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Abstract

In this paper, we study a class of Prigozhin equation for growing sandpile
problem subject to local and a non-local boundary condition. The problem is
a generalized model for a growing sandpile problem with Neumann boun-
dary condition (see [1]). By the semi-group theory, we prove the existence
and uniqueness of the solution for the model and thanks to a duality method
we do the numerical analysis of the problem. We finish our work by doing
numerical simulations to validate our theoretical results.
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1. Introduction

The mathematical modeling of the dynamics of granular materials is a fascinat-
ing subject as evidenced by the numerous studies which treat this subject in the
literature. In this work, we are interested in the formation of a pile of sand under
the effect of a vertical source. Regarding this phenomenon, there are mainly two
models based on partial differential equations. The first model is that of Hadeler
and Kuttler (see [2] [3] [4]) where the authors model the pile of sand using two
layers: a fixed layer above which a mobile layer moves. The second approach to
which this work relates is the variational model of Prigozhin (see [5] [6]) where
the surface flow of sand is supposed to exist only at critical slope, that is the
maximal admissible slope « for any stationary configuration of sand (here for
simplicity it is assumed o =1).

In the particular case of the Dirichlet boundary condition; for that model
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there are a sufficiently developed theory and efficient numerical schemes which
use duality arguments (see [7] [8] [9]). However, very few results exist in the li-
terature on the model of Prighozin in the case where one considers other types
of boundary conditions other than the Dirichlet boundary condition, since it
rajses many difficult questions: how to define the notion of the solution for the
model and how to approach the problem numerically. We have recently partially
provided solutions to these questions where we study the Prigozhin model with
Neumann and Robin boundaries conditions (see [10]). These types of conditions
are interpreted by the presence of an obstacle for example a wall at the boundary
and which prevents the sand escaping. In this work, we look at the model with a
non-local boundary condition which generalizes the Neumann and Robin boun-
dary condition:

u,—V(mVu)=f in(0,T)xQ

[Vu|<1, m=20, m(|Vu|-1)=0 in(0,7)xQ

u=0 on[0,T|xI,

m2—3=g on (0,7)xT,
0 . .
J.rzma—iza(t)(glven function of 7) on[0,T]xT, (1)
u = ¢(t) (unknown constant of #) on (0,7)xT,
u(O) =u,,

with QcR" a bounded open domain with a boundary T'=T,UT,UT,
such that Iy T, N[, =& . The solution u is the height of the surface and fis
the source, ge’(I';) and ais a function defined on R.

In this work, we consider a mixed boundary condition: Dirichlet, Neumann
and a non-local boundaries condition:
e on I'j, we apply homogeneous Dirichlet boundary condition. In other

words, we assume that at this boundary, the sand falls down, that is

u=0 on(0,7)xIy;

e on I, there is a wall that prevents the sand escaping:

Ou
m—= on (0,7)xT;
ov g (0.7)T
e we control the outgoing flow through the boundary I',, which results in the

following non-local condition:

Ou
—ds=A(¢ 0,7 |xI',;
mZtds=a(r) onfo,7)r;

Beside the mathematical interest of non-local conditions, it seems that this
type of boundary condition is also encountered in other physical applications.
For example, in petroleum engineering model for well modelling in a 3D strati-
fied petroleum reservoir with arbitrary geometry; this kind of boundary condi-

tion also arises in petroleum engineering, in the simulation of wells perfor-
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mance, since a nonlinear relation exists between the performance pressure tan-
gential gradient and the fluid velocity along the well (see [11] [12] for details).
Another application of this type of the boundary condition is in the study of the
heat conduction within linear thermoelasticity (see [13] [14] [15]), and for the
reaction-diffusion equation (see [16] [17]). One could find other applications in
other fields of physics in the papers [18] [19] [20].

The present work is organized as follows. In the next section, we use the non-
linear semi-group theory (see [21]) to get the existence and uniqueness of a vari-
ational solution of (1) and the convergence of the approximate Euler discretiza-
tion in time solutions to problem (1). In Section 3, we show how to compute the
solution of Euler implicit time discretization of (1) using duality argument and

in the last section, some results of numerical results are given.

2. Global Existence

Given ¢>0, we say that (z.f)_
0=ty <t <--<t,_ <T=t, with t,—t_ <&, f,, [  el’(Q),
g8, €L’(T,) such that

3 FYCIR IR of i TS B

Definition 1. For any ¢>0, (u,) isan &-approximate solution of (1), if

isan ¢ -discretization for problem (1) if

there exists (7, 1), g, )i:1 ., an ¢ -discretization of problem (1) such that

fort e (0,¢
u, =" (4] @
u, forte(t_,t],i=1,,n
and u, solves the following Euler implicit time discretization of (1):
u,—eV(mVu,)=¢ef, +u_, inQ
Vu,|<1, m 20, m (|Vu]|-1)=0 inQ
u,=0 onl
Ou,
ii =g onl, 3)
ov
Ou,
J mes = a, onl,
L ov
u, = ¢; (unknown constant) onT,
The generic problem associated with (3) is given by
v=V(mVv)=F inQ
V<1, m>0, m(]Vv]-1)=0 inQ
v=0 onl,
G (4)

ov

ov
— = A(given constant) onI’
r, " ov (g v ) ?

v =C (unknown constant) onT,
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with Fel’(Q), Gel*(T)).
For convenience, we note the L*(Q) scalar product by () and the eucli-

dean normon R" by |||| . We introduce the convex set [ :
K= {z eW" " (Q)NH,(Q): |Vz(x)| <laexe Q}

where

H,,

(Q):{z eH' (Q):z:Oon I’y z = constant on 1"2}.
We also introduce the function IT,. defined on L*(Q)

—| . Gzds— Az ifzel,
I (2)= J-rl |rz
+00 otherwise,
The sub-differential of IT, isdefinedin L*(Q) by
ol (v) = {we K:VzeK,I(z)=11, (v)+(w,z—v)}.
Remark. /n order to define our notions of variational solutions for the above
problems, we make the following observations:
(1) Assuming that ve K is a solution of (4) in the following sense: there ex-

ists a measurable function m satisfying the properties mVv e (L1 (Q))d ,
m(|Vv| —1) =0 ae.in Q and

[ vedx+ [ mVv-Vade = | Fade+ jr] Gads+ Az VzeH,(Q);  (5)

then, vis also a solution of the following optimization problem

max{fg(f—v)zdx+fr] Gzds + Az|r2 } (6)

zek
Indeed, taking z € KC as test function in (5), we get

IQ(F —v)zdx+ IFI gzds + Az|rz = IQ mVv-Vzdx. (7)

Thus, using the fact that |Vz| <1 ae xeQ,weget
J.Q(F—v)zdx+_..rl szs+Az|F2 SJ.Qm|Vv|dx (8)

and taking z=v in (7), we obtain

~Jo(F=v)vdv— [ Gzds—Az|, =~ m[V[ dv. 9)

So, adding (8) and (9) and using the fact that m(|Vv|—1) =0 a.e. in Q, we

obtain

Jo(F=v)zds+ [, Gads Azl ~(J(F=v)dx+ [ Gvds+|, )0, (10)

(2) It is not clear that there exists (m,v) such that (5) is fulfilled, however we
can find v e, solution of the problem (6), which is a consequence of the fol-
lowing result.

Lemma 2. 0Il, isa maximal monotone graph in L’ (Q).

Proof. The proof is the same as in our previous paper. [

We are now in a position to define our notion of solution to problems (4) and
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(1).
Definition 3 (see [21]). For given F € I’ (Q) , Gel? (Fl ) , we say that vis a

variational solution of (4) if ve K and

J-Q(F—v)(z—v)dx+_[r g(z—v)ds+A(z|r2—v|rz)S0, forallze kL. (11)

Definition 4 (see [21]). Given feL” (O,T;L2 (Q)) , and u, €K, a varia-
tional solution (resp. & -approximate solution) of (1) is a function
uew" (O,T;L2 (Q)) satisfying for any 7€(0,7), u(t)e K and

J.Q(f—ut (t))(z—u(t))dx+_|.rI g(z—u(t))ds+A(z|l_2 —u(t)L_Z)SO,

forany ze/C (resp. u, given by (2) with u, avariational solution of (3)).
Since O, is a maximal monotone graph in L*(Q), then, thanks to [21]
forany Fel’(Q) there exists a unique solution vof
v+oll, (V)BF, (12)

which is equivalent to saying that (4) admits a unique variational solution. Moreo-
ver, if v, isthe solution correspondingto g, for i=1,2,then

v =vall, <17 - £l (13)

As in the works of Igbida and a/, we get the following result

Theorem 5. Let u, ek, T>0, fel’ (O,T;L2 (Q)) Then,

1. for any € >0 and any ¢ -discretization of (1), there exists a unique & -ap-
proximate variational solution of (1).

2. There exists u e C’([O,T);L2 (Q)) such that u(0)=u, andas &—0,

u, > u in C([O,T);L2 (Q))

3. The function u given by (2) is the unique variational solution of (1). More-
over, iffor i=1,2, u, isa solution correspondingto f;,then
d + < + . ’
" oy —u,) _'fQ(fI -f,) inD'(0,T).

In particular, if f>0,then u>0 ae.in Q.

3. Numerical Analysis

Following the ideas developed in our previous work we show in this section how
to approximate the solution of problem (1). In our previous works, we are in-
troduced a numerical method based on Fenchel duality theory (see [22]) for
numerical approximation of problem (4), in the special case where the homoge-
neous Dirichlet boundary condition is applied. In order to use the same ap-
proach, we introduce the following result.

Lemma 6. The problem (4) is equivalent to: find ve K solution of the fol-
lowing of

argmin..o{ 2 Je =€l + 12 () (19

Proof Let ve K be asolution of (4). Then, we have
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IQ(F_V)(Z_V)dx+IF G(z—v)ds+A(z|l_2—v| )SO, Vze K. (15)

I
We use the well know inequality
Iy =Fliagay =z = Flla) = 2(F =viz=v)~[v=z[zq
to obtain
1 1
EJQ|V—F|2 dx_E.UZ_F'Q dx+.[r1 G(z—v)ds+A(z|l_2 —v|]_2 )
1
= [L(F=v)(z=v)dx+ [ G(z=v)ds+ (2] ], )‘QUV—ZIZ dr.
From (15), we deduce that

%J.Q|V—F|2—%JQ|Z—F|2+frlG(z—v)ds+A(z|r2—v J<o; e

I,
ie.

1 1

E"V_F"iz(ﬂ) +I, (v) < E"Z_F”;(Q) +I1, (z) forany z € K.

Which end the first part of the proof. Now assume vis the solution of the mi-
nimization problem (14). Let z, € IC, since X is convex, then for any ¢ e [O,l) R
z=(l1-t)v+1z, € K. Then, we have

lj |v—F|2 dx—j Gvds—Av|r

—j F-((1- tv+tz0|dx [, G((1=0)v+izy)ds—A((1-t)v+ez, )

i,

- Irl Gvds — Av|l_2
_tJ.I_l G(z, —v)ds—tA(zO|Fz —v|Fz )
Which implies that
1
S Jolv=F[ dx = Gvds—av]_
1 £
SEIQ|V—F|2 dx—t(F—v,Z0 —v)+3.[ﬂ|zo —v|2 dx
- -[Fl Gvds — Av|Fz - t-[rl G (zo - v) ds—t4 (ZO |rz - v|F2 )
Therefore,

(F—v,zo—v)+jr G(zo—v)ds+A(zo|F2 v|r2) J. |20—v| dx. (17)

1
Hence, by letting t — 0 in (17), we obtain

Jo(F=v)(z0=v)dr+ [ G(z—v)ds+ (2|, o, ) <0,

for any z, € K, so vis a solution of (4). O
Inspired by the works of Igbida and a/, we consider as a dual problem asso-

ciated with problem (14), the following optimization problem

sup{~G(w): we Hy,  (Q)}, (18)
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where
G(w)= %Iﬂ(div(w))z dr+ [ gdiv(w)dx+ [ [w]dx (19)
and
Hy o (Q) = {w € Hy (Q): [ [—div(w)]&dx = [ wyide [ Géds—4g]
V& e Hy (Q)f,

H, (Q)= {W (2 (@) sdiv(w)e £ (Q)}.

In the following, we prove the connection between problems (18) and (14).
We also present a method for numerical approximation of the solution of prob-
lem (4) by computing sup{—G(w) iwe Hy, (Q)} . We first show the following
result.

Lemma 7. Let Fel’(Q), GeL’(I')), weHy ,(Q) and zeK, we

have
—G(W)SJ(Z),
where J(z):%IQ|Z—F|2dx+H,C(z).
Proof. Taking we Hy, . (Q), zeK and using the fact that
%(div(w)—(z—g))2 20, we get
1 . 2 . 1 .
_Ejg(dw(w)) dx—jﬂdlv(w)gdxSzjg(z—g)zdx—jﬂdlv(w)zdx.
Since we Hg,  (Q), we have
1 . 2 .
_EJ.Q(dw(w)) dx—J.lev(w)gdx
1
SE.[Q(Z_g)Z dx-i-‘[Qw-Vde—‘[rl szs—Az|rz .
Thus,
1
-G (w) SEJQ(z—g)Z dx_.[r, szs—/lz|r2 +‘[QW-Vde—jQ|w|dx. (20)

As zbelongs to IC, it follows that
J-Qw'Vzdx—J.Q|w|deO. (21)

Then,
1
-G(w)< EIQ(Z —g)2 dx—_[l_] Gzds —Alz|r2

The connection between the problem (14) and (18) is given by the following
results.

Theorem 8. Let F el’(Q), GeL’(I',) and v the variational solution of
(14). Then, there exists a sequence (w,) . in Hy,,(Q), we (M(Q))S
such that, as € -0,
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J‘Q o, dx—>‘|.Qv(g—v)dx+.[rl Gvds+Av|r2, (22)
div(a)g)—ﬂ)—FeL2 (Q) (23)
0, >we (/\/I(Q))Y —weak”". (24)

Moreover, we have

limG(w,)= inf G(w)=-minJ(z)

£—0 weHgy 1c(Q) zeK

1 , (25)
=- EIQ'V_Fl dx—J'rleds—Av|rz .

Let recall that, M(Q) denote the space of all bounded Radon measures in
Q.
For the proof of this result, we analyze the following problem
v,-Vw, =F inQ
w,=¢,(Vv,) inQ
v,=0 onT,
ow,

£=G onT,, (26)
on

I awEds=A onl,,
T, an

v, =constant onT,

where for any £>0, ¢, :R" - R’ isgiven by

¢.(r)= §(|r| —1)+ﬁ forall r e RY

and satisfies the following properties.
(i) forany 7,r, e RY, (¢S (n)-¢, (rz))-(r1 -1)20;
(ii) there exists & >0 and p>d such that ¢ (r)-r= |r|2 for any |r| >p
and e<g;;
(iii) forany ¢>0 and re RY,

@, (r)| <¢. (r)-r.

Lemma 9. There exists a unique weak solution (v, vese, [0 problem (26) in
<e< 0

the sense that v, € H),(Q), w, =¢,(Vv,)e (L2 (Q)) and for all
zeH,(Q),
Igvczdx+fg¢€ (va)Vzdx :fQdex+L_ szs+Az|r2 . (27)
Moreover,
1) (v, )()(M0 is boundedin H, (Q) .

) (w,),.,., isboundedin (L1 (Q)) .
(3) For any Borel set Bc Q,

liminf [, [Vv,|dv<d|B]. (28)

Proof. (1) We define the operator 4, : H, (Q)—> (Hi7 (Q))* by
(4.v,&)=[ véde+| 4. (Vv)-Védx.
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It’s not difficult to see that the operator A, is monotone, coercive, hemicon-
tinous and bounded.
Defining C:H,(Q)—> R defined by

C(z)=][ Gédr+ jrl Géds+ Ag]
then thanks to [23], there exists v, € H,,(€Q) such that
(Av,,&)=(C,&), forall & e H), (Q)
Le.
[ v.bdx+] ¢, (Vv,) VEde=[ Féde+ jr] Géds +4¢],
Which end the proof of the existence. Now, if (26) admits two solutions z and

v; then we subtract the two equations obtained by replacing respectively v, by

uand vin (27) to get
[ (u=v)&dx+] (¢, (Vu)=4,(Vv))VEdx =0, VEH,(Q). (29
Wetake u—v asa test function in (29) to obtain

IQ (u —v)2 dx-i-'[Q(¢‘g (Vu)—¢‘9 (Vv))~(Vu —Vv)dx =0. (30)

Thus, using the property (i) of ¢, , we deduce that u=v.ae. Q
(1) Taking v, as test function in (27), we have

I, vfdx+% Jo (V7| =1) [Vv.]dr = [ Fv.de+ [ Gr.ds+dv,|

Since v, isconstanton T, thereexists Ce€R such that

IQ vidx < IQ Fv‘gdx+_|'r Gv.ds+ Av, N,
1

< "F”LZ(Q) Ve

@ Gl
+IIGII

+|AC|

sl (ry)

S ||F||L2(Q)

22 (ry) 7 ell2(ry) +|AC|

Using the following trace inequality (see [24])
[n.[as<c (J-Q|vg|2 dr+ [ [V, dx),

where C| isa positive constant. One obtains

(”F"LZ(Q +G ||G||L2(FN)) Velln' (@

 +l4c]. (31)
On the other hand
_I |V | 1) |VV |dx < (||F||L2(Q +G "G"Lz(r,\,))"vs "H'(Q) +|AC|' (32)

Combining (32) and property (ii) of ¢, ,forany 0<e <g,, we get

.vas g

2
Vv,

2
Vv
ASP]' ¢

«>r)

< J.[\vVg\gp] I (|Vv

<|of’ 1+ (1715 0y + G MGl ey el

(33)

) |va dx

+|4C|.
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Thus, adding (31) and (33), we obtain

2
v

&

HY( <|,0| |Q|+2(||F||L2(Q +G "G"L2 (ry) ) Vel Q)+2|AC|'

Using the Young’s inequality, we get

21
ey <ol [0+ 2Jac]+ [(||F|| 4G 16, )] .
Consequently
2
vl < 2l Q]+ 4145 L4 4(|F] 5 ) + G e, ) - (34)

Then (v,) isboundedin H, (Q).
(2) Using (32) and the property (iii) of (¢£ ) , we have
Vv, )

< IQ ¢, (Vv,)-Vv,dx

1 (35)
< ;J'Q (|VVS

< (1Pl + G5,
and since (v,) is bounded in H}(Q), it follows that (w,) is bounded in

(L)

(3) Now, let B < Q be a fixed Borel set. We have

~1) Vv, |dx

Vel @)

"va (B

< “(|va

~1) +1

1!(5)
<lrwl-1y],, +Ml

<[] 1) [ax+ 8

<[ (|vv.]-1) Vv,

< o112 0y + G MG e, e

+|B].

L‘

Letting £ >0 and using the fact that v, isboundedin H'(Q), we obtain
liminf [ [Vv,|dx <|B].
£o0 JQ

O
Proof of the Theorem 8. Thanks to Lemma 9, there exists V in H,(Q),
we (.Mb (Q))N and a subsequence that we denote again by ¢, such that

w, >0 in (M, (Q))N —weak”,
v, >7 inH,(Q)-weak and in L’ (Q).
Hence, by problem (26), we deduce that
div(w,) > v-F inL*(Q).

We define the set 4; by 4, =[|Vi|=1+5], with §>0. Using the fact
that Vv, > V¥ in (LI(Q)) -weak as ¢ — 0, it follows that
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(1+0)|4;] <[, [Vildx <liminf [ Vv, |dx. (36)
Taking B = A; in Lemma 7, we obtain
(1+5)| 45| <] 4, (37)

which implies that |A5|=0. Since 6 >0 is arbitrary, then, it follows that
|V\7| <1 a.e. in Q. Let us now show that v is also a solution of (4). For all

z e K, we have
o (F=7)(z=7)dv+[_ G(z—ﬁ)ds+A(z|r2 —v|r2)

:limUQ@ (V) (z=7)dx=[ Gz=v,)ds+4(2], -,

+jFlG(z—\7)ds+A(z|r2 —17|r2)
=lim [ g, (Vv,)V(z=9)dv—[ G(z=7)ds+4(z], -7 )
+. G(z—ﬁ)ds+A(z|r2 —§|rz) o9
=lim[ ¢, (Vv,)V(z-7)dx
=tim [ (¢, (Vv.)~¢.(V2))V(z~¥)dx <0,

ie. V isalso a solution of (4). Since (4) admits a unique solution then v=7.

Now, we must show that w, satisfies (22). By (iii), we have
¢, (Vv, )|dx

< limsup J.Q @, (va ) -V, dx
&0

lir? j;lp jﬂ | , | dx =lim ililg J.Q

(39)

<lim ii%('[ﬂ(F —v, )v,dx + -[Fl Gv,ds + Av,

)

<[ (F=v)vdx+[ Guds+a|_ .
1 2
Moreover taking vas test function in (27) and having in mind that v=v, we
get
Jo(F=v)vde+ [ Guds+ v, (40)
=lim [ (F-v, )vdx+ [ Gvds+ 4]
=lim [ w, - Vvdx
£—>09Q
= limj w, - Vvdx
£09Q
<lim [ |, |dx. (41)

Combining (39) and (40), we get

lim [, [dv=[ (F-v)vde+ [ Grds+ A . (42)

ng

Thanks to the Lemma 7 we have —G(w,)<min_ J(z), hence from (22)
and (23), we deduce that,as ¢, G(w,)—>—min_J(z). O
Remark. As consequences of Theorem 8, we have another characterization of

the solution v of the problem (4):
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v—div(w)=g in (H,') (Q))*
|a)|(Q) = _[9 dx > IQ(F -v) vdx+jrl Gvds + Av|l_2 )

Moreover, we have another characterization of Hyg, , (€2) which will be

(43)
a)é‘

useful for the numerical part:
Hy o (Q)={¢+VL,pecH}

where L is the variational solution to the Laplace problem
—AL=0 inQ
L=0 onT,
oL
ov
L =constanton I,
oL A

a_‘/:ﬂ onrz.

=G onl, (44)

and
H= {(pe Hy, (Q):-[ div(p)é =] o VE VECH, (Q)}.
Consequently, the dual problem (18) is equivalent to
inf {G(#)=G(p+VL): ¢ H}. (45)

For the numerical approximation of the problem (45), we use the finite ele-
ment method, then we assume that:
e Q isanopen and bounded subset of R*;
e T, will be a regular partitioning of Q by n disjoint open simplex 7, with

Q= UreT;, -

Let H, be a finite dimensional subspace of RT,(7,)\'H , with a finite di-
mension equal to N = N(h), where RT,(7,) is the space of lowest-order Ra-
viart-Thomas finite elements (see [25]) defined by

H, ={q,, E(Lz(Q))Z ¢ =a_+bx,acR*,beR,VreT,
and(qf—qf,)-var =00n6,08r,},

where Vv, represents the outward unit normal to 0, , the boundary of 7.
By #, we denote the interpolation operator onto A, given in ([25], Theo-
rem 6.1). Then, thanks to [25], forall we H, (Q) , we have

(W)= win (2 (Q)) and div(r, (w)) > div(w) in  (Q),as h 0.  (46)

We have the following convergence properties as / tends to 0.
Theorem 10. Let Fe’(Q), GeL’(T,), va solution to the minimization

problem (14) and w, a solution of the optimization problem
sup{~G(4,):q; € H, . (47)

Then,as 7 —0,
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div(e,) > v- fin I? (Q) (48)
and

—-G(w,) > minJ(z)= %fﬂ|v—g|2 dx—IFN (IﬂK(s,y)L(y)dy—L(s))v(s)ds. (49)

zeK

The proof of this result is similar to the proof of Theorem 3.8 in the paper of

Igbida et al; therefore, we omit it.

4. Numerical Simulations

We start by approximating the term I |qh +VZ|dx on each element 7 of the
partitioning 7, . We take

J g+ VLldx ~[e]g, + VLI(2).

where |r| represents the area of simplex 7 and (P.) is one of the vertices of
7. Using this approximation, at each time nxdt, neN and dt the time
step, the solution of (47) is a minimizer of the non-differentiable functional
G:R° >R,

G(3,) =5 (A, )+ (d 7+, i (o)) + > [elpw, +VLI(2).
=

The minimization of the functional G is done according to the Gauss-Seidel
type algorithm.

In all the tests the discretization in time df=0.001 and convergence crite-
rion £=10"°, Q :(—1,1)2. For the discretization of the problem, we use the
Raviart-Thomas elements of the lowest order [25] on a regular square grid.

After having obtained the minimizer w, of the functional G, the solution
u, of the Euler implicit time discretization of (1) is computed by using extre-
mality relation (43) in a weak sense with piecewise finite elements F, .

In the first test, the source f (x,t) is a constant equal to 1, for all time and

for all xe€ Q. The Neumann boundary conditions g-v = ma;—u =0 are con-
14

sidered on the boundary {(—1, y)lye ]—1,1[} which simulated the existence of

a wall on the boundary. The outgoing flow across the border
oVu
ov

ds=1.

T, :{(1’),)\)/6]—1,1[} at any time £is is Ir m
1

Figure 1 shows the configuration of the sandpile at time #=1.520 when the
solution u becomes stationary. On sees also the effect of the non-local boundary
condition of the configuration of the sandpile.

In the second test (see Figure 2), one analyzes the impact of the condition of
Neumann on the configuration of the sandpile in the absence of the source £ We
can also see that the flux is concentrated around I'j = {(—l,y) lye ]—1,1[} . This
example allows us to conclude that the function gbehaves likes a source of sand.

In the last simulation, the three data £ gand A act at the same time. Figure 3
and Figure 4 show respectively an intermediate and the final configuration
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Sandpile, t=1.520

11
Figure 1. Final configuration of the sandpile surface at t=1.520 for f =1, 4=1 and
g=0.

Sandpile, t=15

-1.5L

0
X
057771 0.5 1 05 0 05 1 15

Figure 2. Sandpile surface and the fluxat =15 for f=0, A=0 and g=20.

Sandpile, t=0787

S=—————

-1 - - -0.6 0 06 1
Figure 3. Sandpile surface and the fluxat 1=0.787 for f=1, 4=-1 and g=0.1.

Sandpile,t=15 1.5 Flux, t= 15

Y1 06 0 06 1
Figure 4. Sandpile surface and the fluxat =15 for f=1, 4=-1 and g=0.1.

of the sandpile and the behavior of the flow. We can see here that the final con-
figuration of the sandpile is slightly different from that of the test 1 (see Figure
1). This is due to the sign of the total outflow through TI',. We also remark that
the flux has the same direction as the gradient of the surface and almost zero on

theaxis y=0.
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