients of the equations is locally Lipschitz continuous,
for any given initial value (x(0),y(0),v(0),z(0))eR?, there is a unique local
solution (x(t),y(t),v(t),z(t)) on te€[0,7,), where 7, is the explosion time.
To show this solution is global, we need to show that 7, =00 a.s. At first, we
prove x(t), y(t), v(¢),and z(z) do not explode to infinity in a finite time.
Set m, >0 be sufficiently large, so that x(0), y(0), v(0) and z(0) lie

. . 1 . N
with the interval {—, mo} . For each integer m = m, , define the stopping time
m

S

n;mﬁmm@quﬂmﬂawmdms
or max(x(t),y(t),v(t),z(t)) > m}

is increasing as m — 0. Set 7, =limt

m?

Clearly, 7,

iy
we can show that 7, = istrue, then 7, =0 and ( (),y(t),v(t),z(t))eRj
a.s. If this statement is false, then there exist a pair of constants 7 >0 and

where 7, <7, as. If

0 < e <1, such that
P(r,<T)2e.
Hence, there is an integer m, > m,, such that
P(7, <T)>¢ forallm >m,.

Definea C*-function by
V(x,y,v,z)= [)c—a1 —-a, 1nij+[y—a2 —-a, lnl]
a )
+¢ (v=1-Inv)+c,(z-1-Inz),
where a is a positive constant to be defined later. The nonnegativity of this func-

tion can be seen from
(u—l—lnu)z 0 foru=>0.
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Let m>m, and T >0 be arbitrary. Using It9’s formula, we get
dV(x,y,v,z) = LV(x,y,v,z)dt +(x—a, )G]dB] (t) +(y—a2 )0'de2 (t)
+(v-1)¢,0,dB, (t)+(z-1)c,0,dB, (t)+.[z[71 (u)x(1)
—aq ln(l +7 (u))+ 7, (u)y(t)-a, ln(l—i-)/2 (u))+c17/3 (u)v(z)
—cIn(1+y, (u))+c,r, (u)z(t)—c, In(1+, (u))]ﬁ(dt,du).

where

LV (x,y,v,z2)<(A+ad+a,6 +cu+be,)—dx+(¢, N6 —c,c =)y

A
+(ka, —c,p)v+(pa, —be, )z +(c,e— p) y. —alT

akxv ¢NSy a a c c
-2 A y+—1012+720'22+510'32+?205

][ (7 ()= (1457, (w)))+ a5 (72 (u) = In (14 7, ()
6 (7 ()~ In (1473, () + ¢ (7, () ~In (14 7, (u)))];r(du)
< [A+alal+az§+cly+bc2%al2 +a72022 +%‘a32 +%zajj+4k2
=M

_up+ud b p+o

where a, = e a,=—, ¢ = NS and ¢, =
c

P
k, :max{.[zal()/l (u)—ln(1+}/l (u)))iz(du),‘[zaz (72 (u)- n(l-l-j/2 (u)))ﬂ(du),
.[zcl (7/3(u)—1n(1+7/3 (u)))ﬁ(du),_[zcz(y4 (u)- n(1+7/4 (u)))ﬂ(du)}

The proof of the remainder is similar to the proof [18], so we omitted it.

. Let

1
|

3. Extinction of the Disease

For simplicity, we introduce the following notations:
_ 1 .
o, = Eo-l.z +.[z[7" (u)-In(1+, (u)):|7z(du), i=1,2,3;
K, (1) = I; IZ ln(1+;/[ (u))N(ds,du), i=1,2,3;
1
<x(t)> = —IO x(s)ds.
2 Nks

1 L) 1
d(,u+2032j /\50'22

R, =

Theorem 3.1. Assume that for any given initial value
(x(O),y(O),v(O),z(O)) IS Rj , the solution (x(t),y(t),v(t),z(t)) IS Ri of
model (1.3) has the property
limy(¢)=0, limv(t)=0 a.s.

>0 >

If R, <0 holds, then y(t) and v(z) will go to zero exponentially with
probability one.

Proof. Define F(x, v, v,z) = x+y+%v+£z . Applying It6’s formula [19],
c
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we obtain

dv(x,y,v,z)= (A dx—— N v—b—pzjdt+ o,xdB, (t)+0o,ydB, (t)

c
-i—%vdB3 (t)+§0'42d32 (t)+jz{)/l (u)x+y,(u)y (3.1)

1 p ~
+—v. (u)v+=y,(u)z |N(dt,du).
N}/}( ) 074( ) } ( )
Integrating both sides of (3.1) from 0 to tyields,

K(0)-x(0) ¥()=(0) | 1 v())=v(0) , p=(1)-=(0)

t t N t c t
=A—d<x(t)>—%<v(t)>—f—5<z(t)>+% [{x(s)dB(s)

o o o
+—2’ysdB +—3.r P4

; s N Ov(s)dB(s)+7J.(:z(s)dB(s)
- H 71 () x()+7, (u) y(s)) N (ds, du)

II 7/3 dsdu +—Ij74 ( )N(ds du)
Clearly, we can derive that
(0(0) = =L () -2 (1)) 0 (0), (32)
where
“’(’)Z{X(t)_tX(O)+y(t)_ty(0)+]lvV(t)_tV(O)+iZ(t)_;Z(O)
- (ix(s)dB(s)—% ;y(s)dB(s)—% "v(s)dB(s)
—"j? fy=(s ——H 7, ()x(s)+ 7, (1) y(5)) ¥ (ds,du)
L ) V(@)L ) (5) W) |

Making use of Lemma 2.2, we can see
lime()=0. (3.3)
11—

Define M (t)=Ny+v,

Applying It6’s formula, we can conclude that
dIinM (1)

2 2.2 2.2
= (kNXV—pNyZ—IUV)—W——FO-;V
Ny+v 2(Ny+v)

(3.4)
#J, (7 @) =7 ()] (@)« [, [1n(1+7 () =75 (u>]n<du>}dt
+% ) ( )+Nj3:vdB3(t)+IZ[ln(l+7z () +In(1+ 7 () | N (ds, du)
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) 2
S kNXV_;Z O-_ZNZyZJ'_ #-}_0-—3 v2 dt+ NO—Zy de (t)
v (My+v) L 2 2 Ny+v

oV

Nyt dB, (t)+jz[ln(1 +7, (1)) +In(1+7, (u))]N(ds,du)

< [kNx—%((y+%a§jZ /\%GZZJ
+IZ[ln(1 +7, (u))+ ln(1+ 7 (u))]N(ds,du).

Integrating from 0 to #on both sides of (3.4), we obtain

B <o) (gt | g |2 0m

t 2 2 t "Ny+v

No,y oV
dt 2" dB, (t __dB, (¢
+Ny+v 2()—i_Ny—i-v 3() (3.5)

# s, (s)+< o [in(1+ 7, u)

tNy+v
+ln(l+73(u))]N(ds,du)+w
<[ BE(0) -2 (0) 010

+
d 2 2
where,
_oy oy (1) Ki(r) InM(0)
#(0) =228, (0)+ 2B (1) + -

According to Assumption 1,

(ky do ) (1) = ¢f, [ (147, ()] 7 (du) < tc,

where (k,,k,)(t) is k,’s quadratic.

According to the large number theorem for martingales [20], we have

B,
1imﬁ =0, i=23 as. (3.6)

=0 t

Then, by Lemma 2 [21] [22], we obtain

limKi—(t) =0 i=123 as. (3.7)

t—00 t
According to (2.2), (3.6) and (3.7), we have
fimg (1) =0.

Clearly, if R, <1 holds, then
In M (t)

limsup <0 as.

t—
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Thus, we have

1imy(t) =0, }Lrgv(t) =0 aus. (3.8)

—o©

That is to say, the disease will die out with probability one.
4. Persistence

Definition 4.1. Model (1.3) is said to be persistent in the mean, if

hmmf J. ds>0 lll’nll’lfJ. ds>0 a.s.

AKNS

R =
(5+c;\+52j(,u+53)(d+51)

Theorem 4.1. For any solution (x(t),y(t),v(t),z(t)) of model (1.3) with
initial value (x(O),y(O),v(O),z(O)) eR?, if >0, then there exists

. A . A
}gg(v(t»zz }Lrg<y(t)>2k§</§ as.

1
Proof. Define F(x,y,v,z):—lnx—cl[lny—z(cx+cy+pz)}—czlnv, we

have
dF (x,y,v,z)= LF(x,y,v,z)dz‘+(%0'1x—O'lde1 (1)

+[Cl')—cazy—clazjd32 (t)—c20'3dB3(t)+%a4de4 (1)
—I [ln 1+7, (u))+c, In(1+7, (1)) +c, In(1+y, (u))}]\?(dt,du)
+—I [c;/1 x+c;/2 u)y—l—p}q(u)z]ﬁ(dt,du).

LF(xynz)=— 2GRV _aNOY e (54 ) G2
1 2
x y v b 2

+[ a7 -In(1+7)]x( du)+czy+30'3
+j c2|:;/3 1+;/3 } (du)+%o]2

5 d
+[ [n-In(1+7)]7(du)- C'Z y- %x

<-33Acke,NS +d +kv+5, +c, (5+%+EZJ+02 (1+303).

Let,
AKNS

01(5"'%‘*52]%(#"‘53)(

Y —
5+Cb+02)(y+03)

So,
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AKNS AKNOS
¢ = 2 s 6=
[5++52j (,u+0'3) (5"""52)(:”"'0'3)
Therefore,
LF(x,y,v,z)S— AAkN5 +d+kv+0,
(5+Cb+52)(,u+53)
=—(d+3a,) " AKNS —1|+kv (42)
cA  _ _ _
(5+b+02j(,u+0'3)(d+0'1)
=—A+kv,
where,
A=(d+5) AkNS 1)

(5+c;\+32j(y+53)(d+31)
Substituting (4.2) into (4.1), then we obtain,
dF(x,y,v,z)S—A+kv+(%o3x—o]del (r)+(%a2y—c102]d32(z)
~,0,B, (1)+ 5 0,2dB, (1) = [, [In (147, (u
+c 1n(1+7/2(u))+c21n 1+7, u)} (dt,du) (4.3)
+—J' [y (u)x+cy,y (u)y+ py, (u)z | N (dt,du)
= [ (147, () +¢ (147, () + ¢ (14 75 (u)) | N (dt, du).
Integrating from 0 to t on both side of (4.3), yields
wzi—k<v(t)>+%f;(al Cb de (s) +%j0[ O'Zy]de (s)
()_%jtqp 2dB, (s)+ Kl(t) () K, (1)

1
+;IO c,0,dB, (s —o0, ; ;

LS (u)xmz(u>y+m<u)z)}v(ds,du>

_Inx(#)-Inx(0) ¢ (Iny(r)—1n y(0)) L e y(1)=»(0)
t t b t
+£ z(t)—z(O) +£x(t)—x(0) N ¢, lnv(O).
b t b t t

Consider of Lemma 2.1, 2.2, 2.3 and (3.7) if R, >1, then we have

lim<v(t)> > % (4.4)

>0

that is to say,
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liminf (v(¢))> £,

t—®© k

On the other hand, base on the model of (1.3), we have

V(t)_tV(O) _ N5<y(t)>_ﬂ<v(t)>+_’;M_‘_%ﬁjz% (u)vN (ds,du),
we get,
W (O) =5 (O) + 55w (1),
where,

()= O B A0 wye(as) |

According to Lemma 2.2 and Lemma 2.3, we have

limy () =0,

t—0

According to (4.4), we obtain

Thus,

5. Numerical Results

In this section, we present some numerical simulations to discuss the effect of
lévy noise on the viral dynamics. Euler scheme is an order — approximation,
be used to investigate the dynamics of stochastic differential equations driven by
1évy process in some papers [23] [24] [25] [26].

In Figure 1, fix parameters as follows: A=8, k=0.1, §=0.5, d=0.3,
N=3, u=2, ¢=03, b=25, p=09, the intensity of noise o, =5,
o,=2, 0,=6, o,=1, =01, »,=03, »,=04, y,=05. Note that
5 2 Nks

- 1 1
2 2
d(,u+20'3j/\20'2

model, stochastic model with white noise and stochastic model with Lévy jump,

=0.67 <1. We compared the process of deterministic

the infected CD4" T-cells, virus particles and CTLs cells extinction in all cases,
but strong fluctuation will accelerate the extinction of all.

In Figure 2, fix parameters as follows: A=8, k=03, §=05, d=03,
N=10, 4=09, ¢c=06, b=24, p=09, the intensity of noise o, =1.5,
o,=12, 0,=05, 0,=2, =1, y,=03, y,=04, y,=0.5. Note that
AKNS

R =
[§+C;\+Ezj(y+53)(d+51)

>1, that the infected CD4" T-cells, virus

particles and CTLs cells existence in all cases.

DOI: 10.4236/jamp.2022.103051

726 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.103051

Y. Cheng, L. L. Qu

In Figure 3, fix parameters as follows: A=8, k=03, §=05, d=03,
N=10, 4=09, ¢c=06, b=42, p=09, the intensity of noise o, =1.5,
o,=12, o,=16, o0,=2, y,=1, y,=3, y,=04, y,=0.5. Note that

200x10* - 60x10* 60x10*
Levy noise
Browian
— Deterministic 50 50
150
40 40
3 3 3
= 100 =30 = 30
= > N
20 20
50
107 10
0 0 0
0 . 10? 200 0 . 100 200 0 . 100 200
time(day) time(day) time(day)
(a) (b) (c)

Figure 1. Numerical simulation of the path y(#), {# and z(#) for the deterministic model,
stochastic model with white noise and stochastic model with 1évy jump. The infected
CD4" cells, virus particles and CTLs cells extinction in all cases.

4
80x10 Levy noise || 100x1 o* 70x10*
Browian
Deterministic
60
3
S40)
. |
|
|
20 f|
0
0 . 100 200 0 . 100, 200 0 . 100 200
time(day) time(day) tlme(%day)
(a) (b) (©)

Figure 2. Numerical simulation of the path y(#), W(# and z(#) for the deterministic model,
stochastic model with white noise and stochastic model with 1évy jump. The infected
CD4" cells, virus particles and CTLs cells exist in all cases.

20x10* - 12x10* 25X10*
Levy noise

Browian

Deterministic

-

y(t)(ful)

v(t)(/ul)

0 i,
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
time(day) time(day) time(day)

(@) (b) ()

Figure 3. Numerical simulation of the path y(#), W(# and z(#) for the deterministic model,
stochastic model with white noise and stochastic model with 1évy jump. The infected
CD4" cells and virus particles exist but CTLs cells extinction in all cases.
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i AKNG

1 _[§+c[j\+52j(y+53)(d+51)

>1, the infected CD4" cells and virus particles

exist but CTLs cells extinction in all cases, but this phenomenon can’t be ob-
tained by theoretical analysis. From Figure 3(a) and Figure 3(b), we can see
that strong fluctuation will result in the decrease of the infected CD4" T-cells,

virus particles.

6. Conclusions

This paper investigated the dynamics of a stochastic HIV infection model with
CTLs immune response and lévy jumps. Through theoretical analysis and nu-
merical simulations, we obtain some results about HIV infection on a cellular
level driven by lévy noise. First, we investigate the global existence and unique
positive solutions; then by constructing a suitable stochastic Lyapunov function,
we give sufficient conditions that R, <1, the infected CD4" T-cells, virus par-
ticles and CTLs cells extinction in probability. Then, we adopted a special me-
thod to deal with the model, and obtained if R >1 the infected CD4" T-cells,
virus particles and CTLs cells persistence in the mean. By numerical simulations,
it verifies the theoretical results, and we also observe some meaningful pheno-
mena that, strong perturbation of the environment is a benefit to the extinction
of the infected CD4" T-cells and virus particles.

Due to the inherently stochastic nature of HIV infection, some interesting
topics deserve further discussion, such as considering the effects of time delay on

the stochastic system, we will go about this case subsequently.
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