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Abstract

This paper is concerned with the asymptotic behavior of solutions for a class
of non-autonomous fractional FitzHugh-Nagumo equations deriven by addi-
tive white noise. We first provide some sufficient conditions for the existence
and uniqueness of solutions, and then prove the existence and uniqueness of
tempered pullback random attractors for the random dynamical system gen-
erated by the solutions of considered equations in an appropriate Hilbert
space. The proof is based on the uniform estimates and the decomposition of
dynamical system.
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1. Introduction

In this paper, we investigate the random attractor of the non-autonomous sto-
chastic fractional FitzHugh-Nagumo equations with additive white noise in
bounded domains. Let s e (0,1) , e R and U be asmooth bounded domain

of R".We consider the following stochastic system in U%

dii +((—A) @+ A + ¥ )de = £ (x,7)dt + g (1,x)dr + 4 (x)d@, xe Uyt >z, (1)

dv+(AV—ayi)dt = h(t,x)dt+ ¢, (x)de,, xe U,t > 7, (2)

with initial conditions
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ﬂ(r,x)=ﬁr (x), ﬁ(‘r,x)=ﬁr (x), xel, (3)
and boundary conditions

i(t,x)=v(t,x)=0, xedU,t >, (4)

where i =ii(¢,x), V=v(t,x) are real-valued functions on [r,+0)xU,

A, 2,0, and @, are positive constants, g(¢,x)e L, (R,L2 (U)) ,

h(t,x)e L, (R,H‘Y (U)), 4 D((—A)“)ﬂW“" (U) (p=1 and the details of
these spaces will be given later), ¢, € L°(U), W, (. ) and W,(-®,) are in-
dependent two-sided real-valued Wiener processes with the standard process
o(-)= (a)1 (), o, ()) on a probability space which will be specified below. The
nonlinear function f(x,u) is a differential function about two variables satis-
fying: forall (x,s)e UxR and S >0, (i=12)

f(x,5)s<-p, |s|p +y,(x), (5)

£ (es)| < Alsl” 4w (), (6)
%(x,s) <y, (%), )

£ (505) £ (325)] £ps (5) v () ®)

where p>2 are constant, ¥, €L (U) , w,el! (U) with l+l =1,and
P 9q

vy eL”(U), y,eH (U).

The FitzHugh-Nagumo system is a model for describing the signal transmis-
sion across axons in neurobiology, see [1] [2] [3]. The long term dynamics and
inertial manifolds for the deterministic FitzHugh-Nagumo system have been ex-
tensively studied by many authors, see [4] [5] [6]. The existence of random at-
tractor for the stochastic or lattice FitzHugh-Nagumo system has been investi-
gated in [7] [8] [9] [10]. Recently, the fractional FitzHugh-Nagumo monodo-
main model is presented, the model consists of a coupled fractional nonlinear
reaction-diffusion model and a system of ordinary differential equations. The
stability and convergence are discussed using numerical method in [11]. To the
best of our knowledge, there are some results on numerical calculation of deter-

ministic fractional FitzHugh-Nagumo equation, but few results for theory study
1

of stochastic fractional FitzHugh-Nagumo equation, especially for se [0,5}.

As far as the author is aware, the attractors of the fractional stochastic equations

are not well studied, it seems that the only publications [12] [13] in this respect,

where the authors researched the existence of random attractors for the fractional
1
stochastic equation with Se[a,lj. In [14] [15], the authors discussed the

asymptotic behavior of fractional reaction-diffusion equation with s € (0,1).

In this paper, we explore the long time behavior of the solutions when the

Equations (1)-(4) are perturbed by an additive white noise. There are several dif-
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ficulties in this paper. Firstly, since the FitzHugh-Nagumo equation is a coupling
equations, thus the uniform estimates of solutions are slightly different from the
reaction-diffusion equation [15]. On the other hand, comparing with [15], we
are concerned with the existence of random attractors of the fractional Fitz-
Hugh-Nagumo equation on U driven by additive noise rather than multiplica-
tive noise, so new difficulties arise from the estimates for some terms, especially
the nonlinearity £ Finally, the lack of higher regularity of the solution v for the
problem (2) which makes the difficulty to construct a compact attracting set of
the random dynamical system. To achieve our goals, we must overcome these
difficulties and establish the pullback asymptotic compactness of solutions in
r (U)><L2 (U) We decompose the second component v into a sum of two
parts to overcome the lack of higher regularity like dealing with the wave equa-
tion in [16] [17].

This paper is organized as follows. In Section 2, we recall some basic concepts
and define a continuous random dynamical system based on the solutions of the
stochastic fractional FitzHugh-Nagumo Equations (1)-(4) in L’ (U)xL*(U).
We derive some uniform estimates for solutions and prove the existence of a
pullback random attractor by pullback asymptotic compactness of solutions in

Section 3.

2. Cocycles of the Stochastic Fractional FitzHugh-Nagumo
System

In this section, we first collect some well-known results from the theory of ran-
dom attractors and non-autonomous random dynamical systems. For further
details, readers are also referred to [18] [19] [20] [21].

Let (Q,J”-' ,P,(6, )tER) be a parametric dynamical system on the probability
space (Q,F,P), in which Q= {wz(a)l,a)z) € C(R,Rz):a)(O) = 0} , F s
the Borel o -algebra induced by the compact-open topology of Q and Pis the
Wiener measure on (€, F ), the group 6, :QQ — Q defined by
bo(-)=w(-+t)-w(t) for teR,weQ.We usually write the norm of
r (R”) as || and the scalar product of L’ (R”) as (). Wealso use |-,
to denote the norm of a Banach space X.

In the following, “property holds for a.e. we ) with respect to (9, )reR 7
means that there is Qc Q with P(Q) =1 and §Q=Q forall reR such
that property holds for all we Q.

Definition 2.1. Let D be a collection of some families of nonempty subset of
Xand ® a continuous cocycle on X, {A(‘r,a))}wEQ €D . Then {A(r,a))}wEQ
is called a D -pullback random attractor for ® if the following conditions are
satisfied, forevery r e R andae weQ,

1) {.A (r, a))} is compactin X,and @ —>d, (x,.A (T,a))) is measurable;

2) {A (7, a))} is strictly invariant, Ze., <I>(t, r,0,A (T,a))) = A(t+71,6,0), for
all 1>0;

3) {.A 2 a))} attracts every member of D in X e, forall Be D, we have
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lim d, (@(t,r —t,9_,a),B(r—t,0_,a))),A(r,a))) =0,

t—>+0

where d, isthe Hausdorff semi-distance in X.

Proposition 2.1. Suppose X is a separable Banach spaces. Let D be an inclu-
sion-closed collection of some families of nonempty subsets of X and ® be a
continuous cocycle on X over (Q,J—",P,(H, )reR) .Forall teR", reR, and
weQ, ®© hasaunique D -pullback random attractor A(r,w) in D given

by,

X

A(r,0) = ﬂUCD(t,r -1,0_,0,K(7 —t,Hfta))) ,

520125
if1) @ hasacompact measurable D -pullback absorbing set Kin D.

2) @ is D -pullback asymptotically compact in X.

To describe the main results of this raper, we review some concepts of the
fractional Laplace operator on the bounded domain U (see [22] for details).
Let S be the Schwartz space of rapidly decaying C” functions on R", then
for 0<s<1, the fractional Laplace operator (-A)’ is given by, for ue S,
xeR",

(-8) ulx) = -5 C(ms) PV f,. " ulrey)rule=y)=2ulx), g

n+2s

where C(n,s) isa positive constant.
Let H® (R”) be the fractional Sobolev space defined by

H* (R" ) = {u el? (R" ) : IR*’IR" %dxdy < Oo}

which is equipped with the norm

1
2
n+25)| dXd ]
Note that H* (R”) is a Hilbert space with inner product given by
(1)) = o 3) ()
ol IR gy e (),
x—

b [J piof e g L

n+2s

For convenience, we will also use the notation:

e =l '”

By proposition 3.6 in [22], we find that:

| dxdy,ueHS(R")

n+25

2

2

"u”iﬁ'(k”) = "u"iz(k”) + C(n,s) (_A)E u

, for allueHS(R"), (10)

2(R")
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2 2

and hence ||u||i2(Rn)+ (—A)gu is an equivalent norm of HS(R”).

2(R")
Similar to H°* (R”), we can define H* (R”) and W*r (R”) for se(0,1)
(see [22]).

Since the fractional operator (-A)" is non-local, we here interpret the boun-
dary (4) as ﬁ(t,x) = ﬁ(l,x) =0,xeR"\U instead of
i(t,x)=¥(t,x)=0,x € 0U . From [23] and the references therein, we know such
a interpretation is consistent with the non-local nature of the fractional operator.
Thus, let H = {(u,v) e *(R")xI* (R” ) :u=v=0a.e onR" \U} and
v :{(u,v) eH* (R”)XHS (R"):u =v=0ae onR" \U}.

Then, we give the essential assumptions and define a continuous random dy-
namical system for the stochastic fractional FitzHugh-Nagumo equations in A.

More precisely, we consider:

dii+((-A) i+ A + ) de

= f(x,a)dt+g(t,x)dr+¢ (x)dw, xeU,t >, )
dv+ (A —ayii)dt = h(t,x)dt + ¢, (x)dw,, xe U,z >, (12)
with initial conditions
i(r,x)=d,(x), v(r,x)=7,(x), xe U, (13)
and boundary conditions
i(t,x)=9(6,x)=0, xe R"\U,t > 7. (14)

Define z(®):=(z(®,),z,(w,)) by
z (@) /?1.[ e ‘o (s)ds,
z,(w,) /12j e o, s)ds.

It is well know that y, (1,0) =z, (6,0,)(i = 1,2) is the unique stationary solu-

tion of the following stochastic equations
dy, + A, y,dt = dW, (1), (15)
dy, + 4, y,dt = dW, (1). (16)

In addition, assume that & =min{4,4,}, from [18], we have

Ile

7 (6,0, | +|zl(9 o, | +|Zl(l9sa)1)|2p_2)ds<oo, (17)

and
J‘_Owe‘s“' |z2 (6,0, )|2 ds < oo, (18)

It follows from [10] that there exists a 6, -invariant set of full measure (still
denoted by Q) such that z (6,@,)(i=1,2) are both continuous in ¢ for each
weQ).

We now transform the stochastic Equations (11)-(14) into a pathwise determinis-
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tic one by using the random variable z, (i=1,2).Given 7eR,r>27,0€Q and
(2,,7,)e r (U)><L2 (U),let (@,7)= (zl(t,z',a),ﬁT ). v (1,7, 0,7, )) is a solution of
(11)-(14), introduce variables transformation:
u(t,r,0u,)=i(t,7,0,0, )- ¢z (6,0) with u, =i, -4z (6,0,),  (19)
v(t,7,0,v,)=V(t,7,0,7, ) - ¢z, (w,) withv, =V, —¢,z,(6.0,).  (20)

By (11)-(14) and (15)-(16) we get

au s
+(-A
= +(-A) u+Au+ay 1)
= f(xa)+g(t,x)=(-A) 4z (60)-apz, (60,), xe Ut >,
%+/12v au=h(t,x)+o,4z (60), xeUt>1, (22)

with initial conditions
u(r,x)=u,(x),v(r,x)=v,(x),xe U, (23)
and boundary conditions
u(t,x)=v(t,x)=0,xeR"\U,t > 7. (24)
Recall that Hand V are Hilbert space. Note that the definition of His consis-
tent with conditions (23) and (24), since (u,v)e L’ (U)xL*(U) can be consi-
dered as an element of H by setting u(x)=v(x)=0 for xeR"\U. It follows
from the standard arguments as in [24] that under conditions (1)-(7), problem
(21)-(24) is well-posed in H. The unique solution defines two cocycles
O,0:R" xRxQxH — H asfollows:for teR",7eR,0eQ and
(u,,v.)eH
(t‘ra) ) ( t+rr¢9 L0, U ) v(t-i—z’,z’,&rw,vr)), (25)

d)(tra) ) ( (t+7,7,0_ 0,,), (t+r,r,¢9_ra),\7r))
:q)(t,r,w,(ur,vr))+(¢lzl(6’,501),¢222 (H,a)z)),

where u, =i, — ¢z, (@, ),v, =¥, —$,z, (®,). Both cocycles ® and @ are equi-

(26)

valent and so we will discuss only the cocycle ® induced by Equations (21)-(24)
in this paper. Let B = {B(r,a)) teR,we Q} be a family of bounded nonempty
subsets of A. Such a family B is called tempered if for every ¢>0,7€ R and

weQ,

lime™

>+

H_ta))"i[ =0, (27)

where the norm ||B| of set Bin His given by |B|=sup,_,

u|| . From now on,
we will use D to denote the collection of all tempered families of bounded non-

empty subsets of /£
D:{B :{B(r,a)):z’e R,a)eQ}:Bis temperedinH}.

The functions gand Ain (1)-(2) are satisfy, for every reR,

[ (s rf s+

2)ds < oo, (28)
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2

(—A)% h(s+7,")

ds < oo (29)

J'O eﬁs
-0

and for every ¢>0,

tim e [ o (g (s =)+ e (s =) s = . (30)

r—>+o0

Throughout this paper, C denotes a constant which may be different from the

context.

3. Existence of Random Attractor

This section is devoted to uniform estimates of solutions for the problem (21)-(24),
which are useful for constructing random pullback absorbing sets. We begin
with the uniform estimates of solutions in H.

Lemma 3.1. Under conditions (5)-(8) and (28), for every c e R,7e R,0eQ
and B= {B(r,a)) teRwe Q} €D, there exists T=T(r,w,B,0)>0 such
that for all +>T, the solution (u,v) of problem (21)-(24) satisfies

u(o,7-1,0_ wu,_, )"2 +a, "v(a, r—t,0 0,v,, )"2

+ %0‘1 J.i_re‘y(m’“) "v(s +7,7-1,0 o,v, )"2 ds

+ CJ‘_O;_Teﬁ(SHuJ) ||u (S +7,7— t’ 0—1’ @, uT_t ) jls (U)

a,

o=t §(s+r-0 ~ ~ P
+a2ﬂlL e’ )J‘U|u(s+z',r—t,94a),urft)

<C+ Cj‘_i_re‘s(“’_a) ("g (s+ T)"2 + ||h (s+ r)||2 + 1) ds

where (u,_,,v, ,)eB(r—1,0 ).
Proof Tt follows from (21) and (22) that

d
[l + L | Al + 2 o+

=a2_[Uf x, U udx+azjug(t,x)udx+aljuh t,x vdx (31)
-, ((_A)S $z, (Hta)l )9”)_0‘10‘2 (¢222 (awz )s”) o, <¢121 (atwl ),V).

We now estimate each term on the right-hand side of (31). For the first term,
by (5) and (6) we obtain

a [ f(xi)udy=a,| f(xi)(@-¢z(60))dx
<o Ju+dz (@) de+a, [y (x)dx
+a, ,[U|“ +6z (00 )|p71 |¢121 (60, )|dx
+a, [ [vs (%)||dhz (6,0, )| dx

2

(-A)2 u

zﬂlj lu+diz (60 dx+c(juq/1 (x)dx+ [ Jw, (x)[ dx
|Z1 0o, | j |¢1 | dx) G2
azﬂlj‘ |u+¢1Z1 0w1)| derC(1+|z1 0,0, | ),
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where y,,i, satisfies the assumed conditions.
By the Young inequality, we have the following estimates on the remaining
terms on the right-hand side of (31)

2
. g x)uts < 2|+ g 0 (33)
2
o -[Uh(t,x)vdxs%”vuz+%"h(t)”2, (34)
2
a,|((-2) 4z (6,,).u) S%|zl (6o H(—Az +% (-Ayu| ,  (35)
it (2 (00 )| < “E +%a12a2 L @o ) If,  Go
(B2 (0.0).) < 22| +%ala§ 2 (60 |4 - (37)
Since & =min{A,,4,}, it follows from (31)-(37) that
d o
el e )+ et el )+ ol )
2
+a,|(-A)2 | +a 3 fi]” dx (38)
g“%"g(gnz 2 (o) I+ (1] (0@ ) +z (00 +[= (@) )

Multiplying (38) by e’ and then integrating the above inequality on

(r—t,0) with o>7r—1,weget

a, ||u (o, 7-t,o,u,, )"2 +a, ||v(o-, T—to,v,, )"2

N e‘s(‘“")(az

5l (s,7—t,0,u,_, )”2 +a

v(s,c-t,0,v,_, )"2 )ds
2

+azj‘it€§(‘vw) (—A)%u(s,z'—t,a),ufft) ds

+a,p J.Zt e’ JU |ﬁ (s,7—t,0,0,_, )|p dxds

~f)
4a, (o e 40, o s

o I G ||ds+jj,/’ o) as (9
[ 5(s—o) 2

[ & (14]z () [z (0.0) +[z (0.0, as.

< eﬁ(rftfo') (a2

T t

Replacing @ by 6 @ inthe above, after changes of variables, we obtain

2 2
a2||u (o,7-1,0_ . 0,u,_ ” +a1||v G,T—t,ﬁ_ra),vr_t)"

+f25alr " (511,10, 0,0, ) ds
+§a2r Teflre) " s+7,7-1,0_o,u,_, " ds

+72C n s)J‘mTe‘) e "u (s+7,7-1,60 . 0,u,_, )";(U) ds

+a2,61_|.ar“”“.|'|u s+7,7-1,0 0,i, )| dxds
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2
+a,|v,

u

Tt

Seé‘(T*H’)(az . 2)+4&J(r Teflirre ||g S+T ” ds

/11 —t
"h S+7T " ds (40)

4(11 -7 b (s+7-0
12 -t
+ Crire"'(wf") (1 +|21 (6,0, )|2 +|21 (0.0 )|p +|ZZ (6’3‘602)'2 )ds'

—t

We now estimates the first term on the right-hand side of (40). Due to
(u,_,,v,_,)eB(r—1,0_,®) and B= {B(r,a)) :reRwe Q} is tempered, we find

e&(r t— o‘)(az u v, 2)

7—t
= e&(r—a)e_ét (az [ Vet 2) (41)
< (r0) g5t (o, +, )"B(z‘ - t,ata))"z — 0 as 1 — +o.

Therefore, there exists 7 =T (z,w,B,0)>0 suchthatforall />7

e’lrre) (a2 u

v IP ) <I. (42)

T—t

For the remaining terms on the right-hand side of (40), we have

M T TR S ] H{ RO
“Zl [ (s +o)f ds<4Z' [ (s s e

CJ-G_Te‘S(”r*") (1 + |21 (0.0 )|2 + |Zl (6,0 )|p + |22 (6.2, )|2 )ds

—t

(45)
< Cj:re§(5+r—a-) (1_1_|Z1 (Q,a)l )|2 -|-|Z1 (Hsﬁ()1 )|p +|Zz (93502 )|2 )ds
By (40)-(45) and (17) we obtain, forall ¢>T,
a2||u o, t—1,0_ o.u,_, " +a1|| o,7—1,0_,0,v, t)"z
S T
TS o

+a, B[N fi(s+r,r 1,60 0.0, ) duds

<C+ Cj.:fe‘;(””’) ("g(s + r)"2 + ||h (s+ r)”2 + l)ds

From (28), the desired estimates follow immediately.[J

We now derive uniform estimates of zin H"* (U )

Lemma 3.2. Under conditions (5)-(8) and (28), for every c e R,7re R,0eQ
and B= {B(r,a)) teRwe Q} €D, there exists T(r,w,B,c)>2 such that
forall t>T and o €[r-1,7], the solution u of problem (21) with
(u,_,,v,_,)e B(r—1,60 @) satisfies

"u o,7-t,0_ou,_, "HJ(U)

<C+C[” Tt ("g(s + r)"2 +|a(s+ r)"2 + l)ds
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Proof. Multiplying (21) by (-A)’ u , we obtain

1d
2dt

=.[fxﬁ — 'udx+J. t,x —A)'udx

_I ¢121 0,0, ( ) udx—a]ju¢2zz (sz)(—A)S udx.

(- A)zu 2+“ “ +ﬂ,,_[ udx+alj. v(-A) udx

For the nonlinear term in (47), by (6)-(8) we have
2, f (x.)(~A) udx
=2 f(xi)(=A) dde=2[ f(x,i)(-A) ¢z (6,0;)dx
<C(ms)], IU(f(x,a<x))—ﬁiy_,iﬁﬁ))(a(x)_g(y))
+2lz (00| |7 (v 0)(-4 ] ax

c cns)f LTS i) ) -716)

n+2s
-y

(%)= /(3 (»)))(@(x) =i ()

n+2s

dxdy

dxdy

ce(unf g, L0

2]z, (60)|[ |/ (va)|(-2)

¢ |dx

clnff, OO IO o

| |+2

|2
dxdy

n+2s

v, |W3(y)”f(yx Lo

+20z, (6)|[ |1 ” gﬁl‘dx

| dxdy

(.
m"”f L
g el

ot IJU|" T g

+ |1 t 1|J‘U:82|u|p1 -A ¢1‘dx
+2]z (6.0 ) [, va (%)|(-4)" 4] ax

2

SR

2
<yl (2028 + 2wl |(-2)2 @

+2/5'2|z1 0,0, ” " |(-

) ¢h|dx

+2]z,(6,0)|[, v (x ‘ - ¢1‘dx.

(47)

(48)
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We now estimate the remaining terms on the right-hand side of (47). Using

the Holder inequality and Young inequality, we can get

Jog(t)(-a) e L-ay uf +2fe () . (49)

Jo (=AY 4z ()(-A) udx| < %“(—A)S d +2 00 -2y 4. G0

o J, 672 (6,0,)(~A) ud| < %”(—A)S u \ 1207 |, (00, 8. D)

For the last term on the left-hand side of (47), we obtain

() ] < <o) uf 4202 (52)

It follows from (47)-(52) that

d S
Gll=a
dr H( Jiu

2

-y

2 +24, H(—A); u

2
s )+ +z1 (G (53)

< C(H(—A); i

@)+ 00, <letoff +1)

Given teR',7eR and weQ, let oe(r-1,7) and re(r-2,7-1).
Multiplying (53) by e”, first integrating over (r,0) and then integrating with
respect to ron (7-2,7-1),replacing » by 6 .o wehave

2
(2 u(er-16,0,.)

2

< _[H o0 dr

T J2

-lpo 5(¢-0)
+C T*ZJ‘F © {

+|@(s.c-1.60 0.4,.,)

(—A)% u(r,r—1,0_o,u,_,)

2

‘(—A); i(&r-1.0. 0., )

;(U) +||v(§,r -4,0_w,v,, )”2

Al o) a0 o s (0] (@) +1 oo

2

dr

<[l (<A) u(r+r,r=6,0. 0,

2

‘(—A); i(é+rr-1.0 0.0, )

+ CIZ_TeJ(‘5+’_“) (

+||zl(§ +7,0-1,0_.0,d, )

P
yi4

ot ||v(§ +7,7-1,0 0,v,, )”2
Ha(6.)f +[a (6.0)f +|z (@0 +aE+of +1]d§.

Let T'be the constant in Lemma 4.1 and 7, = max {2,7} . By the fact that
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i=u+¢z (0w),from oe(r-1,7r) and Lemma 4.1, for all ¢>7,, we obtain

2

‘(—A); u(o,7-1,0_w,u,_,)

2

< C(Izre5(5+r_a) (—A)% u(E+r,7-1,0 0u, )| d&

P
7 (U)

dg (54)

(E+7,7-1,0 0,0,_,)

O'Téaf-wo‘”

+f
j S(¢+r-o ” §+T,T_t,9,rwavr—t)2
.[ s(E+i-o ( . (95601 )‘P J,-‘zl (495(,)] )‘2 +‘22 (950)2 )‘2 +||g(§+r)||2 +1)d§].

From (17)-(18) and Lemma 4.1, we immediately concludes the proof.(]
Note that Equation (22) has no any smoothing effect on the solutions. To

overcome this difficulty, we must decompose the solution operator into two

parts. Let v, and v, be the solution of the following problems, respectively,

dy, _
9 =0, (55)
(r=1)=v(r-1.%) eo
dv; + v, =au+h(t,x)+a,4z (00), (57)
v,(7—1)=0. (58)

Then v=v, +v,. Multiplying (55) by v,, we obtain

2

(59)

2t |

2
”v1 (z’, T-1,0 o, )" =ec Vi

Lemma 3.3. Under conditions (5)-(7) and (29), for every 1€ R,w € Q and
B= {B(r,a)) 7eRwe Q} €D, there exists T(r,w,B) such that for all

t>T, the solution v, ofproblem (57)-(58) satisfies
2

H(_A)Z v, (£.0-1,6..0,0)

<C+ C.f_owe‘sr [ g(

Proof. Multiplying (57) by (-A)’ v,, we obtain

(60)

r+ z’)"2 + "h(r + T)||2 + —A)% h(r + z’)

2
+1Jdr.

2

eM%@+@Wﬂﬁw

= o, [ u(-A) vydv+ [ h(1.2)(-A) vidv+a, [ gz (G0,)(-A) vydv.

(61)

For the first term on the right-hand side of (61), we can get

(—A)Z u

o, [ u(-A) vdr<a, (_A)% v,

) (62)
20

%

+
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For the second term on the right-hand side of (61), we have

2 2
s s 1 s
[ A(x)(-A) vade < %H(—A)z v, +ZH(—A)2 h(e) - (63)
For the last term, we have
2 2 2
s s 20{ s
a, .[U¢1Z1 (0.0,)(—A) vydx < %H(—Ay v, +f|21 (60, )|2 H(—A)2 &l - (64)
It follows from (61)-(64) that
d s 2 B 2
5 (—A)E V| + ) ‘(—A)2 v,
(65)

2 2

+

()2 (1)

+|Z1 (erwl )|2 H(_A); )

B 2
< C{H(—A)Z u J
Multiplying (65) by e”, integrating over (z—t,7), and then replacing
by 6 .o wehave

2

H(—A); v, (r,7-1,6_.0,0)

2

< CIO e’"

—t

(A u(r+e,c-1,0. 0u,_,)| dr (66)

2

, CR
+wae5’ (=A)2 h(r+7) dr+C‘(—A)2¢1H '[ioe‘” z (0.0, )|2 dr,

which along with Lemma 4.1 and (17) conclude the proof.

In the following, we will prove the existence of D -pullback random attractor
for problem (21)-(24).

Lemma 3.4. Suppose (5)-(7) and (30) hold. Then the continuous cocycle ®
of problem (21)(24) has a closed measurable D -pullback absorbing set
K ={K(r,0):7eR,0cQ} which is given by

K(z.0)={(wv)e H :[ul + M < R(z.0)}, (67)
where R(7,w) is defined by

R(z,0)=C+ C'[ioe‘ss (

g(s+ o) +|n(s+o)ff +1)as. (68)

Then for every 7eR,0eQ and B= {B(T,a)) teR,we Q} e D, there ex-
ists T=T(z,,B)>0 such that the solution (u,v) of problem (21)-(24) with
(4,_,,v,.,)e B(r—t,6 ,0) satisfies, forall (>T,

(u(r,r—t,&rw,uH )ov(z,7-1,60_0,v )) eK(zr,0). (69)

>V r—t
In addition, the random variable R(z’,a)) as in (68) is tempered, e, for any

c>0,

lim e R(z-1,6_,)=0. (70)

t—>+x0

Proof. As a special case of Lemma 4.1 with & =7, we obtain (69) immediate-
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ly. Then we have
CD(t,r—t,Hfta),B(r—t,Qta)))gK(r,a)). (71)
We now verify (70). By (68)

R(z-1,0,0)=C+C[’ &

g(s-i—‘r—t)"z +||h(s+1'—t)||2 +1)ds. (72)

We have by (30)

lim e “R(7-1,0_,0)

t—>+0

< lim e (c e

t—>+©

g(svr-o)f +ln(s+e=o)f +1)as)

g(s—r) +|r(s—r)f +1)ds)

(73)

< lim ¢ ¢ (c vcf’ e (
~0.
0

Next, we establish the D -pullback asymptotic compactness of ® in H, for
this purpose, we need to split ® as follows. Given reR",7e R,weQ and
(u,,v,)e H, Let

O, (t.7.0,(u,.v,))= (0. (t+7.7.0 0,v,)), (74)

and
D, (t,7,0,(u,.v,)) = (u(t+7,7,0_0.u.)v, (t+7,7,0_0,0)). (75)
where v, (t+7,7,6_o,v,) is the solution of (55) with initial condition v, at

initial time 7, and v,(+7,7,6_,®,0) is the solution of (57). By (25) we find
that for every reR*,7eR,0eQ,and (u,,v,)e H

<I>(t,r,a),(u, ,V, )) =0, (t, T, a),(ur,vr )) +0, (t, 7, a),(ur,vr )) (76)

The D -pullback asymptotic compactness of @ is presented below.

Lemma 3.5. Under conditions (5)-(7), (27) and (30), the continuous cocycle
® associated with problem (21)-(24) is D -pullback asymptotically compact in
H, that is, for every teR,weQ and B= {B(z’,a)) :reRwe Q} eD, the

sequence {(D (tn,r -1,,0., a),(uojn,vojn ))}: has a convergent subsequence in H
whenever t, — o and (uo’n,voﬁn) € B(r -t,,0., a))
Proof. Since t, > o,BeD and (uovn,vo,")e B(r—tn,Qtna)), by (59), (76)

and Lemma 4.1 we find that {(Dz (tn,r -t,,0, a),(uo’n,vo’ﬂ ))}w,l is bounded in H.

Therefore, there exists (7,,7,) € H such that, up to a subsequence
o, (tn T—1,,0., o, (u(,)n Vo )) — (m,,m, ) weakly in H. (77)

On the other hand, by Lemma 4.2 and Lemma 4.3, there exist C=C(7,@)>0
and N =N(r,0,B) suchthatforall n>N
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By the compactness of embedding ¥ < H and (77) we have, up to a subse-

quence,
() (t",z' t,,0., o (uo,”,vo’n)) — (1,7, ) strongly in H, (79)

which implies that there exists N, = N, (z', a),B,g) > N such that for all
n=N,,

“CD t,, 11,0, o, (uo’n,vo,n ))—(771,772 )”j{ <e (80)

By (59) and (76) we have

“d)(tn,‘r—tn,ﬁ_tna)(uOH,VOn)) (mm,)],
(67 =10, 0, (,%,,)) = (701, “(D r-1,6, a)(uo’n,voqﬂ»“H
z(tn,r—tn,a,na) Uy Vo ) (1,11,) +||v1 T, 71, Hfrw,vo,,,)Lz(U) &)
s”d)z(tn,r—tn,a,,nw ty vy, )) = (1, ) e [vo.| o
which along with (80) implies
“CD(tn,z'—tn,Q,” o, (tty,,:v,., ) = (1211, ) 0.1, >, (82)

as desired.(J

Theorem 3.1. Suppose (5)-(7), (29) and (30) hold. Then the continuous co-
cycle © associated with problem (21)-(24) has a unique D -pullback attractor
A:{A(r,w):reR,weQ}eD in H

Proof. Note that @ is D -pullback asymptotically compact in A as demon-
strated by Lemma 4.5 and has a closed measurable D -pullback absorbing set by
Lemma 4.4. Thus by proposition 2.1, we find that ® has a unique D -pullback
random attractor A in A0

In conclusion, we prove the existence of a pullback random attractor in A for
the random dynamical system associated with the non-autonomous stochastic

fractional FitzHugh-Nagumo system.
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