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Abstract

This paper is contributed to study two new integrable four-component systems reduced from a
multi-component generation of Camassa-Holm equation. Some double peakon solutions of both
systems are described in an explicit formula by the method of variation of constant for ordinary
differential equations. These double peakon solutions are established in weak sense. The dynamic
behaviors of the obtained double peakon solutions are illustrated by some figures.
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1. Introduction

In 1993, Camassa and Holm derived the celebrated Camassa-Holm (CH) equation [1], which is formally
integrable, since it admits Lax pair formalism [1], bi-Hamiltonian structure [2] as well as infinitely many con-
servation laws [2]. One of the remarkable properties of the equation is that it possesses peakon wave solutions.
Subsequently, a large amount of literature was devoted to find new integrable models with peakon solutions,
such as Degasperis-Procesi (DP) equation, the Fokas-Olver-Rosenau-Qiao (FORQ) equation, the Novikov’s
cubic nonlinear equation and some other completely integrable peakon systems. It is a natural idea to continue
studying multi-component generalizations of peakon equations. One of the most popular two-component
integrable systems, which admits Lax Pair and infinitely conservation laws, has multi-peakon solitons [3]. A
three-component model with peakon solutions has been studied by Geng and Xue [4].

Very recently, in Ref. [5], another multi-component system of Camassa-Holm equation, which admited Lax
pair and infinitely many conservation laws, denoted by CH(N,H) with 2N components and an arbitrary
smooth function H of u;,v;(1< j<N) and their derivatives, was derived and studied

mj,t = (ij)x + ij t— (N 1)2 Z[ (U uj,x)(vi +Vi,x)+ mj(ui _ui,x)(vi +Vi,x)]1
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1 N
n;. =(nH), —n;H _W;[ni(ui — U 0V V5,0 + 0 U =)+ )l
M, =U; —Uj,, N; =V =V, 1< J<N. (1)

Particularly, in the case of H =0,N =2, Equation (1) becomes the following system
1
m, = §{m1[2(u1 - ul,x)(Vl + Vl,x) + (uz - Uz,x)(vz + Vz,x)] +m, (ul - ul,x)(Vz + Vz,x)}v

m2t = %{ml(uz - uz,x)(Vl + V1,x) + mz[(u1 - ul,x)(vl + Vl,x) + 2(“2 - uz,x)(Vz + Vz,x)]}v

1 2
n, = _§{n1[2(u1 = U, )V V) + (U, = Uy )V, + Vo, )]+ 0y (U, — Uy, )V, + V) ) @
1
Ny = _§{n1(u1 = U, )V + Vo) + MUy — Uy, )V +Vy ) + 2(Uy — Uy, )(V, +Vy )]
M =U —U o My=Uy=Uyys N =V, =V, Ny =V, =V, 4,
and in the case of H = —é[(ul — Uy, )V +Vy )+ (U = Uy )(v, +V,, )], N =2, itis reduced into
1 1
my, = (m1H )x +§m1(u1 - ul,x)(vl +V1,x) +§mz (Ul - ul,x)(vz + Vz,x),
1 1
my = (mzH )x +§m1(u2 - uZ,x)(Vl + Vl‘x) +§m2 (uz - uz‘x)(Vz + Vz,x)a
©))

1 1
n, = (an )x _§n1(ul - ul,x)(vl +V1,x) _§nz (U2 - uz,x)(Vl +Vl,x)l

1 1
Ny = (nH), _§n1(u1 - U1,x)(V2 +V2,x) _§n2 (u, - Uz,x)(Vz +V2,x)'
My =U —U . My =U; —Upy, M=V =V, Ny =V, =V, .

Xia and Qiao have presented bi-Hamiltonian structures and single peakon solutions [5] of Equations (2) and
(3). According to the work in [5], we will investigate the double peakon solutions of Equations (2) and (3) in
this paper. Section 2 is devoted to look for double peakon solutions of Equations (2) and (3). Further, we discuss
the dynamic behaviors of the obtained peakon solutions by some figures. Some conclusions and open problems
are addressed in Section 3.

2. Two-Peakon Solutions

2.1. Two-Peakon Solutions to Equation (2)

We assume that the system Equation (2) admits two peakon solitons of the form
U = ple_‘x_%‘ + pze—\x—qz\, u, = rle_‘x_ql‘ + rze_‘x_qz" 4)

_ o plxal ~[x-ag| e x|
v, =3e +5,e Vv, =we +W,e ,

where p;(t), r(t), s(t), w(t) and q(t) (i=12), are functions of t to be determined. Moreover, we can
obtain their derivatives in the weak sense as follows

Uy, =—p,sgn(x— ql)e"x"h‘ - p,sgn(x—a, )e"“‘z‘,

Uy, = -1sgn(x—q,)e ™ —r,sgn(x—q,)e ",

Vi, =—5,5gn(x — ql)e"x’qi‘ —s,5gn(x -, )e"H'?‘ , (5)
V,, = —W;Sgn (X — ql)e"“’“‘ —W,sgn(x— qz)e"x’qz‘ ,

m, =2p,8(X—0y)+2p,8(Xx—0,), M, =265 (X—0)+2r,5(x—0,),
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n =256(X—0,)+25,6(x—0,),n, =2W,5(X—0, )+ 2,6 (x—a, ).

Without loss of generality, we assume that g, > q,. Substituting Equations (4) and (5) into Equation (2) and
in the distribution sense, we can obtain the following double peakon differential equations

Oy =y =0,
4 2 ~ 2 _ 4 2 ~
P = 57 PA +§ pA e +§Wleq2 A, Py = 57 P,A, +§ JVAPHCE
h = % nA;, + g LA,e% _§S1eq27qlA’ L= 2i7 A, +§ LA,e® ™, (6)
4 2 _ 4 2 _ 2 _
Sl,t = _EslAll _551Azleq2 qll SZ,t = _EszAzz _§SzAzleq2 & _Erzeqz qlAv
4 2 _ 4 2 ~ 2 ~
W = _EWlAll —§W1A219q2 oWy, = _EWZAZZ —§W2A21eq2 " +§ P A,

where A, =pS +hW, Ay, =p,S,+6LW,, A, =2(p,S+6LW), A=rp,—pr, and A=sw,—-sS,w. A,
and A,, taking derivative with respect to t ,we can obtain

All,t =0, A2z,t =0, )

Thus we have
An = Ai' Azz = B1’ (8)

where A and B, are arbitrary integration constants. In the following, we assume that A =B, .
A,, taking derivative with respect to t and combining with Equation (6), we see

Ay, =0. 9
Thus, we can get
Ay =G, (10)
where C, is arbitrary constant.
Combining the Equation (6) with Equations (8) and (10), Equation (6) is reduced to
g=m g,=n,
4

2 2 _ 4 2 _
Py = E PA +§ plc1en " +§W19n "A, Py = E P,A +§ pZCle” ",
4 2 n-m 2 n-m 4 2 n-m

I :ErlA1 +§r1C1e —§sle A, Ty, :ErZA1 +5r2C1e , (11)

4 2 g 4 2 2
S = _EslAi _§Slclen ", Spp = _EszAi _552C1en " _5 rzen "A,

4 2 _ 4 2 m 2 _
W, = _EWIAI _§W1Clen m, Wy, = _EWZAi _5 ZClen " ""5 pzen mAv

where m, n are integration constants. According to Equation (11), we can arrive at
4 2 - 4 2 -
(= A+-Ce"™™™) (= A+-Ce"™™)
p,=Ce 7 0™ ' _elaM e
(12)

4 2 - 4 2 -
—(=A+=Ce" Mt —(=A+=Ce" Mt
— 27 9 — 27 9
s, =C,e , w, =Cce :

where C,, C,, C, and C, denote integration constants. Moreover, with the help of Equation (11), we easily
obtain that

A= (A +2CE ™A= 2 (C,C, +C,CJe ™",
27 9 9
8 4 2 3
Al = _(E Ai + gclen_m )A + § (C3C5 + C2C4)en_mA'
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Solving the differential equations of Equation (13), we get

8

4 nm 2 m 2 _
( A1+§C1e" m—§02C4e" m—§C3C5e" ™t

AmGe® | (14)
8 4 nm 2 n-m 2 n-m
A—C e—(EAfrgCle —§C2C4e —563(358 )t
=C, )
Using the method of variation of constant, we can have
. CCy  etpcgod™ (o AECE™™)
2¥4 3¥5
¢ [ CiCa e ]e%Aﬁgcle“*m)t
' 'C,C, +CC, ° ’ (15)
I > O e G c oAt aCE" ™)
%=l vce +Cule ’
24 3¥5
2 n-m 4 2. n-m
w, :[C CCZCé . o(CoCarCiCs)e I+C11]e—(EA1+§Cle )1.
+
2¥4 3™5
Based on Equations (8) and (10), those constants have relations as
C,C CC—Cl C,C,+C,C,=C,C,+C,C, = (16)
PACTRRCH 5—?' 2L10 T by =00, + 6, 5—A1-
Thus, we establish the double peakon solutions of the Equation (2)
C.C,  2CsCurCCo)e™™ (Arace™™
ulz[——CC cC e’ +Cgle? " ° e
+
2™4 3™5
4, 20 nm
i Cze(EA1+§c1e )te’lx’nl
C,Co  i(CaCiCsCa)e™™ (msZeem™ |
u2:[—CC cC o +Cle?  ° e
+
24 3™5
4 2. n-m
+ Cse(EA1+§C19 )le‘|X—”\
17
(2 p+2cemmyt (7
v,=Ce 27 ° 1 g hx-ml
2 n-m. 4 2 n-m
gt T o T e,
+
24 3¥5
4, 20 nm
v, = Csef(ﬁA1+§c1e Yt
C,C,  Ectiroscse™™ GrARee ™
+[—C CiCC o +Cpule 7 ° e
+
2¥4 3™5

where C, and A (i=1.--11) satisfy Equation (16).

Figure 1 show the profiles of the double peakon solutions Equation (17). The amplitudes of the peakons grow

or decay exponentially with time t. All peak positions don’t change along with the time t and the collision
between the two-peakon waves will never happen.

2.2. Double Peakon Solutions to Equation (3)

By means of the similar calculation as those in the Section 2.1, taking g, >q,, we arrive at the differential

equations as follows
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Figure 1. 3D graphs of the double peakon solutions for u,,v,, i=12, defined by Equation (17) with
C,=2C,=1/2,C,=2,C,=1C,=1/4,C,=1C,=1C,=1C,=4,C,=1C,=0,A=2,m=-2,n=2.

2 2 e 2 2 .
O :Ea1 -1-§(p251 + rzwl)e oy Qzll 0y, :Ebl +§(p231 + rzwl)e foy qzl,

2 2 2 2 o
Py :E P& +§ p,a,e 4, P, =E p,b, +§ P, (.S, + KW, )e 4%,

2 2 o 2 2 o
I, =7 a, +§r2a1e el = b, +§r2(p251 +rw,)e e (18)

2 2 e 2 2 e
S, = —Esla1 _§ L (P,S, + LW, )e Iy QZl’ Sy = _Eszbl _§Slble ly qzl’

2 2 i 2 2 o
Wl,t = _Ewlai —gwl(pzs1 + rzwl)e {0y q2|, W2,t = _EWZbl _§Wlb1e loy QZ|l

where a and b, are constants. From which, it is easy to see that we may have the following relations

W, p

_1:C1’ &:Cz’ i:qz,v

S r P, (19)
S 2

SL;t:_ql,t' q1_q2=E(a1_b1)t+C4-

Supposing that a, =b, and letting Q, = p,s, +r,w,, we can readily see Q, =0,Q, =C;. Thus, the
t-dependent functions satisfy the following ordinary differential equations

2 2 _ 2 2 ~
e =7 +5C39 “, Gt =0 +§Cae “,
2 —Cy4 2 2 —-Cy4
Py = 27 P&y +§ p.ae , Py = 27 P&y +§C3 pe .,
2 2 ~ 2 2 ~
he =57 04 +§r2a1e “, e =57 04 +§r2C3e “, (20)
2 2 ~ 2 2 ~
S =78 - SCe s = oosa - osae
2 ~ 2 2 ~
Wi, T 7 Wy 9 1™, Wy, T 7 zai_gwlaie c.
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Thus, we obtain the double peakon solutions of Equation (3)
2o 2 2 2.
u = [—Céai es™ a + CB]eEalte"X‘Eal —gCae 4t=Cyl

3

(7 a1+2c3e’c4)t —|x——a1t—§C3e’C4[ —C5+Cy
e

+Cge

2 2 2 ¢
Cay —at —|x——ayt-—Cqe” “4t-C
u, =[=eL 6a1 +C ]ez7a1e o7t —gCae s
9
C, C
2 2 .2
Ce (Eaﬁgcge Cayt et Ce Cat_cg+cy|
c, ¢ '
2 (21)
2 2. _c 2 2. ¢
—(Z=q+=Cae” ")t —|x——ayt—Cqe™ ~4t-Cs|
v.=C.e 279 e 279
1 7
2 2.2 ¢
- —Zat x———at-=Cqe” C4t-Cy+Cy
781 Cge™ at —|x——at—Cy 5+Cq
HEL e Mgl e ,

3

(= a1+2C3e’C4)t —|x——a1t—§C3e Cat_cy)

v,=C,Ce #
C C131 C3e Cay _Ealt —|x—2—27a1t—§c3e’c4t—c5+c4|
== c +Cule ¥ e ,
3

where C,=C,, C,C,+C,C,=C,, C,+CC,=0 and C,,+C,C,, =0.

3.

Conclusion

We provide an approach to obtain the double peakon solutions for the four-component CH type Equations (2)
and (3) in the case of A, =A,, and a =D respectively. However, its exact double peakon solutions without
A, =A,, or a =Db areexpected to attract more endeavor to study.
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