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Abstract

This paper is concerned with the sensitivity of set-valued discrete systems.

)or

(IC(Y), gm) and the product system (IC(X xY), f,, x 91,00) in sensitivity,

Firstly, this paper obtained the equivalence between (IC(X),f_lm
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infinite sensitivity, F -sensitivity, (7,7, )-sensitivity. Then, the relation
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between (X, flm) or (Y, 91,00) and (IC(X xY), f,, x glyw) in ergodic sen-

sitivity is obtained. Where (IC(X ), f_loo) is the set-valued dynamical system
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1. Introduction

Since the beginning of the 21st century, the problem of chaos in set-valued dis-
crete systems has been discussed warmly. In 2003, Roman-Flores [1] studied the
interaction of transitivity between (X, f) and its induced system (IC( X), f_).
Following his work, many scholars studied the chaotic properties of set-valued
discrete systems. For example, transitivity, mixing, Kato’s chaos (see [2]-[9] and
others). About sensitivity, Liu, Shi, and Liao [10] proved that if f is a surjec-
tive, continuous interval map, then f is sensitive if and only if f is sensitive.
And in 2013, they gave an example to show that Li-Yorke sensitivity of f does
not necessarily imply Li-Yorke sensitivity of f ([11]). In 2010, Sharma and
Nagar [12] showed the relations between the various forms of sensitivity of the
systems (X, f) and (/C(X), f_) and proved that all forms of sensitivity of
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(IC(X ), f_) partly imply the same for (X, f).In 2014, Yang, Wang, and Li [13]
studied the relationship between non-autonomous dynamical system and its
hyperspace system in the aspect of sensitivity. In 2015, Wu, Wang, and Chen [14]
had obtained a few sufficient and necessary conditions to ensure a dynamical
system be F -sensitive or multi-sensitive.

Inspired by the literature [13]-[17], this paper further studies some stronger
forms of sensitivity in set-valued discrete systems. The structure of this paper is
as follows. In Section 2, some basic definitions are given. In Section 3, the main

results are established and proved.

2. Preliminaries

2.1. Non-Autonomous Discrete System

In this paper, let X =[0,1], and the metric on Xis denoted as p .

f,:X > X,neN is a mapping sequence, and denoted by f, =(f,f,,--).
This sequence defines a non-autonomous discrete system (X, fl,m) . Under this
mapping sequence, the orbit of the point xe X is
Orb(x, flm): ( f (x))(n eN), where f"=f o--of, f’ denotes the iden-

k _
N =

tity mapping. Similarly, f

fn+k—l oo fn+1 ° 1:n .

2.2. Set-Valued Product Systems
Let IC(X) be the hyperspace on X. That is, the space of nonempty compact
subsets of X with the Hausdorff metric d,, defined by

d, (AB)= max{supinf d(x,y),supinfd(x, y)}

xeA YeB yeB xeA

for any A BeK(X). Clearly, (/C(X ).dy ) is a compact metric space. The
system (X, f,,) induces a set-valued dynamical system (IC(X ), f_l,w>> where
f, K(X)—>K(X) isdefinedas f, (A)=f, (A) forany Aeck(X). For
any finite collection A,---, A, of nonempty subsets of .X; let

<A11"',A1>={AEIC(X):ACQA,AHA ;t@,lsiSn},

where the topology on k(X ) given by the metric d, is the same as the Vie-
toris or finite topology, which is generated by a basis consisting of all sets of the
following form: (U,,---,U ), where {U,,---,U,} is an arbitrary finite collec-
tion of nonempty open subsets of X.

Two set-valued non-autonomous discrete systems f,, :K(X)—K(X) and
0., :K(Y)—> K(Y) are defined in compact metric spaces K(X) and K(Y),
whose metrics are d, and d, . Let f %0y, (X XY) = K(XxY), de-
fine W(A, B) = (f_lao (A), 0. (B)) , where (A,B)e(XxY). The me-
tricof K(XxY) is dy,and define
dy ((AB,).(A,B,))=max(dy, (A,A).dy, (B,,B,)), where
(A.B,),(A,,B,) e (X xY). Then the system (IC(X xY), f,, x gl_w) is called

the product dynamical system of the two set-valued non-autonomous discrete
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systems.

2.3. Definitions of Sensitivity

In this section, some definitions of the sensitivity in set-valued discrete systems
will be given.

Definition 1. ([14]) Let P be the collection of all subsets of 7" . A collec-
tion F <P is called a Furstenberg family if it is hereditary upwards, ie.,
FcF and F cF imply F,cF. A family F is proper if it is a proper
subset of P, i.e. neither empty nor the whole P .

Definition 2. ([15]) Let X be a nonempty set and F be a family of nonempty
sets composed of subsets of X, if

1) UVeF then UNWVeF;2) UeF and UcV then V €F, then F
is said to be a filterdual on the set X.

Definition 3. ([9]) Given AcZ", its upper and lower densities are defined

by

Dens(A) = Iimsup%|Aﬂ{o]...,n_1}|,

nN—+o0

Dens(A)= Iiminf£|Aﬂ{O,---,n—1}|.

n—>+o |

If Dens(A)=Dens(A)=¢, then the set A has density Dens(A)=¢ . Let
M (O*) = {F e B:Dens(F)> 0} , where B is the collection of all infinite sub-
sets of Z*,then M (0+) is a Furstenberg family. It can be verified that

km(o*):{FeP:ZWFeM(o*)}
={Fe7ﬁzﬁ(z*\F)=o}
={F e P:Dens(F)=1}.

This implies that kM (0+) is a filterdual.

Definition 4. ([18] [19] [20] [21] [22]) Zet (K(X),T,..) bea system and let
F  be a Furstenberg family.

1) (IC(X ) f_m) is sensitive, if there exists an 6 >0 such that for any
Ae(X) and any &>0, there exist BeK(X) with d, (A B)<e such
that d,, (" (A), %" (B))>5(neN);

2) (IC(X ), f_loo) is infinitely sensitive, if there exists an & >0 such that for
any AeK(X) and any ¢>0, there exist Be/(X) with d,(AB)<e
such that limsupd,, (f_ln (A), 1" (B)) >5(neN);

3) (IC (XT?IOO) is F -sensitive, if there exists an ¢ >0 such that for any
AeK(X) and any &>0, there exist Be(X) with d,, (A B)<e such
that {nez":d, (%" (A), T (B))>6}eF;

4) (IC(X), f_lw) is (A, F,)-sensitive with the sensitive constant A if for
any AeK(X) and any &>0, there exist BeK(X) with d,(AB)<e
such that {n eZ" :d, (f_ln (A), " (B)) > 5} eF, and
{neZ+ :d, (f_ln(A),f_ln(B))<5}e.7-'1 forany 6>0;
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5) (IC(X ) f_m) is ergodically sensitive if there exists & >0 (ergodically
sensitive constant) such that for any nonempty open subset U = K(X),
{n el : diam(f_l" (U )) > g} eM (0*) . Where diam(-) is the diagonal of the

set.

3. Main Results

Based on the definitions in Section 2, we now further investigate the dynamical
properties of the product systems.

Lemma 1. ([14]) Let X,Y be two compact metrics. Then, for any
AeK(XxY) andany &>0, there exist nonempty open subsets
u,u, .- U, X and V,V,,---V, cY such that
Ae(UpxVy, Uy xVy ) e (U Vg, U, ><Vn>c By, (Ac).

Theorem 1. ZLet (IC(X ), f_lw) and (K(Y),G,,.) be two set-valued non-
autonomous discrete systems, then (IC (X xY), f, ., x glvw) is sensitive if and
only if (IC(X ) i ) or (K(Y).8,..) issensitive.

Proof. (Necessity) Assuming that (IC (X), f_lao) and (IC(Y), gm) are not
sensitive, it is proved that (]C( XxY), f, x glm) is not sensitive.

1) If (IC(X ) f_loo) is not sensitive, then for any ¢, >0, there exist
A eK(X) and &>0, there is d,, (A,B)>s for any B eK(X) satisfy-
ing that

dy, (5" (A) 7" (B,)) <5,

2)If (IC(Y ), g_lyw) is not sensitive, then for any &, >0, there exist A, € K(Y)
and &>0,thereis d, (A,,B,)>¢ forany B, eK(Y) satisfying that

dy, (37 (A). 57 (B,))<6,.

Since A e K(X),A, € (Y), then thereis A xA, e K(XxY) forany
B, xB, € K(X xY), one has that

dy (A x Ay, B xB,) =max{dy, (A,B,),dy, (A,B,)} > &
So
(70 (A A,). 17 x0] (B,.B,))
= (7 (A). 37 (A). (7 (B). 5 ()
=max{d,, (T (A), £ (B,)).dy, (3 (4).3/ (B,))}.
Let & =max(6,,6,), then
A (6707 (A A). 1 <] (B, B,)) <5.

Therefore, IC(X xY),W) is not sensitive and contradicts the proposi-
tion. So (IC(X ), f_lw) or (IC(Y), g_lym) is sensitive.

(Sufficiency) For any nonempty open set V € K(X xY), by Lemma 1, there
exist nonempty open subsets U,,U,,---,U <X and V,V,,---,V, cY such
that
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<Ul><Un,-~-,V1><Vn>CV

If (IC(X ), f_lw) is sensitive, then there exists 0 >0, for any Ae <LTl,-~,Un>
and & >0, thereis Be <U_1,,U_n> such that d,, (A B)<e, one has that

dHl(f‘nA),f:n(B))w-

Take any point V; in V;,where ic{1,2,---,n}.Define A =ANU,,

B =BNU,, AzlAix{ }, _Bx{ } herefore,
A=QA =Ul Ul & (U Vo, U,y 2V, ),

So
dy (17 %] (A), 1/ <g] (B))
-, (0T (a2 (). U T (8t (1)
2, (7(2).7'(8))
> 0.
Hence, (IC(X xY),m) is sensitive. O

Theorem 2. Let (IC(X),f_lyw> and (IC(Y),@LOO) be two set-valued non-

f.x0., ) Is infinitely sensitive

autonomous discrete systems, then (IC ( X xY ),
ifand only if (IC (X), f_1w> or (IC(Y ), gl,w) is infinitely sensitive.

Proof. (Necessity) Assuming that (/C (X), f_loo) and (IC(Y), @Lw) are not
infinitely sensitive, it is proved that (IC(X xY) ,M) is not infinitely sen-
sitive.

1) If (IC(X ), f_lw) is not infinitely sensitive, then for any &, >0, there exist
A eK(X) and &>0, there is d,, (A,B,)>¢ for any B eK(X) satisfy-
ing that

limsupd,, (%" (A), f"(B,)) <4,

n—>+0

2)If (K(Y).G,..) isnot infinitely sensitive, then for any &, >0, there exist
A, eK(Y) and &>0, there is dy (A),B,)>& for any B, eK(Y) satisfy-
ing that

limsupd,, (g_l” (A). 07 (Bz))<52.

nN—+w

Since A eK(X),A, eK(Y), then there is AxA, eK(XxY) for any
B, x B, e K(X xY ), one has that

dy (A xA,,B xB,)=max{d, (A B,).dy, (A B,) >
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So

Let §=max(d,,,), then

limsupd,, (fl” x97 (AL A), f"x g7 (B, Bz))

nN—+o0

= max{limsude1 (f"(A), " (B))) limsupd,, (@7 (A,).q7 (Bz))}

N—+x0 n—+wo
<.

Therefore, (IC(X xY),m) is not infinitely sensitive and contradicts the
proposition. So (/C( X ), f_lw) or (IC(Y ), glvw) is infinitely sensitive.

(Sufficiency) For any nonempty open set V e K(X xY), we know from
Lemma 1, there exist nonempty open subsets U,,U,,---,U, < X and
V,.V,,--,V, €Y such that

<U1><Un,-~-,V1><Vn>cV

If (IC(X ), f_lw) is infinitely sensitive, then there exists & >0, for any

Ae<U_1,---,U_n> and ¢ >0, there is Be<U_1,---,U_> such that d,, (A B)<e¢,

n

one has that

limsupd,, (T,"(A), f"(B))= 5.

N—+o0

Define A,B are the same as Theorem 3.1, then

dH(A,é):dH[ (Ax{u}), (Bix{vi}))<g.
i=1 i=1
So
IiTsude(fl”ng(A),fl”xgl"(é))
tmsupd, [T (&)<t (10} 0T (887 (1)
N—+o0 i=1 i=1
> limsupd,, (" (A), f,"(B))
> 0.
Therefore, (IC(X ><Y), f . xgl’w) is infinitely sensitive. O

Theorem 3. Let (IC(X ), f_lw) and (K(Y),G,,.) be two set-valued non-
autonomous discrete systems, then (}C( X xY ) ,m) is F -sensitive if
and only if (IC(X ), f_lao) or (IC(Y), 9_1,00) is F -sensitive.

Proof. (Necessity) Assuming that (IC(X ), f_loo) and (IC(Y), @Lw) are not
F -sensitive, it is proved that (IC(X xY), f, x gl‘w) isnot F -sensitive.

1) If (IC(X ), f_lw) is not F -sensitive, then for any &, >0, there exist
A eK(X) and &>0, there is d,, (A,B,)>¢ for any B eK(X) satisfy-
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ing that
ez :dy (77 (A). 7" (B))> 8} e 7.

2) If (IC(Y),g_lyw) is not F -sensitive, then for any &, >0, there exist
A,eK(Y) and &>0, there is dy (A,,B,)>¢ for any B, ek(Y) satisfy-
ing that

ez :dy, (87 (A).57(B,))> 6} ¢ F.

Since A e K(X),A, eK(Y),thenthereis AxA, e C(XxY) forany
B, xB, € K(X xY), one has that

dy (A xA,B xB,)=max{d, (A,B,),dy, (A,B,)|>z.

So

Let §=max(d,,,), then

nez:d, (K700 (A A). K67 (B,B,)) > o) e 7.

Therefore, (IC(X xY) ,m) is not F -sensitive and contradicts the
proposition. So (IC(X ), f_lw) or (IC(Y), gm) is JF -sensitive.

(Sufficiency) For any nonempty open set V € (X xY'), we know from Lemma
1, there exist nonempty open subsets U,,U,,---,U, < X and V,,V,,---,V, cY
such that

(UixU,, -V xV, ) eV

If (IC(X ) f_lm) is F -sensitive, then there exists o >0, for any

Ae<U1,---,U_n> and & >0, there is Be<LTl,---,U_n> such that dHi(A,B)<8,
one has that

ez :d, (7'(A), T (B))> 05} e 7.
By the same proof as Theorem 3.1, one can obtain that

dy (1707 (A), & x g7 (B)) 2 dy, (77 (A). T (B)).

Combining this with the hereditary upwards property of F , it follows that
{n ez :dy, (T (A). 5"(B))> 5}

c{neZ+:dH(fl"xgl”(A),flnng(lg))>5}e]:.

Hence, (IC(X xY), f,, x 91,00) is F -sensitive. O
Theorem 4. Let (IC(X ), f_lw) and (IC(Y), @1'00) be two set-valued non-

autonomous discrete systems, if (IC(X xY), f,, x gl_w) is (F,F,) -sensitive
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then (IC(X ), f_lw) or (IC(Y), _1,00) is (F,F,) -sensitive.

Proof Assuming that (IC(X ), f_lw) and (K(Y),,.) are not (F,7%)-
sensitive, it is proved that (]C( XxY), f,, % gl,w) isnot (7, 7, )-sensitive.

1) If (IC( X), f_m) is not (7,7, )-sensitive, then there is &, >0, there exist
A eK(X) and &>0, there is d,, (A,B,)>¢ for any B eK(X) satisfy-
ing that

{nez* :dHl(f_I”(Ai),f_l”(Bl))>5l}e]-"2,
{n€Z+ :dHl(f_ln(Ai)*f_ln(Bl))<51}E}—1-

2) If (IC(Y ), 9_1,00) isnot (A, F,)-sensitive, then there is &, >0, there exist
A,eK(Y) and &>0, there is dy (A,,B,)2¢ for any B, ek(Y) satisfy-
ing that

{neZ+ 1dy, (gf(Az),g_f(Bz))>52}e.7';,
{neZ+ 1dy, (gl"(Az),gln(Bz))<52}e}1.

Since A € K(X),A, eK(Y),thenthereis AxA, e C(XxY) forany
B, x B, e K(X xY), one has that

dy (A xA,B xB,)=max{d, (A,B,),dy, (A,B,)}>z.

So

Let §=max(d,,5,), then

nezd, (a7 (AA). B7x0] (B.B,))> 0] e 7,

{neZ+ :dy, (flnng(A&,Az),m(Bl,Bz))<§}e}}

Therefore, (IC(X xY),m) is not (A, F,)-sensitive and contradicts the
proposition. So (IC(X ), f_lw) or (IC(Y), 9_1,00) is (A,F,)-sensitive. [

Lemma 2. ([14]) Let (X, fl,oc) be a non-autonomous dynamical system, for
any nonempty open set U c X andany neZ", one has
diam f," (U) =diam f," ((U})).

Theorem 5. Let (X, fl‘w) and (Y, 91,00) be two non-autonomous dynami-
cal systems and let M (0+) be a Furstenberg family such that kKM <0+) is a
filterdual. If (IC(X xY),W) is ergodically sensitive, then (X, fl’m) or
(Y : 91,00) is ergodically sensitive.

Proot. Suppose that both f,, and g, are not ergodically sensitive. Then,
for any & >0, there exist nonempty open subsets U c X and V cY such
that
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{neZ+ :diam(fln(U))>g/2}e M (07),

and
{n eZ" :diam(g; (V))> 5/2} g M(0").
So
F o= {n ez diam(f"(U))< 3/2}
=2 \[nez" :diam(f(U))>&/2} e kM (0"),
and

F, ::{neZ* :diam(gln (V))Sg/Z}
:Z*\{neZ* :diam(gln (V))>g/2}ekM(O+).
Since kM (O*) is a filterdual, then F,NF, kM (0*). For any ne RNF,,

noting that diamf,"(U)<¢/2 and diamg; (V)<e&/2, applying Lemma 3.2,
one has that

diam( g (U xV))) = diam (" x g7 (U V)
=diam( ;" (U)xg{ (V))
< (5/2)2 +(g/2)2

<é.

So

FRNF C{n el" :diam( f"x g ((U ><V>))< 5} ckM (O*).

This implies that

{n ezt :diam( f"x gy ((U ><V>))28} zM(0).

Since & is arbitrary, it shows that f,_xg, , is not ergodically sensitive. There-

fore, (X,fl’w) or (Y,glvw) is ergodically sensitive. O

4. Conclusion

For set-valued non-autonomous discrete dynamical systems, the sensitivity of
the product systems and the factor systems are consistent most of the time, for
example, sensitive, infinitely sensitive, F -sensitive, and (., F,) -sensitive,
while it is not a necessary and sufficient condition for ergodically sensitive.
Based on this paper and others, one can further consider some other chaotic
properties of set-valued discrete systems, retention conditions for compound

operation, and so on, which are worthy of study.
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